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CHARACTERIZATIONS OF GENERALIZED
NEVATI’'S CLASS AT THE BOUNDARY POINTS
OF CONTRACTED ZEROS

D.W. LEE

ABSTRACT. For generalized Nevai’s class, the ratio asymp-
totics of orthogonal polynomials are obtained by many au-
thors outside the contracted zero interval. We prove that the
asymptotic properties can be extended to the point which is
essentially a boundary point of the contracted zeros by the
coefficients of three term recurrence relation and then several
characterizations are found. Lastly we give several applica-
tions for such characterizations.

1. Introduction. Let p be a positive measure with infinitely
many points of increase and all moments are finite. The corresponding
orthonormal polynomials {P, (x)}5 , such that

/ Pm(:L‘)Pn(x) d:“(x) =0mn, m,n >0,

where d,,, is the Kronecker delta, satisfy a three term recurrence
relation

2P, (z) = apy1Ppt1(x) + b P () + anPr—1(x),
PO(I):17 P—lzov
n=0,1,2,...,

where the coefficients are uniquely determined by

ap, = / xPp(x)Py_1(z)du(x) >0, n=1,2,...,
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and

bn:/ cP?(z)du(z), n=0,1,2,....

— 00

For any regularly varying function ¢, that is, p(z) > 0 and

G sl

for every real z, if there exist ¢ > 0 and b € R such that

b
lim n__ 2@ and lim —2

=b
n—oo (p(n 2 n—oo (p(n)

)

then p is called a generalized Nevai class (relative to ¢) and denoted
by p € My(a,b). It is well known that all the zeros of P,(z) are
real and simple. We denote them by z;,, j = 1,2,...,n, with
Tpn < Tp—1p < -+ < 1. The Christoffel function is a meromorphic
function defined by

and the Christoffel numbers by X, = A\,(2jn). We also define the
contracted zero interval A, (dp) of {P,(z)}2, by

. . Tnn . T1in
A (dp) = | liminf ——, lim sup —}
o) { n—eo p(n)’ nose $(n)

Going back to Blumental’s work [1], there are many results on the
asymptotic properties of orthogonal polynomials and the Christoffel
functions by the coefficients of the three term recurrence relation for
generalized Nevai’s class. We refer to [3, 6, 9, 10, 13] and therein.
More precisely, the following were proved by many authors.

Theorem A. Let a > 0, b € R and ¢ be a reqularly varying function.
Then the following are all equivalent.

(a) 1€ My (a,).
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(b) If f is bounded on A, (dp) and Riemann integrable on [b—a, b+a),
then

(1.1)
n ) b+a
nl;n;o;Ajnf< TP o) = 2 [ SV e

(c) For every z € C\ Ay,(dp),

i Pro(e()2)

it Po(p(n)z) 2 btz bF @

where \/(z —b)2 —a? >0 for |z —b| > a.

If o € Mg(a,b), a > 0, b € R, then by Theorem A (b) with
f = X[bfa,bJra]\Ag,(du) in (1.1), we obtain

2 b+a
0=

2| V@R
-2 V& (z = b)dz

70 Jjp—a,bra)\ Ay (dp)

so that [b —a,b+a]\ Ay(du) = @, that is, [b—a,b+ a] C Ay(dp).
More precisely, it is known [6, 13] that if ¢(x) is nondecreasing, then

b—a,b+a] C Ay(dp) C [min{b—a,0}, max{0,b+ a}]

and there are no limit points of A, (dy) outside [b—a,b+a]. Hence, the
points b — a and b+ a are essentially the boundary points of A (dp).

In this paper, we prove that Theorem A can be extended to the points
b — a and b + a, which is already proved in [11] for the case of ¢ = 1.
Throughout the paper, we will use the notations by ¢, = ¢(n) for
regularly varying function ¢, U, (x) for the Tchebychev polynomials of
second kind with

Up®(z) == Un((z = b)/a),
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and
b b+a b
e )= s () [ F@URL @) o)
U.,=0,keZ

for the measure dv.
2. Main results. We start with a lemma whose proof is simple.

