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TURAN INEQUALITIES FOR
SYMMETRIC ASKEY-WILSON POLYNOMIALS

L.D. ABREU AND J. BUSTOZ

1. Let {P,(z) : » = 0,1,...} be a sequence of polynomials
orthogonal on an interval [a,b]. The polynomials {P,(x)} are said
to satisfy Turdn’s inequality if

(1.1)  P%*(z) — Pyy1(2)Py_1(z) >0, a<xz<b, n=01,....

Turdn first observed that (1.1) is satisfied by Legendre polynomials [9]
and Szego [8] gave two beautiful proofs of that fact. Various authors
have generalized (1.1) to the classical orthogonal polynomials of Jacobi,
Hermite, and Laguerre [1], [5]. Szasz [7] also proved a Turdn inequality
for ultraspherical polynomials and Bessel functions.

Bustoz and Ismail [4] applied a procedure first used by Szdsz [7]
to prove Turdn inequalities for an important class of nonclassical
orthogonal polynomials; the symmetric Pollaczek polynomials as well
as for modified Lommel polynomials, and for ¢g-Bessel functions. Also
in [3] Bustoz and Ismail proved a Turdn inequality for continuous g-
ultraspherical polynomials by using the Szdsz technique. In this paper
we will apply the Szdsz technique to prove a Turdn inequality for
symmetric Askey-Wilson polynomials.

2. Askey-Wilson polynomials. The ¢-shifted factorial (a;q),, is
defined by

1 n=
(G;Q)n:{(l_a)(l_aq)...(l_aq”_l) n=12,...,

and for |g| < 1 we define

(a:¢) = [J(1 — ad?).
=0
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For notational convenience we will write
(a1,a2,. .. ,ap;qQ)n = (a15Q)n(a2;@)n - (ap; @)n,

with a similar convention when n = oo.

The basic hypergeometric series ,¢5 is defined by

a1,a, ... ,ar.
T¢S b b ’q,Z
1,92y..-,Us

oo

(Cll,... ’a/n;q)n . g
nZ:O (bl,... 7b5;Q)n(q;(J)n [(—1) q( )]

1+s—r
2",

([6] is the fundamental reference on basic series.) The Askey-Wilson
polynomials [1], [6], P,(x;a,b,c,d|q) may be expressed as a 4¢3 that
terminates. This expression is, writing = cos#,

(2.1)  Pu(;0,b,c,d|q)
6 —1i0

" abedq™ ™t ae® ae™
74,4 | -

_ . -n q
- (a‘b7 ac, ad’ Q)na 4¢3 ab, ac, ad

1 and max(|al, |b|, ||, |d])

These polynomials are orthogonal for —1 < z <
< 1. They satisfy the recursion 2xp,(z) = A,pn+1(x) + Bppn(x) +
Cppn—1(z), n >0, with p_;(x) =0, po(z) = 1, where
A - 1 — abedg™ ™!
" (1 — abedg? 1) (1 — abedg®™)’
o = (=" —abg" (1 —acg" ")(1 — adg" ")

(1 — abedg®—2)(1 — abedg®m—1)
(1= beg" 1) (1 = bdg"H)(1 — cdg™ ),

and

B,=a+a ' = Aa (1 —abg™)(1 — acq™)(1 — adq™)
— Cha/(1 —abg" )1 — acg" ')(1 — adg" ™).

Write

h(z;a,b,c,d|q) = (ae® ae™™ be'® be™ ce® ce™ de®, de™; q) o
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Then the weight function for the Askey-Wilson polynomials is

(621'97 6721‘9; q)oo(l _ 1,2)71/2

w(x;a,b, e, d|q) =

The Askey-Wilson polynomials can be evaluated when x = (a+a~1)/2
by using (2.1). This evaluation is needed in what follows. Writing
a=¢e?in (2.1) gives . = (a +a"1)/2 = (" + e7%)/2 (naturally, 0
here is not a real number), we get that

) 1 n=0
_10. _ )
(ae ’Q)"{o n=1,2,...,.

Hence when a = € the 4¢3 in (2.1) has only a single term and we get,
after rewriting,

a+at .
(2.3) Pn<T;a,b, c,dIQ> =a""(—a%q)n(a’b%; ¢%),.

