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SECOND-ORDER DIFFERENTIAL OPERATORS WITH
INTEGRAL BOUNDARY CONDITIONS AND
GENERATION OF ANALYTIC SEMIGROUPS

JOSE M. GALLARDO

ABSTRACT. Consider a second-order differential operator
Lu = u"” +qi(x)u +go(x)u with integral boundary conditions
of the form

b b
/R,-(t)u(t)dtJr/ Si(tu'(#)dt =0, i=1,2.

We study sufficient conditions on the functions R; and Sj,
i = 1,2, such that the operator L is the generator of an
analytic semigroup of operators on LP(a,b). The generation
of analytic semigroups is proved by showing the estimate

M
RO : D) <
Al

for the resolvent operator in a suitable sector of the complex
plane. The motivation for this work is to generalize the
results in [3], where nonseparated boundary conditions were
considered.

1. Introduction. We consider a second-order differential operator
of the form

(1.1) l(u) =u" + q(2)u' + qo(z)u, =z € (a,b),

where each ¢;(x) is a regular function with complex values. We can
associate to I(u) a variety of boundary conditions, in particular, the
nonseparated ones:

(1.2) {aw(a> + b/ (a) + cru(b) + diu/ (b) = 0,

0
agu(a) + bau'(a) + cou(b) + dav/(b) = 0.
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The spectral theory of the natural operator L associated to problem
(1.1)—(1.2) was initiated by Birkhoff [1]-[2] and continued by many
other authors (see [3], [6] and the references therein).

In our paper [3] we proved that, for Birkhoff-regular boundary con-
ditions, the operator L is the generator of an analytic semigroup of
bounded linear operators on LP(a,b), for 1 < p < oo. Moreover, when
p # oo this analytic semigroup is strongly continuous. In the present
work we will try to generalize the results in [3] to the case of integral
boundary conditions:

(1.3) Bi(u)E/bRi(t)u(t)dt—&—/bSi(t)u'(t)dt:0, i=1,2

where the functions R; and S; are in L>°(a, b). This kind of boundary
condition generalizes the nonseparated ones, at least in a formal sense:
when R; = a;0, + ¢;0p and S; = b;0, + d;0p (d, being the Dirac delta
function at the point z), condition (1.3) is of the form (1.2). Let L, be
the realization of problem (1.1)—(1.3) in L?(a,b), that is, L,u = I(u),
with domain

D(L,) = {u € W*P(a,b) : Bi(u) =0, i = 1,2}.

(Here W?2P(a,b) stands for the standard Sobolev space of order (2, p).)

As is well-known [5, Chapter 2], for proving that L, generates an
analytic semigroup on LP(a,b) we must show that L, is a sectorial
operator, that is

(i) the resolvent set p(L,) contains a sector
Y5 ={Ae€C:largA\—r)] <4, N#r}
for some 7/2 < 0 <7 and r € R; and

(ii) there exists a constant M such that

M
(1.4) 1RO L)l < = YA€ Sa,

|A

where R(\: L,) = (A — L,)~! is the resolvent operator associated to
A, and the norm is the usual for bounded linear operators on L?(a, b).
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When the domain D(L,) is dense in L”(a, b), the semigroup generated
by L, is strongly continuous [5, Proposition 2.1.4].

We briefly outline the structure of the paper. First of all, we localize
the spectrum of L, and prove (i). Then, in order to analyze the
resolvent of L,, for each A € X5, C p(L,) we express the associated
resolvent operator in integral form:

b
(15)  ROGL)f =~ [ GLsNfe)ds [eL(ab)
where G(z, s; A) is the Green’s function for the problem

{l(u)—/\u:f in (a,b),
Bi(u) =0, i=1,2.

Following the technique in [3], we should bound (1.5) both in
the spaces L'(a,b) and L°(a,b) by means of a suitable formula for
G(z,s;A). Then, by interpolation, we would obtain similar bounds on
LP(a,b) for 1 < p < oo. In L*(a,b) we prove bound (1.4) for a certain
class of boundary conditions that we call reqular in analogy with the
Birkhoff-regular boundary conditions. Unfortunately, in L>(a,b) we
do not arrive to bound (1.4); we give an example where it is shown
that, even for regular boundary conditions, L., cannot be a sectorial
operator. We could then try to bound (1.5) directly in L?(a,b), but
we do not get adequate bounds, so we restrict ourselves to the case
p = 1. For regular boundary conditions L is a sectorial operator, so it
generates an analytic semigroup on L'(a,b). As the domain D(L;) is
not necessarily dense in L!(a,b), we cannot assume that this semigroup
is strongly continuous.

However, for proving (ii) it will be necessary to make some additional
regularity hypotheses on the functions R; and S;. First we will suppose
that R; and S; are of class C! on [a, b], and this will allow us to obtain
bound (1.4) in L!(a,b). Then, by means of an approximation method,
we will show that it is sufficient with supposing that R; and S; are only
continuous in [a, b].

