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GLOBAL DYNAMICS OF STRONGLY MONOTONE
RETARDED EQUATIONS WITH INFINITE DELAY

JIANHONG WU

ABSTRACT. This paper formulates several axioms for the
ordering structure of state spaces and establishes a strong
monotonicity principle for solutions to a class of cooperative
and irreducible retarded functional differential equations with
infinite delay. By using this strong monotonicity principle, the
monotone dynamical systems theory due to Hirsch, Matano
and Smith, the spectral theory of positive semigroups due to
Nussbaum and the decomposition theory of solution operators
due to Hale, Kato and Naito, we obtain some results about
the (generic) convergence and stability of solutions as well as
the existence of heteroclinic orbits. It will be demonstrated
that our results can be applied to a class of integrodifferential
equations enjoying certain monotonicity properties. In par-
ticular, we will apply our results to a mathematical model of
schistosomiasis japonicum to give a rather complete qualita-
tive description of the overall transmission dynamics.

1. Introduction. In [42], Smith has shown that a cooperative
and irreducible functional differential equation generates an eventually
strongly monotone semiflow so that the powerful monotone dynamical
systems theory due to Hirsch [14-16], Matano [23-25] and Smith
[40-42] as well as the spectral theory of positive operators due to
Nussbaum [33-36] can be applied.

It is natural to ask if Smith’s results can be extended to some Volterra
integrodifferential equations and, more generally, to some functional
differential equations with infinite delay. However, in the case where the
limits of integration are infinity or the delay is unbounded, the solution
operator always coincides with its initial value, and thus the solution
semiflow can never be strongly monotone nor eventually strongly mono-
tone if the state space is endowed with the natural pointwise ordering
structure. Therefore, in order to apply the aforementioned monotone
dynamical systems theory to integrodifferential equations and retarded
equations with infinite delay, one needs to find a nice ordering structure
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of the state space and develop some sufficient conditions to guarantee
the strong monotonicity of solution semiflows. For detailed discussion,
we refer to Wu [44] where a simple example was given to illustrate how
the choice of the ordering structure of state spaces is dictated by the
form of the integrodifferential equation and the desired strong mono-
tonicity of solutions.

The main purpose of this paper is to develop a strong monotonic-
ity principle and to explore its consequences to global dynamics for
general retarded equations with infinite delay. As will be shown in
2-E, our strong monotonicity principle can be applied to a class of
Volterra integrodifferential equations enjoying certain quasimonotonic-
ity and irreducibility conditions. For more examples and applications
of integrodifferential equations, we refer to Burton [2], MacDonald [21]
and Miller [27].

In order to illustrate the dependence of global dynamics on the
structure of state spaces and to avoid duplication of effort, we will
employ an axiomatic approach to develop the global theory and strong
monotonicity principles of retarded equations with infinite delay. It
should be mentioned that this approach is not new. In fact, Coleman
and Mizel [3-5], Coleman and Owen [6], Hale and Kato [13], Kappel
and Schappacher [17], Schumacher [38, 39|, etc., have developed a
rather complete theory of phase spaces and retarded equations with
infinite delay. One of the major contributions of this paper is to propose
some axioms for the ordering structure of state spaces and formulate
certain reasonable quasimonotonicity and irreducibility conditions of
vector fields such that the ordering structure is consistent with the
topological and algebraical structure formulated in Hale and Kato [13],
and the solution semiflow is eventually strongly monotone.

For illustrative purposes, we will apply the established strong mono-
toncity principles to an integrodifferential equation describing the
transmission of schistosomiasis japonicum, to prove that the solution
defines an eventually strongly monotone semiflow. Applying the de-
composition theory of solution operators of Hale and Kato [13], the
spectral theory of linear systems due to Naito [29, 30] and Nussbaum
[33, 34| and the general monotone dynamical system theory due to
Hirsch [14-16], Matano [23-25] and Smith [40-42], we will give a
rather complete picture of the global behavior of solutions. Particularly,
in the case of a unique equilibrium point, we obtain a global conver-
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gence result which indicates that the infection cannot maintain itself;
in the case of multi-equilibria we show that the equilibrium point set
together with the invariant curves associated with each unstable equi-
librium point form a tree-like structure with the minimum equilibrium
at the base, and the infection maintains itself in stable configurations.
Moreover, we will show that the qualitative theory is not sensitive to
the delay. This coincides with the theoretical analysis, qualitative study
and computer simulation by Lee and Lewis [19], Lewis [20], May [26],
Nasell [31] and Nassel and Hirsch [32]. In this paper, we focus on the
mathematical analysis of the model equation. Detailed parasitological
background of schistosomiasis japonicum and biological discussion of
our results will be published in Wu [45].

This paper is organized as follows. In Section 2 we introduce a list
of axioms for state spaces, formulate the local theory, global theory
and spectral theory obtained in Hale and Kato [13], and Naito [29,
30], and establish a strong monotonicity principle. We also provide an
example of integrodifferential equations to illustrate the consistency of
the topological, algebraical and ordering structure of the phase spaces.
In Section 3, we apply some recent theory of monotone dynamical
systems to establish some general results of convergence, stability and
the existence of heteroclinic orbits. An equivalence result for the
stability of equilibria between a retarded equation and a corresponding
ordinary differential equation is established. In Section 4, we first
describe a model equation of the transmission dynamics of s. japonicum
by using the transit-time distribution to describe the delay in the
transmission process, and then we apply results in Sections 2 and 3 to
the model equation to provide a qualitative description of the overall
dynamics.

