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MULTIPLE GAMMA FUNCTION,
ITS ¢- AND ELLIPTIC ANALOGUE

MICHITOMO NISHIZAWA

ABSTRACT. Vignéras’s multiple gamma function is intro-
duced as a function satisfying a generalization of the Bohr-
Mollerup theorem. An infinite product representation and an
asymptotic expansion of the function are given. Furthermore,
its g- and elliptic analogue are introduced as relevant with the
defining relations of ¢g-gamma function and of elliptic gamma
function.

1. Introduction. In 1904, Barnes [4, 5, 6, 7| introduced his
multiple gamma function by using the multiple Hurwitz zeta functions.
After his discovery, Hardy [14, 15| studied this function from his
viewpoint of the theory of elliptic functions, and Shintani [37, 38|
applied it to the study on the Kronecker limit formula for zeta functions
attached to certain algebraic fields. At the end of the 70’s, Vignéras
[45] redefined the multiple gamma function as the function satisfying
a generalization of the Bohr-Mollerup theorem. Vignéras [45], Voros
[46], Vardi [44] and Kurokawa [22-25] showed that it is applicable
to represent gamma factors of the Selberg zeta functions of compact
Riemann surfaces and the determinants of the Laplacians on some
Riemannian manifolds. Recently, multiple gamma functions have been
applied to studies on the Kniznik-Zamolodchikov equation with |¢| =1
[18, 26, 27], on eigenfunctions of commuting difference operators [36]
and on g-analysis with |¢| =1 [29, 33, 40].

In the theory of special functions, constructions of g-analogue and of
elliptic analogue are known as generalizations in the other direction.
g-Analogue of Euler’s gamma function was introduced by Jackson [16,
17]. This function plays essential roles in g-analysis. One of the most
significant features of the function was pointed out by Askey [3]. He
remarked that the g-gamma function satisfies a g-analogue of the Bohr-
Mollerup theorem. Considering Askey’s result together with Vignéras’
one, it would be natural to consider the construction of functions
satisfying a g-analogue of the generalized Bohr-Mollerup theorem. On
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the other hand, in relation with elliptic solutions for difference systems
arising from solvable lattice models and from quantum integral systems,
“elliptic analogue” of special functions have been constructed, for
example, Spiridonov and Zhedanov [39]. Recently, an elliptic analogue
of Euler’s gamma function was introduced by Ruijsenaars [35] and
by Felder and Varchenko [12]. This function is applied to construct
eignenfunctions of elliptic difference systems [49] and to represent
Frenkel and Turaev’s elliptic hypergeometric series [13, 47]. We can
also generalize the multiple gamma function and introduce an elliptic
analogue of multiple gamma function.

In this article, the author and Ueno’s results [29, 31, 32, 43| on mul-
tiple gamma function and its generalization are reported. In Section
2 we consider some properties of Vignéras’s multiple gamma function.
We derive an infinite product representation and an asymptotic expan-
sion of this function. The former is a generalization of the Weierstrass
product representation of Euler’s gamma function and the latter is of
the Stirling formula. In Section 3 we construct a g-analogue of the
multiple gamma function. This g-analogue is introduced as a func-
tion satisfying a g-analogue of a g-analogue of the generalized Bohr-
Mollerup theorem and its classical limit coincides with the multiple
gamma function. We can see that the g-analogue has some properties
which generalize the corresponding properties of g-gamma function. In
Section 4 we construct an elliptic analogue of the multiple gamma func-
tion inspired by Ruijsenaars’s and Felder-Varchenko’s result. We also
show its uniqueness and study its properties.

2. Vignéras’s multiple gamma function.

2.1 Definition and uniqueness. Vignéras [45] introduced a hierarchy
of functions that she called “the multiple gamma functions.”

Theorem 2.1 (Vignéras). A unique hierarchy of functions exists
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that satisfy

(1) Grz+1) =Gr_1(2)Gr(2),
(2) G.(1)=1,
(
(

dr+1

3) WlogGr(z—i—l) >0 forz>0,

4) Go(z) = z.

Applying Dufresnoy and Pisot’s results [11], she showed that the
functions satisfying the above properties are uniquely determined.
We note some particular cases. In the case when r = 1, Gy(z) is
characterized by the following relation:

Gl(Z + ].) = ZGl(Z), Gl(].) = ].,
2

d
@logGl(z—i— 1)>0 forz>0.

