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SPHERE-FOLIATED MINIMAL AND CONSTANT
MEAN CURVATURE HYPERSURFACES IN SPACE
FORMS AND LORENTZ-MINKOWSKI SPACE

SUNG-HO PARK

ABSTRACT. We prove that a sphere-foliated minimal or
constant mean curvature hypersurface in hyperbolic space of
dimension > 5 is one of the following: hypersurface of rotation
around a geodesic, geodesic hyperplane, horosphere, equidis-
tant hypersurface, or a geodesic sphere in the upper half-space
model. And we show that a sphere-foliated minimal or con-
stant mean curvature hypersurface in sphere of dimension > 5
is either a hypersurface of rotation or a hypersphere.

We also show that a hypersurface of nonzero constant mean
curvature in Lorentz-Minkowski space foliated by spheres in
space-like hyperplanes is either a hypersurface of rotation
or a pseudo-hyperbolic space and that maximal space-like
hypersurfaces foliated by spheres in hyperplanes are rotational
if the ambient space has dimension > 4.

1. Introduction. A hypersurface M of R"*! is said to be sphere-
foliated if there is a one-parameter family of hyperplanes that meet M
in round (n — 1)-spheres. A circle-foliated surface is called cyclic.

Examples of cyclic constant mean curvature (CMC) surfaces are the
Delaunay’s surfaces and the spheres. While Delaunay’s surfaces are
rotational, spheres admit plenty of nonrotational foliations by circles.
Nitsche claimed that all cyclic surfaces of nonvanishing constant mean
curvature are surfaces of rotation [12]. Though his claim is right, his
proof is incomplete. Our first aim in Section 2 is to give a complete
proof of the following modified form of Nitsche’s claim.

Theorem 1. If M is a cyclic surface of nonzero constant mean
curvature, then it is either a surface of rotation or a sphere.

As a consequence of this theorem, we see that there is no cyclic surface
of nonzero constant mean curvature spanning two non-coaxial circles

Author supported in part by BK21.
Received by the editors on April 25, 2000, and in revised form on October 24,
2000.

Copyright ©2002 Rocky Mountain Mathematics Consortium

1019



1020 S.-H. PARK

in parallel planes, while there is a minimal one (Riemann’s minimal
surface).

Jagy showed that a similar result holds in higher dimensional Eu-
clidean space [7]. If M is a sphere-foliated CMC hypersurface of R"*1,
n > 3, then M is either rotational or spherical.

There are analogous results for cyclic or sphere-foliated minimal
hypersurfaces. In this case the generating circles or spheres must by
necessity lie in parallel hyperplanes [13], [6]. When M is a surface, the
circles may not be co-axial (Riemann’s minimal surfaces), whereas the
spheres are co-axial whenever n > 3. Hence M is a hypersurface of
rotation if n > 3 [6].

Our main goal in this paper is to generalize Jagy’s theorem in
various ambient spaces: Lorentz-Minkowski space, hyperbolic space
and sphere.

Our second aim in Section 2 is to give a new proof of Jagy’s theorem.
The argument in Section 2 will be repeatedly used in the rest of this
paper.

In Section 3 we study the properties of space-like maximal or CMC
hypersurfaces in Lorentz-Minkowski space L™t foliated by spheres in
space-like hyperplanes (spacelike spheres). Lépez et al. showed that a
space-like maximal surface foliated by space-like circles in L? is either a
Lorentzian catenoid or a Lorentzian Riemann’s maximal surface where
the generating circles lie in parallel space-like planes [11]. We show
that space-like maximal hypersurfaces foliated by space-like spheres are
rotational when n > 3. And if M has nonzero constant mean curvature,
then it is either a hypersurface of rotation or a pseudohyperbolic space,
which admits nonrotational foliations as spheres do in Euclidean space.

In Section 4 we study sphere-foliated minimal or CMC hypersurfaces
in hyperbolic space H"™! or in sphere S™*! for n > 4. We say that
a hypersurface M in H"*! (or in S"*1) is sphere-foliated if there is
a one-parameter family of geodesic hyperplanes (or totally geodesic
n-spheres) which meet M in geodesic (n — 1)-spheres.

In the wupper half-space model for H"™', one may view M as a
sphere-foliated hypersurface with or without boundary in R™*!. Using
this observation and Jagy’s computation of the mean curvature of
a sphere-foliated hypersurface in R"*! [7], we show that a sphere-
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foliated minimal or CMC hypersurface in H*"*!, when n > 4, is either
a hypersurface of rotation around a geodesic or (part of) a (Euclidean)
sphere in Ri“.

The examples of (Euclidean) spheres in the upper-half space model
are geodesic hyperplanes, horospheres, equidistant hypersurfaces and
geodesic spheres, which have constant mean curvature. These examples
admit foliations by spheres which are not rotational around a geodesic.

We use, as a model for sphere, R*T! with a conformal metric induced
by a stereographic projection, see Section 4 for the precise definition.
Therefore, we can view a sphere-foliated hypersurface in sphere as
a sphere-foliated hypersurface in Euclidean space. We show that a
sphere-foliated minimal or CMC hypersurface of S**! for n > 4 is
either a hypersurface of rotation around a geodesic or a hypersphere.

When n = 2 or 3, there are only partial results. Lépez and Jagy
obtained similar results with various restrictions on the geodesic hy-
perplanes or the totally geodesic n-spheres of the foliation [7], [9].

The referee pointed out that the results are local.

2. Preliminaries and the proofs of Theorem 1 and Jagy’s
theorem. A smooth hypersurface in R"*! can be locally written as
the level set of a smooth function f. We define its mean curvature by

(1) H= —%div (_ é—;).

Let M be a sphere-foliated hypersurface in R**!. We construct a
local coordinate system on M as in [6]. (We sketch the outline and
recall the results.)