2. Fundamental axioms for global dynamics and strong
monotonicity principles. This section is divided into five parts.
In Sections 2-A-C, in order to make this paper as self-contained as
possible, we present some fundamental axioms of phase spaces and the
local theory, global theory as well as spectral analysis of linear systems
from Hale and Kato [13] and Naito [29, 30] which will be used for
the global dynamics analysis. This material can be safely omitted by
the expert. In Section 2-D we propose a list of axioms for the ordering
structure of phase spaces and establish several sufficient conditions to
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guarantee the strong monotonicity of solutions. Section 2-E contains an
example of Volterra integrodifferential equations to which our results
can be applied.

2-A. Axioms for phase spaces. Let R_ = (—00,0] and R} =
[0, +00), X be a linear space of mappings from R_ into R"™ with
elements designated by (,4),..., where ¢ = ¥ means G(t) = t)(t)
for t € R_. Suppose that there is a seminorm | - |¢ on X such that
the quotient space X = X/| - | is a Banach space with a norm | - |x
naturally induced by |- |¢. For any ¢ € X, corresponding elements
in the equivalence classes are denoted by ¢ and ¢ = % in X means
|p — 1Z~J|)~( =0 for all ¢ € ¢, ¢ € 9. Our first axiom for phase spaces
requires that there exists a constant L such that |¢(0)| < L|¢|¢ for
any ¢ € X. This implies that G(0) = 1(0) for ¢, € X with ¢ = 1.
Therefore, for every equivalence class ¢ there is associated a unique
©(0), and thus, we have

Axiom 1. There is a constant L such that |¢(0)] < L|p|x for all
peX.

To introduce other axioms, we use the following notation: for any
A>0and z: (-o00,A] — R" and t € [0, 4], define x; : R_ — R" by
x4(0) = x(t +60) for 6 € R_. For any ¢ € X, define

Fu(p) ={&: (—o0,A] — R", %, = ¢ and Z is continuous on [0, A]}
and R R
Fa= | Fa(®).
peX
We require that for any & € Fa, & € X for t € [0, 4], and for any
Z,9 € Fa with o = yo and Z(s) = g(s) for s € [0, 4], |, — §¢| ¢ = 0.
Introducing an equivalence relation ~ on F'4 as follows:

F~g inFy iff zo=yo and Z(s)=g(s) on [0,A4],

and denoting by F4 the quotient space Fa / ~ and by « the equivalence
class of & € Fa with respect to ~, then we can define z(t) = Z(¢) and
x4 the equivalence class of Z; for ¢ € [0, A]. Our next axiom is
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Axiom 2. Ifi € Fa, A>0, then &, € X and 2, € X is continuous
int € [0, A].

Axioms 1 and 2 constitute fundamental axioms for phase spaces.
Extensive examples can be found in Hale and Kato [13].

To introduce axioms for local theory, we need two seminorms in X
defined as follows

lels = ;nﬁ{inf,;ex{mx; 5(8) = 7(6),0 € (—00, ~B)}; n = <P}
nex

= inf
el (s) .4

{infﬁex{lilx; D(0) = 7i(8),0 € [<B,0]}; n = ¢}

for any 3 > 0. Let X? = X/|- |5 be the Banach space generated by the
seminorm | - |3 on X and {¢}g the representative element of ¢ € X in
X8, By 77, 8 > 0, we shall denote a linear operator on X into

X5 = ({4 € X; 9(8) = $(6) on (~00,~B)}; ¢ X}C2P

such that ¢ € 72 if and only if ¥ (0) = @(0 + 3) for 6 € (—oco, —f3).

Our next axiom is

Axiom 3. If o = ¢ in X, the |n —¢|g = 0 for any B > 0, where
n € 7@ and & € 759.

Under this assumption, we can define 77 : X — XP by 7%p = {¥}s
for a ¢» € X such that ¢ € 75%. We then assume

Axiom 4. |p|x < |pls + ¢l for any ¢ € X, > 0.

Axiom 5. There is a continuous function K : Ry — Ry such that
forany A> 0,2 € Fa and 3 >0, |zal|p) < K(A)supge, 4 z(0)]-

Axiom 6. 77 : X — XP is a bounded linear operator whose norm
M(B) = supj,| ;=1 |78\ is locally bounded for 3 > 0.
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Axioms 4-6 imply the following fundamental inequality

|zalx < K(A) sup |z(0)]+ M(A)|zog|x for A>0, x € Fa.
6€[0,A]

We consider the following retarded functional differential equation
with infinite delay

(2.1) i(t) = f(xr)

where f : X — R" is continuous. The Cauchy initial value problem
for equation (2.1) is posed as follows: for given initial data (o, ) €
Ry x X, find § € (0,00] and a continuously differentiable function
x : [0,0 + §] — R™ such that, if z is extended onto (—oo,0 + §) by
x(0) = @0 — o) for < o with any ¢ € ¢, the equality ©(t) = f(z)
holds for ¢t € [o,0 + J) (see, e.g., Kappel and Schappacher [17] and
Schumacher [38]). Such a function x on [o,0 + §] is called a solution
of equation (2.1) through (o, ¢) and will be denoted by z(¢; o, ¢).

