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NON-EXISTENCE OF REAL HYPERSURFACES
WITH PARALLEL STRUCTURE JACOBI OPERATOR
IN NONFLAT COMPLEX SPACE FORMS

MIGUEL ORTEGA, JUAN DE DIOS PEREZ
AND FLORENTINO G. SANTOS

ABSTRACT. We prove the nonexistence of real hypersur-
faces in nonflat complex space forms whose Jacobi operator
associated to the structure vector field is parallel. In order
to prove this result we also obtain the nonexistence of several
classes of non homogeneous real hypersurfaces in complex pro-
jective space.

1. Introduction. Let CM™(c), m > 2, ¢ # 0, be a nonflat
complex space form endowed with the metric g of constant holomorphic
sectional curvature c. For the sake of simplicity, we will use ¢ =
de, e = 1 or e = —1. When ¢ = 1 we will call it the complex
projective space, CP™, and when ¢ = —1, the complex hyperbolic
space, CH™. Let M be a connected real hypersurface in CM™(c)
without boundary. Let J denote the complex structure of CM™(c)
and N a locally defined unit normal vector field on M. Then —JN =
¢ is a tangent vector field to M called the structure vector field
on M. The study of real hypersurfaces in nonflat complex space
forms is a classical topic in differential geometry. The classification
of homogeneous real hypersurfaces in the case of complex projective
space, CP™ was obtained by Takagi, see [6, 11-13], and is given by
the following list:

A;: Geodesic hyperspheres.

As: Tubes over totally geodesic complex projective spaces CPF,
0<k<m-—1.

B: Tubes over complex quadrics and RP™.

C: Tubes over the Segre embedding of CP'xCP", where 2n+1 =m
and m > 5.
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D: Tubes over the Plucker embedding of the complex Grassmann
manifold G(2,5). In this case m = 9.

FE: Tubes over the canonical embedding of the Hermitian symmetric
space SO(10)/U(5). In this case m = 15. In the case of complex hyper-
bolic space CH™, the classification of homogeneous real hypersurfaces
is not completed yet, but we have the following examples, see [1, 7]:

Ap: Horospheres.

Aj: Geodesic hyperspheres.

Aj: Tubes over totally geodesic CH*, 0 < k < m — 1.

B: Tubes over totally geodesic real hyperbolic space RH™.

Jacobi fields along geodesics of a given Riemannian manifold (M ,9)
satisfy a very well-known differential equation. This classical differ-
ential equation naturally inspires the so-called Jacobi operator. That
is, if R is the curvature operator of M, and X is any tangent vec-
tor field to M, the Jacobi operator (with respect to X) at p € M,
Rx € End (TPM), is defined as (RxY)(p) = (R(Y,X)X)(p) for all
Y e TPM , being a self-adjoint endomorphism of the tangent bundle
TM of M. Clearly, each tangent vector field X to M provides a Jacobi
operator with respect to X.

The study of Riemannian manifolds by means of their Jacobi opera-
tors has been developed following several ideas. For instance, in [2], it
is pointed out that (locally) symmetric spaces of rank 1 (among them
complex space forms) satisfy that all the eigenvalues of Ry have con-
stant multiplicities and are independent of the point and the tangent
vector X. The converse is a well-known problem that has been studied
by many authors, although it is still open.

Let M be a real hypersurface in a nonflat complex space form
CM™(c), and let € be the structure vector field on M. We will call the
Jacobi operator on M with respect to ¢ the structure Jacobi operator
on M. In [5], the authors obtain a characterization of class A real
hypersurfaces as those ones in CM™ (c) such that the structure Jacobi
operator and the shape operator commute. See also [4]. In [3], the
authors classify, under certain additional conditions, real hypersurfaces
of CP™ whose structure Jacobi operator is parallel in a certain sense
in the direction of £&. They obtain class A real hypersurfaces and
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a non homogeneous real hypersurface. In this paper we study the
parallelism of the structure Jacobi operator of a real hypersurface of a
nonflat complex space form. In Section 3 we prove the nonexistence of
three distinct classes of nonhomogeneous real hypersurfaces in complex
projective space. These results are used in Section 4 to obtain the main
result of this paper by

Theorem 1. There exist no real hypersurfaces in a nonflat complex
space form CM™(4e), € #£ 0, m > 3, whose structure Jacobi operator
1s parallel.

