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EXTREMAL DOMAINS FOR THE GEOMETRIC
REFORMULATION OF BRENNAN’S CONJECTURE

MICHAEL D. O’NEILL

ABSTRACT. In [7], Carleson and Makarov convert the
conjecture of Brennan on the order of growth of integral means
of the derivative of a univalent function to a purely geometric
and equivalent conjecture about some conformal invariants
related to extremal length. Here we show that the failure
of the geometric version of the conjecture always implies the
existence of an extremal domain which must be bounded by
the trajectory of a rational quadratic differential. We use a
second variation developed by Chang, Schiffer and Schober to
rule out the possibility of any zeros of order higher than two
in such a trajectory.

1. Introduction. In [4], Brennan conjectured that for any confor-
mal map ¢ of a simply connected domain 2 C C onto the open unit
disk D

/ |¢'|P dzdy < +o0
Q

for all p such that (4/3) < p < 4.

A technique of Carleson from [6] for estimating harmonic measure
is used in [4] to show that the upper bound for p is 3 + 7 for some
universal 7 > 0. By simpler methods it is shown in the same paper
that the conjectured upper bound of 4 is the correct one for the class
of close-to-convex domains. It is also explained in [4] that the problem
has its origin in questions of approximation theory from the work of
Metzger [12], Havin and Maz’ja [10] and Brennan [5].

An equivalent statement of the conjecture is that, for any conformal
map f of the unit disk D into C, any p € (—oo, —2] and any € > 0,

2T ) 1
| ireenra = o (e ) 1ot
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1482 M.D. O’'NEILL

holds. The conjectured upper bound of —2 corresponds to the upper
bound of 4 in Brennan’s statement.

By a very different approach than Brennan’s based on manipulation
of differential inequalities for the function

2m
ur) = [ 1f e
0
Pommerenke proved in [14] that

2 ; 1
/0 £/ (re)|P dt = O(W)’ r—1

for all p < —1 and for all € > 0. This corresponds to an upper bound
of p = 3.399 in Brennan’s original statement. Pommerenke’s result has
been improved slightly by Bertilsson [3], who combined the idea from
[14] with new estimates for the coefficients

oo

(f'2)7 =D enp”

n=0

for univalent functions f in D normalized by f(0) = 0 and f'(0) = 1.
The coefficient estimates in [3] are found by using the Loewner theory
in a way suggested by DeBranges’s proof of the Bieberbach conjecture.

The geometric approach to the problem was taken up again in [7]
where Carleson and Makarov proved the following theorem on harmonic
measure in simply connected domains:

Theorem A. An absolute constant K exists such that, for every
simply connected domain §) satisfying

o0 €, diamo) =1

and any numbers € > 0 and p > 0, the mazimal number of disjoint
disks of radius p and harmonic measure, evaluated at oo, greater than
p/2+e s at most

(abs. constant)p™ €.
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This theorem has the corollary that, for any univalent f in D and
any p < —(1/2)K,

27 , ; , 1
‘/O |f(7’€t)H dt20<m>, r—1

for every € > 0. Thus, Brennan’s conjecture is equivalent to the
conjecture that K = 4 is the best possible constant in Theorem A.

The relationship between harmonic measure and extremal distance is
exploited in [7] to give a further reformulation of Brennan’s conjecture
in terms of “beta numbers,” which are introduced for the purpose. We
will now briefly describe this version of the conjecture assuming some
familiarity with the various conformal invariants. Some good references
for harmonic measures, extremal length and extremal distance are [1,
15] and [9].

Let ©Q be a simply connected domain and a,b € C any pair of
points. For € > 0, let T'. denote the family of curves in C which join
{z:|z—a|<e}and {z:]z—b] <e} (orif b=o0, {z:|z] > (1/e)}).
Let C.(w) denote the boundary of {z : |z — w| < e}. If I, and I, are
arcs of Cc(a) N and C(b) N, respectively, let

Ae(a,b) = (Iinfb)dg (Lo, Ip)

where dg denotes extremal distance in Q. Following [7], define

Be(a,b,Q2) = exp{2m [A\(T) — 5\6 (a,b)]}

and
B(a,b,Q) = linéﬂs(a,b,Q)

where A denotes extremal length. The limit in the definition exists by
the serial rule for extremal lengths.