The fundamental theory of existence, uniqueness, continuation and
continuous dependence of solutions to the Cauchy problem was estab-
lished in Hale and Kato [13] and Schumacher [38]. We formulate their
results as follows

Theorem 2.1. Suppose that axioms 1-6 hold. Then

(i) (Ewistence) : for any (o,¢) € Ry x X, there exists T(o,p) > o
and a solution, defined on [o,7(0,¥)), of (2.1) through (o, p);

(ii) (Uniqueness) : if for any bounded subset W C X there exists a
constant L(W') > 0 such that

(2.2) 1f(0) = F()| < LW)|p = Plx for o, 9 € W,

then the solution defined in (i) is unique for any (o,¢) € Ry x X;

(iii) (Continuation) : if f is completely continuous, then for any
(0,¢) € Ry x X and any given noncontinuable solution x(t;o,p) of
(2.1) defined on [o,b) with b < oo, lim; ;- |2|x = 00;

(iv) (Continuous Dependence) : let T' be a subset of some Banach
space and f : X xT' — R™ be continuous. If (Ag,00,¢0) €T X Ry x X
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is given such that there exists a unique solution of ©(t) = f(x, Ao)
through (oo, @o) defined in [00,b), then for any b* € (o0¢,b), there
exists a neighborhood N of (00, @0, Ao) such that for any (o, 0,\) €N,
a solution of &(t) = f(xt, A) through (o,¢) exists on [o,b*] and is
continuous in all arguments (t,o,p,\) at (t,00, %0, No), where t €

[, b%].

2-B. Global attractors and decompositions of solution op-
erators. In what follows, we always assume that the local Lipschitz
condition (2.2) is satisfied, f is completely continuous and solutions
of (2.1) are defined for all ¢ > 0. Let T'(¢) : X — X be defined by
T(t)p(0) = x(t+0;0,0),0 € R_, ¢ € X and t > 0. Then, by Theorem
2.1, T(t) is a semiflow, that is, (i) 7(0) = I, (ii) T(t + s) = T(t)T(s)
for t,s > 0, (iil) T'(t)p is continuous in (t,¢) € Ry x X.

To discuss the global theory, we need some other axioms of phase
spaces.

Axiom 7. All constant function belongs to X.

Define the translation operator S(t) : X — X, ¢ >0, by

©(0), t+6 >0,
S(t)p(0) =
(D) () {gb(t+9), t+0<0
for ¢ € X, and let Sy(t) denote the restriction of S(¢) to
Xo={p € X; ¢(0)=0}.

Our next axiom is
Axiom 8. |Sy(to)| <1 for some ty > 0.

The norm Sy(ty) can be estimated by |So(to)p| = |7t p|s,. Therefore,
1So(to)| < M(to).

For any given subset B C X, the w-limit set w(B) of B is defined by
w(B) = Mi>ocl Us>¢ T(s)B and consists of the limits of T'(tx)ps for
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tr — oo and ¢y, € B. When B = {¢} for some ¢ € X, we denote w(B)
by w(¢). To obtain some classical properties of w-limit sets, we make
the following assumption

Axiom 9. If {¢*} converges to ¢ uniformly on compact subsets of
R_ and if {¢*} is a Cauchy sequence in X, then o € X and p* —
in X.

The following result can be found in Hale and Kato [13].

Theorem 2.2. Suppose that axioms 1-8 are satisfied. Then the
w-limit set w(p) of any bounded solution T(t)p, t > 0, is nonempty,
compact and connected. If, in addition, Aziom 9 is satisfied, then w(p)
18 tnvariant.

To describe the property of the solution operator T'(t), we let
Ur(t)p=T(t)p — S(t)e for p € X.
Then we have (see Hale [11])
Theorem 2.3. If axioms 1-7 are satisfied, then

(i) Up(t) is conditional completely continuous,

(i) for any bounded set B C X for which T (s)B is uniformly bounded
for 0 < s <t, then

a(T(t)B) = a(S(t)B) < a(S(1))a(B)

where a(B) denotes the Kuratowski measure of noncompactness of B
and

a(S(t)) = inf{k; a(S(t)B) < ka(B) for all bounded sets B C X }.

a(S(t)) can be estimated by

a(5(t)) = alSo(t)) < [So(t)| = M(1).
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It should be mentioned that the solution operator can be decomposed
as follows

(2.3) T(t)e = So(t)lp — ¢(0)] + Ua(t)e,

where $(0) denotes a constant function on R_ with value ¢(0), the
conclusions for Theorem 2.3 hold for this decomposition.

By Theorem 2.3, if Axiom 8 is satisfied and, if for any bounded set
BCX, T(s)B is uniformly bounded for 0 < s < ty, then T'(to) is an
a-contraction map. This property has an important consequence about
the existence of global attractors, as stated in the following

Theorem 2.4. Suppose that
(i) Awzioms 1-8 are satisfied,

(i) for any bounded set W C X, the orbits v+ (W) = Up>oT(6)W is
bounded,

(i) system (2.1) is point dissipative, that is, there exists a bounded
set BC X such that for any ¢ € X, there exists 7(¢) > 0 such that
T(t)p € B fort > 7(p).

Then the orbit of each bounded set is precompact, and w(B) =
Ni>oT (t)B is a global attractor, i.e., w(B) is compact, invariant, stable
and attracts each bounded set W C X.

This is an immediate consequence of Theorem 2.3 and Theorem 3.4.7
in Hale [12].

2-C. Spectral analysis of linear systems. In this subsection we
suppose F' : X — R™ is a continuous linear operator and consider the
following autonomous linear system

(2.4) (t) = F(z).