Lemma 2.1. Let {e,}$2, be a sequence of positive numbers. If

(2.1) lim < —l—dnen) =a,

En+1

where a > 0 and lim,, . d,, = a®/4, then lim, .. e, = 2/a.

Proof. Without loss of generality we may assume that ¢ = 1 and
dy > 0 for all n. Let a = liminf,,_, e, and 8 = limsup,,_, ., €n. From
equation (2.1), we have that § < 4 and clearly a > 0. It’s enough to
show that o = § = 2. Let {e,, }?2, be a subsequence of {e,}72; such
that limy_,o €5, = @. Then

1
hrn <— +dnk—1enk—1> = 1a

k—o0 €ny,

from which « > 0. Moreover,

1\ 4da—14
lim e, 1 —4<1— —> i
k—oo o «

By the definition of liminf, we have o < (4a — 4)/a so that oo = 2. By
a similar process, we have

4
4-p

ﬁ > lim Enp+1 =
k—oo

which also implies g = 2. ]
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Theorem 2.2. Let i1 € My(a,b) for some a > 0 and b € R. If
Po_1((b+ a)pn)Pnt1((b+ a)py) > 0 for large n, then

Pacal(b+a)gn) _ o an N ApnPE(@50)

2.2 lim = lim =1
B2 MR G r e ey 2 b an (/e
and if Pn_1((b—a)on)Pnt1((b —a)pn) > 0 for large n, then
. Pooa((b—a)pn) lim = _1(zjn)
2.3 1 —_ = = = -1
R N(CEIEN R Y Sy
In this case,
(2.4)
1. i AjnP371($jn) 2 2 bta d.I‘
1m = — = —— EEE———
W 2 (gl VP @7y B G OR

Proof. From the three term recurrence relation, we have P,((b +
a)¢n) # 0 and

_Pn <b—|— a— h) _ an+1Pn41((b + a)pn)

$n Pn+1Pn((b+ a)pn)
ai onPr1((b+a)pn)
Ont1Pn  anPu((b+a)pn)

Note that the coefficients a,, of the three term recurrence relation
are positive for n > 1. Hence, if P,11((b + a)pn) > 0 and so
P,_1((b+ a)pn) > 0, then

n b'ﬂ
Pn (b +a-— —)Pn((b + a)pn) > 0.
Pn+1 n

Since limy, o0 bn/n = b, we have P,((b+ a)p,) > 0 for sufficiently
large n. If Poy1((b+ a)en) < 0 and so P,—1((b+ a)p,) < 0, then by
the same process P,((b+ a)p,) < 0 for sufficiently large n. Hence,
(Po—1((b+ a)pn))/(Po((b+ a)pn)) > 0 and so we have by Lemma, 2.1,

i Zn Puoa(bta)en) 2
(2.5) lim (b+a)en) a’

n—oo (y
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The first equality of (2.2) immediately follows from the identity (cf.
(13, p. 9])

~

(26) Pil\—l('r) _ i: )\jnpg_l(xjn)
Pn l‘) =1 T — Tjn
where ﬁn(x) = apan_1---a1P,(x) is the monic polynomial. The

equation (2.3) can be proved by the same way. The left equality in
(2.4) is an immediate consequence of the following identity

R - )‘jnpvgfl(xjﬂ)
nh—>n<lo Z a? — ((xjn)/(¢n) - b)2

_ 1 (so_n Pur((bF a)pn) _ on M)
an  Po((b+ a)pn) an Po((b—a)pn) )’

j=1

and the right equality can be shown by a simple calculation. o

By three term recurrence relations of {P,(x)}22, and {U,(x)}5%,,
we can easily see that condition (b) in Theorem A can be generalized
as following.

Theorem 2.3. Let the conditions be the same as in Theorem A.
Then any one of (a)~(c) in Theorem A is also equivalent to

(b") If f is bounded on A,(dp) and Riemann integrable on [b—a,b+
al, then for any integer k,

n

. Ljn
nlingo Z Ain f (é) Py 1(2jn) Poyr(zjn)

Jj=1

ma?