By an n-configuration {Q;ag,a1,...,a,} we will mean a simply
connected domain 2 together with n + 1 distinct points ag, a1, ... ,a,
on 0. Let C,, denote the set of all n-configurations.

Fixing one point ag and taking n distinct other points a1,... ,a, on
01), we denote

ﬁj = ﬂ(aj,(lo, Q)
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In [7] it is shown that Brennan’s conjecture is equivalent to the
statement that

(1) o<t
j=1

for all n and all configurations {Q; ag, a1, ... ,a,} and the inequality is
proven to hold in the case n = 2. In fact, it is shown that if

(2) B>
j=1

for some configuration, then it would be possible to find a domain
bounded by a polygonal tree with n 4 1 tips for which (2) holds (the
beta numbers being evaluated at the tips) and this tree can be used
as a “generator” in the recursive construction of the fractal boundary
of a domain for which Brennan’s conjecture fails (in the form given
in Theorem A with K = 4). Conversely, if Brennan’s conjecture fails
for some domain €2 then it is possible to construct a polygonal “tree”
approximating 0 for which (2) holds, the §;’s being evaluated at
the tips of the tree. It should be mentioned that Baranski, Volberg
and Zudnik [2] have shown that Brennan’s conjecture is satisfied for
simply connected basins of attraction for polynomials 22 4+ c¢. The
fractal domains considered by Carleson and Makarov are the critical
case for the conjecture and are of a different nature than such basins
of attraction.

The case n = 2 for the beta number formulation of Brennan’s
conjecture is handled in [7] as follows. Supposing that 57 + 33 > 1
for some configuration, the existence of an extremal configuration for
the sum 3?2 + (32 is taken as being clear after normalization. The
Schiffer variation is then applied to show that the boundary of the
extremal domain is the trajectory of a certain quadratic differential. A
differential equation is obtained for an appropriate mapping function,
and this equation can be integrated completely to give an explicit
computation of the sum 3? + 32 which is thereby shown to be strictly
less than one. The present paper is an attempt to extend this approach
to n > 2 using both first and second variation arguments. Brennan’s
conjecture remains open, but we are able to obtain some information
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on the extremal domains. We will prove (for all n) that the failure of
the Carleson-Makarov version of the conjecture implies the existence of
extremal domains for the sum (1), that such an extremal domain must
be bounded by the trajectory of a quadratic differential, and that such a
boundary trajectory cannot contain a zero of the quadratic differential
with order higher than two. This means that one way to establish
Brennan’s conjecture might be to rule out the possibility of zeros of
order one or two in an extremal trajectory of the above type.

In Section 2 we will prove

Theorem 1. If M is the first integer for which there is some M-
configuration

{QO;CLOva‘lv"' ,CLM}

such that
M
Z(/B(ajaa07ﬂo))2 > 17
j=1

then there is an M -configuration

{Q*va87a1a ’a*];/l
such that
n M
(B(a}, a5, 2))* = sup > (B(aj,a0,Q))>
j=1 Cum 55

As mentioned earlier, this is stated in [7] for the case n = 2. For
n > 2, a little argument is required since the positions of four or more
endpoints cannot be completely normalized. The well-known second
variation developed by Chang, Schiffer and Schober, originally intended
as an investigative tool for coefficient problems, will be adapted in
Section 3 to prove the following

Theorem 2. Any extremal domain whose existence is established in
Theorem 1 would necessarily be bounded by the trajectory of a rational
quadratic differential with second order poles at {ag,af,... ,a%;}, and
such a trajectory cannot contain a zero of order greater than 2.
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During the proof of Theorem 2 the differential equation (23) is also
derived.

2. The existence of extremal domains. Proof of Theorem 1.
In the proofs of Theorem 1.1 and Theorem 1.2 we will use the notation

R,(a;) = {z: e VA < |2 —qj| < e7¥4}

for open annuli centered at a;, and
1
R, () = {z cem (DA < I < e_”A}
z

for open annuli centered at co. Also, we denote
Xy(aj) = A(a;) = A,

where A\ = A/27 is the extremal distance between the boundaries of
the annuli, and where

Av(aj) = inf{dq (I4,1-) : I+ are arcs on 0+ NN},

Here 04 are the inner and outer boundaries of R,(a;) and dg is
extremal distance in 2.