The solution operator T'(t) : X — X, t > 0, is a strongly continuous
semigroup of bounded linear operators on X. Naito [29, 30] has
shown that the spectral analysis can be carried out independently of the
specific form of the infinitesimal generator, denoted by A. The following
results due to Hale and Kato [13] and Naito [29, 30] formulate some
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characteristic of the spectrum o(A) of A, the point spectrum P, (A) of
A, the resolvent set p(A) of A, the spectral radius r,(T'(t)) of T'(¢) and
the essential spectral radius r,(T'(t)) of T'(¢).

Theorem 2.5. Assume that axioms 1-7 and 9 are satisfied. Then

(i) P,(A) is the set of X for which there exists a b# 0, b € R™ such
that eX'b € X and det A(\) = 0, where e*'b(0) = e*’b for § € (—o0, 0]
and

AN) = M — L(eNT),

where L(eM 1) = (L(eMey),...,L(eMey)), (e1,... ,6n) is the standard
basis of R™;

(ii) re(T(t)) = re(So(t)) = €54, t > 0, where

_ . ma(S(t))
9= e

(iii) ro(T(t)) = e, t >0, where
a =max{3, sup{ReX; )\ € P,(A)}},
(iv) for any e > 0, there is a c(g) > 0 such that
IT(t)] < e(e)el@t)t, ¢ >0,

(v) any point X such that Re X > [ is a normal point of A, that is,
A does not lie in the essential spectrum of A.

In the next section the following assumption plays an important role

Assumption 1. There exists to > 0 such that r.(T(t)) < r-(T(t))
for all t > tg.

According to (ii) and (iii) of Theorem 2.5, this is equivalent to
Assumption 1*. 5 <sup{ReX; X € P,(A)}.

If the above assumption is not satisfied, then by (iv) of Theorem 2.5,
for any € > 0, there exists a c(¢) > 0 such that |T(t)| < c(g)elP+e)t
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for t > 0. In many phase spaces, § < 0 (see examples in Section 2-
E). Therefore, |T(t)| < c()eP+9)t implies that if Assumption 1 is not
satisfied, then the system is exponentially convergent to 0.

2-D. Axioms for ordering structure and strong monotonicity
principles. Our major concern is ordering structure axioms of state
spaces and monotonicity properties of solutions to retarded equations
with infinite delay. For this purpose, we assume that there exists a
closed order relation P C X x X defined by a closed cone V, such that
Vi N (=Vy) = {0}. Using the following standard notations

90§P¢ lﬁ.(@aw)epv
p<pt iff p<piand g #,
‘P<<P¢ iff ((IO,’(/))EIHT,P,

we can formulate the first set of axioms for ordering structure:
Axiom 10. ¢ <p ¢ implies p(0) <gn 1(0).

Axiom 11. For any 7 > 0, z,y € F. with x9 <p yo and
z(t) <gn y(t) fort €[0,7], it follows z. <p y,.

Axiom 12. For any given ¢ € X there exists a sequence {o™} C X
such that ¢ <p @™, ¢(0) Kgrn ©™(0) and ™ — ¢ as m — 0.
Here, and in what follows, for any given v = (v1,...,v,)%, u =
(U1, ... ,up)T € R™, v <gn (Kpgn)u means v; < (<)u; for 1 < i < n,
and v <gn u means v <gn u but v # u.

Axioms 10 and 11 indicate the consistency of the ordering structure
with the fundamental axioms 1 and 2. Axiom 12 shows that the zero
element in X can be approximate by a sequence of elements ,, in X
with 0 <gn @, (0). This axiom will be used in some approximation
processes.

To obtain a comparison and monotonicity property of solutions, we
assume the following quasimonotonicity condition of the vector field
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Assumption 2. For any ¢, ¥ € X with ¢ <p ¥ and ¢;(0) = 1;(0),
it follows that f;(p) < fi(¥).

Theorem 2.6. Suppose that Azxioms 1-6, 10-12 and Assumption 2
are satisfied. Then the solution semiflow T(t) : X — X, t > 0, defined
by equation (2.1) is monotone, i.e., ¢ <p 1 implies T(t)p <p T(t)y
fort>0.

Proof. By Axiom 12, we can find a sequence {¢™} C X such that
v <p Y™, Y(0) <pn ¥™(0) and Y™ — Y as m — oo. Let
x™(t) = x™(t;0,9™) be a solution of @(t) = f(x¢) + 1/m through
(0,4™). Then we claim that z(t) = z(t; 0, ) <gn x™(t) for sufficiently
large m, and all ¢ € [0, 7], where 7 > 0 is any fixed constant. Suppose,
to the contrary, there must be an integer m > 0, t; € (0,7] and an
integer 4, 1 < i < n, such that z(t) <g» 2™(t) for ¢t € [0,¢;) and
x;(t1) = a(t1). Therefore, at t = ¢, #"(t) < #;(¢). On the other
hand, by Axiom 11, z;, <p xj!. Hence, by the quasimonotonicity
condition, we have

Jilze,) < filzf))

from which it follows that at ¢t = ¢y,

#i(1) = filew) < i) < o)) + - < (D)

which is contrary to &;(t) > & (¢t) at t = t;.
Therefore, x(t) <gn» 2™(t) on [0,7]. By Axiom 11, we get T'(t)p <p
T(t)y™ on [0,7]. Taking the limit as m — oo and by the continuous

dependence of solutions ((iv) of Theorem 2.1), we obtain that T'(t)p <p
T(t)1. This proves the conclusion. o