Let ey be the unit vector field normal to the hyperplanes of the
foliation and 7(¢) an integral curve of ey. We label the hyperplane
containing y(¢) by 7 and the center and the radius of the (n — 1)-
sphere on II; by ¢(¢) and r(¢). Since y(t) is a unit speed curve, we have
orthonormal vector fields eg,e1,... ,e, along ~v(t) that satisfy Frenet
equations: /() = eg(y(t)), €y = koe1, €} = —Koey + Ki1€a,... and
€], = —Kn—1€n—1, where ’ denotes 9/9t. Since ¢(t) is a smooth curve,

n
there are smooth functions ap, . .. , o, such that ¢/(t) = >, ase;.
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We define a map X : R**! — R™*H! by
(2) X(t, vy, vp) = c(t)—l—r(t)Zviei(t).
i=1

Therefore, M is the zero set of f = v} +---+v2 — 1. If the differential
dX : R""! — R"*! is nondegenerate at some point (¢,v) with |v| = 1,
then X|,|—1 gives a local coordinate system on M.

By a straightforward computation, we have

0X/0v; = re;
and
0X .
e (ao—rnovl)eo—l—Z(Qj +r'vj+rvj ki — TV K )€
j=1

The induced metric g;; = (0X/0v;, 0X/dv;), vy = t, satisfies [6]

det (gi;) = r*" (g — rrov1)?

Hence the differential dX is identically degenerate if and only if we

have ag = 0 and kg = 0, which implies that M is a hyperplane.

From now on, we assume that g = det (g,5) # 0.

Proof of Theorem 1. When M is a surface, we have an explicit
representation of X in terms of trigonometric functions:

X(t,0) = c(t) + r(t)(cos ey (t) + sin fes(t)).

Let E, F and G denote the coefficients of the first fundamental form:
E = (X4, Xy), F = (Xt,Xp) and G = (Xp, Xp). Then the mean
curvature H of M satisfies

2H(EG — F?)3/2 = G(Xy, Xy x Xg) — 2F (X9, Xy X Xp)

(3) +E<X99,Xt XX9>
=P.
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By a straightforward computation, we have

1
EG - F? = 2" r?(r?sg + af — a3) cos(20) + r’ oo sin(20)

(4) + 2r%(r'ay — ragkg) cos 8 + 2r?r’ ag sin 0
+ ; r2(a? + a2 + 202 + 27" 4 r?kl)

and
(5) )
P = 51"3/%( 2 —r’kd — a?) cos(30) — rPajagrg sin(30)

+ %(—T4041f€6 + 5rtagr + rial kg — 6731 arkg) cos(26)

+ %(7‘40/2%0 — 6r°r" agrg — rtagky) sin(20)

+ %(—37‘ —2r'r Kk — 2r3apal — 3r3aikg — 6131 kg + 2rtr" kg

+ 2r8apank — 8r3akkg — 3riaiko+ 2rialar + 4r*r' agay ) cos 6
+ (=13 agady, — rPagaiki + riahas + 2r2r agan — i’k ) sin @
1 1 5
+ 73 afy — 3" ag — 57“40[1,%0 + 27‘ ol ko + 2r4aoﬁg

+r2apad + 2% 0 + r2agad + r?ad — 2r3r ar kg — rtaskok .
Without loss of generality, we may assume that H? = 1. We define a
trigonometric polynomial Q by
Q=P —4(EG - F?)°.

(We will find conditions for Q to vanish identically.) Let us denote by
co,i and sg ; the coefficients of cos(i6) and sin(if) in the Fourier series
expansion of Q. Similarly, we define c¢p; and sp ;.

It follows from cg =0 and sg ¢ = 0 that
r9A%/8 — 3r8AB?/2 = r9k2A%/8 — 1r5B?/2

and
3r°A%B/4 —r°B% = r%k2AB/2,
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where A = 7252 + a2 — @2 and B = ajas. Therefore, one of the
following holds: i) A= B =r¢=0orii) A=k3, B=0and kg # 0 or
iii) A= B =0 and kg # 0.

If i) holds, then the generating circles lie in parallel planes and
ay = ag = 0. Hence, M is a surface of rotation.

When ii) holds, we have ajas = 0. First, we suppose that a; = 0.
By a Straightforward computation, we see that cg ¢ = 7%(ad —r?x3)? x
(k3 + a3 —12K2)/8 = 0.

When o3 = r2x3 (this is case iii)), it follows that

EG — F? = —2r3agkg cos 0 + 2121 ag sin 0

1
+ 57"2(043 + 2043 +2r2 4 7“2/%)

Hence we have co 4 = (¢35, — 53 ,)/2 and sg4 = cpasp2/2. Since
these are both zero and cp 2 = 5rtagk3/2 and sp 2 = r*kd(aa/ko) /2,
we have ag = r’ = 0. Substituting these into (4) and (5), we find that

EG — F? =r%a2

and
P = —37‘5/1(5) cos 0 — rtaskgky.
Hence we must have kg = 0. This contradicts our assumption that
Ko }é 0
2,2

Now we suppose that k2 + a3 = r?k3. Then we have cgs =

5riagkd x (r?rg—a3)/4 and sg 5 = r'k5(aa/ko)’ /4. Therefore we have

ap = 0 and ay/ kg is constant. The radius r satisfying r? = 1+ (aga/ko)?
is also constant. Therefore we have

1 1
EG —F? = 27“2/@(2J cos(20) + 5" *(a3 + 1K)

and

1
P = —57"3%3 cos(30) — gr K cos(20) — rtagkok.

Since there is no cos § term in EG — F?, we have a = 0. Hence, X (t,6)
is a parametrization of a unit sphere.
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Now we consider the second case as = 0. Since Cggs = 7%(af +
r?k2)? x (k3 — o — r?k3)/8 = 0, it follows that k2 = o2 + r?kZ.
Differentiating this with respect to ¢, we have (a1 /ko)(c1/ko) +rr’ = 0.