Finally, in the Appendix, we consider a mixed problem with both
nonseparated and integral boundary conditions:
agu(a) + bou/(a) + cou(db) + dou/(b) = 0,

(1.6) /b R(t)u(t) dt + /b S(t)yu/(t)dt =0,
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where R and S are continuous functions. We prove that, for a certain
class of boundary conditions, the operator M; associated to problem
(1.1)-(1.6) is also the generator of an analytic semigroup on L'(a,b)
that, in general, will not be strongly continuous.

2. Characteristic determinant and Green’s function. Con-
sider the differential system

l(u) = u" + qi(2)u + qo(x in (a,b),
ZD Biw) = / dt+/ Si(t i=1,2,

where ¢; € C*([a, b]; C), qo € C([a,b]; C) and R;, S; are in L>°(a,b). In
every space LP(a,b), 1 < p < oo, system (2.1) has a natural realization
given by

Lyu = 1l(u), D(L,) = {u € W?P(a,b) : Bi(u) =0, i =1,2}.

Take an arbitrary A € C and let ui(z) = ui(z; ) and uq(x) =
uz(x; \) be two solutions of the equation I(u) = Au with boundary
conditions given, respectively, by u1(a) = 0, u}(a) = 1 and uz(a) = 1,
ub(a) = 0. We define the characteristic determinant A(X) of system
(2.1) to be

(2.2) A = ﬁ;EZS §;§Z§§ '

It is easy to prove that the spectrum of L, can be characterized as
o(Ly,) ={Ae C:A(N\) =0}

As we are interested in operators for which condition (i) holds, we
will suppose that A(X) is not identically zero. For construction, the
characteristic determinant is an entire function of A, so the spectrum
of L, is as much a denumerable set with no finite accumulation points.

Let A € C be such that A(\) # 0, and define the function

(2.3) N(z,s;A) = |Bi(u1) Bi(u2) Bi(9)x



SECOND-ORDER DIFFERENTIAL OPERATORS 1269

where z, s € [a,b] and the symbol B;(g), means that the operation B;
is made over the function g(z, s; ) with respect to the variable x. Here
g(x, s; ) is defined as follows

B e

where it takes the plus sign for > s and the minus sign for z < s. It
is not difficult to prove that

N(z,s; )

(2.5) G(z,s;\) = AV

is Green’s function for the problem

{l(u)—)\u—f in (a,b),
Bi(u) =0 i=1,2.

This means that the resolvent operator associated to A can be expressed
as a Hilbert-Schmidt operator:

b
26)  BOL)f =~ [ GLsNf@ds fe @)

Formulae (2.2)—(2.6) are similar to those in [3], [2], [6], and they will
be the key for obtaining bound (1.4).

3. Some simplifications on the original problem. We are
going to introduce some modifications on the original problem in order
to simplify the calculations to be made eventually.

By means of a linear change of variables, we can consider problem
(2.1) on the interval (0,1) instead of (a, b), so we begin with the system

I(v) = 0" + G (2)v" + Go(x)v in (0,1),
(3.1) 3 = 1 R (t)v 1~- v’ = 1=
Bz(v)—/o R;(t) (t)dt+/0 S;()W' (#)dt =0, i=1,2

that has a natural realization Ep.
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The next step is to eliminate the term ¢;v’ in [(v), as it is made in
[6, Chapter II]. Consider the C2-diffeomorphism ¢ given by

ot = (~3 [[aas). rep

and let My : LP(0,1) — LP(0,1) be multiplication by ¢:
Myu = ¢u, we LP(0,1).

We have that M, is a bounded linear operator with bounded inverse
M(;l = My-1, and M, also maps W27 (0, 1) one-to-one onto W27 (0, 1).

For v € W2?(0,1), define u = M; v, so [(v) = ¢l(u), where I(u) =
u” +q(x)u with ¢ = §o — §5 /4 — G, /2. Then system (3.1) can be written
as

l(u) =u" —|—1q(:17)u 1 in (0,1),
Bi(u):/ Ri(t)u(t)dt—i—/ Si(t)u' (t)dt =0, i=1,2
0 0

where R; = ¢(]5L, - (S'ic'jl)/Q) and S; = ¢S;. If L, is the realization of
system (3.2), then the following relation holds

T -1
Ly = MyL,M;".

From this equality it is easy to see that the resolvent sets of L, and pr
are equal, and

R(X: Lp) = MgR(A: Ly)MJ", VA€ p(Ly) = p(Ly).

As My and M(;l are bounded operators, it is then sufficient to prove
bound (1.4) for L, instead of L.

Finally we write the operator L, as
Ly =T, + Qp,

where T,u = v and Q,u = qu for every u € D(L,) = D(T},) = D(Qp).
The relation between the resolvents of L, and T}, is given in the
following result [3, Proposition 4.2].
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Proposition 3.1. If X € p(T},) is such that || R()\ : Tp)|| < [|Qp]I71/2,
then A € p(Lp) and ||R(X : Lp)|| < 2||R(A: 1)

If we prove bound (1.4) for the operator T, Proposition 3.1 allows us
to deduce a similar bound for L,, with the advantage that for 7}, the
calculations to be made in the following sections will be much simpler.