_Ig’b< 2 \/a2—(x—bz)dx;f).

Proof. Tt suffices to prove that (b) implies (b’) where the converse is
trivial. Induction will be used. If k& = 0, then it is trivial. Let k = 1.
Since Ppi1(2jn) = —(an/an41)Pn—1(x;n) by the three term recurrence
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relation, we have

. - Ljn
nlingo E )\jnf<¢L>Pn—1($jn)Pn+l(xjn)
j=1 "
a Zn z;
n—00 (p41 = J Pn 1( ! )

) b+a

N A ONC= =

ma? b—a

—If’b< 2 Va2 — (x—b)zdx;f>.

Ta?

Now assume that the theorem is true for 0,1,2,... ;k—1, k > 2. By
the three term recurrence relation again, we have

Pn (M_M

Q. k—
On  Pn )Pn+k—1($jn)— L Prik—a (@)

An+k

Poik(zjn) = P
n

and so

n Tin
> Ajnf <L> Po1(@jn) Pok(2n)
i=1 on

n . Ljn Ljn
= 14 Z )\jnL f (L> Pnfl(l'jn)PnﬂLk*l(xjn)

An+k = Pn Pn
b k— " xZ;
- Ll Z Aj,nf<ﬂ>Pn1(xjn)Pn+k1(xjn)
An+k j=1 Pn
n
Apt-fo— X
— kel Z >\jnf<ﬂ>Pn1(xjn)Pn+k2(xjn)~
An+k j=1 Pn

By induction hypothesis, the regularity of ¢, and the three term
recurrence relation

1

r—b 1
a Ut (z) = 3 Uslil-)l(x) + 5 U::fl(l’)v n >0,
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taking a limit, we have for k > 2,

n

. Ljn
Jim. Z Ajnf(j)Pn—l(Ijn)Pn—&-k(xjn)

j=1

_ 2 /Ha tF(t) USRS, (1) 2 o (t—b)2 dt
a Jy_a k=23 ra2
2 b+a
+ 2 [ RO U ) TR
a Jy—q

b+a
NN

—a
2 b+a

a,b
e DU (/a2 — (t—D)2 dt

7'('042 b—a

(W Ny f>

Hence, the theorem is true for the case of K > —1. For k < —2, it can
be proved by the same method as above. ]

Theorem 2.4. Let a > 0, b € R, and let ¢ be a reqularly varying
function. If Ppi1((b+ a)pn)Pr—1((b+ a)p,) > 0 and Pp11((b— a) x
©n)Pa_1((b — a)pn) > 0 for all n > 1, then the following are all
equivalent.

(a) p € My(a,b).

(b) If f is bounded on A, (dp) and Riemann integrable on [b—a,b+al,
then for any integer k,

iy 3 0 () Pt ) Bera )
oo on ) (b+a) = (wju/pn)

_[‘”’< 2 wdw;f)_

ma? \| a — (x — D)

(c) If f is bounded on A, (dp) and Riemann integrable on [b—a,b+a),
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then for any integer k,

lim 3 Nin xj_") P"—l(xjn)Pn-i-k(xjn)
neooj; f((pn (b—a) _(xjn/@n)

___gab i a_(x_b) .
=1, <7ra2 —a_'_(x_b)dx,f).

(d) If f is bounded on A, (dp) and Riemann integrable on [b—a, b+al,
then for any integer k,

- ) (%_"> Po—1(%jn) Poyi(T)n)
a? = (b= (xjn/¢n))?

_qab( 2 dz :
= I <m2 - —cﬂ_(x—b)z”f)'
(e) For every z € {bxa}UC\ Ay(du),

P 1 ifz=b+a
lim Pnoa(pn2) _ -1 ifz=b—a

n—co P, B
n(nz) a/(z—b+\/(2—b)2 —a?) otherwise,

where \/(z —b)2 —a? >0 for |z —b| > a.