We will also use the following lemmas. They are from [7]. The proofs
are included here for the sake of completeness.

Lemma 1. Let R = {z:1 < |z| < e}, and let E be a connected,
compact subset of R such that 9RUE is connected and R\ E is simply
connected. Suppose also that neither {|z| = 1} \ E nor {|z| = eA}\ E
is empty. Let 0 be the smallest angle of any sector containing RN E
(0 = 27 if E cannot be contained in a sector), and let Iy, 4 be arcs of
{|z| = 13\ E and {|z| = e*}\ E, respectively. Then there is a numerical
constant Ay > 0 such that if A > Ag,

c?
dR\E(IO>IA) > A+ 7

for some numerical constant ¢ > 0. The estimate holds for any A if 0
is sufficiently small (depending on A).
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Proof. Observe that the paths connecting the two arcs must pass
outside the sector containing R N E. By a conformal mapping, it is
therefore sufficient to estimate the extremal length of the family of
paths T in the rectangle (0, A) x (—m,7) which join the two vertical
sides and which pass outside of [0, A] x (—60/2,6/2). Paths are allowed
to continue through one horizontal edge to the other and no path can
traverse the strip {|y| < 0/2}. Consider the metric

— 0<z<A 0/4< |yl <,
plx,y) = 1 . o »
= 0<2<A 0< |y <6/4
FERE R vl <8/

Of all paths in I which intersect the strip {|y| < (8/4)}, a path with
minimal p-length must have the form p1ps Upzps where p; = (0, (6/4)),
p2 = (d,(6/4)) for some 0 < d < A and p; = (4,(0/2)), or be a
reflection of such a path in = (A/2) or in y = 0. The minimal p-
length of any path which intersects the strip |y| < (6/4) is then found
by minimizing the function

d 1 0\°
) = —\mﬁ\/m““” (1)

By elementary methods, the minimizing value of d is determined to be

= 4(-25)

for which we have

I(d) = 1+(§_§)Z_22+.._

Choosing k = 1/8 ensures that all curves in the family have p-length
greater than one, and we have

27 63
2 P —_— e —_— PR
//pd:vdy—A 16A3+ )

from which the lemma follows by taking reciprocals.



1488 M.D. O’'NEILL

Lemma 2. Let Q be a simply connected domain in C and & € 99).
Let R be an annulus centered at & such that 9S) intersects both boundary
circles of R. Let C denote the outer and C_ the inner boundary circle
of R, and let X\ denote the extremal distance between Cy and C_ in R.
If I is any arc of Cy NQ and I_ any arc of C_ N Q) then we have

ch3
(L >

where ¢ is a numerical constant and 0 is the smallest angle of a sector
of R containing R N 0N.

Proof. Given the arcs I and I_ we may chose two arcs I} and I*
such that I} and I* both separate Iy and I_ and so that I} and I*
are not separated in by any other arcs of QN Cy or QN C_. Let
U denote the simply connected subdomain of R determined by {2 and
the arcs I}, I*. Let 0, denote the smallest angle of a sector containing
R\ U. By elementary properties of extremal distance and the previous
lemma, we have

ch? 63
do(Iy,1-) > dp(I7,I7) > > A+ S
A A
Proof of Theorem 1.1. Let M be the first integer such that some
M-configuration {Q; ag,a1,...,ap} exists for which
M
Z (5((],]‘, ap, Qo))2 > 1.
j=1
Let {Q(k);ao,agk),... ,ag\?} be a sequence of M-configurations such
that

M
Z g-k) ag, 2 (k) —>supz (aj, a0, )2 =8

Jj=1

Taking subsequences, we may assume that for each j, a

;k) — a; and

ﬁ(ag-k),ao,Q(k)) — B; > § > 0. We may also assume that the sets
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Q%) converge in the Hausdorff metric on the sphere to the boundary
of a simply connected limit domain.

