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NONOSCILLATORY CRITERIA FOR SECOND-ORDER
NONLINEAR DIFFERENCE EQUATIONS

JIQIN DENG

ABSTRACT. In this paper, we obtain some nonoscillatory
theories of the second-order nonlinear difference equation

Arp(Azp)®) + f(n+1, Tp+1) =0, neN

where a is a quotient of positive odd integers, r, > 0 for
ne€Nand f € C(N xR, R).

1. Introduction. Consider the following second-order difference
equation

(1) A(rp(Dxy)*)+ f(n+1, 2p41) =0, neN

where « is a quotient of positive odd integers, Ax,, = p41—Zp, 70 >0
forne N and f € C(N xR, R).

A solution of (1) is called nonoscillatory if it is either eventually
positive or eventually negative; otherwise, it is called oscillatory.

In [6-10], many good results for nonoscillatory solutions of differen-
tial equations corresponding to (1) were obtained, but in the results the
condition where f(t, x) is either linear or quasi-linear was adopted. So
far, very few results for nonoscillation of (1) with generally nonlinear
term have been obtained. In this paper, by using the methods in the
proof of [1], we discuss nonoscillatory solutions of (1) and obtain the
following results.
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Theorem 1. Take a fized positive number K. If, for any € > 0,
there exists ng € N such that for each {x;}32, with K/2 < ,, <
Tpgt1 < - <K,

(o)
(2) Y FG+1241) 20, n>ng
j=n
and
o 1 0o 1/
(3) Z (T—Zf(j‘i'l, $j+1)> <e,
k=no N F ik

then, (1) has a bounded nonoscillatory solution and the solution is
eventually nondecreasing.

Theorem 2. Toke a fixed positive number K. If, for anye > 0, there
exists ng € N such that for each {x;}52, ~with K > xp, > Tpyp1 >
N K/Q’

(o]
(4) Y 41 541) <0, n>mng
Jj=n
and
oo 1 oo - 1/«
) > (S s+ tam) >
k=no N F =k

then, (1) has a bounded nonoscillatory solution and the solution is
eventually nonincreasing.

Theorem 3. Take a fized positive number K, a fized nonnegative
sequence {A\,} with A, — 0 as n — oo and a fized mapping m : N —
N. If for any ¢ > 0, there exist ng € N such that for each {x,} with
K/2 <z, <K and ‘-/I;ner(n) - xn| < Aner(n) fOT n 2 ng,

n+m(n)—1

S 1/c
> <% S G+, $j+1)>
j=k

k=n

(6)

< >\n+m(n)a n = ng
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and
n—1 1 > 1/«

(7) kz (rkakf(1+ 7I3+1)> <e, nm>ng+1,
=ng =

then, (1) has a bounded nonoscillatory solution.
Define Ny as follows:
Ny = {no, no + 1, n0—|—2,...}.

As in [1], the following theorems and notations shall be used. B(Ny)
is the Banach space of all bounded mappings from Ny (discrete topol-
ogy) to R with the norm: [{z;,}|oc = sup;¢cp, |74/

Theorem A (see [4]). Let C' be a closed, convex subset of a Banach
space E and U an open subset of C with {p*} € U. AlsoT: U — C

is a continuous, condensing map with T(U) bounded. Then one of the
following conclusions holds:

(A1) T has a fived point in U; or
(Ag) there is an x € OU and X € (0, 1) with x = (1 — X\) p* + A\Tx.

Theorem B (see [1-5]). Let E be a uniformly bounded subset of the
Banach space B(N). If E is equiconvergent at oo, it is also relatively
compact.