To obtain certain strong monotonicity properties of solutions, we need
further restrictions on the state space and vector field. The following
axioms are useful

Axiom 13. Int P # o
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Axiom 14. There exists a constant Ty > 0 such that for any T > Ty
and x,y € F; with xo <p yo and x(t) <gn y(t) fort € [0, 7], it follows
Tr <p Yr-

Axiom 13 is natural. Axiom 14 indicates a “facing memory” property
from the viewpoint of ordering structure which states that the memory
of a system on its past history grows dim with passing time. Much
has been written about fading memory as a natural physical concept.
For details, we refer to Coleman and Mizel [3—5], Coleman and Owen
(6], Hale and Kato [13], Kappel and Schappacher [17] and Schumacher
[38, 39].

The following one-sided Lipschitz condition on the vector field will
be needed.

Assumption 3. There exists a functional g; : Ry x X? — R such
that for any i, 1 <i < n, fi(t,¥) — fi(t,@) = gi(t, ¢, ¥)[1i(0) — ¢i(0)]
for o, € X with ¢ <p 1.

To guarantee “ignition” of some component of solutions, we assume

Assumption 4. There exists a constant Ty > 0 such that for any
given x,y € Fr, with xo <p yo and x(t) = y(t) on (0,T1] there exists
B, 1<k <n, such that sup{ fi(ys) — fi(z0);0 < ¢ <Ti} > 0.

Finally, we present the following irreducible type of condition which
is essential for strong monotonicity of solutions.

Assumption 5. There exists a constant To > 0 such that if ¥ is a
property, nonempty subset of {1,... ,n}, 7 > Ty, and x,y € F,, where

(i) z;(t) <y;(t) forallje X andt e [t —Ts, 7],
(ii) z;(t) =y,(t) for all j € ¢ and t € [T —T5, 7],
(i) a: <p y: fort e [0,7 — Ty],

then there is a k € X¢ such that fi(yr) — fi(z,) > 0.

We are now in the position to state a strong monotonicity property
of solutions.
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Theorem 2.7. Suppose that axioms 1-6, 10-14 and assumptions 3-5
are satisfied. Then the solution of equation (2.1) defines an eventually
strongly monotone semiflow T(t) : X — X, t >0, i.e., ¢ <p ¢ implies
that T(t)(ﬂ <Lp T(t)w fOTt >To+ T + (n — 1)T2

Proof. Evidently, Assumption 3 implies Assumption 2. Therefore,
by Theorem 2.6, the solution semiflow is monotone. Consequently,
x(t;0,0) <gn x(t;0,1) and z:(¢) <p x:(¢) for all ¢ > 0. If 2(¢;0, ) =
x(t;0,4) on (0,T1], by Assumption 4, we can find k, 1 < k < n,
and t* € (0,71] such that fr(z:(v)) > fr(xe(p)) at t = t*. Hence,
from the assumption that xx(t*;0,¢) = xx(t*;0,%) it follows that the
existence of a constant § > 0 such that zx(¢;0, ¢) < zx(t;0,9) for all
t € (T1,T1 + 0). This property, together with the one-sided Lipschitz
condition (Assumption 3), guarantees that xy(¢;0,¢) < x(t;0,) for
all t > Ty. If n = 1, then we are done. Otherwise, by Assumption
5 and using the same argument as above, we can obtain an integer
j, 1 < j < n, j # k such that z;(¢;0,¢) < x;(£;0,7) for all
t > T, + T5. Continuing this process for a finite number of steps and
using assumptions 3 and 5, we get that x;(¢;0, ) < x;(¢;0,v) for all
t>T+ (n—1)T5 and all 1 <1 < n. Therefore, our conclusion follows
from Axiom 14. This proves the theorem. o

2-E. Examples. In this part we give some examples of state spaces
and retarded equations which satisfy the axioms, quasimonotonicity
and irreducibility conditions described in previous sections.

Example 2.1. Let X be the set of all bounded and continuous
functions from R_ to R™. For any given r = (ry,...,r,) € R"™ with
0 <gn 7, let |r| = maxi<j<nrj. We define a nonnegative functional
p: X — R, as follows

p(f) = max  sup 56

Evidently, p is a seminorm and the quotient space X /p is the Banach
space

Cr={e="(¢1,-- ,¢n); @i:[-ri0] — R is continuous, 1 <3 < n}
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with the norm

|| = e sup i (6:)]-

Clearly, axioms 1-9 are satisfied with

L=1; K(@)=1 for6>0; M@)=1 if 6 <|r|,
M@)=0 if0>|r], andty=|r|+1.

If we define P CC, x C}. by
(p, ) e P iff @i(6;) < i(0;) for1<i<n, —r; <6; <0,

then it is easy to verify axioms 10-14. A retarded equation on C, is
essentially a retarded equation with finite delay. It can be shown that
a cooperative and irreducible retarded equation defined in Smith [42]
satisfies assumptions 2-5 with Top = Ty = T = |r|. Therefore, the
corresponding semiflow is eventually strongly monotone.

Example 2.2. Let X be the set of all bounded and continuous func-
tions from R_ to R™. Suppose a;; > 0 and k;; are given nonnegative
integers, i,j = 1,... ,n. Denote by o = (a;;) and k = (k;;), we define
p: X — R4 by

. (0,
() max _msgggol%( i)l

0
/ (—s)Fiimmeis 5 () ds|.