4. Bounds on the resolvent of the operator 7. Due to the
considerations above, we center our attention on the operator Tu = u”,

D(T,) = {u € W*P(0,1) : B;(u) =0, i = 1,2}, where
Bi(u) = /0 Ri(t)u(t) dt +/0 St/ (B dt, i =1,2.

Given an arbitrary § € (7/2,m), we consider the sector
Ss={Ae C:larg(\)| <4, A #0}.

For A € 35, define p as the square root of A with positive real part (thus
p € ¥s/2). In Section 2 we constructed the characteristic determinant
A(X) and the Green’s function G(z, s; A) for a general problem from a
specific fundamental system of solutions of [(u) = Au. For A\ # 0, we can
consider a simpler fundamental system of solutions of u” = \u = p3u,
that it is given by u;(t) = e ?* and us(t) = e”'. Redefining (2.2)—(2.5)
with this new fundamental system, it is straightforward to prove that
formula (2.6) remains true for the operator T},. In particular, we have
that o(Tp) \ {0} = {A € C: A(X) =0}. As 0 ¢ X5, we will not take
care of the value A = 0.

Remark 4.1. A fundamental system for A = 0 is given by u;(t) = 1,
ug(t) = t. We then have that A = 0 is an eigenvalue of T}, if and only if

/ R (1) + $1(0)) dt / " Rot) dt
0 0
1 1
_ / Ra(t) dt / (tRa(t) + Sa(t)) dt.
0 0



1272 J.M. GALLARDO

In the following we are going to deduce adequate formulae for A(\)
and G(x,s; \). First of all, for 4, j = 1,2, we have

1

1 . _ .
Bi(uj) :/0 Ri(t)e(*l)ﬂpt dH_(_l)Jp/O Si(t)e(*l)ﬂpt dt,

so we obtain from (2.2):
(4.1)

A(N) = (/01(1%1(15)—,0'51(1t))eP1t dt) </01(R2(t)+p52(t))6pt dt>
_ ( /O I(Rl(t)‘FPSl(t))ept dt) < /0 I(RQ(t)—pSQ(t))e*Pt dt>.

Formula (2.4) has the form:

1
o (eP(z=s) —ep(s=2)) if 2 > s,
g(z,s0) = 7

Iy (ePts—) —ep(@=9)) if g < s.

Thus we have
B; (g)z

ef®

= ([ m-ss e [ R a)

5

s 1
(—/ (Ri(t)+p(S;(t))e’" dt +/ (Ri(t)+pSi(t))e” dt).
0 s
After a long calculation, formula (2.3) can be written as
N(z,s;\)

= p(x,5\) + ep(;;s) K /O S(Rl(t)—psl(t))e*m dt>

: < / I(Rg(t)—psz(t))e*f't dt> - < /0 S(Rg(t)—ps2(t))e*f't dt>

(/ (Ba(t) S (1)) )|
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N “2(:“) K /0 (R () +pSi (£))e™ dt)

. ( / (Ra(t)+pSa(t))e dt) _ ( /O (Ra(t) + pSalt))e™ dt)

- (/:<Rl(t)+psl<t))eﬂt dt)].

The function ¢(x, s; \) is given by

pr(z,s;A) if x>s,
4.2 (A =
(4.2) (2,5 2) {(pg(x,s;/\) if x<s,
wher
w1(x, s; )
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(/ (Ralt)—pSa(t))e " a) ([ (i) =Sy (1)) )

- ( / (Ra(t) +pS(t))e dtﬂ

4 ep(;pm) K / (Ra(t) = pSi (1)) dt)

. ( /0 (Ra(t)+pSa(t))e” dt) - ( /0 (Ru(t)+pSu(1))e” dt)

. ( / (Ra(t)— pSa(t))e— dtﬂ.

We have that |R;(t) £ pSi(t)] < ||Rilleo + |2]|Sills, Yt € [0,1], where
Il - || is the supremum norm . Now we have

ol +9)Re (p)

ol
“(I1R1lloo + 101l1S1]le0) (1 R2l00 + [0111S2]s0)

S 1
< / o—tRe (p) dt) ( / o tRe (p) dt)
0 s

¢~ (@+5)Re (p)
7 UBilleo +1llIS1 o) (B2 lloe + oISz loc)

s 1
( / otRe () dt) ( / SRe (0) dt).
0 s

Evaluating the integrals, we obtain

IN(z, 5 A)| < |z, s )| +

_|_

IN(z,s;M)] < |o(z,s;N)]

zRe (p)

€
o (IR lloe + lpllIS1llo0) (1 R2lloo + [o1[]S2lo0)

(Re (p))?

