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ABSTRACT. An error analysis is given for a fully-discrete
collocation method applied to periodic, elliptic pseudodiffer-
ential equations. The trial space consists of the trigonometric
polynomials of degree n, and the method can be implemented
efficiently using fast Fourier transform and multigrid tech-
niques. If the order of the pseudodifferential operator is an
integer, and if the exact solution is r times continuously dif-
ferentiable, then the error in the maximum norm is n~" log n.
This estimate is sharp, since it is of the same order as for
the trigonometric interpolant. As applications, we consider
Symm’s integral equation on closed curves and open arcs.

1. Introduction. We investigate a fully-discrete collocation method
for periodic, elliptic pseudodifferential equations, such as those arising
from boundary integral equations on closed curves. The method
uses equally-spaced collocation points, and a trial space consisting
of trigonometric polynomials, just as in our earlier paper [12]. This
approach leads to a very simple treatment of the principal part of
the operator, leaving only a smoothing operator to be handled by a
Nystrom-like quadrature. Our aim here is to extend the analysis in
[12] by taking account of the quadrature errors, and also to eliminate
one factor of logn from the pointwise error estimates in the case when
the order of the pseudodifferential operator is an integer.

We shall not discuss in detail the practical implementation of the
method. The quadratures can be evaluated efficiently using the fast
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Fourier transform, as was done for the trigonometric Galerkin method
n [10]. The FFT can also be used to precondition the linear system,
which is then well-suited to solution by fast multigrid iterations (see
[7]). Amosov [1] presents such a fast solution procedure.

We will show that the numerical solution u,, a trigonometric poly-
nomial of degree n, satisfies the asymptotic error estimate

(1.1) [tn — ul|3s < en®Flognl|u||se,

for B < s < t < oo, where [ is the order of the pseudodifferential
operator, and where H?® is the Holder-Zygmund space of order s. A
thorough treatment of this type of function space may be found in
[19], and we have described some relevant properties in our previous
papers [12] and [13]. For the moment, we simply point out that the
Holder-Zygmund spaces of noninteger order coincide with the standard
Holder spaces,

H™T =™ for m = integer > 0 and 0 < o < 1;

however, when o = 1, the imbedding C™! C H™*! is strict and
continuous.

In addition to (1.1), we prove some pointwise error estimates. If
s = integer > 0 and if § < s <t < 00, then

(1.2) [tn — ul|lcs < en®"F(logn)?||ul|x:.
We obtain a sharper estimate when 3 is an integer:
(1.3) |tn — ullcs < en® Flogn||ul|xe.

Here, C* is the usual space of s-times continuously differentiable
functions. The error estimates (1.1) and (1.2) were shown in [12] for
the pure collocation method (without quadratures) but (1.3) is new.

A trivial but instructive special case of our theory occurs when the
pseudodifferential operator is taken to be the identity operator. The
collocation solution u,, is then just the trigonometric interpolant to wu,
for which the rate of convergence in (1.1) and (1.3) is known to be
sharp. This argument does not apply to our other error estimate (1.2)
if 3 is not an integer, because the order of the identity operator is zero.
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It is an open question as to whether or not (1.2) is sharp for noninteger
s.

There already exists a vast literature dealing with the special case
B = 0, i.e., with Cauchy singular integral equations. Error estimates
in Holder spaces, for a variety of numerical methods, may be found
in [16] and [17], along with many references. The sharp pointwise

error estimate (1.3) was first shown for singular integral equations by
B. Silbermann in [18].

It is also possible to modify our method of analysis to obtain error
estimates in the Sobolev space H*. f < s<t<ooand t— (> 1/2,
then

(1.4) llun — ull e < en™"|ful| s,

a result obtained by Amosov [1].

Our paper is organized as follows. In Section 2, we formulate the
numerical method and state our main results. The key proofs are then
presented in Section 3, with a few technical lemmas being relegated to
the Appendix. Section 4 deals with the application of our estimates
to Symm’s integral equation, both on a closed curve and on an open
arc, the latter case being handled with the help of a cosine change of
variable.