2. Preliminaries. Throughout this paper, all manifolds, vector
fields, etc., will be considered of class C'° unless otherwise stated. Let
M be a connected real hypersurface in CM™(4e), m > 2, without
boundary. Let N be a locally defined unit normal vector field of M.
Let V be the Levi-Civita connection on M and (J, g) the Kaehlerian
structure of CM™(4e). For any vector field X tangent to M we write
JX = ¢X + n(X)N and —JN = &. Then (¢,£,n,9) is an almost
contact metric structure on M. That is, we have

¢*’X =—-X+n(X)E =1,

(2.1)

for any tangent vectors X,Y to M. From (2.1) we obtain
(2.2) ¢ =0, n(X)=g(X,¢).

From the parallelism of J we get

(2.3) (Vx9)Y =n(Y)AX — g(AX,Y)¢

and

(2.4) Vx&=¢pAX

for any X,Y tangent vectors to M, where A denotes the Weingarten
endomorphism of the immersion. As the ambient space has holomor-
phic sectional curvature 4e, the equations of Gauss and Codazzi are
given respectively by

(25) —9(¢X, 2)pY — 29(¢X,Y)pZ}
+ g(AY, 2)AX — g(AX, Z)AY,
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and
(26) (VxA)Y — (VyA)X =e{n(X)oY —n(Y)oX —29(0X,Y)E},

for any tangent vectors X, Y, Z to M, where R is the curvature tensor
of M. In the sequel we will need the following result, see [8, 10]:

Theorem A. Let M be a real hypersurface of CM™(4e), € # 0,
m > 2. Then the following are equivalent:

1. M is locally congruent to one of the homogeneous hypersurfaces of
class A.

2. pA = Ao.

We will also denote by D the distribution on M given by all vectors
orthogonal to £ at any point of M.

3. Some nonexistence results. To be used in the proof of the
Theorem we will prove the following propositions

Proposition 3.1. There are no real hypersurfaces M in CP™,
m > 3, such that the Weingarten endomorphism of M 1is given by
Al =af+U, AU =&, ApU = —(1/a)oU, AX =0, where U is a unit
tangent vector field in D, X is any tangent vector field to M orthogonal
to Span {&, U, oU} and « is a certain nonzero smooth function on M.

Proof. We see that Ker (A) is a holomorphic distribution. Now from
the Codazzi equation we have

(3.1)
—1=9((VxA)§ = (Ved) X, 0 X) = g(Vx(af + U), 9X)

= ag(Vx§ ¢X) +9(VxU, ¢X)
=9(VxU,¢X)

for any unit X € ker A. On the other hand, by (2.3) and (2.6) we get

0=9((VxA)pU = (Vou A)X, X) = —g(Vx(1/a)oU, X)
(3.2) = —(1/a)g((Vxd)U, X) — (1/a)g(6VxU, X)
= (1/a)g(VxU, ¢X)
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The result follows from (3.1) and (3.2). O

Proposition 3.2. There exist no real hypersurfaces M in CP™,
m > 4, such that the Weingarten endomorphism is given by A = £+U,
AU = &, AU = —¢U, where U is a unit vector field in D and
there exist two nonzero holomorphic distributions D1 and Dqg such that
their direct sum is the orthogonal complement of Span{¢, U, U} and
AX = =X, ApX = —¢X, AZ = 0 = AdZ for any unit X € Dy,
Z € Dy.

Proof. For any unit X € Dj, the Codazzi equation gives us
(VxivA)U — (VyA)(X +U) =0. That is,

(3.3) —¢X —AVxU +VyX + AVyX =0.
If we take the scalar product of (3.3) and X, we have
(3.4) g(VxU, X) =0

If we take the scalar product of (3.3) and £, bearing in mind (3.4), we
get

(3.5) g(VuX,U) =0,

From the Codazzi equation we also have (Vxi4vA)U — (VyA)(X +
oU) = 2¢, and this gives

(3.6)
—¢X—|—U—AVXU—AV¢,UU+VUX+VU¢U+AVUX+AVU¢U = 2¢€.