Using the above two equations, we find that cg 5 = r7x5((a1 /ko)" —

ap)/4. Hence we have oy = (a1/ko)’. From the definition of a;s, we
have

c'(t) = (a1/ko)'e0 + (@1 /K0)Koer = ((a1/ko)eo)".

Hence X (t,0) = Co + (a1/ko)eo + 7(t)(cosbe; + sinfes) for some
constant vector Cy. Since we have

X (t,0) — Co|* = 7% + (a1 /k0)* = 1,

M is the unit sphere centered at Cy. ]

Remark 1. Equation (3) in [12] is wrong (we must have A_,, = 4,
and a_, = a,). This led to the wrong conclusion that all the circles in
the circle-foliation of a sphere are great circles. But there are plenty of
cyclic foliations of a sphere consisting of nongeodesic circles.

To deal with sphere-foliated CMC hypersurfaces in R"*!, we recall
some results about the mean curvature of a sphere-foliated hypersurface
in R"™! from [6] and [7].

Lemma 1. Let M be a sphere-foliated hypersurface of R"*! and
X (t,v) the parametrization of M introduced at the beginning of this
section. Then the mean curvature H of M, which is the zero set of
f=v3+--+v2 -1, is given by

1=l S (7))

D = (ag — rrov1 ) (v-v) + (a-v +7'(v-0))?,

To=—r"(a-v+r'(v-v)),

T, = r"_l(ao - rﬁovl)%i +r

where

"o v+ (v v))goi

and - v =31 | ;.
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Multiplying 2\/§D3/ 2 on both sides of the above equation, we have

T, oD ~ aT; oD
(6) 2nH,/gD®? = (2 o D-T, o > + § <280iD Tzavi) =P

=1

Substituting v - v = 1 into P after the necessary differentiations, we
have [7]

(7)

P = 2nr" M k202 {r? k20?4 (a - v)?)
(1 — 4n)rlagrgvi + (2n + 2)rr' Kooy (o - v)
+ (2 = 2n)ag(a - v)? + kv (@ - v)
+ 2r"Kkou1
— kv (@’ - v) + rProkive(a- v)

+ rrov1(a- 8)
(6n — 3)r2a2k3v? — dnrr’ agrou (o - v)
+ (n 4+ D)r2r?k2v? — 2ragrovr (o - s)

gn-1) T (n = 2)ag(a-v)? = r?agrgoi(a - v)
+ 2r
+ 130 k2 k1v1ve — rPagrorive(ac- v) + 1P KokGUE

—rlaprov(a - v) — 37" K20 — rPag rivr (o v)

+ 7263 (a - a)v? + 2rfagrour (o - v)

(3 — 4n)radkovy — 2nrr?agrovr + 2r2r” agkouy

— 2 kv — 2rag(a- a)kov — 121’ afkovy
9pn—1 /2 2 2

+2r + (2n — 2)r'og(a-v) — r*r'agrokive + of(a - s)

— % agkguy + ragag(a-v)

—rad(a -v) + ragagro(a-v)
(n—1)ad + (n — 1)r%ag + rr'a; ko
+2r" Lo
+ap(a-a)+rr'ay —rr’ag

where s; = rk;—10;—1 — rk;V;+1 wWith k1 = k,, = vg = V41 = 0. One
may view P as a polynomial of vq,... ,v,.
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Theorem 2 (Jagy). Let M be a sphere-foliated CMC hypersurface
of R™1. Ifn > 3, then M is either a hypersurface of rotation or a
sphere.

Proof. Let us define a polynomial @) by
(8)
Q =4n*H?gD* — P?
= A2 H*r* (g — rrov1 ) { (g — 7Rov1)? + (- v +17)?}3 — P2

(Whenever D is not differentiated with respect to v;, we substitute
v-v =1 into D.) We will find conditions for @ to vanish identically
when |v] = 1.

First we assume that ag # 0. Substituting v; = 0, we get a new
polynomial Q|,,—=o which satisfies

n 25 3
Q|v1=0—4n2H2T2nag{ac2)+ (Zam+r') } — P2, =0
=2

This new polynomial Q|,,—o vanishes identically when > " ,v? = 1.
Since P|y,—0 has only the degree—2 , 1,0 terms, see (7), we have a; = 0
for i« = 2,...,n. (To see this, it suffices to substitute v; = cos#,

v; = sinf and vy = 0 into Q|,,—o for mutually distinct 4, j,k > 2.)
Therefore, P is a polynomial of v; and vy. Since n > 3, we may let
vy = cosf, v3 = sinf and v; = 0 for ¢ # 1,3. Hence, we may regard @
as a polynomial of vy, which vanishes identically for v; € [—1,1].

Lemma 2. The polynomial identity
9)  (az+ B (va? + 6z +¢)® = (ax® + bx® + ca® + dx + ¢)?,
a#0, v,e >0, holds only if

6% = 4re.
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Proof. Comparing coefficients, we have

a? = 245,
2ab = 2a3y* + 3a%~%9,
2ac + b* = (%93 + 606720 + 30~%e + 32762,
2ad + 2bc = a25° + 6a°voe + 6afy%e + 60762 + 362429,
2ce + d? = a’e® + 6apde? + 33%ve? + 332%6°%,
2de = 2a0e> + 33262,
e? = 323,

First we suppose that a = +a7%/? and e = +3¢%/2. From the first
and second equations, we have b = 4+v'/2(8y+3a/2) depending on the
signature of a?+?/a. Similarly, we have d = Fe'/?(ae 4+ 366/2). From
the third and fifth equations, we find that 2ac = 303728 + 3a?vy2%e +
3a276%/4 and 2ce = 3aBde® + 33%ye? + 33%5%¢/4. Substituting the
values of a, e, ac, ce into (2ac)e = a(2ce), we find that

(a€1/2 _ ﬂ71/2)(6 . 2,}/1/251/2)2 —0.