2. Discrete collocation with trigonometric polynomials. Our
problem is to solve a (scalar) periodic pseudodifferential equation

(2.1) Bu=f onT,

where T = R/Z is the one-dimensional torus (i.e., the quotient group
obtained when the integers Z are viewed as an additive subgroup of
the reals R). In simple terms, the solution v and the right hand side
f can be viewed as 1-periodic, complex-valued functions defined on R.
We assume that the operator B has the form

B=DBy+K,

where the principal part By has a homogeneous symbol, and where K
is a smoothing operator.
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Denote the complex Fourier coefficients of u by
a(l) == / e~ #mey(z)de, forlc Z,
T

so that, at least formally,

u(z) = Zﬂ(l)ei%lm, for x € T.
l€Z

As discussed in [5] and [11], the operator By admits a Fourier series
representation

(2.2) Bou(z) = Za(a:, Da(l)e® ™, for x € T,
l€Z

where the global symbol ¢ : T x Z — C is C in its first argument
and is homogeneous, say of degree (3, in its second argument:

o(z,1) = [P (z,sgn (1)), forz € T and! € Z.

Here we have used the notation

_ [l&l i E#0,
[5]'{1, if € =0,
and
1, if € >0,
sgn (§) =4 0, =0,
~1, if¢<o.

The number 8 € R is the order of the pseudodifferential operator B.
Our assumption on K means that it is an integral operator,

(2.3) Ku(z) := /rk(:c,y)u(y) dy, forx €T,

with a C* kernel k : T2 — C.

To describe the numerical method, we define

e(x) =™ forl € Zand x €T,
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and denote the space of trigonometric polynomials of degree n by
7, :=span{e; : ||| <n}.

We shall use 7, as the trial space, and since dim7, = 2n + 1, it is
natural to choose 2n + 1 equally-spaced collocation points

(2.4) T = —

= 27’L—H’ for m € Z(n),

where Z,) is the quotient group Z/(2n + 1)Z, in which addition is
defined modulo 2n + 1, so that x,, 1 (2n41) = m € T.

In the pure collocation method discussed in [12], the numerical
solution for (2.1) is a trigonometric polynomial @, € 7,, satisfying

(2.5) (Bo + K)tn(2m) = f(2m), forallm e Zy,.

The fully-discrete collocation method differs only in that the exact
smoothing operator K is replaced by a discrete approximation K,
defined by applying a (periodic) rectangle rule to the integral in (2.3),
ie.,

1
2n+1

(2.6) Kpu(z) := Z k(x, zm)u(xy,), for z e T.

mEZ(n)
Thus, the discrete collocation solution u,, € 7, satisfies
(2.7) (Bo + Kp)un(zm) = f(rm), forall m e Z,.

By inserting the expansions

(28) in(z) = Y Xl Pez) and wn(x)= Y X[ e(x)

l=—n l=—n

into (2.5) and (2.7), we obtain linear systems of order 2n + 1 for the
coefficients X; and X;:
(2.9)

Z Amlj(l =F, and Z AguXy = Fy,, for —n<m<n,

l=—n l=—n
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where
(2.10)
Ay =[] (Bo + K)ey(x) and  Apy = [I]7?(Bo + Kp)ei(xm),

and where F,, = f(z,,). The factor [I]7” included in the expansions
(2.8) improves the conditioning of the linear systems (2.9), a point
discussed in our earlier papers [12] and [13]. Note that

(177 Boer(@m) = o(m, sgn (1))ei(@m),
so the method (2.7) is fully discrete provided the global principal
symbol o is known explicitly.

For any continuous function f : T — C, let L,f denote the
unique trigonometric polynomial of degree n that interpolates f at
the collocation points (2.4):

Lnf(xm) = f(xm), forallm e Zy,.

Various properties of the resulting projection operator L,, are discussed
n [12]. Using £,,, we can write the pure collocation method (2.5) as

(2.11) L,Bi, = L,f,

and the discrete collocation method (2.7) as

(2.12) Ln(B+ K, — K)u, = L, f.

Our strategy is to view the equation for u, as a perturbation of the

one for ,,.

Let C' denote the space of continuous, 1-periodic functions, and
let || - || be the usual maximum norm. More generally, for s €
Ny = {0,1,2,...}, the space C* consists of all s-times continuously
differentiable functions f : T — C, and is equipped with the norm

o =Y _[ID flle,

Jj=0

|1

where D = d/dx. As in [12], we shall also make use of the Holder-
Zygmund space H® defined by

H:={f:feC™and [D"f]* < x0},
fors=m+awithmeNjand 0 < a <1,
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where []* is the seminorm

9] = {Suph>0 h=[|Anglle, f0<a<1,
. supy,~o b [A%gllo,  ifa=1,
with (Ang)(z) := g(z + h) — g(x) and A? = Ay 0 A,. We define H*
for s < 0 with the help of the periodic Bessel potential of order 5 € R,
given by

(A f)(@) = S P>, forz e T,

leZ

Indeed, with the definitions above, the operator
A HE - HEP

is an isomorphism, with inverse A~” whenever s > 0 and s — 3 > 0.
We make this mapping property valid for all s € R by defining H* for
s < 0 to be the set of all periodic distributions f with A?f € H5—F
for some (and hence all) § such that s — 3 > 0. The norm can be
defined by ||f|lrs = [|A®f||3—s, because different choices of 3 will
yield equivalent norms. We point out that H?® coincides with the Besov
space B3, ., for all s € R; see [4, p. 144].