These are nothing but the defining relations for Euler’s gamma func-
tion, and we can see that G (z) is Euler’s gamma function. Theorem 2.1
is a generalization of Bohr-Mollerup’s theorem. Furthermore, Ga(z) is
known as Barnes’s G-function [4]. It is applied to derive a representa-
tion for the Toeplitz determinants [41]. The hierarchy in Theorem 2.1
includes such functions. Vignéras’s multiple gamma function can be
regarded as a special case of Barnes’s multiple gamma function. How-
ever, for simplicity, we will use the word “multiple gamma function” to
refer to Vignéras’s multiple gamma function in this article.

2.2 The Weierstrass product representation. Vignéras [45] showed
that G,(z 4 1) has the following infinite product representation

r—1

G(z+1) = exp [ B )+ ST B ) () Eﬁh)(l))}

h! r—1

R e e Do C |

meN?—1xN*
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where N* is defined as N/{0},

B&= 3 1 l: () )

+(=1)" log (1 + ﬁ)]
Yr—1(2) 1 =log Gr—1(z + 1),

et — 1 > P
=:1 t)—
ez — 1 +Zpk()k'
k=0
and s(m) :=mq +mg + -+ +m, for m = (my, ma,... ,my,).

This representation for G,.(z) is defined inductively by using the log-
arithmic derivative of G,_1(z). We give a more explicit representation
for G(z) [43], which can be regarded as the Weierstrass product rep-
resentation for the multiple gamma functions.

Theorem 2.2. Forr € N, we have

Gtz ) =ep(m () [1{ (1+ f)(;kl) w02, 1) .

k
k=1
where
. B n—1 . r—2 (:/(_n) " Y u u=z
2= 2 G+ 2 g (o) |
j=0 n=0 u
# zZ—U
[ (R
y—u n—1
(n—l)_ G, j(2)u’,
7=0
r—2 r—1 15 (_1)H+1kﬂ
@r(zak) - { Z — np,} [
p=—1 > n=p+1 K (T o 1)
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B i (j + 1) Bisioal2) - ()
n=1 r j+ 1 =1 ! ’
Jj+1 B '
Pi(w): =3 —reine’ T,
n=0

d\"( #t1 i+l
=) d —logt— ———
van (dt) {j+1 o8 (j+1)2}

C(s) is the Riemann zeta-function and ¢'(s) is the first derivative.

)

t=1

Let us give some examples of the Weierstrass product representation
for the multiple gamma functions. In the case when r = 1, we have

Giz+1)=T(z41) = ewzﬁl{(l + %)162/’“}.

This is the Weierstrass product representation for the gamma function.

In the case when r = 2, we have

Go(z+1)=G(z+1)

()~ -5 T 2\ G
=e 2 2 kl:[l{<l+E) exp(—z—kﬁ)}.

Since ¢'(0) = —(1/2) log(2), this is the Weierstrass product represen-
tation for the Barnes G-function [4].

2.3 Asymptotic expansion. By means of the Euler-MacLaurin sum-
mation formula

N-1 N n Bk;
> 0= [ a3 @) - )
r=M k=1 """

N
+(—1)"*1/M B:Lgt)f(")(t) dt for f € C"[M,N],

we can derive an expansion formula of the multiple gamma function
from the Weierstrass product representation. This formula gives an
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asymptotic expansion of G,(z + 1) as |z| — oo [43]. We call it higher
Stirling formula.

Theorem 2.3. Let 0 < § < m. As |z| — oo in the sector
{z € C|larg z| < 7 — §}, then we have

logGr(z—i—l)N{(Z:1>+§%<—%)n1 (Tfl) }log(z+1)

B () e

r—1
_]ZOGT,](Z){C/(_J)J'_ﬁ} +ngl (§;;|Fr2n 1( )

Frr_1(z) := (%)T_l{ (n_—t1) log (jii)}

We next give some examples of the higher Stirling formula. In the
case when r = 1, we obtain

where

t=1

- (Z + 1) - C/(O) + z_:l (2TB_2r1)2 (Z + i[)27"—1

where (r)y is the so-called Pochanmmer’s symbol, defined as
Me=rr+)r+2)---(r+k-1).
This is the Stirling formula since ¢'(0) = —(1/2) log(2~).