Multiplying both sides of the fourth equation by a, we have 2a%d +
b(2ac) = a(a?8? + 6a2vde + 6aBvy%e + 603762 + 33%425). From this,
we find that

(6 — 291/2e1/2)2(ad — 66y + 4ay'/2e1/2) = 0.

It is easy to see that ae'/? = /2 and ad — 68y + 4ay'/2c/2 = 0
imply 6 = 2y1/2¢1/2,

When a = +av%/2? and e = F3%/2, we have
(agl/Z +571/2)(5+271/251/2)2 —0

and
(6 + 271/251/2)2(045 — 608y — 40471/251/2) =0.

The equations ae'/2 + 3'/2 = 0 and ad — 63y — 4ay'/2'/2 = 0 imply
S+291/21/2=0.
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Applying the above lemma to (8), we find that
(10) ooy + ' kg = 0.

If kg = 0, then we have a; = 0. Hence M is a hypersurface of rotation.

Let us now suppose that kg # 0. Since the degree-8 term of @ is
(r?k% + a2)2(H%(r?kE + o) — k3), we have

2
(11) 2y () = L
Ko H?

From (10) and (11) we have oy = (a1/ko)’. As in the proof of
Theorem 1, one can see that M is a sphere.

If ag = 0, then we have
Q= v%{4n2H2r2"r2/<;(2){r2mgvf + (a- 1))2}3 - (P/v1)2} = v%Ql.

Using @), instead of @@, we can derive the same conclusion. i

3. Maximal and CMC hypersurfaces in Lorentz-Minkowski
space. The Lorentz-Minkowski space L™t! is R**! endowed with the
Lorentzian scalar product (v, w); = viwy + + -+ 4+ VpWy — Vpp1Wp4q for
v,w € R*"!. We say that a vector v € L™t! is spacelike, respectively,
timelike or lightlike, if (v,v); > 0, respectively (v, v); < 0 or (v,v); = 0.
A hyperplane is said to be spacelike, respectively, timelike or lightlike,
if its Euclidean normal is timelike, respectively spacelike or lightlike. A
spacelike sphere S(c,r) is a sphere on a spacelike hyperplane IT centered
at ¢ with radius r defined by

S(e,r)y={vell: (v—cv—c)y=r}

A smooth hypersurface M is said to be spacelike if the tangent plane
T,M is spacelike at each point p of M. This is equivalent to the
requirement that the restriction of the Lorentzian scalar product (,);
to TM be positive definite at each point. Timelike hypersurfaces are
defined similarly.

Example 1. The pseudohyperbolic space PH, defined by
PH, = {z € L"™" : (z,2), = —r?}
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is a spacelike hypersurface of constant mean curvature 1/r. On the
other hand, the pseudo sphere PS, defined by

PS, = {x e L™ (x,2), = r?}

is a timelike hypersurface of constant mean curvature 1/r. We note that
these hypersurfaces admit foliations by spacelike spheres in nonparallel
hyperplanes.

The gradient and the divergence on a Lorentz manifold (M, h,;) are
defined as follows: for some smooth function f,

Z” i 0f 0
Vf:” hj@yia—yj'
1,j=1

For a smooth vector field Y = Y"1 | 3;(0/9y"),

div (Y) ( |det (hij)mi).

1y
Videt (hij) = o'

If M is locally written as the level set of a smooth function f on
L"t! then the mean curvature H is defined by

Iy S S
12 =i |<Vf,w>z|)'

We construct a coordinate system on a hypersurface M of Ln*!
foliated by spacelike spheres as in Section 2. Let Iy be the (timelike)
unit vector field normal to the hyperplanes of the foliation. We
choose an integral curve «(t) of Iy, and we label the hyperplane of the
foliation by II; if it contains 7(t). There are orthonormal vector fields
lo,l1, ..., 1, which satisfy the following (Lorentzian) Frenet equations:
’}/(t) = lo(’}/(t)), l6 = koly, l/l(t) = kolp+r1ls, l/2 = —K1ly1+kKols, ..., and
), = —Kn—1lp—1, where " denotes 9/0t. We define c(t) and r(t) as the
center and the radius of the sphere of the foliation on IT;. And we find
smooth functions S, f1,. .. , B, which satisfy ¢/(t) = > Bi()Li(¢).

We define a map X : L"t! — L**! by

X(tvr,. .. vp) = c(t) + () Y vili(t).
i=1
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Hence, M is the zero set of f = v? 4+ ---+v2 — 1. It is easy to see that

ox "
811,‘ o
and
0X
ot = (Bo + rrovi)lo + Z Bj +1'v; +rvj_1kj—1 — TV 1K)

Jj=1

Moreover, the induced metric h;; = (0X/0v;, 0X/0v;), vo = t, satisfies
h = det (hij) = —T2n(ﬁo + 7“/*601}1)2.

Hence the identical degeneracy of the differential dX implies that M is
a spacelike hyperplane. From now on, we assume that h # 0. Hence,
X|jvj=1 gives a local parametrization of M.

Theorem 3. Let M be a spacelike hypersurface in Lorentz-Minkowski
space L™t foliated by spacelike spheres.

i) If M is mazimal and n > 3, then it is a hypersurface of rotation.

i) If M has nonzero constant mean curvature, then it is either a
hypersurface of rotation or a pseudohyperbolic space.

Proof. Keeping in mind the signature changes in 0X/0t, h and that
V[ is timelike, one may compute as in [6, pp. 261-265] to find that

(13)

03 03 . . 09
3/2 _ (99905 _ i _
onH\/[h|D (2 50~ Jog ) + § ( 02 avz> =B,

where
D = —(Bo + rrov1)*(v-v) + (B-v+1'(v-v))?,
Jo=1"(B-v+1"(v-v))

and

Ji =" (Bo + rRove)?v; — "2 (B v+ 1" (v - v))goi-
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(As in Section 2 we substitute v - v = 1 after the necessary differentia-
tions.)