2. Proofs of theorems.

Proof of Theorem 1. For any 0 < ¢ < K/8, take ng € N sufficiently
large so that (2) holds and for each {z;}32, with K/2 <z, < @p541 <
<K,

0o 1 00 1/«
(8) 0< Y (T—Zf(j—H, a?j+1)) < (K/4) —e.
k=ngo j=k

k=
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Let
E = (B(No), ||s),
K
C= {J?l}EBNO : $1+1>$123, ZEN()},
U={z={z}eC: |z|] < K}
and p* = K —¢e. Then, {p*} € U.
Define operators 17 and T3 as follows:
3 1
Tlxn:§K+§xn, nENQ
1 n—1 1 S 1/c
TQInO = O, Tgl‘n = 5 kz <r_ Zk ] —+ 1 I]+1)) R

n>ng+ 1.

Set T =T, + Ty. First, for any {z,,} € U, from (8), it is easy to see

that X
3 1

Ta,>°"K+-K>=>

R

and {Tz,} is nondecreasing on Ny. Thus,

9) T: U—C.

Next, The continuity of 7% is obvious and clearly, T,U = {Thx: z €
U} is a uniformly bounded subset of B(Np). Also, for any {z,} € U,
we have

e 1 0o . 1/«
o~ Ta < 30 (23 G+ Lzg)

k=n N F Tk

Hence, ZQU is equiconvergent at co. From Theorem B, it is easy to see
that ToU is a relatively compact subset of B(Np). Therefore,

(10) Ty, : U — E is a continuous, relatively compact map.
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Next, if {z,}, {yn} € U, then we have

1 1
T2 — Thyn| = 5 |Zn — Yn| < B} {zn}t = {yn}o
which, together with (10), yields

(11) T: U— C is a continuous, condensing map.

Next, we show that operator T' does not satisfy condition (Asz).
Assume that there exists {z,,} € OU such that, for some 0 < A < 1,

Tn = (1 =XN)p*"+ \Tz,.
Then,
Tp = (1=N)p*+ \Tx,

n—1 &S] 1/
3 1 1 1 .
=ng =

n > ng
which, together with (8), yields

3

sup [o] < (1= V(K —2) + A2

1 1
K+—K+—K—@ﬂﬂ
n€Noy 2

8
<K-(¢/2) < K

which gives a contradiction since K = [{zy}|oc = SUp,¢n, |Zn|. From
Theorem A, it is easy to see that there exists {x,,} € U with z,, = Tz,
i.e.,

Clearly, x,, for n > ng + 1 is a bounded nonoscillatory solution of (1)
and the solution is eventually nondecreasing. The proof is complete.
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Proof of Theorem 2. For any 0 < ¢ < K/8, take ny € N sufficiently
large so that (4) holds and for each {;}{2, ~with K >z, > 2,11 >
N K/Q7

0o 1 0o 1/
02 3 (S sG] > = (/) o),

,
k=no N F =k

Let N and F be as in the proof of Theorem 1 and

K
C= {{Iz} S B(N()) DX 2 Tig1 2 5, xS No},

U={x={x;} €C: |z|ec < K}

and p* = K —e. Then, {p*} € U.
The rest is similar to the proof of Theorem 1. Thus, we omit it.

Proof of Theorem 3. For any 0 < e < K/8, take ng € N sufficiently
large so that (6) holds and for each {x,} with K/2 < x,, < K and

|xn+m(n) - In‘ S )\n+m(n) for n Z no,

n—1 oo 1/«
1 .
E <a E f(j+1, $j+1)) < (K/4)—6, n2n0+1.
k}:no ]:k?

Let N, E and p* be as in the proof of Theorem 1 and

K
C = {{1‘1} € B(Ny) : x; > 5 and ‘Ii-‘rm(i) —xz| < >\i+m(i)7 1€ ]\70}7

U={z={z;} €C: |z| < K}.

The rest is similar to the proof of Theorem 1. Thus, we omit it.

Example 1. Consider the following equation

(12) A(Dz) 3 4 pryi(1+2041) =0, neN.