In the case when r = 2, we obtain
2

1
log Ga(z+1) ~ (% — E) log(z + 1)

3, 2z 1 , ,
_ZZ —§+Z—ZC(0)+C(—1)

oo

1 Ba, 1
B 241
2z+1+; =2, GrE T,




MULTIPLE GAMMA FUNCTION 799

which coincides with the formula in Barnes [4].

2.4 Logarithmic derivative. We define a function 1, (z) by the loga-
rithmic derivative of G,(z + 1),

d
Qpr(z) T E
d - 1 —k
SEhEr Y L () reen
where ¢, (z,k) := (d/dz)®,(z,k) and F,.(z) is a polynomial introduced

in (2.3). We can see the following relations between the logarithmic
derivatives [31]:

logGr(z+1)

Proposition 2.4. (i) ¥,(z) satisfies a recurrence formula

() Yria(e) = TR0 () ),

where p,.(z) is a polynomial of degree less than or equal to r.

(ii) ¢ry1(2) is transformed by the following formula:

z
@) bre) = (1) i) + Pi(a),
where P,(z) is a polynomial of degree less than or equal to r.

As a corollary to the proposition, we can easily show that the multiple
gamma function satisfies no algebraic differential equation. We denote
C(z) by the rational function field generated by z over the complex
number field C.

Theorem 2.5. Vignéras’s multiple gamma function does not satisfy
any algebraic differential equation over C(z). In other words, for any
r,n € Z>q there is no (n + 1)-variable polynomial

f(to,tl,tg,... ,tn) S C(Z)[to,tl,tg,... ,tn],
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such that
(3) F(Gr(2), G (2) -+, G (2)) = 0

where G&l)(z) is the lth derivative of Gy(z).

An outline of the proof is as follows: We remark that the logarithmic
derivative of a solution for an algebraic differential equation also sat-
isfies some algebraic differential equation, cf. Pastro [34]. Therefore,
if some polynomial satisfies (3), then an algebraic differential equation
exists for ¢,.(z). However, from Proposition 2.4 (2), it follows that an
algebraic differential equation exists for ¢ (z) over C(z). This contra-
dicts Holder’s theorem for Euler’s gamma function, cf. Komatsu [20].

In fact, we can obtain this theorem as a special case of Barnes’s
theorem [8] for the more general case. He proved that a class of
functions, including Barnes’s multiple gamma function, does not satisfy
any algebraic differential equation. However, in the general case, the
proof is complicated and we cannot see whether relations like (2) exist
or not. For Vignéras’s multiple gamma function, we can find the
relation explicitly and prove this theorem directly.

3. Multiple g-gamma function.

3.1 Definition and uniqueness. In this section we suppose that
0 < g < 1. A g-analogue of Euler’s gamma function is

. o0 1 _ qz_;’_n —1

(4) L(z+1;9) = (1—q) H (W) :
n=1

It is one of the most fundamental functions in the theory of ¢-special
functions. Askey [3] showed that the g-gamma function I'(z; ¢) satisfies

a g-analogue of the Bohr-Mollerup theorem

L(z+1;9) = [2]l(2;9), T(1;9) =1,
2

d
Elogf(z—i—l;q) >0 forz>0,

where
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The author [29] constructed a function G,(z;q) satisfying the g-
analogue of the generalized Bohr-Mollerup theorem.

Theorem 3.1. A unique hierarchy of functions exists which satisfy

(1) Gr(z+1;q9) = Gro1(2¢)Gr(25q),
(i) Gr(1;9) =1,

L drt
(iil) ) logGr11(z + 1;9) > 0 for 2 > 0,
(iv) Go(ziq) =[],

where

gr(z,u) = (2:1{) - (n_—ul) :

G, (z;q) is represented as the following infinite product representation:

(5) Gr(z+13q) := (1-q) () fo[ {(ﬂ) (nikl)(l—qk)gr(z, k)}

— gk
k=1 1 q

forr > 1.