A long calculation shows that
B = 2nr" T K20 (8- v)? — r2k3v?)
v {(4n — 4)r" Boko (B - v)? + 2r" P2 KZ k10 (B - v)}
(4 +4n)r" T K2(B - v) + 2r"T2R2(B - 5)
226 )+ (22 (5 ) }
+0P{(2 — 8n)r" 2 Gori}

+ lower degree terms,

(14) + + v? {

where s; = 1k;_1V;—1 — T'K;V;+1 With kK_1 = K, = vg = vp41 = 0.

Proof of 1). If M is maximal, then B vanishes at |v| = 1. Substituting
v1 = cosb, v; = sinf and v; = 0 for 4,5 > 2 into (14), we find that the
coefficients of cos(46) and sin(46) in the Fourier series expansion of B
are nr" 1 kZ(8? — 2 —r2k2)/2 and nr" 13, 3;k3. Since these are both
zero, we have either kg =0 or 8; =0 for 2 <i < n and 7 — r?x% = 0.
(In Euclidean space, there is only one possibility kg = 0.)

When ko = 0, Lépez showed that M is a hypersurface of rotation [9].

The second case cannot happen. To see this, assume that xy # 0,
B2 =r?k¢ and 3; = 0 for 2 < i < n. Now the coefficient of the degree-3
term of B satisfies

Bs|s, =0(i > 2)/2r" ! = —6r?By k2 + 31’3} — 4rBofiko + Tri Bk
+ 7By (rr' K3 + r?rokh — (187)
+2(n + 2)r?k2(r' 81 — rBoko)
= (2n + 1)r?k3 (131 — rBoko).
(As in the proof of Theorem 2, we may let v; = cos, vs = sinf and
v; = 0 for ¢ # 1,3 to see that B is a polynomial of v1.) Since B

vanishes identically for v; € [—1,1], we have By = (81/rko)r’. This
and 37 — r?k2 = 0 imply that

d(t) = Bolo + Brly = (rly) or —(rlp)".
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Therefore, we have |X(¢,v) — Cy| = 0 for some constant vector Cp.
Hence X (t,v) is a foliation of a lightcone contrary to the hypothesis.

Proof of ii). If H # 0 and n > 3, then we have 8; = 0 for ¢ > 2 as

in the proof of Theorem 2. Moreover, we have either 72x2 — 3% = 0 or

r?k2 + (ko/H)? = % by comparing the degree-8 terms in the square of

(13).
Therefore, we can apply Lemma 2 to (13) to get
(15) ﬁoﬁl = 7“7“’%0.

This with the above equalities implies that Gy = (51/ko)’. Hence,

d(t) = (B1/ko)lo + (B1/ko) kol = (B1/FKolo)"

And ¢(t) = (B1/ko)lo + Cp for some constant vector Cy. Therefore,

X(t,v) is a foliation of a pseudohyperbolic space (as in the case of

maximal hypersurfaces, r?x3 — 7 = 0 is impossible), which has

constant mean curvature H.

When M is a surface, the local parametrization of M is given by (like
the cyclic surfaces in R?)

X (t,0) = c(t) + r(t)(cos 01 (t) + sin Olx(t)).
Let &,§ and & be the coefficients of the first fundamental form and

B = Qﬁ(Xtt,Xt X X9>l — 2%<Xt9,Xt X X9>l =+ @<X99,Xt X Xg)l. Then
the mean curvature H satisfies

4(¢® — F2)3H? = B2,
where
E® — 32 = %ﬁ(ﬂ% —r?k2 — B2) cos(20) + 121 B2 sin(26)
— 2r%(rBoko — ' B1) cos O + 212’ By sin O

1
_ §r2(2ﬂg —2r? 41?63 — B — B3)
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and

1
B = Srko(B] — 1°KG — 3) cos(30) +1° 51 Bako sin(30)

2
1

+ 5(—7“451%0 — 5r' Bk + 1 Brkg + 61°1r Bikg) cos(26)
Lo 4 / 3,/ 4 o/ :

+ 5(7" Baky + 67°1" Baro — r*Bako) sin(20)
1

t3 (= 3r°kg 4+ 2r'r' Kl — 2r°Bo 3] + 313 Bk + 6r°1"* kKo

— 2% ko 4 213 By Bakir — 81"363110 + 3r35§no
+2r 3By + 4r*r’ BoB1) cos b
+ (r*ByB2 — r’BoBrrr — r° BoBh + 2r*r' BofBa + r'r' Kok ) sin 6
1 1 5
+ 730 By — 3" By + 57"451/{6 - §r4ﬁ1/@0 - 57“450&%
+ 128087 + 21" Bo + 2B B5 — 285 + 2r®r' Brko + 1 Bakiori.

(Without loss of generality, one may assume that H? = 1.) We define
a trigonometric polynomial O by

O =B —4(eB - F2)>.

As in the proof of Theorem 1, we have either kg = 0 and 8; = 2 =0
or kg # 0 and (102 = 0.

In the first case, M is rotational.

When kg # 0 and 3; = 0, we have 72x% + 33 = —k2 from the cos(66)
term of O. This contradicts our assumption that kg # 0.

When kg # 0 and 32 = 0, we have 37 — r2k2 = k3 or 32 — r?k3 =0
from the cos(66) term of O. And we have By = (B1/ko)’ from
the cos(56) term of O. Hence, M is a pseudohyperbolic space (if
(% —r?k2 =0, then M is a lightcone). O

Remark 2. 1. Loépez et al. showed that a spacelike maximal sur-
face foliated by spacelike circles is either a Lorentzian catenoid or a
Lorentzian Riemann’s maximal surface [11].

2. We have a similar result for a timelike constant mean curvature hy-
persurface foliated by spacelike spheres. Noting that V f is a spacelike
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vector, we follow the proof of Theorem 3 to see that such a hypersurface
is either a hypersurface of rotation or a pseudo sphere.