. (esRe (p) _ 1)(6781% (p) _ ¢—Re (p))

o—aRe (p)

" olRe ()2

(1 - e sRe (p))(eRC (p) _ gsRe (P))

(I Brlloo + 1ol S1lloo) ([[R2lloc + oIl S2lo0)

3
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where
lp1(2, 53 A)|
ewRe )
< W (HRl”oo + |P|H51||oo)(HR2||oo + |P|HS2||<><>)
(1 —eRe (p))(l _ ¢~ 5Re (p))
e—Re (p)
+ ToI(Re (o) 2 ([1R1]loo + [llIS1llc0) (1 R2llo0 + |ol[[S2lo0)
- (efte () _ 1)(eRe (0) _ 1)
and
lpa(z, 55 \)]
etRe (p)
< TPI®e (p)? (I1R1]loo + [llIS1]lo0) (I1R2 e + (11152 /o0 )

(1 — e Re (p))(e(l—S)Re () 1)

o—aRe (p)

 PlRe ()2

- (eRe () _ 1)(1 - e(s—DRe (p)),

(IR lloo + lpllIS1]lo0) (1 R2lloo + [ol[[S2lo0)

Bounds in L'(0,1). Suppose now that p = 1. From (2.6) we have,
for every f € L'(0,1),

1
(4.3) ||R(>\:T1)f||L1(o,1)§<Osup / |G(l’78;/\)ldfv>||f||u(o71)7
0

<s<1
so we need to bound

1 1
1
su G(x,8;\)|dx = su / N(z,s;\)|dz.
0<s81/o I ) AN 02521 Jo Ve )
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First of all, we have from the inequalities previously calculated:

1 1 oRe (p)—1
N(x,s; A dxg/ oz, ;M) |de + ————
f; Wt < [iote s+ e,

“(IR1lloo + 1ol S1llo) (1 R2 o0 + Ll S2lo0)
. (esRe (p) _ 1)(6—5Re () _ o—Re (p))

1 — ¢—Re(p)
+ -
lp|(Re (p))?

(IRl + [pll[S1llo0) ([[R2loo + |ol[[S2lo0)
(11— e SRe (p))(eRe (p) _ gsRe (p)),

SO

1 1 2
| s < [t e+ o

“(IR1lles + [pllIS1 o0 ) ([[R2loo + [ol[152][o0)
. (eRe (P) _ g=Re(p) _ psRe(p)

+emRe () _ ((1=8)Re(p) 4 (s~ DRe(0)).

We use (4.2) to write fol lo(z, s; A)| dx as follows

1 s 1
/Iso(x,S;A)\dff:/ |¢2<x,s;x>\dx+/ o1 (2, 5 )| da.
0 0 s

From the inequalities obtained for |¢;(z, s; A)|, we have

/ lpa(x, s; A)| dx
0
2

< sy (1B e + 1211 oc) (Rellc + 101152110)

. (eRe (P) _ g=Re(p) _ gsRe(p) | o—sRe(p)

— ((-9)Re(p) | (s~ DRe (o)
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and
1
/ o1 (2, 5 )| da
2

< PR ())? ([1R1]lce + o111 loo) ([ R2ll oo + [I11S2]l0)
. (eRe(p) _ ,—Re(p) _ ,sRe(p) —sRe(p)
(e e e +e

— e(1=s)Re(p) 4 o(s—1Re (p)).

Adding up the formulae obtained, we get

1
/ |N(z, s; \)| dx
0

6
< TP[®e () (1”100 + [[lIS1llo0) (1 R2lloo + |ol[1S2lo0)

. (eRe(p) _ ,—Re(p) _ ,sRe(p) —sRe (p)
(e e e +e
— e(1=9)Re(p) 4 g(s—1Re(p)y,

As Re(p) > 0, the part depending on s in the right member above is
negative, so

1
sup / |N(x,s; M) dz
0<s<1J0
Gele ()
S CiRe(o?
|pl(Re (p))

As Re (p) > |p|cos(d/2), we have that

(I Bulloo + [ol1S1]loo) (12l + lol1S2l0)-

1
sup / |N(x,s;\)| dz
0

0<s<1
GeRe (p)

= PFeos®(5/2) (IR1 o + [oll1S1llo0) (1 R2llse + lo11S2loo)-

From (2.5) and (4.3), we deduce the following inequality
6 eRe (p)
cos3(372) [pITAMY]
(1R lloe + ISt ) ([ Ralloo + |oll[S2]loc),

IR =T <
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that can be written as

(1.4) IRO T < % - %’f)
where
(4.5)
6 R0 (R Bl
H0) = cotarey gy (1900 ) (L + 0l )

The next step is to determine the cases for which the function H(p)
remains bounded as |p| — oo with |arg(p)| < 6/2. It will then be
necessary to bound |A()\)| appropriately. However, formula (4.1) is not
useful for this purpose, so we are going to make a regularity assumption
on the functions R; and S; that leads to an improved formula for A(\).
Suppose that R;,S; € C1([0,1];C), so we can integrate by parts in
(4.1) to get

A(p?) = ¢ | 53(0)51(1) — S1(0)Ss(1) + p1—2<Rl<o>R2<1>

(4.6) — Ry(0)R1(1)) + @/E2p) + %(R1(0)32(1)

— Ry(0)S1(1) — Ra(1)S1(0) + Ry (1)S2(0)) |,

where
®(p) = (R2(0) — pS2(0))