— 00

+ sup sup
1<i,j<n 0<m<ki;

Evidently, p is a seminorm and the quotient space X = X /p, denoted
by Cy .k, is a Banach space with the norm

_ (0.
ol = max  sup_ lei0h)]

+ sup sup
1<i,j<n 0<m<ki;

0
/ (—s)Fiimm et () ds|.

— 00

In fact, we can show that the mapping

0
©— (<P|[fr]-,01,/ (—s)kii—meYiisp(s)ds, 1 <i,5 <n, 0 <m < k)

— 0o
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for ¢ € Crar is a homeomorphism between C; . and
C, x Rt 2uyma (KiatD),

Axiom 1 is clearly satisfied with L = 1. For any A > 0, & € F4 and
t € [0, A], we have

(2.5)
0 t
/ (—s)Fii~me®iis 3, (s) ds = / (t — 9)Fii—meii6=5.(0) df
_ k”i:m l tle—a,ﬂ,jt /0 (_e)kijfmfleozijGi‘ (9) do
e kij —m —00 !

t
+ﬂ£ (t — @)Fii—meis (0= 5. (9) dp,

from which Axiom 2 follows.

It is easy to verify that

< max su i(0;
el < 1<i<n ,ﬁgeligow (@)

+ max sup

b

0
/ (—s)’“”_meo"ijsgoj(s) ds

1<4,7<n 0<m<ki; -B
0<B<r],
) "
[Pl < max  sup_ i8]

)

0
+ max aup / (_S)kij*meaij‘q(pj(s)ds
1<i,5<no<m<k,; | J -

B=]rl,

—B
/ (—s)k”'_me‘)‘”s@j (s)ds

— 00

lolg < max  sup

P )
1<6,j<n 0<m<k;

B =lrl,

< . .
\wm._ﬁggz_nggg_lwxﬂﬂ

+ max  sup
1<6,5<n 0<m<k;;

0<B<|r|

-B
/ (—s)k“*meo‘”s@j (s)ds

— 00

)
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Therefore, axioms 3-5 hold with

K(3) =14+ max sup

18 for g > 0.
1<6,5<n 0<m <k

0
/ (—s)’“fmeo”jS ds
-8

On the other hand,

-B
/ (—s)k“*meo‘ijsgoj (B+s)ds

— 00

7| < max  sup
1<4,5<n 0<m<k;;

= max  sup
1<4,5<n 0<m<k;;

0
/ = u)ku*meam(ufﬁ)%(u) du

— 00

k:ij—m

< max  sup Z <k: ! >5leaijﬁ

T 1<i,5<n 0<m<k;; =0 ij — T

0
N[t )
— 00

<N max sup  sup  Ble P, B>,
1<4,J<n 0<m<k;j 0<I<k;;—m

where NN is a constant, or

[70ls < max  sup (6, + Bi)]
Isisn —r;<0:<-p

-B
/ (—s)kii=me®iis (B + 5) ds

<(14+N) max sup sup  Ble @iBlpl, 0< < |r|.
1<4,j<n 0<m<k;; 0<I<k;j—m

+ max sup
1<6,5<n 0<m <k

Therefore, Axiom 6 holds with

(2.6) z
N maxi<; j<n SUPg<m<k,, SUPO<I<k,;—m D e il
M(B) < Bz Irl
(/6) — N l —Otir'ﬂ
1+ N maxi<;,j<n SUPg<m<k,; SUP0<i<k,;—m B € *7,
0<B<|rl,

from which Axiom 8 follows. Axioms 7 and 9 can be easily verified.
Moreover, using a(So(t)) < M(t) and (2.6), we get

1 t In M(t
na(So(t)) < n M(z) < — min oy for sufficiently t,
t t 1<i,j<n
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from which and by Theorem 2.5 we obtain
re(So(t)) = e
with

. < — min oy
(2.7) 8 < 1;2;1%710(”

We further define a relation P C X x X as follows
(p, ) € P iff @;(0;) <;(0;) for 0, € [-r;,0], i=1,...,n

and

0 0
| et s < [ (ot ) ds,

— 00 — 00

0<m <k, 1<4,5<n.
Evidently, Axioms 10 and 13 are satisfied. By (2.5), we get Axioms 11,
12 and 14 with Ty = |r|.

To illustrate the quasimonotonicity and irreducibility conditions, we
consider the following Volterra integrodifferential equation

(2.8) @(t)—fi( \V oat, - ),

1<j<n 1<j<n

\/ /too(t - S)kije““(ts)xj(s)ds)

1<j<n

where 7;; > 0, for any y € R", Vi<j<ny; denotes y, f; : R3" —
R is continuous and satisfies local Lipschitz conditions. Let r; =
maxi<;<p Tij. We assume

(H1) for any z,y,2,Z,9,Z € R™ with x; = y; and (x,y,2) <gsa
(jaga 2)7 it follows that fl(xayaz) < fi(‘iag,z)a

(H2) there exists a constant L > 0 such that f;(Z,7,z) — f(x,y,2) >
—L(Z; — x;) for all z,y,2,%,7,Z € R™ with (z,y, 2) <gs» (Z,7, Z),

(H3) for any x,y,2,%,7,zZ € R™ with x <g» T and (y, 2) <gz- (7, 2),
there exists j, 1 < j < n such that if z; = Z;, then f;(z,y,2) <
fj(jagvz),
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(H4) for any nonempty proper subset ¥ C{1,2,... ,n} and z,y, z, T,
¥,z € R" with o; < &, y; <9j, 25 <z for j € X, z; =25, y; < 9y,
zj < zj for j € X¢, we have sup{fi(z,7,2) — fu(z,y,2);k € ¥°} > 0.