4. Minimal and CMC hypersurfaces in hyperbolic space and
sphere. To investigate sphere-foliated minimal and constant mean
curvature hypersurfaces in hyperbolic space or in sphere, we adopt the
following models.

For hyperbolic space, we use the upper half-space model (RT‘l, ds?),
where Ri“ = {(x1,...,xpy1) € R ¢ 2y > 0} and ds? =
(daf + -+ da? ;)/22 1. A smooth hypersurface in the upper half-
space model can be treated in view of two different metrics: the
Euclidean metric ds3 and the hyperbolic metric ds?. Let Hy, and Hy
be the mean curvatures of M with respect to ds? and ds? and N the
Euclidean normal vector of M. Then we have, at a point x in M,

(16) Hy, = xny1Ho + Npg1.

As for the sphere, we use the stereographic sphere model. It is R"*!
endowed with the conformal metric ds? = ds3/((1+ (z, x))/2)? induced
by the stereographic projection of a unit sphere from the north pole
(0,...,0,1) onto the hyperplane x,, 1 = 0. (We denote by (, ) the usual
Euclidean inner product in R"™1.) We note that different choices of
the north pole in the embedding of S”*! into R"*2 induces an isometry
in our model. The mean curvatures Hs and Hy of M with respect to
the metrics ds? and ds? satisfy

_ 1+ (z,z)

(17) H, Ho + (2, N).

Definition 1. A hypersurface in H"*!, or in S"*!, is said to be
sphere-foliated if there is a one-parameter family of geodesic hyper-
planes, or totally geodesic n-spheres, that meet M in (n — 1)-spheres.

Using these models one may consider a sphere-foliated hypersurface
M in hyperbolic space or in sphere as a sphere-foliated hypersurface
(with or without boundary) in R"*! satisfying (16) or (17).
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Lemma 3. Let M be a sphere-foliated hypersurface in R*11. If the
parametrization of M is given by (2), then we have

Vi  (a-v+1")eg — (g — rRov1) Doy vies

R 7Y (S ) s T

Proof. We note that N lies in the plane ¢ spanned by ey and
St vie;. Let p: R"" — o be the canonical projection. Then we

have
n

X X X
p<§) = <§,60>60 + <E,Zvi€i> Zviei

i=1 i=1

= (ap — rRov1)eo + ({a, v) +17) Zviei.

i=1

Since N is perpendicular to p(0X/9dt) in S, the claim follows. O
We assume that g # 0 and use the notations in Section 2.

Theorem 4. Let M be a sphere-foliated minimal or CMC hyper-
surface in hyperbolic space H™! with n > 4. Then M is either a
hypersurface of rotation around a geodesic or (part of ) a (Euclidean)
sphere.

Proof. (We prove this theorem for n = 4.) (i) First we assume that
Hjp, # 0. From (2), (6) and (18), we have
(19)

2th\/§D:13/2 = ((c, E) Jreri(ei,E))P

i=1

+2n./g D1 {(a . v—!—r’)(eo, E‘) —(ap—TKov1) sz(ei, E)}

i=1

L,

where E = (0,...,0,1) and Dy = (ag — rrov1)? + (- v +17)2.
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Let us suppose that ag > 0. Substituting v; = 0 into (19), we have
(20)
onHyr"agDy? = ((Q E)+r Z vi(es, E>) Ply, =0
i=2

n
+ Qm“”ozng{(oe x v +1")(eo, E) — ag Z v e, E>},
i=2

where v x v = Y., oyv; and Dy = af 4+ (a * v+ r')% From (7),
we see that the degree-3 term of P|, —g is (2n — 4)r" " 1ad(a x v)? —
2r"Hlagkgrive (o * v).

Lemma 4. A necessary condition for (20) when Y . ,v? = 1 is
a; =0 fori=2,...,n.

Proof. The degree-3 term of L|,,—g is 2r™ag (e % v){n(axv)(eg, E) +
T2KoK1V2 Y s Vil E) — 2ag(a % v) S viles, E)}. Let us substitute
vg = cosf, vg = sinf and vy = 0 into (20). From the cos(66) and
sin(66) terms in the square of (20), we have either ag = a3 = 0 or

<<€27 E>) =A (2%@2(&% + a3) — r?kok1 (a3 — a%))

(e3, E> 200a3(a3 + a3) — 2rikok10nas

where A = n((eg, E) &+ Hp) /(20002 — r2kok1)? + 402a3).
Substituting v = 0, v3 = cosf and vy = sinf, we have either
ag=a4 =0or

—

<€3,E> _ n((eo, £) £ Hp) (a3
<€4, E> 20 oy )
Hence, we have three possibilities:
i) a; =0 fori=2,3,4, or

ii) (e2, E) = nao({eo, E) £ Hp,)/(r2kok1 + 20002) and as = ay = 0,
or

ili) az # 0 and k1 = 0.

We show that ii) implies i). It is easy to see that the polynomial
identity (az? + Bz + )3 = (a2® + bx? + cx + d)? with a,v > 0 holds
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if and only if 3% = 4a7y. Applying this observation to (20) with ii), we
find that ag = 0.

The case iii) cannot happen. Otherwise, one may choose e4 so that

—

(es, E) = nay((eo, E) £ Hp,) /200 = 0. Applying the above observation
with ve = a4 = 0 to (20), we get ag = 0. O

Applying Lemma 2 to (19), we find that apaq + r’kg = 0 and
rio\/ Qi + 12 = —apy/r?k3 + o3. Hence, o = 0 and ap > 0 implies
that M is a hypersurface of rotation.

The following lemma holds for n > 2.

Lemma 5. Let M be a hypersurface of rotation in RT‘I that has
constant mean curvature when regarded as a submanifold of H"*1. If
the axis of the rotation is not perpendicular to x,+1 = 0, then M is a
(Euclidean) sphere.