Proof. Without loss of generality, we may assume that a = 1 and
b = 0. The equivalence (a) and (e) was proved by Theorem A and
Theorem 2.2. Note that (b) and (c) can be easily proved from (d) by
taking (1 — ) f(z) and (1 + ) f(z), respectively. It is also easy to see
that (b), respectively (c), implies (a) by Theorem A with (1 — ) f(z),
respectively (1+x)f(z). Hence, it suffices to show that (a) implies (d).
Let 0 < e < 1 and g(x) = 1/(1 — 2®)X[—14c,1-(¢). By Theorem A
with k£ = —1, we have

TR S L S LT S Y g<ﬂ>Pz (z5)
n—oo — . 2 n— 00 jn n—1\#{gn
‘xjn/San‘Sl—E 1 (xjn/son) j=1 Pn

_2/16 dx
T J1te V1 —a2
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so that by Theorem 2.2,

TR S LG
T ey fonl>1—e (@jn/on)?

“n (LR, B PR

=t |mJ /LPnlﬁl—s (‘Tjn/(pn)

:;/—1\/1—%2 1+EV1_5E2
1
_;/175 V1_$2.

Hence, we have
P2
Ljn n— 1(37Jn 4 ERACOENN ‘
jnf( Pn ) — (@jn/Pn)? / vV 1 - x2
s Pg_ Tin ) 1—¢
[ S ar(T) Pl 2 ),

e ) e 7 ) Vi

L B )

[Zjn/on|>1—€

__[/_HE /1] 1—x2dx’

Ljn Pn 1(%71) 2 [le f(z) ’
n 7 g = ——d
|mjn/§<1{ ’ f( #n ) 1= (zjn/pn)® /_1+5 V1—z? v

)\]nP 1(«rjn) 4 1 dx :|
+ su T —_— 1+ — .
o #)l L /;>1_5 —(@jn/en)? T )i V1-2?

Since the first term of the right-hand side of (2.8) tends to 0 as n — oo
by Theorem A with the function f(x) = 1/(1 — 2®)X[_14e,1—.], taking
limsup on both sides, we have

Ljn P} 1(2jn)
J"f< ) 1- (xjn/son / vV 1 — CE2

8 [1 dx

lim sup

n—oo
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Letting ¢ — 0, the relation (2.7) holds for ¥ = —1. For k = 0,
it is trivial. The proof for every integer k is just the same as that
of Theorem 2.3 by induction and three term recurrence relations of

{Pa(@)}0%0 and {US*(2) 1720 D

Example 2.1. Consider Laguerre polynomials {L;“)(x)};?zo, o >
-1, satisfying (cf. [2, 12])

=+ (n+1)(n+a+1 Liﬁu
+ (2n+a+1)L )+ v/n(n+a) L( ) ), n>0,

which are orthogonal with respect to du(xz) = x"e_wH(as) dx, where
H(z) is the Heaviside function. Clearly, p € M,(2,2), where ¢, =
n+ e, with lim, . (e,/n) = 0. Moreover it is well known (cf. [5]) that
limy, 00 (Z1n/n) = 4 and lim,, o (znn/n) = 0 so that A, (dp) = [0,4].
Let €, be a sequence such that 4¢,, > x1 1. Then by Theorem 2.4,

n (@) (o)
. Tjn Lnfl(xjn)L +k(xjn) 2,2 1
lim E )\nf(i> L =1 dz; f
n—o0 £ J ©On 4—(xjn/n) ™ 4

and
n (@) (o)
. Tjn Lnfl(xjn)L +k(xjn) 2,2 1 4—x
lim )r,f(L) o =07 —\/—dzx; f ).
nﬂm; Jn ©n :Ejn/(pn k 27 X
In particular,
Ly (den) _ Ly (0)
lim = — lim 1.

Example 2.2. Consider the Meixner-Pollaczek polynomials

(PO (@)},

satisfying (see [4, p. 32])

n+1)(n+2X\ n+M\) cos ¢
ﬂ#mm=—isﬁﬁ—lﬂﬁﬂm—L:ﬁz—RQWm

n(n—l—2/\ — 1) P(/\’(b) .