[ R0+ oSt ~ (R ) - p:0)
[ R+ o500 a4 (i) - (1)
[ R0+ S50t~ (o) ~ 1)
[ )+ psipe - a4 (1) 8,00

1
' / (Ry(t) — pS} (1) "' dt — (Ry(1) + pSa(1))
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- / (Ry(t) — pSh(t))e"" dt + (Ry(0) + pS1 (0))
- / (Ry(t) — pSh(0)e"D dt — (R (0) + pS:(0))

~/1(R’1(t) — pSi(t))e Y dt
0

" ( / (B0 pSy (D) dt) ( / B0+ oS, (1)t dt)

- (/0 (RL(t)—pSi(t))e " dt) (/O (Rb(1)+pSh(t))ert=D dt)
+ 2067 (R(0)5,(0) — Ry (0)S2(0) + Ro(1)S1(1) — Ry(1)Sa(1))

+ [(R1(1) = pS1(1))(R2(0) + pS2(0))
— (R1(0) + pS1(0))(Ra(1) — pSa(1))]e 27

After a straightforward calculation we obtain the following inequality,
valid for p € Y5/, with Re (p) sufficiently large:

1
20 < o7

- [(w 1 15:(0)] + SQ<1>|)<||R3||OO+ 115, o)

n <WW+|&<O>|+|&<1>|)<HR§|oo+|p|||sa||oo>

(2.7) 4 2|p||R2(0)S1(0) — Ry (0)S2(0) + Ra(1)S1 (1) — Ry (1) Sa (1) e R

2
Re (0))? (IR lloo + 1ol 1151l ) (I BNl o + 01113l 0)

+2(|Rulloe + o181 llso) (I Rzlloo + o]l S2 ]l e~ ),
where we have used that 1 —e~28¢(?) < 1 and Re (p) > |p| cos(§/2).

There are now several cases to analyze, depending on the functions
R’i and S,L'.

_|_

Case A. Suppose ||S1]|co - [|92]|co # 0, that is, the functions S; and
So are not identically zero. We must consider two subcases, depending
on the coefficient S2(0)S1(1) — S1(0)S2(1) in (4.6).
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Case A.1. S3(0)S1(1) — S1(0)S2(1) # 0. From (4.6) we have for |p|
sufficiently large

A(p?)] = € 1]55(0)51(1) — 51(0)S2(1)]

_ ﬁ |R1(0)Ry(1) — Ry(0) Ry (1)]

_H‘Rl( )S2(1) = R(0)51(1)

~ Ry(1)S1(0) + Ri (1)S(0)| — 2.

o2

Take Re (p) > rg, where ro > 0 is a constant to be chosen later. Then
we can write

A(p?)] = € 1]55(0)51(1) = 51(0)S2(1))]

_ % |R1(0)Ry(1) — Ra(0) Ry (1)]

_ % |R1(0)S5(1) — Ra(0)S;(1)

— R3(1)S1(0) + R (1)S2(0)] — M} .
rolp]
From (4.7), we have

|2(p)]
ol

N

(R R0
< —( +15200) + 5201

<|R'||oo+”51|oo> <IR1 LWL s, 0)+ 530

1125 oo
< 1152l rocos 6/2

R' 0o R/ o
( | +||Sl|oo)(' ” +||sz||oo)

1 HRIHOO ||R2Hoo
+COS(5/2)( 2 +||sl||oo)( ol 1 5al )
+2Ro(0)51(0) — R (0)5(0) + Ra(1)S1(1) — Ry (1)S2(1)

= CQ (T0)7
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where we have used that e R¢(?) < 1 and |p|e=2R*(?) < (2cos(6/2))~!
for Re (p) > 0 with |arg(p)| < §/2. We then have

A?)] > R P | [55(0)S1 (1) — 51(0)Sa(1)
- i IR1(0)Ra(1) — Ry(0) R, (1))

_ % |R1(0)S2(1) — Ry(0)Sy(1)
Colro) |

To

— Ry(1)51(0) + R1(1)S2(0)| —
We can now choose rg > 0 such that

% IR1(0)S2(1) — Ro(0)S1(1) — Ra(1)S1(0) + Ry(1)S(0)]

+ B 0)Ra(1) — Ru(DRo(0)] + 2
0

Then, for Re (p) > rg, we have

2y < 192(0)51(1) = S1(0)S2(1)] ey
|A(p)] > 2 ! 5 ! 2 1 eRe(p),

From (4.5) we deduce the following bound, valid for every Re (p) > rg
with |arg(p)| < 6/2

H<p)§cos3<a/2>|sz< S SOED

R 1R [oe R o

= cos3(6/2)]52(0) 1( ) —S1(0)S2(1)]
(Ml sy ) (Ll sy ).