Proof. We fix a coordinate system on RT‘I so that eg = (a,0,...,0,b)
with a? +b? =1, a # 0 and ¢/(t) = apep. It is easy to see that

P= P‘H():O‘l:"‘:an:()

’ /
= 27""104(2){71(0[(2) +77?) — <a0 + (Z> >}
o

From (19), we see that
2thTna0(ag + T/2)3/2 = (<Ca E> +ru <€15 E_:>)F
+ 2nr" (a + 1) {r (eo, E) — agvy (e, E)}.

Hence we have ag 4+ (rr//ag) = 0 and aglc, E) + r1'(eq, E) =
H 2 72 S. _ t .
nry/ o + 1’2, Since c(t) = fto apeg, the second equation becomes

t
bao/ ag + brr’ = Hyry/ad + r'2.

to

Substituting g+ (r7'/ap)’ = 0 into this, we find that Hpr/ad + 12 =
bag for some constant b. Hence we find that r? + (rr'/ag)? = 7% + o
is constant and that M is a sphere. O
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Now we consider the case kg # 0. Using agay + rr'kg = 0 and

reo/ o + 1’2 = —agy/r?kg + a2 to simplify the degree-4 term of Ly

of L, we find that

L4/2r”+1/@0 = n(rzn% + a%) </§0<c, E} — ay{eg, E))v‘f

! n
+ r?Kl (Oéo - (%) ) Z<€iaﬁ>vi’“i'

i=1

Since the vjv;, i # 1, terms must vanish, we have either ag = (1 /k0)’
or (e;, F) =0fori=2,... ,n.

When ag = (a1/ko)’, it follows from agay +r1r'kg = 0 that (a1 /ko) X
(a1/ko)" +rr" = 0. Hence r? + (a1 /Ko)? is a constant. As in the proof
of Theorem 1, we conclude that M is spherical.

If the second case holds, we apply a Mobius transformation to obtain
another (Euclidean) foliation of M. Hence we may assume that the
second condition holds under any MGobius transformation and for all
~(t) which corresponds to the new foliation. Let é(¢) be the curve
determined by the hyperbolic centers of the spheres of the foliation.
Then «(t) and é(t) lie on the same plane which is perpendicular to
Zp+1 = 0 under any Mdbius transformation. It is straightforward to see
that ¢(t) is a reparametrization of a geodesic. Moreover, the geodesic
hyperplanes are perpendicular to ¢(¢). Therefore, M is a hypersurface
of rotation unless ¢(t) is a point curve. If &(t) is a point, then M is a
(hyperbolic) sphere.

If g = 0, then vy divides the righthand side of (19). And the lefthand
side of (19) is 2nHy|rrovi| x {r?k3v} 4 (7' + o - v)?}3/2. Therefore, we
may formally divide (19) by vy, and the resulting equation holds for
vy > 0. Substituting v; = 0 into this new equation, we find that

(21)  n({eo, E) &+ Hp)(a % v)? 4+ r?korive(a * v) Z viles, E)
i=2
+ lower degree terms = 0.

Hence we have a; = 0 for ¢ = 2,... ,n as in Lemma 4. We have only
to repeat the argument for oy > 0 to conclude that M is either a
hypersurface of rotation or (part of) a sphere.
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(ii) Let us now assume that H, = 0. One may assume that ko # 0
and ap > 0 (the case oy = 0 can be proved as above). We have
a; =0 for i =2,... ,n from (20) and Lemma 4. By a straightforward
computation, we have

L4/2r"+1/<;0 = n(r2/<;3 + a%)(n()(c, E) — a1 {ep, E>)v‘f

+ <r2a0/£(2) + 2rr’ ko + 20400@

n

2 / 2 / o\ 3
+riagky — T Iﬁl()al) E (es, EYvyv;.

=1

If <ei,E) # 0 for some i > 2, then we have r2agk2 + 2rr'a1ko +
20003 + r?aq k) — r?koay = 0. From the degree-4 and constant terms
of L, we find that

—

kolc, E) — a1<eo,E> =0
and
aolc, E) 4+ rr'{eg, E) = 0.

Since (¢, E) > 0, we have agay 4 rr'kg = 0 and ag = (a1 /ko)’. Hence
M is a sphere.

—

When (e;, F) = 0 for all i > 2, we can argue as in the case Hj, # 0.

If ko = 0, then we have L = 2nr"ag(a - v)3(eg, E) — 4r"ad(a
v)2 3" viles, E) +lower degree terms. Therefore we have either a; =
0 or n(eo,E)ai = 2a0<ei,ﬁ> for 4 > 2. Since k9 = 0 and Hj;, = 0, the
second condition is equivalent to the first. Hence M is a hypersurface
of rotation. o

The following theorem and proof about the sphere-foliated minimal
or CMC hypersurface in sphere are analogous to those of the hyperbolic
space case.

Theorem 5. Let M be a sphere-foliated minimal or CMC hypersur-
face in the unit sphere SPT1 with n > 4. Then it is either a hypersurface
of rotation or a hypersphere.
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Proof. In the sphere, the mean curvature Hg of M satisfies

1 2 -
2n}Is\/EDif/z - (% T TZUi<ei7C>)P

i=1

(22) +2n\/§D1<c+erviei,(a.v—i—r/)eo

— (ag — rrov1) Zviei>
=5 =

Substituting v; = 0 into (22), we find that the degree-3 term of
S|y, =0 is 27" ag(axv){n(axv)?{c, eg) +1? ko102 ZZL:Q vi{c, ;) —2ap(ax
v) Y, vi{c,e;)}. Hence we have oy = 0 for i = 2,... ,n for any value
of Hy as in the proof of Theorem 4.

First we assume that H; # 0. Applying Lemma 4 to (22), we have

agay + 11'kg = 0. If kg = 0, then M is a hypersurface of rotation.
Otherwise, the degree-4 term of S satisfies

1 2
Sy/2r" T kg = (r2/<;(2) +a?) <%Tmo —nay(c, 60>>UiL
o / n
+ 22 (040 - <H—1> > Z(ei,cﬁ)?vi.
0 i=1

Since the vjv; terms vanish, we have either (e;,c) # 0 for some i > 2
and ag = (a1/ko) =0 or (e;,¢) =0 for all i = 2,... ,n. In the first
case M is a hypersphere.