When ¢ = —a and d = —b, the Askey-Wilson polynomials become
symmetric, that is, B,, = 0 in (2.2). We will write S, (x; a,b|q) = Sp(z)
for the symmetric Askey-Wilson polynomials. From (2.3) we have

a+at n
(24) Sn< 5 > =a (_az;Q)n(azb2;q2)n-

3. A Turan inequality for symmetric Askey-Wilson polyno-
mials. Renormalize the symmetric Askey-Wilson polynomials by

Vo(z;a,b | q) = Sn(z;a,b| q)/(_GZ;Q)n(asz;q2)n-

Then V2(x) — Vpy1(2)Vi—1(z) = 0 when = (a +a~1)/2. The V,(z)
satisfy the recursion

(1=a®0*q" ") (1+a*q")Vos1(2)
=2(1-a®b*¢*" aVy(z) — (1=¢") 1+ 6*¢" " )Voa(2), n>0.
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Defining

Dn(x) — (1 _ a2b2q2n71)(1 _ a2b2qn72)(1 4 a2qn71)vi(x)
— (1 =a®*¢@" ) (1 — a*b*¢" 1) (1 + a*¢") Vi1 () V1 (z)

we get the following recurrence relation:

(3.1)
D (x) _ (1_qnfl)(1+b2qn72)(1_a2b2q2n71) D (x)
n (1—a2b2¢2"=5) (1—a2b2q"2)(1+a2q 1) n—1
N (1_a2b2q2n73)
(1—a2b2¢2"=5)(1—a2b2q"2)(1+a2q 1)

n>2

gn(av b’ q)VnQ—l(x)’

where

gn(a,b,q)
— (1_a2b2q2n—5)(1_a2b2qn—2)(1+a2qn—1)(1+b2qn—1)(1_qn)
— (1=a®p* ¢ 1) (1-a®b°¢" ) (14+a°¢" ) (1+6%¢" ) (1—¢" 1),
n > 2.

Defining

B (a*0?; @)n—1(—0%* q)n
Cn(z) = (@ Dn1(—b2; Q)n_1(1 — a2b2¢2—1)(1 — a2b2q2n_3)Dn(fE)

we obtain, multiplying (3.1) by

(a®0*; @)n—1(=a% q)n
(¢ Dn—1(=b* @n-1(1 — a?b?q>"1)(1 — a®b?¢*—3)

the recurrence relation for ¢, (z) valid for n > 2.

Cn(x) = (n-1 (x)
(a?b%;q)n—1(=a?;q)y

+ (q7 q)nfl(_b2; q)nil(l_a2b2q2n—5)(1 _a2b2qn—2)(1+a2qn—l)

' gn(a, bv Q)Vrffl(x)
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and, iterating,

n—1
(3.2) (@) = () + > hn(a,b,q)gn(a, b, q) Vi ()
k=1
where
hn(a,b,q)

_ (a®0* @)n-1(=0* @)n
(@ D s (P s (1021 a2 ) (L4 g T)

which is clearly positive.

The crucial step is now to determine the sign of g, (a, b, q¢) which will
give monotonicity properties of the sequence {¢,(z)}. The next result
establishes sufficient conditions for negativity of g, (a, b, q).

Lemma 3.1. If0 < g < 1/2, a®> < ¢, b> < q, n > 2, then
gn(a,b,q) <0.

Proof. g,(a,b,q) can be expressed as

gn(a7ba Q) = _(1 - q)((bl + ¢2 + ¢3)a
where
(bl _ 4b4 5n7q(a2 _q)(bZ _Q) —|—a4b4 4n78(q+1)(a2 +b2)
+a2b2 4n— b(q+1)(a +b2)+a2b2 2n— 5((1 +b2)
$2=q"(@® = q)(V* — @) + ¢*" (g + 1)(a® + b7
q2n 5(q+ )3 2b2
(b —2a2b2(q—|— )2 3n— 7(& —q)(b q)_a4b4q4n78(q+1)3.
Obviously, ¢1 > 0. For ¢5 we have
¢2 =" °[(a® = q)(V* — q) + (a® + ) (g + 1)¢" — a®b* (¢ + 1)°¢"?).
In the above equality set = a? — ¢, y = > — q to get ¢ =
q"*Tn(z,y,q), where
To(2,y,9) =2y — ¢" (¢ + D)’ey + " g+ 1)(¢* + g+ 1)z
+¢" g+ D)@ +a+ Dy —q"(g+ D¢+ 1).
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Note that ¢(1—¢) < z,y < q. T (z,y, q) satisfies T, = Ty, = 0. Hence
T, (x,y,q) has no local extrema and thus the minimum of T}, (z,y, q)
occurs on the boundary of the rectangle ¢(1 — ¢q) < z, y < ¢. By
symmetry of T, (z,y,q) we need only consider the line segments L;
and Lso:

Li: y=q(1—-q), q(l-q)<z<q,

Ly: x=q, ql-q) <y<q
A simple calculation shows that
min{T,(z,y,9) | (z.y) € L1} = ¢*[(1 = ¢)* +¢"(1 —q = 3¢° = ¢°)] > 0

for 0 < ¢<1/2,n>1. On Ly we have
Ta(z.y,q) = la— (g +1)¢"]y + (¢ + 1)g" .
Since ¢ — (¢ + 1)¢™ > 0 for 0 < ¢ < 1/2 if n > 2, we have that
min{T,(z,y,9) | (z.y) € L2,n 22} = ¢" 7 + " — ¢ +¢* > 0

for 0 < ¢ <1/2. Thus ¢o >0for 0 < ¢<1/2,a<gq, b<q,n>2.
¢3 is dealt with in an identical manner and we find that ¢35 > 0 for
0<qg<1/2,a<gq,b<gq,n>1. This then proves the lemma.

In [1], Askey and Wilson proved, using connection coefficients, that

|pn(za a, —a, ¢, —c¢ | Q)| S ‘pn(la a, —a,c, _C|Q)|
if ¢ < ¢'/2. The Askey-Wilson polynomials are symmetric in a, b, ¢, d;
so we can exchange —a and c to get

|pn(ﬂf, a,c,—a,—cC | q)| S |pn(17 a,c,—a,—c ‘ q)l

and hence
1Sn(@;0,0] q)| < [Sn(L5a,b] )|
if b < g'/2.
Now, all the roots of s, (z;a,b | ¢) are contained in [—1, 1] and so are

the roots of the derivative. This gives that s,(z;a,b | ¢) is monotonic
outside the interval [—z,,z,] where z, is the largest root of S,(z).

From this we have
a—!—a’l
sutazab] @) < fsn (it o)

)
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if
a+a !

|z| < and bgql/Z.

Now, applying this inequality together with Lemma 1 and (3.2), we
get, under the conditions a? < ¢, b < q, 0 < ¢ < 1/2, the inequality:

(3.3) Dy(z) > D, (a +2“_1 ) .

Now,

Dp(z) = (1 — a®b*¢* ) (1 — a*b*¢" 1) (1 + a*¢™)[V2 — Vs 1 V1]
+a?q" 21— [b’¢" (1 —a®)(g+ 1)
+ (g — b*) (1 + a®b?¢*" 2|V,

and

a+a71 —2n n— n—
D, () m a1 )+ )

+ (g — b)) (1 + a®b*¢**?)]

and inequality (3.3) can be rewritten as:

Theorem 3.2. Ifa®? < ¢, V* < ¢q, 0 < q < 1/2, then, for
|z| < (a+a~1)/2 we have the Turdn-type inequality

Vf(a:) = Vag1(@)Vio1(2)

a”?"2q" 2 (1= g)[B*q" T (1-a?)(g+1) + (¢=b*) (1 +a’b?¢*" %))

>
- (1_a2b2q2n—3)(1_a2b2qn—l)(1+a2qn)

- (1=a®V?(x)) > 0.

Note that, under the conditions of Lemma 1, the sequence {¢,} is
decreasing in n, so we have

Cu(z) < Gi(x).
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_ (@05 @)n-1(=0%*q)n
Cn(x) = (@ D1 (=12 Q)1 (1 — a2b2g2 1) (1 — a2b2q2n_3)Dn(I)

(a%0%; @) n—1(=a* q)n
(@ On—1(=0%q@)n—1(1 — a?b2¢>~1)(1 — a?b2¢?"—3)

A= a®0? ¢ %) (1 = a®b?q" ) (1 + @) [V;: (x)
— Vi1 (@) Vo1 (2)] + ta(a, b, 9) Vi (1)}

where
tn(a,b,q) = a’¢"2(1—q)[B*¢" " (1—a®)(q+1) + (¢—b%) (1+ab*¢"" 2).

Noticing that t,(a, b, q) is positive if b? < ¢ we get the following upper
bound for V,2(z) — Vyq1(2)V,—1(2), after evaluating

(1—-q)(1+a?®)(1+ b2)'

o) = (1 —a?b2q)

Theorem 3.3. Ifa? < ¢, b < q, 0 < q < 1/2, then for
|z| < (a+a~')/2 we have the inequality:
V2 (€)= Vi1 (2) Vo1 (2)

< (1= +a?)(140°)(¢; OJn -1 (b @)n—1 (1—a’b?¢>" 1)
= (I+a%g")(1-a?b?q" 1) (1-a?b?q)(a®b?; @) n—1(—a?; @)n
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