This proves that H(p) remains bounded as |p| — oo in the sector X /o.
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Case A.2. Suppose that S2(0)S1(1) —S1(0)S2(1) = 0. Now H(p) will
not be bounded in any case. For proving this, note that, from (4.6),
we have

eRe (p)

o

|A(p*)] <

|R1(0)S2(1) — R2(0)S1(1) = R2(1)51(0)+ Ry (1)S2(0)]

N |R1(0)R2(1) — Ri(1)R2(0)] N (2]
ol o

In Case A.1 we proved that

12 (p)|
Ipl

< Co(ro)

for every Re (p) > ro, so

eRe (p)
IA(p?)] < 7] |R1(0)S2(1) = R2(0)S1(1) = R2(1)S1(0)+ Ry (1)S2(0)]
" |R1(0)Ro(1) — R1(1)R2(0))| n CO(TO):|
To To
B eRe (p)
I

where C is a constant. From (4.5) we obtain

||R2||oo
o

where the second member goes to infinity as |p| — oc.

H(p) = .

> o +lSale ).

u&m+pmm(

The remaining cases are treated as before, so we simply state the
results.

Case B. Suppose that [|S1|lcc = 0 and [|Sa||ec # 0. If R1(0)S2(1) 4+
R1(1)S5(0) # 0, we have the following bound, valid for Re (p) > rg
with |arg(p)| < §/2

12 o 1Bl
H0) < RS SO 15
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If R1(0)S2(1) + R1(1)S2(0) = 0, then H(p) is not bounded.

Case C. Suppose that ||S1]lec # 0 and ||S2]|cc = 0. Then H(p)
remains bounded if and only if R3(0)S1(1) + R2(1)S1(0) # 0.

Case D. Now [|S1loc = ||S2]lcc = 0, that is, the functions S; and
Sy are identically zero (then ||Rille - [[R2llcc # 0). If Ri(0)R2(1) —
R1(1)R2(0) # 0, we have

12| Ry [ oo || Rz |0

H(p) < ,
)= SRR R — ROR (D)
which proves that H(p) is bounded. If Ry(0)R2(1) — R1(1)R2(0) = 0,
H(p) will not be bounded.
The preceding study of cases for H(p) motivates the following def-

inition, in which we only impose to the coefficients of the boundary
conditions to be continuous.

Definition 4.1. Consider the boundary conditions

Bi(u)Z/OlRi(t)u(t)dt—i—/Ol St (t)dt =0, i=1,2

where R; and S; are in C([0,1]; C). We say that {By, B2} are regular
if one of the following conditions holds:

® 51(0)S2(1) — 51(1)52(0) # 0;

e S; =0 and R1(0)S2(1) + R1(1)52(0) # 0;

e S5 =0 and R3(0)S1(1) + R2(1)51(0) # 0;

e S1=0,5 =0and R (0)R2(1) — Ry (1)R2(0) # 0.

Example 4.1. Consider the particular case in which R; = S} for
i = 1,2. Then the boundary conditions {Bj, B2} can be written as
nonseparated ones

Bi(u) = /0 (Sy(tyu(t)) dt = =S (0)u(0) + S1(1)u(1) = 0,

1
Ba(u) = /0 (Sa(t)u(t)) dt = —S5(0)u(0) + Sa(1)u(1) = 0.
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It is a simple exercise to see that the integral conditions {B;, B2}
are regular if and only if they are Birkhoff-regular (as nonseparated
boundary conditions).

For regular boundary conditions with R;, S; € C1([0,1]; C), we have
proved the existence of two positive constants ro and My such that if
|p| > ro and |arg(p)| < 6/2 then H(p) < Mp. This means that A = p?
belongs to p(T7) and

M,
IR Ty)|| < |TT'

Define r = r3/sin(8) and M = My(1+ 1/sin(8)). Then the sector X5,
is contained in p(7T}) and

This proves the following result.

Theorem 4.1. Let {By, B2} be regular boundary conditions, and
suppose that R;, S; € C1([0,1];C), i = 1,2. Let Ty be the differential
operator in L'(0,1) defined as Tyu = v, D(Ty) = {u € W*1(0,1) :
Bi(u) = Ba(u) = 0}. ThenTy is the generator of an analytic semigroup
{eT1},>0 of bounded linear operators on L'(0,1) that, in general, will
not be strongly continuous.

Remark 4.2. In Section 5 we will see that the condition R;,S; €
C1([0,1]; C) in Theorem 4.1 can be dropped.

Bounds in L*°(0,1). As we commented in the introduction, we would
like to obtain bound (1.4) for the L*-realization T, in order to use
interpolation for proving (ii) in every space LP(0,1), 1 < p < oo, as
it was made in [3] for the case of nonseparated boundary conditions.
However, even for regular boundary conditions, we cannot obtain the
desired kind of bounds in L*°(0, 1) as the following example shows.
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Example 4.2. Consider the boundary conditions

1
Bi(u) = /0 u'(t) dt =0,
Bs(u) = /0 elu(t) dt = 0.

We have that By = 0, S; = 1, Ra(t) = e and Sy = 0. As
R2(0)S1(1) + R2(1)S1(0) = 1 + e # 0, the conditions are regular.
Note also that R; and S; belong to C*([0,1]; C), so we have stronger
conditions on the coefficients than mere regularity.