Let us now suppose that (e;,¢) = 0 for ¢ > 2. Differentiating
(e2,¢) = 0, we find that x1(e1,c) = 0. Since kg # 0, we have k1 = 0.
We postpone the proof for the case k1 = 0 after the discussion of the
case H, = 0.

Let H;, = 0. When o > 0 and kg # 0, we have

1+ (c,c) —1?
2

2 2 / 2

+ (r Qokg + 21 an ko + 2ap0

n

+ ray Ky — r’Kocd) Z (e, c)vdv;.
i=1

54/27,n+1}€0 — (,],,21,{(2) + a%) < nKko — TLOé1<C, 6()>>’UiL
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If (e;,¢) # 0 for some i > 2, then we have from the degree-4 and
constant terms of S that

14 (c,c) — r2

%mo —(c,e0)a1 =0
and

1 _ 2

%ao (e, eq)rr’ = 0.

Therefore we have either agay + 77'kg = 0 or 1 + (c,¢) — r? = 0 and
(¢, e0) = 0. Since the second condition implies the first, M is either a
hypersurface of rotation or a sphere.

When kg = 0, we must have ag # 0. Since =y is a line through the
origin, we have S = 2r"ag(a - v)?{n(a - v)(c,e0) — 2>, _ . vi{c,e;)} +
lower degree terms. Hence we have o; = 0 for all ¢ = 1,... ,n, which
implies that M is a hypersurface of rotation.

In short, there are two possibilities (for any value of Hy):

i) {e;,c) # 0 for some ¢ > 2 and agay + rr'kg = 0. (In this case M
is either a hypersurface of rotation or a sphere.)

ii) {e;,c) = 0 for all i = 2,... ,n and k1 = 0 for any choice of the
north pole. (In this case, () lies on a plane that contains the origin.)

When ii) holds, we define a new curve é(t) connecting the spherical
centers of the spheres of the foliation. It is easy to see that ¢&(t) is
a reparametrization of a geodesic which meet orthogonally the totally
geodesic n-spheres containing the spheres of the foliation. When &(¢)
is not a point curve, M is a hypersurface of rotation. If &(¢) is a point
curve, then M is a sphere. o

In S3, there are foliations that do not belong to any class discussed
above.

Example 2. The Clifford torus is the intersection of S? with a
quadratic cone in R* defined by the equation 2z} + 23 — 23 — 23 =
0. Sterographic projection from the north pole (0,0,0,1) onto the
hyperplane z; = 0 transforms it into the torus T = {z = (\/5 +
cos @) cos), y = (vV/2+cosf)siny, z =sinf : 0 < 0,v < 27} [13]. The

Clifford torus is a ruled minimal surface, that is, it admits a foliation
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by great circles. The planes which contain the origin and normal to
1/v2(=cos ¢, —sin, 1), 0 < ¢ < 27, meet T in two great circles (they
intersect at two points and their center is the origin in the conformal
metric). The smooth one-parameter family of these great circles does
not belong to any class of foliations discussed above, while the Clifford
torus is rotational. In fact, we have eg = 1/v/2(—cos ¢, —sin ¢, 1), e; =
(sin ¢, — cos ¢,0), ea = 1/v/2(cos ¢,sinp, 1), c(p) = (—sin ¢, cos ¢, 0)
and r = v/2. Tt is straightforward to see that ko = —1/v/2, (¢, es) = 0,
s = (c/,ez) # 0 and Kk = 1/1/2.

Acknowledgment. The author would like to thank Professor
J. Choe for his guidance and encouragement during the course of this
work.

REFERENCES

1. A.D. Alexandrov, Uniqueness theorems for surfaces in the large, V. Vestnik
Leningrad. Univ. 18 (in Russian), Amer. Math. Soc. Transl. Ser. 2 21 (1958),
412-416.

2. C. Delaunay, Sur la surface de revolution dont la courbure moyenne est
constante, J. Math. Pure Appl. 6 (1841), 309-320.

3. J. Eells, The surfaces of Delaunay, Math. Intelligencer 9 (1987), 53-57.
4. A. Enneper, Die cyklischen flachen, Z. Math. Phys. 14 (1869), 393-421.

5. J. Hano and K. Nomizu, Surfaces of revolution with constant mean curvature
in Lorentz- Minkowski space, Téhoku Math. J. 36 (1984), 427-437.

6. W. Jagy, Minimal hypersurfaces foliated by spheres, Michigan Math. J. 38
(1991), 255-270.

7. , Sphere-foliated constant mean curvature submanifolds, Rocky Moun-
tain J. Math. 28 (1998), 983-1015.

8. H.B. Lawson, Jr., Complete minimal surfaces in S3, Ann. of Math. 92 (1970),
335-374.

9. R. Loépez, Constant mean curvature hypersurfaces foliated by spheres, Differ-
ential Geom. Appl. 11 (1999), 245-256.

10. , Constant mean curvature surfaces foliated by circles in Lorentz-
Minkowski space, Geom. Dedicata 76 (1999), 81-95.

11. F. Lépez, R. Lépez and R. Souam, Maximal surfaces of Riemann type in
Lorentz-Minkowski space L™ 1 preprint.

12. J. Nitsche, Cyclic surfaces of constant mean curvature, Nachr. Akad. Wiss.
Gottingen Math. Phys. 1 (1989), 1-5.



1044 S.-H. PARK

13. , Lectures on minimal surfaces, Cambridge Univ. Press, Cambridge,

1989.

DEPARTMENT OF MATHEMATICS, SEOUL NATIONAL UNIVERSITY, SEOUL 151-742,
KOREA
E-mail address: hopark@math.snu.ac.kr