>
2Sin¢ nfl()7 n—o

3
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which are orthogonal with respect to du(z) = W9 (x) dr, where
W/\,¢(x) — e(2¢*7'r):13 }F(A +ZI)}2,
0<op<m A>0, —oo<uz<o00.
Here T'(z) is the Gamma function on the complex plane. Clearly, u €

M ((1/sin @), —(cos ¢/sin ¢)), where ¢, = n+e, with lim, o ,/n =
0. Tt is well known (see [5, 13]) that

Ay(dp) = [ — (1+ cos¢/sing), (1 — cosd/sing)].

If &, is taken by (1 — cos ¢/sin @)y, > 21 nt1, then by Theorem 2.4,

" (\¢) (A)
: Tjn P (@) P (n) ,
1 E Nin =2J n n+ - [® da-
nLHéoj:l y f( n>(1—cos¢/sin¢)_(xjn/%) @b (yda; f)

and if €, is taken by —(1 + cos ¢/sin @), < Tp41,n+1, then by Theo-
rem 2.4,

n (A 9) (N9)
. Tjn P (wjn)P k (33]71) b~
lim Nin L) n /" nt = I’ (wdz; f),
OB (o) sty o e = 1)

where
a=1/(sin ),
b = —(cos ¢/sin ¢),
w(x) = (2sin? ¢/7)\/(1 — cos ¢ + sin ¢z) /(1 + cos ¢ — sin ¢x),

and

w(x) = (2sin? ¢/7)\/(1 + cos ¢ — sin ¢x) /(1 — cos ¢ + sin pz).

Moreover,

POO(((1 = cos d)pn) /(sin ¢

. )
lim

n—00 Py"d’)(((l — cos ¢)n)/(sin @)
o im PO (—((1 + cos ¢)n)/(sin )

(

=1.
n—o0 PO (_((1 + cos ¢)pn)/(sin )




CHARACTERIZATIONS OF GENERALIZED NEVAI'S CLASS 993

Example 2.3. Let {P,(z)}>2, be Freud polynomials which are
orthogonal with respect to du(z) = e 1#"dz, o > —1. Since the
measure dy is symmetric, b, = 0 for all n > 1. It was proved by
Lubinsky et al. [7, 8] that

o e [T(a/2T((e/2) +1)]""

lim n~" ap = — =

n—oo 2 Ma+1)
and

lim n "%, = — lim n~ Y%, = Yer-

n—oo n—oo

It is also well known (see [5, 13]) that u € My (74,0) and A, (dp) =
[—Ya» Ya], Where @, = n'/* + &, with lim,, o g,n"/* = 0. Let &, be
a sequence such that v,¢, > 1,n41. Then by Theorem 2.4,

Yo = (Tjn/Pn)

2 a

™o Ya — X

(29) lim Z )\Jnf<x]_n> Pnfl(xjn)PrH»k(l'Jn)
j=1

and by the symmetry of {P,(z)}22,,

. - Tin Pn—l(x ’n)Pn-l-k?(x ’ﬂ)
2.10) lim A»,J(L) J J
@10 Jim 3 A ) TSt Gl

2 o
_I]Z“’O< L +xdx;f).

™a V Yo — %

In particular,

hm Pnfl('yoﬁpn) _ hm Pnfl(_’ya@n)

=1.
n—oo Py (Yan) n—oo  Pp(=Ya¥n)

Let dv be a measure defined by
dv(z) = |z|’ du(z) = |z|Pe™ 1" dz, p> -1

and the corresponding orthonormal polynomials by {Q,(z)}>2, with
zeros by yjn, j = 1,2,...,n. Since the largest and smallest zeros of
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P, (x) and @Q,(z) have the same asymptotic behaviors, we obtain the
same equation (2.9) and (2.10) for dv(x), i.e., the limit does not change
even if we replace P,(x) and z;, by Qn(z) and y;,, respectively.
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