If we take the scalar product of (3.6) and &, from (2.3), (3.4) and (3.5)
we get

(3.7) 9(VuoU,U) =1

and, if we take the scalar product of (3.6) and U, from (2.4) and (3.5)
we obtain

(3.8) 9(VuoU,U) = —2
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The result follows from (3.7) and (3.8). O

Proposition 3.3. There exist no real hypersurfaces M in CP™,
m > 3, such that the Weingarten endomorphism is given by A& =
E+BU, AU = BE+(B2—1)U, ApU = —pU, AX = —X for any tangent
vector X orthogonal to Span{{,U,¢U}, where B is a nonvanishing
smooth function defined on M.

Proof. Let X be the unit tangent vector field orthogonal to
Span{{,U,¢U}. By the Codazzi equation applied to X and U, we
get g(VxA)U — (VyA)X,U) = 0. This gives us

(3.9) 9(X,VyU) = (2/8)X(B)
Similarly, g((VxA)U — (VyA)X, §) = 0 implies
(3.10) 9(X,VuU) = (1/8)X(B)

From (3.9) and (3.10) we get
(3.11) 9(X,VyU) = X(B) = 0.

Also we get g((VxA)U — (VyA)X, X) =0, and this yields 32g(VxU,
X) = 0. Thus,

(3.12) g(VxU,X)=0
As g(VyU, &) = g(VyU,U) =0, from (3.11) we have
(3.13) VuU = g(VuU, oU)pU

Now by the Codazzi equation (Vx 1y A){—(VeA)(X+U) = —p X —oU.
From (3.11) this yields

BYxU +U(B)U + BVyU — ¢X + (5% — 1)U + Ve X

(3.14) 9 5 _
—&P)E—EB°— 1)U — (5= 1)VU + AVeX + AV U = 0.

If we take the scalar product of (3.14) and X we obtain —g(U, Vx X))+
9(VuU,X) - Bg(VeU, X) =0. From (3.11) and (3.12) this gives

(3.15) g(VeU, X) = 0.
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The Codazzi equation yields (Vxy4vA)E— (Ve A) (X +oU) = —p X +U.
If we develop this equality, we obtain from (3.11)

—0X +BVxU+U + (oU)(B)U + BV U — B¢

(3.16) )
— B2U + VX + VU + AV X + AVeoU = 0.

Taking the scalar product of (3.16) and U and bearing in mind (3.15),
we obtain

(3.17) (1—26%) + (8U)(B) + B°g(VeoU, U) = 0.
The scalar product of (3.16) and U and (3.15) yield
(3.18) 9(VeoU,U) = 4.
From (3.17) and (3.18) we obtain
(3.19) (1428°%) + (oU)(B) = 0.
Now, from the Codazzi equation, we have

(VourvA)E = (VeA)(@U +U) = U — ¢U.
This gives us

(@U)(B)U + BV suU — € = (5° = U
+ VeoU + AVepU + BV U + U(B)U
+ (8% = 1)oU — £(B)¢ — £(6% — YU
—(B* = 1)VU + AVeoU + AV U = 0.

(3.20)

Taking the scalar product of (3.20) and U we have (¢U)(8) + U(83) —
B2+ 1+ 3%2g(VepU,U) — £(B* — 1) — 32 = 0. From (3.18) and (3.19),
we get

(3.21) U(B) = 26¢(8).

Now we take the scalar product of (3.20) and £ and, bearing in mind
(3.18), from (3.2) we get

(3.22) £(8) =U(B) = 0.
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From the Codazzi equation (VyA)§ — (VeA)U = —¢U. Developing
this equality, from (3.21) and (3.22) we have VU + (8% — 1)pU —
(82 =1)V¢U+ AVU = 0. Taking the scalar product of this expression
and ¢U we obtain, from (3.18)

(3.23) 9(VuU,¢U) =56 — (1/5).

Now we also have (Vy1eA)E — (VeA)(U + &) = —¢U. If we develop
this equality and take the scalar product with ¢U, we have

(3.24) B* =1/5.

Now from (3.19) and (3.24), 1 + 2% = 0, which is impossible. O

4. Proof of the theorem. From (2.5), (VxR¢)Y = 0 gives us
(4.1)
—e(g(Y,0AX)E +9(§, Y)0AX) + g(Vx AL §AY + g(AL, 9AX)AY
+9(AE &) (VxA)Y — g(Y, Vx AG AL — g(AY, )Vx AS =0,

for any X,Y tangent vectors to M. First suppose that & is an
eigenvector: A = af. Let us take Y € D in (4.1). Then we get