Our first set of results concerns the pure collocation method. In the
usual way, ¢ denotes a generic constant which is always independent
of n and u, but which may take different values at different places.
Furthermore, to ensure that logn > 0, we always assume implicitly
that n > 2.

Theorem 2.1. Suppose that B : H® — H*~° is invertible for some
(and hence all) s € R. Ift > [3, then for all sufficiently large n and
for each f € H'™P there exists a unique collocation solution @, € T,
satisfying (2.11). Furthermore,

(2.13) T, — ul|s < en® Flognl|u|pe, for B<s<t< oo,
where u € H' is the ezact solution satisfying (2.1). When s € Ny,

(2.14) iy, — ullcs < en®Flogn)?|jullpe, for B<s <t < oo
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When s € Ng and 8 € Z,

(2.15) |ty — ullcs < en®lognl||ul|ne, for B<s<t< oo.

The estimate (2.13) is shown in [17, Chapter 8] for noninteger s,
and in [12] for arbitrary s. In [12] one also finds the proof of (2.14).
The estimate (2.15) is shown in [18] for the case 8 = 0, and our proof
for B € Z is based on a similar approach. Note that the pointwise
values f(x,,) in (2.5) make sense, because the assumptions ¢ > [ and
f € H'=P guarantee that f is continuous.

Our main set of results, for the fully-discrete collocation method, are
as follows.

Theorem 2.2. Suppose that B : H® — H*5 is invertible for some
(and hence all) s € R. Ift > 0, then for all sufficiently large n and
for each f € H!™P there exists a unique discrete collocation solution
Up € Ty, satisfying (2.12). Furthermore,

(2.16) |tn — ul|s < en®Flognl|u|pe, for B<s<t< oo,
where u € H' is the exact solution, satisfying (2.1). When s € Ny,

(217)  ||un — ullos < en®"tlogn)?||u|lpe, for B<s <t < oco.

When s € Ny and B € Z,

(2.18) l[un — ul|lcs < en®logn||ully:, for B<s<t<oc.

For the case 8 = 0, the estimates (2.16) and (2.18) have already been
shown in the books [16, Satz 4.8.4] and [17, Theorem 8.8.14]. There,
one also finds further references.

Remark. Theorems 2.1 and 2.2 remain valid for systems of pseudo-
differential equations under the additional assumption that the opera-
tor C : H* — H*# is invertible, where C is defined by

C:={[o(x,+1)] "' P+ [o(x, 1) "' Q}A”
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(see [12, Section 6] for notations, and also [18]). One first shows (2.16),
and then the rest follows from the proofs in Sections 3 and 5.

3. Error analysis. This section is devoted to proving Theorems 2.1
and 2.2. Our approach is a refinement of the one used in our earlier
paper [12], and we continue with the notation used there.

Given a function ¢ : T — C, we use the same symbol a to denote the
corresponding pointwise multiplication operator, so that

(au)(z) == a(z)u(z), for z e T.

The symbol a~! will always denote the inverse of the operator and not
the function; thus, (¢~ 'u)(z) = wu(x)/a(x). As usual, we define the
projections P and @ by

Pu(z) := Zﬂ(l)ei%lm and Qu(z) == Z a(l)e ™ for x € T.
1>0 1<—1

Let A := BA™#, so that
(3.1) B = AA”,

The principal part of A is the operator Ay := ByA~?, which has the
Fourier series representation

Aou(x) =Y o(z, D[] Pal)e®™, forz € T.
leZ

Thus, A is a classical pseudodifferential operator of order 0 — or, in
other words, A is a singular integral operator — with

AQ = CLP —|— bQ,
where the coefficients a and b are defined by

a(z) :=o(z,+1) and b(z):=o(x,—1) forxzeT.

In accordance with Theorem 2.1, we assume that B : H® — H* 7 is
invertible. It follows that B must be elliptic with zero index and that
there exists a canonical factorization

b la=pip_ with pg €O,
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where R
Cr={feC*: f(l)=0foralll< -1},

C®:={feC®: f(l)=0forall ] >1}.