Fix M > 0 and take fo = 1. If A = p? € X5, for r sufficiently large
we have

[B(A: Too) [l = [R(A : Too) foll L= 0.1)

= sup [R(A:Tx)fo()]
0<z<1

= sup
0<z<1

1
/ G(z,s;\)ds
0

1 1
NE)] /0 N(z,s;\)ds

The characteristic determinant is, in this case,

= sup
0<z<1

e P—1

M) = 7 [ple+ D) =1) — (e=1)(e" 1)

After a long calculation, we obtain

e —1

zzggjjij[—1ﬂl‘F€7p)‘F(1“€7P)L

/1N(x,s;)\)ds—(e—1)
0

1
A(p?)

0;1;21 /0 N(z,s;\)ds
(e=1)(e" =1)  (A—-e?)—p(l+e?)

ple=?=1)  p(l+e)(er—1) = (e=1)(er+1)|
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The second member can be made greater than M/|p|?, taking |p|
sufficiently large.

We have seen that for every M > 0 we can take r > 0 such that

M M

IR :Too)|| > o > o
RO L)l > 15> 7y

Ve Eg)r.
This proves that the operator T,, cannot be sectorial.

Remark 4.3. We could also try to directly bound T}, in the LP(0,1)
norm, but we do not arrive to appropriate bounds.

5. Approximation. We are going to extend Theorem 4.1 to the
case of regular boundary conditions, that is, we will drop the condition
R;,S; € C*([0,1];C), i = 1,2. We will need the following result [4,
Chapter 9].

Proposition 5.1. Let {A,}nen be a family of linear operators on
the Banach space X. Suppose that constants r € R, M > 0, and
0 € (m/2,m) exist such that

p(An) ) E5,r = {>‘ €C:A 7& T, |a“rg()‘ - 7’)| < 6}7
M

If there is a Ao € 5, such that R(X\o : Ay)f converges in X asn — 00
for every f € X, then a unique operator A exists on X such that
Y5 C p(A) and R(\ : A,) converges to R(\ : A) strongly in X as

n — oo for every A € Xs,.. As a consequence, A satisfies condition (),
so it is a sectorial operator on X.

Suppose that R;,S; € C([0,1];C), i = 1,2, and that the boundary
conditions {Bj, By} are regular. For every i = 1,2, we can build two
sequences of functions, {R!},en and {SP},en such that

1. R, S? € C*([0,1]; C) for every n € N.

2. The sequences {RI'},{SI'}, {(R!)’'} and {(S}')'} are uniformly
bounded.
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3. limy oo | R — Rilloo = 0 and lim, o0 || ST — Silcc = 0.

4. R} (0) = Ri(0), Ri'(1) = Ry(1), §7*(0) = S:(0) and S;'(1) = 5(1)
for each n € N. If S; = 0, we take S = 0 for every n € N.

For each n € N, define the operator A,u = u” with domain
D(A,) = {u e W»(0,1) : BY(u) = By (u) = 0},

where

Bf(u):/ol R?(t)u(t)dt—&—/ol Sty dt =0, i=1,2.

Note that condition 4 implies that the boundary conditions {Bj, BY}
are regular, and they satisfy the same regularity condition as conditions
{B1, Bz2}. As the coefficients R}, SI" are of class 1, we have that every
operator A,, is sectorial. Moreover, it is easily seen from 1-4 and the
analysis of cases made in Section 4 that we can choose the constants
0 € (m/2,m), M >0 and r € R in a uniform way, so we have

M

T A < —
IR 4] < 2

Ve s, CplA,), VYneN.

This shows that condition () in Proposition 5.1 holds for the operator
{A,} with X = LY(0,1).

Let A(X) and A, (X) be the characteristic determinants associated to
the operators T and A,,, respectively. As we stated in Section 2, the
set of zeros of A()\) is as much a denumerable set, so we can choose
Ao € X5, such that A(Xg) # 0. As Ao € p(A4,), we also have that

In order to apply Proposition 5.1, we are going to see that R(\g :
Ay, f converges to R(\g : Th)f in L1(0,1) for every f € L'(0,1). We
begin with the following result

Lemma 5.2. The numerical sequence {An,(Ao)}nen converges to

A(No).
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Proof. Let {u1,us} be a fundamental system of solutions for the
differential equation v’ = A\gu. For 7,5 = 1,2, we can write

1
BY(u;) - Bi(uy) = / RI(t) — Ri(t)]uy (1) dt

SO

|Bi' (u;) — Bi(u;)]
<R = Rilloollullzr 0.1y + 17 = Silloo |4} | L1 (0,1)
Condition 3 implies that the right member tends to zero as n goes

to infinity, so lim, .o Bl*(u;) = B;(u;). From (2.2), we deduce the
desired result. o

Now take f € L'(0,1). If G(x,s;)\) and Gy (z,s;\g) are, respec-
tively, the Green’s functions associated to the operators 77 and A,,, we
have that

IR(Ao = An)f — R(Ao = T1) fllz1(0,1)

1
< HfHLl(O,l) sup / |Gn(x,8;)\0)—G(l‘,S;)\o)‘d.’L‘.
0<s<1J0

As we did in Lemma 5.2, it is easily seen from (2.3)—(2.5) that the
second member in the above inequality goes to zero as n — oo. This
proves the convergence of R()\g : A,)f to R(A\o : T1)f in L'(0,1) for
every f € L1(0,1).