(4.2) cA¢Y + aApAY = 0.
And, if we take Y = ¢ in (4.1), we have
(4.3) ePAX + aApAX =0

for any X tangent to M. Equations (4.2) and (4.3) imply ¢A = A¢.
Thus, from Theorem A, M must be locally congruent to a hypersurface
of type A. In the case of ¢ = 1, if we take a unit X tangent to M such
that AX = cotrX we have (VxR¢)é = —cotr3¢X. Thus Re cannot
be parallel. In the case of ¢ = —1 we obtain a similar result. Now
suppose that & is not principal. Thus in a certain neighborhood of
a point p we must find a unit U € D an a certain nonzero smooth
function 3 such that A¢ = a& + U for a smooth function o on M. If
in (4.1) we take Y = ¢U, X = ¢ and the scalar product with £ we get
0=—¢ef — aBg(AeU, pU). This implies

(4.4) a#0 and g¢g(AgU,¢U) = —¢/a.
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If Y € DN Span{U,¢U}+ from (4.1), taking X = ¢ and the scalar
product with & we obtain 0 = a8g(AY, ¢U). Thus

(4.5) 9(AY, 6U) = 0.
Similarly, we have
(4.6) 9(AY, 6Y) =0

for any Y € DN Span {U, pU}*. If in (4.1) we take Y = U, X = ¢ and
the scalar product with & we get afg(AU, ¢U) = 0. Thus from (4.4)
we get

(4.7) g(AU, ¢U) = 0.
From (4.4), (4.5) and (4.7), we obtain
(4.8) AU = —(e/a)@U.

From (4.1), for any X tangent to M we get —eg(U, pAX)+3%g(U, pAX)
—ag(AU,¢pAX) = 0. Thus, eApU — 2 ApU +aAp AU = 0. Thus from
(4.8) we get —((1 — ef?)/a)pU + aApAU = 0. Taking the scalar
product of this equality and ¢U we have

(4.9) 9(AUU) = —(e = %) e

If in (4.1) we take Y = ¢, for any X tangent to M we obtain
(4.10) g(AE, AX)AE = epAX + aAPAX.

Taking X = ¢U, from (4.8) we get

(4.11) AU = B¢ — ((e = %) /a)U.

Now if we take Dy = D N Span{U,¢U}*, Dy is a holomorphic
distribution on M. Moreover it is invariant by A. Now take an
eigenvector X € Dy such that AX = AX. From (4.1), (4.8) and
(4.11) we obtain that either A = 0 or A = —¢/a and A¢X = ApX.
Let us suppose that there exists X € Dy, such that AX = 0. Then
A¢pX = 0. Then, from the Codazzi equation, (VxA)pX —(VyxA)X =
—2e¢ = A[¢pX, X]. Taking the scalar product of this equation and ¢



1612 M. ORTEGA, J. DE DIOS PEREZ AND F.G. SANTOS

we have —2¢ = g([¢pX, X],af + BU) = Bg([¢X, X],U). If we now take
the product of that equation and U we obtain 0 = g([¢ X, X], AU) =
—((e — ¥ /a)g([pX, X],U). If ¢ = —1, we should have 3> +1 = 0
which is impossible. If ¢ = 1, 82 = 1. Thus changing, if necessary, U
by —U, we can suppose that 8 = 1. Thus if for any X € Dy, AX =0,
the result follows from Proposition 3.1.

If we suppose that there exists X € Dy such that AX = (—¢/a)X,
then the principal distribution D; = {Y € Dy /AY = (—¢/a)Y} is
holomorphic. Thus, for any X,Y € Dy, the Codazzi equation gives us
(VxA)Y — (VyA)X = 2e9(X, ¢pY)E. Developing this expression, we
get

2eg(X, Y )¢ = 6((1/@)[Y, X|-X(1/a)Y + Y(l/a)X)

(4.12) + AlY, X].

Taking the scalar product of (4.12) and £ we obtain
(4.13) 9([Y, X],U) = (—2/a?B)g(X, ¢Y),
and taking the scalar product of (4.12) and U, we get
(4.14) 9([Y; X1,U) = (=2¢/B)g(X, ¢Y).

If ¢ = 1, (4.13) and (4.14) give o? = 1 and, if we change ¢ by —¢, if
necessary, we have a = 1. From Propositions 3.2 and 3.3 the result
follows. If ¢ = —1, (4.13) and (4.14) imply a® + 1 = 0. This is
impossible and finishes the proof. O
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