As in [12], we introduce the operators
(3.2) M:=bp, and N:=Pp_+Qp;',
whose inverses are
(3.3) M7t =p"" and N7'=Ppt+Qp.
We also define the smoothing operator

T:=[p—, Pl +[p3", Q] + M7 KA™P,
and hence obtain the representation
(3.4) A=M(N+T),

used in proving the following stability properties of the pure collocation
method.

Lemma 3.1. For all sufficiently large n, the solutions of (2.1) and
(2.11) satisfy the following: if B < s, then

(3.5) [|Gn]|1s < ¢ logn||ul|re;

if s € Ng and 8 < s, then

(3.6) ||dnllcs < c(logn)?||ullc:;
and if s € Ng, 8 € Z and 3 < s, then
(37) linllc- < ¢ logn{llPullc: + |Qullc:}.

Proof. Recall from [12, Lemma 4.2] that

L. M*L, =L, M* and L£,N*'L,=N*_,.
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Eliminating f between (2.1) and (2.11), and using (3.1) and (3.4), we
obtain
L,M(N +T)A°t,, = L, M(N + T)Au.

Applying the operator £,M ! to both sides of this equation, we find
that
L, (N +T)A%4, = L,(N + T)A\ u.

Since £,AP,, = AP, it follows that £, NAPa,, = NAPd,, so
(N + £, T)A4,, = L,(N +T)A u.
Now apply the operator A=’ N~ to both sides and obtain
(I +APNLL,TA)i, = A PN"IL, (N + T)A u.

As n — oo, the operator on the left hand side converges uniformly to
the invertible linear operator

T+ A PNITAP = APN'M'B: H® — H°,

because T is a smoothing operator, and because of the approximation
properties of L, discussed, e.g., in [12, Theorem 2.1]. Therefore,
(I + A"PN=1L,TAP)~1 : H® — H* exists and is uniformly bounded
for all n sufficiently large, whence the estimate

[ ||3¢s < c[|]A"PNTLLL(N + T)APul

HS

follows. If s € Ng, then the same argument is valid if H* is replaced
by C*. Hence, it suffices to prove the following: if § < s, then

(3.8) [A"PNTIL, (N + T)A u|

s < ¢ logn||ul

HsS
if s € Np and 8 < s, then

(3.9) [APNTL, (N 4 T)A |

o= < c(logn)?||ul

Cs;
and if s € Ny, § € Z and (§ < s, then

(3.10) [|[ATPNTILL(N +T)A

cs < clogn{||Pullcs + ||Qul|cs }.
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These three inequalities are proved in Lemma 5.4 of the Appendix.
]

Stability for the fully-discrete collocation method can now be proved
using a standard perturbation argument that hinges on the following
estimate involving the operator K,, — K, restricted to the trial space
Th-

Lemma 3.2. For any s,t € R and r > 0,

[|(Kpn — K)vl|ns < en™"||vl|3gt, provided v € T,,.

Versions of this result appear in [16, Section 2.3] and [17, Proposition
8.8.13]; an outline of the proof is given at the end of the Appendix.

Lemma 3.3. The stability estimates of Lemma 3.1 remain valid,
with the same restrictions on s and (3, if 4, is replaced throughout by
the discrete collocation solution ..

Proof. Eliminating f between (2.1) and (2.12) yields the equation
L,Bu, = L,Blu+ B YK — K,)u,),
so we can look upon u,, as the pure collocation solution of the equation
whose exact solution is not u but u + B~!(K — K,)u,. Hence, the
stability estimate (3.5) implies
[tnl|rs < clognl|lu+ B YK — K,)un||ns,
for n sufficiently large. By Lemma 3.2,
1B-UK = Kn)unllse < ell(K = Kn)unllse—s < o llunllse,

and hence, if n is large enough so that ecn™"logn < 1/2, then

[lunlre < clognlfullnes + (1/2)][unl|re-
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Thus, (3.5) holds with @, replaced by w,,. The other two estimates can
be proved in the same manner. ]

We are now in a position to prove our main results.

Proof of Theorem 2.1. For any trigonometric polynomial v € 7,,,
(3.11) L, B(t, —v) = L,B(u—v),

so ., — v € 7, is the collocation solution to the equation whose exact
solution is u — v. Therefore, the stability estimate (3.5) implies

liin — vl < ¢ lognllu — vllaee,
and so
(312) |lin = ullre < |lin = vllaee 4[| = ullses < c lognlfu —vl[ze.
We introduce the notation

En(f, &) = inf [|f —vllx for f € X,

where X is any suitable periodic function space, and recall from [13,
Section 7] that

E.(f,H®) < en® Y| f||pe, for —oo<s<t<oo.
Therefore, since (3.12) holds for all v € Ty,
|[Tin, — ul|ps < clognEy(u, H®) < en® *logn|u||se,

which completes the proof of (2.13). In the same way, the error estimate
(2.14) follows from the stability estimate (3.6) and Jackson’s theorem:

(3.13) En(f,C%) < en® Y|f||lne for s € Ng and s < t < oc.