We can now apply Proposition 5.1 for obtaining a certain operator
A that, in particular, verifies conditions (*) so it is sectorial. From
uniqueness, A = T7.

We have the following result.

Theorem 5.3. Let {B1, Ba} be regular boundary conditions, and let
Ty be the differential operator Ty : D(L1) C L'(0,1) — L'(0,1) defined
as

Tyu =", D(Ty) = {u € W?(0,1) : By(u) = Ba(u) = 0}.
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Then Ty is the generator of an analytic semigroup {e'™* };>o of bounded
linear operators on L'(0,1). In general this semigroup will not be
strongly continuous.

Remark 5.1. Note that, in Definition 4.1 of regular boundary con-
ditions, we only impose continuity to the coefficients of the boundary
conditions.

Remark 5.2. For every t > 0, the operator '™ can be obtained as
the limit in £(L'(0,1)) of the operators e*4~ with uniform convergence
in every interval [tg, 00), to > 0.

6. Generation of analytic semigroups. In the previous section
we showed that T} is a sectorial operator when the boundary conditions
{B1, By} are regular. We are now going to generalize this result for the
most general operators L; and L, defined in Section 3.

Remember that Ly = T7 + @ where Q7 was multiplication by ¢. As
@1 is a bounded operator, we can choose r sufficiently large for

1
[R(A:Th)| < 5 Q171 YA€ 5.

Now Proposition 3.1 assures that Ly is a sectorial operator.

As we stated in Section 3, the resolvents of the operators L; and L;
were related as follows

R(\: Ly) = MyR(\: L))M, ", VA€ p(L1) = p(La).

As My and M(;l are bounded operators, we deduce that L, is also
sectorial. It is straightforward to prove that the regularity of the
boundary conditions does not depend on the changes introduced.

Finally, the linear change of variables for passing from (a,b) to (0,1)
does not affect the bounds obtained. We can then state our main result
(note that some terms have been renamed).

Theorem 6.1. Consider the diﬁerential system
W(u) =u" + ¢ (2)u’ + qo(x) in  (a,b),

Bi(u)z/ dt+/ Si(t =0 i=1,2,
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where qo, R;, S; € C([a,b];C) and ¢1 € C([a,b]; C). Suppose that the
boundary conditions are reqular, i.e., they verify one of the following
conditions:

e S1(a)Sa(b) — S1(b)Sa(a) # 0;

e 51 =0 and Ry(a)S2(b) + R1(b)S2(a) # 0;

e Sy =0 and Ra(a)S1(b) + R2(b)S1(a) # 0;

e 51 =0,5 =0 and Ri(a)Ra2(b) — R1(b)Ra(a) # 0.
Define Ly : D(Ly) C L*(a,b) — L(a,b) as

Liu = l(u), D(Ly) = {u € W?(a,b) : Bi(u) =0, i =1,2}.

Then Ly is the generator of an analytic semigroup {e'*1};>0 of bounded
linear operators on L'(a,b). In general this semigroup will not be
strongly continuous.

Example 6.1. In Example 4.1 the domain D(L;) is dense in L' (0, 1),
so the analytic semigroup generated by L is strongly continuous.

Let X be the closure of D(L;) in L'(a,b), and let L be the part of L;
in X, that is, Lu = Lyu and D(L) = {u € D(Ly) : Lyu € X}). Then
L verifies the hypotheses of Theorem 6.1 so it generates an analytic
semigroup {e'};>¢ on X; as the domain D(L) is dense in X, the
L

semigroup {e'l'};> is strongly continuous. Moreover, e!fu = etL1y for

every u € X.
7. Appendix. Consider the operator I(u) = v’ + ¢1 (z)u’ + qo(2)u,
x € (a,b), together with the mixed boundary conditions given by
Vi(u) = agu(a) 4+ b’ (a) + cou(b) + dou’ (b) = 0,

(7.1) Vo(u) = /b R(t)u(t) dt+/b5(t)u’(t) dt =0,

where qo, R, S € C([a,b];C), ¢1 € C'([a,b];C) and the complex
numbers ay, bg, co, dy are not simultaneously zero.

Let M, be the operator

Miu = 1(u), D(My) = {u € W*'(a,b) : Vi(u) =0, i = 1,2}.
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Following a similar plan as we did in Section 4, we obtain the following
result.

Theorem 7.1. If the boundary conditions (7.1) wverify one of the
following conditions

e byS(b) — doS(a) # 0;

e by =dy =0 and apS(b) + cpS(a) # 0;

e S =0 and boR(b) + dyR(a) # 0;

e S=0,by=do=0 and agR(b) — coR(a) # 0,

then My is the generator of an analytic semigroup of bounded linear
operators {e™1},~q on L(a,b). In general, this semigroup will not be
strongly continuous.
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