It is easy to verify that (H1)—(H4) imply Assumptions 2-5, respec-
tively. Therefore, if (H1)—(H4) are satisfied, then the solution of equa-
tion (2.8) defines an eventually strongly monotone semiflow on C, 4 k.

3. Global dynamics. In this section we give some application to
retarded equations with infinite delay of the general theory of strongly
monotone dynamical systems due to Hirsch [14-16], Matano [23-25],
Nussbaum [33-36], and Smith [41, 42].

First of all, we notice that if Axiom 7 is satisfied, then any equilibrium
point is of the form %o and f(Zg) = 0, where 2o € R™ and & denotes
a constant map on R_ with value zy. In the following part, we assume
that f : X — R™ is twice continuously differentiable. Then, by using
the fundamental inequality in 2-A and the same argument as that for
functional differential equations with finite delay (cf. pp. 47 of [9]), we
can show that the semiflow T'(¢) : X — X, t > 0, is a C?-semiflow on
X, and the Frechet derivative of T'(¢)Zo with respect to ¢ is generated
by the linear retarded equation

(3.1)z, §(t) = Dy f(30)ye = Lag (1).

To study the stability of the above linear equation, we assume
Axiom 15. X =V, -V where V, -V, ={a—y;z € V,,y € Vi }.

Throughout this section, we use the notations in Section 2-C, replac-
ing (2.4) by (3.1)4,; here and in what follows the subscript indicates
the dependence on zy. As an immediate consequence of Theorem 1.3
in Nussbaum [34], we obtain

Theorem 3.1. Suppose that Azioms 1-7 and 9-15 hold, and equation
(3.1), satisfies Assumptions 1, 3-5. Then oy, is an algebraically

simple eigenvalue of Ay, with corresponding eigenvector v in Vi and if
A€ o(Az) —{s(As,)}, then Re A < s(A4,,).
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That oy, is an eigenvalue of A, is very important. This implies
that it suffices to consider real characteristic roots of the characteristic
equation to determine the stability of a linear system.

To provide a simple criterion to determine the stability of equation
(3.1),, by using the sign «,,, we assume the following

Axiom 16. There exists A\g € [—00,0) such that for any b € R"™ and
A> Ao, eNb e X, and if \g < A\ < Ao, then 0 <p e?>¢c <p e ¢ for
any ¢ € R™ with 0 <gn c.

This axiom is satisfied by Example 2.1 with A9 = —oo and by
Example 2.2 with A\ = —mini<; j<p ;.

Theorem 3.2. Suppose that Axioms 1-7, 9-12, 15 and 16 hold,
equation (3.1),, satisfies Assumptions 1 and 3, and

(3.2) lim s(Ly, (e 1)) > Ao, lim s(Ly,(e* 1)) < 400,
A=AE A—o0

0
where s(-) denotes the supremum of the real parts of the characteristic
roots of a matriz. Then a,, < 0 (o, > 0) if and only if s(Lg, (€% 1)) <
0 (8(Lzoe® 1)) > 0). Moreover, s(Ly,(e*I)) <0 if and only if

. Lzol(eo.gl) Lmol(eo.gj)
(—=1)det >0, j=2,...,n.
Lyyj(€¥e1) -+ Layj(eey)

Proof. Following Smith [42], we consider L, (e*I) for real values
A € (Mg, 00). By Assumption 3 and Axiom 16, for any A1, Ay € (Ag, 00)
with )\1 S )\2,

Lygi(eMe5) = Lugi(eX'¢5)

Z gz(t7 6)\2‘€j, 6>\1A€j)51‘j(6>\140 — 6)\2'0) = O,
where §;; is the Kronecker notation. Therefore, L, ;(e*¢;) is nonin-

creasing for i,j = 1,2,... ,n. Again, by Assumption 3 and Axiom 16,
one has

Lygi(e¥es) > gi(t,0,Ve;)855(eN0 = 0) = 0 if i # j.
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Therefore, L,,(e* I) has nonnegative off-diagonal elements, and, thus,
$(Ly, (eM1)) is an eigenvalue of L,, (e I). By the nonincreasing prop-
erty of Lmoi(e)"sj), 1 < 4,5 < n, we obtain a continuous increas-
ing function A — s(Ly,(e* 1)) from (\g,00) into R which has limit
as A — A and A — oo by our Assumption (3.2). Obviously,
if s(Ly,(e”I)) > 0, then there exists a unique A\* € ()\g,00) such
that \* = s(Ly,(e*" 1)) and A* > 0; if s(Lg, (")) < 0, then
by our assumption lim/\_>)\0+ 8(Lyy(eM1)) > Ao, there exists a unique
M € (Ao, 00) such that \* = s(L,, (e ")) and \* < 0. Using the same
argument as that for Theorem 3.1 in Smith [42], we can prove that \*
is a unique real characteristic root. Therefore, by Theorem 3.1, a = \*.
This completes the proof. a

The importance of the above theorem lies in the fact that the stability
of linear system (3.1),, is determined by the corresponding ordinary
differential equation

(3-3)a, y(t) = Lay (y(t))

where L,, : R" — R" is defined by L., (z) = Ly, ().