The remaining (and most interesting) error estimate (2.15) is not
quite so straightforward, due to the unusual form of the corresponding
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stability estimate (3.7). Indeed, we conclude from (3.11) that when
el

C's + HU _U| C's
< clogn{[|[P(u—v)l|cs + [|Q(u = v)lle-}

[lin = ullos < |lin = vl

(3.14)

for all v € 7,,. In [13, Section 7], we proved (3.13) by constructing a
convolution operator Q,, : Ly — 7, with the property that

(3.15) ||(I — Qn)fllcs < en® | f||3¢, fors€ Ngands<t< oo.

Since Q,, commutes with P and @, by putting v := Q,u in (3.14) we
obtain

cs < clogn{||(I — Q,)Pu|

< en®"lognl|ull:,

Cs + H(I - Qn)Qu|

e}

[|in — ul

completing the proof of (2.15). o

Proof of Theorem 2.2. This time, by (2.12),
L,(B+ K, — K)(u, —v) = L,B[(u —v) + B"Y (K — K,)v],
so Lemma 3.3 implies that

ne < clogn||(u—v) + B™HK — K,)v|

[Jun — ] s

for all v € 7,,. By Lemma 3.2,

I1B7HK = Kn)ollre < efllu—vllpes +n*~[[ulle},

and we find that
[|tn — ullrs < e logn{En(u, H®) +n° " ||ul|n: } < en® Flogn||ul|xt,

which proves (2.16). The second error estimate (2.17) is proved in the
same way. However, in the case 3 € Z,

s+ lullpe 3,

[lun —ullos < ¢ logn{[|[P(u—wv)llcs + [|Q(u —v)]
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and we obtain (2.18) by putting v := Q,u as before in the proof of
(2.15). O

4. The logarithmic-kernel integral equation. We will now
consider the implications of our theory for a simple but important
example, namely, Symm’s integral equation:

1 1
(4.1) —/Flog Hv(q) dsy, =g(p), forpeTl.

™

Here, I' C R? is either a smooth closed curve or a smooth open arc,
ds is the element of arc-length along T', and |p — ¢| is the Euclidean
distance between the points p and q. We refer to [8] and [9] for some
applications of this and related integral equations. In what follows, the
logarithmic capacity (or transfinite diameter) of I is always assumed
to differ from 1, in order to ensure that (4.1) is uniquely solvable for
any right hand side g; this property of the equation is discussed, e.g.,
in [6] and [20].

We begin with the case when the curve I' is closed. Let
v:T —=T cR?

be a C'*° parametrization of I', with a nonvanishing Jacobian: |y/(z)| #
0 for all x € T. Put

u(zx) : L

= o -oh@I (@) and f(x) = ghy(@)),

so that (4.1) is equivalent to (2.1) with
Bu(e)i= 2 [ logh(e) = 2()lu(w)dy, forz < .
T

We obtain the required decomposition B = By + K by putting

Bou(z) := —2/ log [2¢™ Y2 sin7(z — y)|u(y) dy,
T

o [ e @ =W
Ku(z) = 2/T1 ® 21 Zsmr(z — )] (y) dy.
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Indeed, the Fourier expansion

— 1 1 1
log |2sin x| = E 7 €08 2rlz = 3 g meﬂ“lm
I=1 0#lEZ

implies that

(4.2) Byu(z) = A_lu(x) — Z i,&(l)ei%'rlm,
ez

so By is a classical pseudodifferential operator of order —1. At the
same time, K has the form (2.3) with a C* kernel k : T? — R.
(Note that B = By if I' is a circle of radius e~'/2, parameterized
in the obvious way.) Recalling (2.8)—(2.10), we see that the discrete
collocation solution is

n

un(x) _ Z [”Xlei%rlm’

l=—n

where X_,,, ..., X, are found by solving the linear system

n

Z {er(@m) + | Knei(zm)} X; = f(2m), for —n <m <n.

l=—n

Theorems 2.1 and 2.2 apply with 8 = —1.

Now suppose that I" is an open arc. In this case, the solution v of
(4.1) will generally behave like v(p) = O(|p—po|~*/?) near an end point
po of I". However, a cosine change of variable removes the endpoint
singularities and reduces (4.1) to a periodic integral equation.