In the case when r = 1, this theorem corresponds to Askey’s theorem.
So the sequence {G,(z;q)} includes a g-gamma function. We call an
element of the sequence a multiple g-gamma function. The represen-
tation (5) can be regarded as an analogue of the Weierstrass product
representation for the multiple gamma function.

3.2 Infinite product representation. It is well known that Euler’s
gamma function has infinite product representations. The represen-
tation

N!

Pet)=lim oy eV Y

is known as the Gauss product representation and

T(z+1) = ﬁ{<1+%)z(1+%>1}

n=1
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as the FEuler product representation. We remark that there are
g-analogues of these formulas. They are represented as

) (2] (V]
©)  TE+lo= lim oo T V]

o= T (57 )

[N +1)7

We can generalize these formulas. As a counterpart to these repre-
sentations, we can derive the following representations:

Proposition 3.2. If Rz > 0, then
(i)

T

Gr-1(1:q)---Gr—1(N;q)
G, 1;q) = 1
X
1

Gr_m(N + laq)(;)}-

m=

o IERly I (i) ™)

n=1

In the case when r = 1, we obtain the formula (6) and (7). It should
be considered where Vignéras’s multiple gamma function has such an
infinite product representation or not. However, the author has not
proved it yet.

3.3 Classical limit. In this section we consider the classical limit of
the multiple g-gamma function. In the case for g-gamma function it
was proved rigorously by Koornwinder [21]. By means of the Euler-
MacLaurin summation formula, we can obtain an expansion formula of
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the multiple g-gamma functions. We call it Euler-MacLaurin expansion
[43].

Proposition 3.3. Suppose that Rz > —1 and m > n, then

z+1 - Br d T <
loan(z-i-l;q):{( n )"’ZW(_E) (n—l)}
r=1
1_q2+1
xlog(li_q>
" d\""' (2 e gt logg
*2{(—5) o) e

n—1
+ ZGn,j( Z nr 1 Z3 Q) Rn,m(Z;Q)v
j=0
where
drfl - 1_qz+t
et = [ () o (55 )
n 1( ) dtm1 n—1 1_qz+1 1
n+l

Cj(q) : _—Z &fjﬂ r1(15q)

{ Bra(t fm i (8 Q)} dt,

(o)
Tl

m—1

This is a generalization of Moak’s formula [28] for the ¢-gamma
function, see also [42]. As remarked by Daalhuis [10], this formula
is not an asymptotic expansion. However, we can see that each term of
the above formula converges uniformly as ¢ — 1. Thus we obtain the
following theorem:

f]—',—l 7"—1 t q |:

Rym(z;q) =
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Theorem 3.4. As ¢ — 1 —0, G.(z + 1;q) converges to G,(z + 1)
uniformly on any compact set in the domain C\ Z <.

4. Multiple elliptic gamma function.

4.1 Definition and uniqueness. First we fix some notations. For
0 < j <r, 7; are complex parameters satisfying S7; > 0. We put ¢; :=
2™V gy = 2™V = (1,71, .., 7o) and g = (G0, q1, - -, Gr)-

For the set 7, we define 77(5), 77 (j) and |7| as

J) L= (7—077—17"‘ 7TT7Tj)7
]) L= (T(),Tl,..‘ ,ijl,TjJ’,l,.‘. ,’Tr),

I[.]] P= (TO7T17' ce 5 Ti—1, _TjaTj+17T7')7

T
7= 7
j=0
Similarly, we introduce the following notation:

Qi(]) L= (q07q15' < qi—1,495=1,--- aqT)v
Q[]] L= (q07qla' .. an—laq]'_lan-‘rlv"' 7q7‘)'

The principal value is the branch of the logarithm chosen here. We
define “multiple g-shifted factorial” as the following formula:

Definition 4.1.

@@= J[ -waPe---ar).

11,82, 500 =0

This product was introduced and studied by Appell [2] and is also
known as the generating function of the multipletite partition, cf. An-
drews [1]. Furthermore, this product can be regarded as a generaliza-
tion of Kirilov’s ¢g-polylogarithms [19]. This product can be represented
as

(:9)7) = exp(—Lir4a(z:q))



MULTIPLE GAMMA FUNCTION 805

for || < 1, where

oo )
x.]
Lip(a; (g1, 1) = ) ————
il (1 —d)
In the case 7o =7 = -+ =7, = 7, we can see that

(z39)) = exp(—Li42(z;q))

where Li,(z; q) is Kirillov’s g-polylogarithm [19]. The function (z; g)EQ

satisfies a functional relation
(g5m; )% =

By using this product, we introduce an “elliptic analogue” of the
multiple gamma function. We call it multiple elliptic gamma function.