Suppose first that the points of {ag, a1, ... ,a,} are all distinct. Given
0 > 0 we want to show that

M
Zﬁ? > s — 4.
j=1

Choose €’ > 0 such that for each € < €/,
M M 5
2 2
20> B3
j=1 Jj=1

By Lemma 2, if ¢’ is sufficiently small and & sufficiently large, the
boundaries of the domains Q*) and of the limit domain all pass through
a narrow corridor of the annuli with radii ¢ and e?¢ centered at the
a;. So the numbers 3;. and BJ(-? are computed using quadrilaterals
whose end edges are the large circular arcs of the circles Ce(a;). Now
the theorem on convergence of the module from [11, p. 27] shows that

M

M
S8 =3By -
j=1

j=1

N S

for all sufficiently large k, and therefore

M M

M
SN 2> S )20
j=1

j=1 j=1
and it follows that
M
> 87 > 5-4.
j=1

We finish the proof by ruling out the possibility that {ag,a1,...,an}

contains fewer than n + 1 distinct points. By Moebius invariance, we

may assume that agk) =0, aék) =1, ag = oo for every k.

If a sequence ag-k) were to approach ag = oo, the points a;k) and the
(k)

parts of the boundary ending at the a;” would have to pass through
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annular sectors of arbitrarily narrow angles containing the parts of the
boundaries ending at ag. We would then have

k—oo

(oo}
lim Y X, (") = +oo
v=1

and therefore we would have ;) — 0.

We may suppose then that aglk_)l, e ,as\]f[) all have a common finite

limit point a. If there were more than one such common limit point,
we would repeat the following argument.

Choose a circle Cg of radius R centered at a. Then

M
lim § eAmhe =X (af,a0,%)))
e—0

j=M—1

< lim 6(4W[>\(Cs(ao)1CR)*5\(C5(GO)7CR7Q&-)])

Z U A(Cr,Ce(a]))~N(Cr,Ce(af) . 2)])
j=M—1
by the series rule.

Since M is the first integer for which

M
sup Zﬁf > 1,
1

C -
Mo

a rescaling shows that there is a function n(e) = o(1) as € — 0 so that

M
lim e
e—0
j=M—1

3) < lim e(4w[x(cg(ao),CR)—X(CE(ao),CR,Qk)])(1 +n(e)).

(A [Ae—Ae(a,a0,2%)])

Let o > 0. If R is sufficiently small, then we may choose k sufficiently
large so that

lim 6(471'[/\(05(ao),CR)—S\(CE(aO),CR,Qk)]) _ 52(0,%79) < .
e—0
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Then we would have

M—-i-1

3*(a,ao, ) + i ﬁf(aj,ao,Q) > 1.

Jj=1

This contradicts the definition of M so the theorem is proved.

3. A description of extremal domains. Proof of Theorem 2.
To prove Theorem 2 we adapt the second variational argument devised
by Chang, Schiffer and Schober to the beta numbers problem.

The existence of extremals for the problem has been shown in Sec-
tion 1 and a standard application of the Schiffer variation, exactly as
in [7], shows that extremal domains are bounded by the trajectories of
a quadratic differential.

We will assume that b = co and use the fact, also from [7], that in
this situation,

2
W A FER]
where f is a conformal mapping to the upper half plane H onto ),
normalized so that f(z) ~ 2z? at co and where z; € R is the pre-image
of the tip a; € 092. Our immediate goal is to determine the form of
a first variation for f(z). We shall then use it to obtain a quadratic
differential equation satisfied by f in H.

In some fixed neighborhood of the boundary of the extremal domain
Q, let v, (w), v =1,2,..., be defined, analytic and uniformly bounded.
We vary 092 by

w* = w+evy(w) + 2 vy (w) + - --
Specific choices of the functions v; and ve will be made respectively in

the first and second variation arguments which follow.

For small € > 0 we obtain a union of analytic arcs 02* which is the
boundary of the new simply connected domain Q*. Let f*(z) = f*(z,¢)
be univalent and map H onto 2*. We may assume that f*(co) = oo,
and we still have

Arg f*(t) — 0, t— +oo, t € R.
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Composing with a real dilation we may assume that f*(z) = 22 +c'z +

. as z — oo. Let 75(2) = 2+ 6. We suppose for now that the
mappings f*(z,e) all have the same fixed normalization, and we will
be free to change f*(z,e) by precomposition with 75(¢) where d(¢g) is
an analytic function of € in a neighborhood of € = 0 and is real for real
€.

We have the Taylor series for f*: H — Q* in ¢
(5) f1(2) = f(2) +e filz) + €2 falz) + -
and we define

Z(2) = ()7 (R) +en(f(2) + % va(f(2) + -]

= z+epi(2) +e¥Pa(2) + -,

(6)

where the 1, are analytic in a neighborhood of R and real on R, the
values of z*(z) being determined by reflection below the real line.