To be more precise, assume that the arc I' has the C°° parametriza-
tion
v:[-1,1] =T c R?

with a nonvanishing Jacobian: [v/(§)] # 0 for —1 < ¢ < 1. Letting
& = cos2mzx for 0 < & < 1/2, we transform the integral equation (4.1)
into

1/2
(43) -2 / log [y () — A()luly) dy = f(z), for0<az<1/2,
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with v(x) := v(cos 2nz),
u(z) = v[y(z)]|sin(2rz)V (cos 2nrx)| and f(z) = gly(z)].
The functions u, f and v extend naturally to 1-periodic, even functions

on the whole real line and are therefore well-defined on T. Thus, (4.3)
is equivalent to the periodic integral equation

(44) Bou(x) = - /T log [y(x) — /()lu(y) dy = f(z), forz € T.

The operator B. acts on even functions and can be decomposed as
B, = Beg + K., where

Beou(x) == —/ log |2671(COS 2nx — cos 2my) |u(y) dy,
T
Kou(o)i= [ ko(o.p)u(o) dy
T

with

—log \V(Eos 2mx)—v(cos 2my)]| ifx g_é Ly mod 1,
ke(x7y) = { [2e=1(cos 2rz—cos 2my)|

|’ (cos 2mz)|

—log —5 =5, if x = 4y mod 1.

By our assumptions for v, the function k. : T? — R is C>°. Moreover,
ke is an even function with respect to each variable. Using the
trigonometric identity

cos 2mx — cos 2y = —2sin7(z + y) sinw(x — y),
it is easy to see that
(4.5) Boou = Bou if u is even,
where By = A~! is the operator, given by (4.2), that arises in the case

of a closed curve. It is natural to expand an even function u : T — C
into a Fourier cosine series,

u(z) = Zuu(l) cos2mlx, for xz €T,
=0
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uf(l) = ——— :/ u(x) cos 2nlax dx, for I € Ny.
T
Equations (4.2) and (4.5) then yield the representation

u(1) cos 2rlz, for z € T.

(4.6) Beou(z) =Y %
=0

Hence, our discrete collocation solution for (4.4) is

n

un(x) = Z[Z]Xl cos 2rlx,
1=0

where Xy, ..., X, are found by solving the linear system

(4.7) Z{COS 27l + 6mi} X1 = f(Tm), for 0 <m <n,
1=0

with

1 n
Kol 1= %—H{k(xm, 0)+2 Z k(xpm, ;) cos 27rlxj}.

j=1

We consider the integral equation (4.4) in the even subspace of H?,
defined by

H::={veH :v(—x) =v(x) for all x € T}.
It follows from (4.5), and from the unique solvability of (4.1), that
Be:HE — HET!

is an invertible linear operator for all s € R. Our error estimates in
Theorem 2.2 imply that, for —1 < s < < oo,

(4.8) [lwn — ul

He < en®tlognl |ul |2,
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and for s € Ng and s < t < o0,
(4.9) [|tn — ul

cs < en® logn||ul |Hg7

where C? is the even subspace of C*. Likewise, by (1.4), if -1 < s <
t < ooandt > —1/2, then

(4.10) [|tr — ul

ae < en’® |ul| e,

where H} is the even subspace of the Sobolev space H?®.

Remark. The discrete collocation method (4.7) for Symm'’s integral
equation (4.1) in the case of an open curve I', was recently analyzed
by Atkinson and Sloan [3]. Under the assumption u € H! with
t > s> 1/2, these authors proved the estimate

llun = ulle < en*™"Jul

t
H!»

which follows also from (4.10) together with the imbedding property
C C H? for s > 1/2. Our estimate (4.9), however, yields a sharper
result for u € H! with ¢ > 0, namely,

[t = ulle < e~ log nlul s

The estimates (4.8) and (4.10) were first proved by Prossdorf and
Silbermann [17, Chapter 3] by different methods. Estimate (4.9) is
new.

5. Appendix: Technical lemmas. In order to complete the sta-
bility proofs in Section 3, we must establish the inequalities (3.8)—(3.10)
and prove Lemma 3.2. We begin with three preliminary results.

Lemma 5.1. Let B be any classical pseudodifferential operator on
T with order 3. If s € Ng, 8 € Z and 3 < s, then

1Bullgs-s < c{[[Pullcs +[|Qullcs }-

Proof. Since the principal part of B has the form (aP + bQ)A”, it

suffices to consider the operators PA? and QA®. On the one hand, if
8 > 0, then

PAPu(z) = 4(0) + (2mi)~#(DP Pu)(z),
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and on the other hand, if 6 < —1, then
D=APA u(z) = (2mi) " P[(Pu)(z) — 4(0)].