If
por = 1/(2k) AT/ =1 /\ok, k=1,2,...,

Poksr=—1/V2k+2, k=0,1,2,...
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and taking K = 1, then we have

(13)

2(k+m+1)

> G+ T)

j=2k+1
2(k+m+1)
= Y pin(l+a)
j=2k+1
2(k+m+1)
= > (A +z)/V2+1- (1)
j=2k+1
k+1+4+m
= > [%‘H(l/\/?— V20+1)) + (542 — $j+1)/\/27j}

j=k+1

<2/y2(k+1), meN,

2(k4+m41)+1
> U+ )
j=2k+1
2(ktm+1)+1
= Y pim(l+a)
j=2k+1
2(ktm+1)+1 _
= Y (VY 4zi)/V2i+1-(-1)
j=2k+1
k+14+m
= > [%‘H(l/v? = V2 +1)) + (42 — 2j1) /v 23'}

j=k+1

— x2(k+m+1)+2/\/2(k +m + ].) + 2, m €N

which, together with (13), yields that, for each m € N with m > 2,

k+[m/2]

> (2 (1/V25 = V206+1)) + (242 — 2541) /25 ]

j=k+1

- $2(k+2[m/2])/\/ 2(k +2[m/2])
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2k+1+m

Z fG+1, 3541)

j=2k+1
k+[m/2]+1

j{: (241 (1/V25 = V20 +1) ) + (202 — 2511) / /25 ]

j=k+1

IN

IA

It follows that

(15)
0< D> fG+1, zjh)
j=2k+1
k+[m/2]+1
= lim Y [r(1/V27 = V20+D) + (@42 — 2541) /25 ]
j=k+1

<2/v2(k+1), keN.

Similarly, we have

(16)
0< > fG+1, @j41)
j=2k
= $2k+1/m
k+[m/2]+1
+ lim Y [z (V25— V20+D) + (242 241) /25 ]
j=k+1

<3/V2k, keN

which, together with (15), yields that (2) and (3) hold. And, from
Theorem 1, it is easy to see that (12) has a bounded nondecreasing
nonoscillatory solution. And, if pa, = 1/vV2k+2, kK = 1,2,...,
poks1 = —1/V2k, k = 0,1,2,... and taking K = 1, similar to the
above discussion and from Theorem 2, it is easy to see that (12) has a
bounded nonincreasing nonoscillatory solution.

Example 2. Consider the following equation

a a
noz(1+7') + (n+1)a(1+7)

(17) A(Azn)™ + (—1)"< )an =0, neN
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where « is a quotient of positive odd integers, a > 0 and 7 > 0. Take
K =1, m(n) =1, A\, = 1/n. Then for any 0 < e < 1/8, it is easy to
see that there exists integer ng with ng > 2/7(a + a/[a(1 + 7)])*/*7
such that

oo

(18) (a+a/la+r)* Y L <

Jj=no

Then, for each sequence {z,, }>° ; with K/2 < z, < K and |zp41—2p| <
An+1 for n > ng, we have

> N a a ‘ ‘Ua
Jj=n
> . a a
= Z(—l)] (W Tip1+ Wfﬂﬂz
Jj=n
a 1/«
+ G+ Do (Zjt1 — Tj42)
00 1/
n O Coa
= ‘(—1) ot Tl Tt > =V a7 (@1 — )
j=n+1 J
a o a 1/
= <W+ > W)
j=n+1
a+a/la(l+7)])""
S <W S n_—|—1 for n 2 ng.

And, consequently, for each sequence {z,}52, with K/2 < z, < K
and |Zp11 — Tpn| < Apy1 for n > ng, from (18), we have

n—1 o a a 1/
—_1)J .
Z (Z( 1) (ja(l-l-T) + (] + 1)01(1-&-7') >$]+1)

k=no “j=k
=1
<(a+a/lel+7))V* D o <& =m0+,
k:’n,()

which, together with Theorem 3 and (19), yields that equation (17) has
a bounded nonoscillatory solution.
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