We can insert (3) and (4) into the Taylor development of f*(z*) in e
as follows

PEE) = P05
Lo pury 0% w (22
e ()|
g +ole?)

= J(2) +elful2) + 7 )]
e [b(z)+f1<z>w1<z>+f’<z>¢2<z>+f"<z>

+o(e?).

(1/)1(22))2}

Comparing coefficients of powers of ¢ in (4) and (5), we have

(8) vi(f(2)) = fi(z) + f'(2)¢1(2)
and

(2]

9) v2(f(2) = | f2(2) + fi(2)91(2) + f1(2)0a(2) + [7(2) 5



EXTREMAL DOMAINS 1493

Since the v, are real on R, (8) shows that

o ][]

on R.

We know that f;/f’ is analytic in H. Following the accumulated
experience of Schiffer and his collaborators, and in particular [8], we
make the useful and admissible choice

z f(2)
[£(2) = F(OIF(E)

for some x € C and some £ € H. Then we have

his) _ zf(2)
Fz) T FETG) - FOIE

FEPC—9  Fore-9

where C' is some real constant. Equation (12) holds because 1 (z) is
analytic in a neighborhood of R and because its left and right sides are
analytic in H, bounded as z — oo, and have the same imaginary parts
on R. Replacing f*(z,¢) by f* o71c. = f**(z,¢) if necessary, we may
assume that C' = 0. It follows from (8) that

(11) u(f(2) =

(12)

@ 06 - Feree * FErea
and

IR (C N AT (6 P12
19 50~ G @r® T8 o8/

Note that, by the local structure of trajectories, f and f* have
derivatives of all orders at x; and at zx*;, and recall that in the present
situation §;(a;,b,Q) = 2/|f"(x;)|. We now want to use the fact that

(15) Z |f// |2 = Z |f*// |2’
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which follows from (4), to obtain a quadratic differential equation (see
(23) below) which is satisfied by an extremal function. Here

aj = [N () +evi(fag)) + e va(flzg) + )
(16) i )
=z +ei(x;) + e Pa(zy) + -

and

F@5) = @+ er(ag) + 2 da(m) + )
+efi(zj+epr(zy) +---)
+e? (e + ) +o(e?)
(17) = f"(x5)
+ el () f O () + £ ()]

+e| £y (a) + ¢1($j)f1(3)(xj) + M

4) (.
D) f4($])

+ P (@) ()) | + o(e?).

By correctly choosing vy, we will arrange below that )2 = 0. There-
fore, we define

G _ () fO (2)) + £ (=)

1) h 7 (z5)
and
o)y B )Y + () /DS )
[ ()
so that
1 1

= _ e[V 221792
(20) @) ()P (1—2e(Re V")) — (V7]
+2Re [137] — 4(Re [VV'])?) + o(c2)).

By (15), it follows that

n V'l(j)
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which is, after a computation,

22) e {Z e FerE = - G|

The inequality (22) must hold for all € C, arbitrarily chosen in (11),
and all £ € H, so the first variation vanishes and we have

) ) n 1 - n 4
@) VOF L o) —f@r ~ 2 [FaPe e

For the case n = 2, this equation is derived in [7] and used to prove
that 82 + 82 < 1.

Now we compute a second variation, and we shall use it to complete
the proof of Theorem 2. As mentioned earlier, with a proper choice of
v, we can assume that ¢¥s = 0. In fact, we have

(¥1(2))?

(24)  v2(f(2)) = fol2) + fi(2)n () + "(2) ==

+ ' (2)2(2)

and we will choose v2 so that va(f(z)) has the same singularity at z = £
in H as

()7

(25) REun(e) + 1'(2) 2

Because f3(z) is at most O(z) as z — 00, 12 will be bounded and ana-
lytic in H and real on R, therefore a real constant, say C’. Replacing
f*(z,€) by f*o7ciez if necessary, we may assume C’ = 0.