These formulae, together with the analogous ones involving @, imply
that

||[PAPu| and  ||QAPu|

Cs— Cs—

for all g € Z. o

Now let P,, : Lo — 7, be the orthogonal projection, so that
= Z f(e = for x € T.

1<n

Versions of the following lemma may be found in [16, 17] and [18].

Lemma 5.2. For s € Ny,

|1PPr f]
1PLyf]

¢ < ¢ logn]l/]

Cs, HQPnf|
QL f]

¢ < clognl/]

Csy

Cs > Cs >

Proof. The projections P,, and L,, admit the representations

/D x—y)f(y)dy,

Z D, (z — xm)f(zm),

MEZ(y)

(5.1)

Lof(@) = 3

where D,, is the Dirichlet kernel,

(5.2) Da(w)i= 3 ke = sinm(2n + D

sinmx
|k|<n
Therefore, because P is translation-invariant,

PP, f(z /D+x— (y) dy,

PL,f(x) =5 +1 Z f(xn)Df(z — x),

mGZ(,,
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where

D: () := PDy,(x) = ei2rke eiwnxw.

k=0

sinTx

The analogous formulae hold for QP, f and QL, f, with D, replaced
by
D, (x):=QDy,(x) = Z e~ 2mhe —

k=1

67717T(’I’L+1)13 S Tnx
sinmwx

Hence, from the estimates

1/2
|IDE|L, < c/ min(n,z ") dz < ¢ logn
0

and
1

2n+1

Z |DE(z — x,,)| < clogn, forzeT,
mEZ(n)
we easily obtain the result in the case s = 0.

Now suppose s > 1. Since D commutes with P,@Q and P,, the
estimates for PP, f and QP, f follow immediately from those in the
case s = 0. However, D and £,, do not commute, so a different approach
is needed to estimate PL, f and QL. f. We will prove that

(5.3) [P(Ly = Pn) f

ce < clognl[f[los;

the estimate for PL,, f then follows from the triangle inequality and the
estimate for PP, f. The same argument with P replaced by @ yields
the estimate for QL,, f.

Since P(L, — Pp)f € T,, Bernstein’s inequality implies that
[P(Ly = Pu) fllcs < en®||P(Ly = Pn) fllco-
For all v € 7,,,

1P(Ln = Pn)fllco = |[P(Ln = Pu)(f = v)llco < ¢ lognl[f —vl[co,
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SO

1P(L5 = Pn)fllos < en®lognEn(f,C°),

and the inequality (5.3) follows by Jackson’s theorem (3.13). o
Similar estimates hold in the Hélder-Zygmund norms.

Lemma 5.3. For s € R,

1PPufllne < clogn||fllws  and ||QPnfllns < clognl| s

If s > 0, then

1PLnfllne < clognl|fllwe  and ||QLyf|lwe < clognl|fn:.

Proof. These estimates follow from Lemma 5.2 by the theory of
interpolation spaces, because if

s=(1—-0)sg+0s; with sp#s; and 0<0<1,
then

H® = (C°°,C°")g o for sg,s1 € Ny,
H® = (H%, H*)p o for sg,s1 € R;

see [19, p. 201] or [4, p. 152]. However, a more elementary approach
is also possible.

From the representation
(PP.a) = [ DEW)f ) dy,
T
we see that for 0 < a <1,

(PP f]* < |ID7 1L, [£]% < e logn[f]*,

which implies the estimate for PP, f in the case s > 0; the same
estimate holds for s < 0 because PP, commutes with the Bessel
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potentials. We deal with PL,, f much as in the proof of Lemma 5.2, by
showing that

|P(Ly — Pr)fllrs < clognl|f||lps, fors>D0.

Indeed, we can prove this inequality in the same manner as (5.3),
because the generalized Bernstein’s inequality [12, equation (2.6)]
implies

HP(LH - ’Pn)fHHS < C”SHP(EH - ,Pn)fHC“

for all s > 0. These same arguments go through with P and D;
replaced by @ and D, , giving the estimates for QP,f and QL,f.
O

We are now ready to prove the inequalities (3.8)—(3.10). In fact,
because T is a smoothing operator, it suffices to establish the following
estimates.