Definition 4.2.

GT(Z | I) = (x_lqoql e qr,g)g){x’g)g’g)}(—l)r

This function is meromorphic. We note that G1(z | (r9,71)) is the
elliptic gamma function introduced by Ruijsenaars [35] and by Felder
and Varchenko [12].

From the definition of the multiple elliptic gamma function, we have
the following functional relation of G.,.(z | 7):

Proposition 4.3. (i) G,.(z | T) satisfies a relation

Gr(z+1]|7)=Gr(z | 1),
Gr(z+7|7)=Groa(2 | 7()Gr(2 | T) forj=0,...,r7,
Go(z | (10)) = bo(2, 90),

where
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(ii) At the point z = |1|/2, G,(z | T) take the following value:

&(lﬂlT) = {{(Qé/qu/qui/Q;g)fQ}Q r: even
2 1= 1 r: odd.

By reversing the argument, we can prove a kind of uniqueness of the
function which satisfies the relation in Proposition 4.3.

Proposition 4.4. If G,_1(z|(70,... ,7r=-1)), ST > 0, is given, we
can determine the unique meromorphic function u(z) which satisfies

(i) u(z) 4s holomorphic upper half plane,

(i) u(z + 1) = u(2), u(z + ) = Gr-1(z | Du(z),
(i) u(|7]/2) = {{(QO/ 0?0 WY even,
1 r: odd.

This can be proved through a similar argument to Felder-Varchenko’s
proof [12] of the uniqueness of the elliptic gamma function. On the
other side we can see a slightly different uniqueness theorem.

Proposition 4.5. If there are such 7,7, € T = (79,71, - T) that
1, 7 and 11, are linearly independent over Q, then we can determine
unique meromorphic function u(z) satisfying

u(z+1) = u(z),

u(z +75) = Groa(z | 7(4))u(z),

u(z + 1) = Gro1(z | 7(k))u(z),

\T| { 1/2 1/2 ~-qT/2;q)g2)}2 T even,

r: odd.

4.2 Elementary properties. From the definition of the multiple elliptic
gamma function, we derive some formulas by straightforward calcula-
tion.

Proposition 4.6. (i) G, (z | D{G(|z] - 2[D} V" =1
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)

Claim (i) is an analogue of the complementary formula for Euler’s
gamma function and Claim (ii) is an analogue of the Gauss-Legendre
multiplication formula for the function.

i3 N-1
0o 7L ,,,Tr — noTo+: N, T,
(ll) GT(Z‘<N’ N N)) — Hnl,HQ,...,nT_OG7’<Z+4N

Next we can represent G, (z | 7) by using trigonometric series.
Proposition 4.7 (Summation formula). For

ve { € C| (5022~ |r])] < Zw},

then we obtain

G (2] 1)
exp [ [(1/2v=D7] £, (sin(at(2: ~ 1) AT, sinwir,)|
_ r: odd,
exp [(1/2° (V=D ) 327, (costl(22 — (D) sini)|
T oeven.

These are a generalization of the so-called “summation formula” in
Felder and Varchenko [12]. We can also see a differential relation
between the multiple elliptic gamma functions.

Proposition 4.8. The multiple elliptic gamma function satisfies the
following differential relation:

0 0

(556 1D)Graale | 25 + 3G | 2 ()G 2} = 0.

4.3 Trigonometric limit. We can relate our multiple elliptic gamma
functions to multiple g-gamma functions through a kind of the trigono-
metric limit.
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Proposition 4.9. In the case when 71 = 179 = --- =7, = T, as
T — \/Ioo,
z—1
(r) r—k
”
Go(rz [ D[] | | (20,00 . q) — Gr(29)
k=0 X .

for z in any compact set in the domain C/(Z + ZT), where G.(z;q) is
the multiple q-gamma function introduced in Section 3.
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