After a computation we have

(26) v2(f(2)) = fa(2) + 2®A(2) + 2 B(2) + 22C(2) + f'(2)v2(2),

where
(27)
Ay — 1) 7'(2) 7(2)

PO (=82 [fOPE-O(2)=f(£)* 20/ (I (z-8)*
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PR [ R
(28) === [F(OP(=-E)(f(2)—f(£))?
W e
OG-80
and
(29) =SB S

(O (=€)®  20[" (O (=—6)*

We see that C(z) is analytic in H and, after computation, that A(z)
has the following principal part at &:

f"(€) 1 f20E (") 1
( )i

GO qFEne—or ~ [FEP \6FEP W7 ©F) -9

and that the principal part of B(z) at £ is

POz = (= ©)*

We can therefore achieve the desired matching of singularities by
choosing
(32)

“ i (0~ 76 ) (7 @)
2 1 c
o e g (et -7@0)
where
w e =3[(55) 5w
and
3 e - L8yl
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denotes the Schwarzian derivative of f at &.

With this choice of vy, we have

3) 5 = uE) - A uE - e B
From (13) and (14) it follows that
(36) Lk = (e
A computation with (19) now gives
(37) V= () = 207 4 () — (0 ().
And, since
G . 4x _ €T
o - s)ﬂ () — F@P
= —2¢q(25) -

(f(z;) = £(£))?
from (21) and (22), we have, using (11),

3
(f1(€)* (= &)1

v = () +

_ 2 )
(Fa) = F)2 (F(€))2 (w; — €)?

+ |x|2< 6 — 2 >
PO |z =€l (f(ay) = ()2 (F(©)? (w5 — €)?

5 3
(T o)
By (32), we have

f"(€) f(=;) 1

nife) = (‘ (PO £ (fe) = FEOF ~ (PO
)

1
f&) ) (f(z;) - f(f))2>>
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The second variational inequality obtained from (20) by supposing
we have a maximum is

n

12 4+ 9Re V9] — 4(Re [VO])2
(40) 3 Vil +2R|J[X2(xj)|24(fi Vi)

and we have after some algebra

>0
j=1

@) V712 +2ReVy”) —4Re V)2 = aja? + bylaf? + ¢;7°

where
o 6 2
G T =0 T PO @ — O () — FO)°
(42)
o 207(6) f(zy)
F) —FO ~ (FERIE) (fy) — FOP
2 £1€) 1
BVEG)E (M ©=Fe ) (@) — FO)
b 12 ~ 1
S T O e € i) - FER
2

(f'(€))% (€ = > (f(z;) — £(£))?

1
Re —
i <(f’(§))2 & 02 () - f<§>>2>

- : )
(J/(€))? (a5 — €)% (f(x5) — £(€))?

TP @ - 02 (G - TP
The inequality (40) has the form

(44) Re (az? + blz|* + cz%) > 0,
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where

_ - Q. b — - bj
"= 2 P 2 TEENE

and

and it holds for all x € C. Letting 2% = —|a + ¢|/(a + €) gives
(45) —Reb < —Ja+2gl.

Note that, since (44) holds for all = € C, the inequality (45) also holds
if @ = —¢. Writing out (45) gives

- 1 12 1
e ; |7 (24) ]2 (If’(é‘)l4 |z —&I* * |f(x5) — fEI*

(46)

" 1 12
; |f"(x5)]? ((f’ E))* (v — §)*

S_

+

This inequality must hold for all £ € H.

Let 1 be a point on the real line such that f(n) is a zero of order m
of
1

Lol
jz::l |7 (z)]? (f(zj) —w)?
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By (23) such points n are exactly the preimages under f of the points
of 002 at which there are three or more analytic arcs meeting at a
branching point.

Expand f as
(&) = fn) +7(§=n)" +o(&—n)™

The theory of the local structure of trajectories implies that o =
2/(m+2). (See, for example, [13, Chapter 6].) Writing the asymptotic
expansion of (46) as £ makes a perpendicular approach to 7, we see
that if m > 3 then the only nonvanishing term on the lefthand side is
the strictly positive second term. The only possibilities are therefore
that m = 1 or m = 2, and this finishes the proof of the theorem.
More information can be obtained by expanding the inequality near the
endpoints f(x;) but the relationships obtained this way are complicated
and do not seem to further clarify the geometric picture.

Note added in proof. In independent work but by the same
method, Daniel Bertilsson has ruled out zeros of order two in extremal
trajectories in his 1999 doctoral thesis for RIT Stockholm.
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