Lemma 5.4. If 8 < s, then
AP NI L, NA u| |y < ¢ log nlful|pe;

if s € Ng and 8 < s, then

IAPN"1L, NAPu||cs < c(logn)?||ul|cs;
and if s € Ng, B € Z and 3 < s, then
AN L, NA u||os < ¢ logn{||Pullos + [|Qul|o: }-

Proof. The first inequality is an easy consequence of Lemma 5.3:
since P+ @ = I, we have

IATPNTLL,NAPu||pe < ¢||(P + Q)L NA u|pge—s
< ¢ logn||NAPu||pe-s
< clognlful[:
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for s— (3 > 0. Likewise, the third inequality follows easily from Lemmas
5.1 and 5.2:

[APNL, NAPu||cs < {||PL.NAPu||cas + ||QL,NA |
< clogn{||PNA ul|cs-s + |[|QN APy

< ¢ logn{||Pul|cs + [|Qul|cs},

cs—5 )
co-5}

provided s — 8 > 0 and § € Z. However, the proof of the second
inequality is longer.

By the triangle inequality,

IA"PNT1L, NAPul|cs
< |[ATPNTIP, NA |

o +IAPNTY(L, —P,) NAPu|

Csy

so it suflices to show separately that

(5.4) [A=P NP, NAPu||cs < ¢ logn||ul|c-
and
(5.5) [A"PN=Y(L, — Po)NAPu||cs < c(logn)?||ul|cs.

The advantage of this splitting is that P,, commutes with P, Q and AP,
whereas £,, does not. (The inequality (5.4) is of independent interest

because it arises in the proof of stability for trigonometric Galerkin
methods; cf., [13, Theorem 4.9].) We have

A PNTIP,NA® = [AP NP, NAP+ NP, [AP NIAP+N~1P, N,
and recalling the formulae for N and N~! in (3.2) and (3.3),

N7'PuN = {p=" P+ p1Q + [P, p="] + [Q, p+ ]} Pu(Pp- + Qp3")
= p=_'PPup— + p+QPupy' + {[P.p='] + [Q, p4+]}PuN.

Since [A=?, N~1] and [A—?, N] are pseudodifferential operators of order
—3 — 1, and since [P,p~'] and [Q, p4] are smoothing operators, the
inequality (5.4) follows from Lemma 5.3 with the help of the imbeddings
Hste ¢ C% c H® for s € Ny and € > 0.
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To prove (5.5), we write

APNTY(L, —P,)NAP
=[A P, NY(L, —P)NA®? + NT'AP (L, — P,)NAP,

and recall from [13, Lemmas 4.6 and 4.7] that
IN"o||cs < ce™H|v|lggote, fore>0and v e H¥E,
with ¢ independent of € € (0,1]. Thus,

IAPN"Y(L, — Pu)NA ul|cs < c||[AP, N"H(L, — Pn) NAPu||pese
+ C€71|‘A7’B(£n - Pn)NAﬁu||Hs+E
< ce (L — Po)NA Ul ggo1=5.

If v € 7,, then Nv € 7, and so, using the generalized Bernstein
inequality, Lemma 5.2 and then Lemma 5.1, we find that

(Ln = Pr)NAu|pgeres = [[(Ln — Pn) N(A 1 — v)|[gre-s
< e P|(Ly — PN (AP — v) oo
< en** P log n||N(APu — v)]|co
< en* e Plog n{||P(APu — v)||co
+1Q(Au =)o}

Putting v := Q,,A’u and using (3.15),

(L, — Pn)NAPu||pgose—s
< en* T Plogn{||(I — Qn) PAPul|co + ||(I — Qn) QA u|co}
< enflog nf{||PAPul|o-5 + [|QAul|pe—s }-

Hence,

IAPN~YL, — Po)NAul|cs < e(e™nf) log nl|ul|w-,

and the inequality (5.5) now follows by letting e~ = log n. o

Our only remaining task is to estimate K, — K.
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Proof of Lemma 3.2. Let v € 7,,, and recall the representations (5.1)
of P,, and L,, in terms of the Dirichlet kernel D,,. Since v = P,v, we
see from the definition (2.6) of K,, that

1
Knv(I) = o1 EZZ: k(w,im)ADn(xvn —y)v(y) dy
m (n)

/I‘U(y){in—l—l > Dn(a?m—y)k(amm)}dy

MEZ(y)

= / v(y) L yk(z,y) dy,
T

where L,, , is the interpolation operator with respect to the variable y.
Thus,

AY(K — Kp)v(z) = / v()AS(I — Ly y)k(z,y)dy, forx €T,
T

where A% is the Bessel potential of order a with respect to the variable
z. The estimate for K, — K now follows from the approximation
properties of L,,, because the kernel k is C°°. We omit the details.
O
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