We now return to nonlinear system (2.1). In the case that a,, < 0
at the equilibrium point %, this point is locally asymptotically stable.
In the case that a,, > 0 at &g, the equilibrium point is unstable.
The following result indicates the existence of a heteroclinic orbit
emanating from this unstable equilibrium and terminating at another
stable equilibrium or infinity.

Theorem 3.3. Suppose that
(i) Azioms 1-7, 9-15 and

Axiom 17. V. is normal, i.e., there exists a constant QQ > 0 such
that 0 <p ¢ <p ¢ implies |p| < Q|Y|, are satisfied,

(ii) system (2.1) satisfies Assumptions 2-5;

(i) @ is an equilibrium point at which equation (3.1),, satisfies
Assumptions 1, 3-5 and oy, > 0.

[¢]

Then there exists a C*-map, y : [0,00) — X, satisfying
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a) y(s) =20+ sv+o(s) as s — 07, where v is defined in Theorem
3.

)

(
1
(b) y(s) € o+ Int V4,
(c) () ()*y(e ts),s>0,t>0,
(d) 0< 51 < sy implies y(s1) < y(s),
(e) hms_,OO ly(s)] = oo or limseoy(s) = &1, where &y is an
equilibrium point,

(f) in the case that limg_. y(s) = &1, then limy_,o, T'(t) = &1 for
all o € X with 9 < ¢ < 7.

This is an immediate consequence of an invariant curve theorem in
Smith [41] and Theorem 3.1.

The following result provides some information about global attrac-
tors.

Theorem 3.4. Suppose that all conditions in Theorem 2.4 are sat-
isfied, Azioms 10-13 and equation (2.1) satisfy the quasimonotonicity
condition. Denote by W the global attractor, and by Q) the set of non-
wandering points, i.e.,

Q= {y € X; there exist sequences p; — ¥ in X and
t; — oo such that T(t;)e; — ¥}

Then any mazimal element ¢ € Q NW s an equilibrium and there
exists 1 > 1 such that T(t)p — ¢ ast — oo for any ¢ € X with
P < p <. A similar result holds for minimal elements.

As a consequence, we have the following global convergence theorem.

Corollary 3.1. Suppose all conditions in Theorem 3.4 are satisfied
and W contains only one equilibrium point. Then for any ¢ € X,
T(t)p — 9 ast — 0.

The above results are consequences of Theorem 2.4 and Theorems 3.2
and 3.3 in Hirsch [14].
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Theorem 3.5. Suppose that Azioms 1-14 and Assumptions 2-5 are
satisfied, and
(i) X is separable;

E

(ii) any closed order interval [[p, Y]] ={§ € X;0 <p & <p ¢} is

bounded in X;
(iii) for any bounded set W C X, the orbit v+ (W) is bounded;
(iv) system (2.1) is point dissipative.

Then for any equilibrium 1, & in X with ¢ <p &, if there is no other
equilibrium in [[1,£]], then either every trajectory in [[¢,€]] | {¥}
approaches to &, or else every trajectory in [[,€]] | {{} approaches

to 1.

Proof. By Theorem 2.4 and conditions (ii),(iii), for any closed
order interval [[¢,]], the orbit v ([[¢,]]) is precompact. Therefore,
T(t) : X — X, t > 0 is order-compact. Therefore, our conclusion
follows from Theorem 10.5 in Hirsch [16]. O

Using Theorems 2.2, 2.7, Theorem 9.6 in Hirsch [16] and the remark
following Assumption 1, we obtain the following generic convergence
theorem

Theorem 3.6. Suppose that
(i) Awzioms 1-16 and Assumptions 2-5 are satisfied,
(ii) the set of equilibria is a finite set;

(iil) X is separable and B < 0, where (3 is defined in Theorem 2.5
which depends on only the phase space;

(iv) each orbit is bounded;

(v) for any equilibrium o such that oy, > B, system (3.1),, satisfies
Assumptions 3-5, (3.2) and o, # 0.

Then the union of the basins of attractions of the equilibria with either
gy = B or 8(Ly, (%)) < 0 is an open dense subset of X.

Finally, we state a consequence of Corollary 2.4 in Hirsch [14].
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Theorem 3.7. Suppose that Axioms 1-6, 10-13 and Assumption 2
are satisfied. Then there cannot exist an orbitally asymptotically stable
(nontrivial) periodic orbit.

4. Applications to global dynamics analysis of schistosomi-
asis japonicum. In this section we apply our results in previous
sections to a model equation of schistosomiasis japonicum. We focus
on mathematical analysis of the model equation and leave the detailed
parasitological background and biological discussion of our results for
another paper, Wu [45].

We consider an idealized focus of infection—a relatively isolated
community where each group of definite hosts are equally exposed to
the risk of infection and are not subject to the processes of birth, death,
immigration or emigration. Births and deaths, but not immigration
or emigration, will be assumed to occur in the intermediate host
population under the simplifying hypotheses that at the instant a
snail dies an uninfected snail is born. For ease of reference, we
denote in the sequel by Pi,..., P, the definite host which may be
infected by s. japonicum, denote by wu;(t) the average load of mated
s. japonicum in mature form in each individual of P; at time ¢, by N;
the total population of P; and by Ny the total number of snails. Then
the transmission dynamics of s. japonicum among Pi,..., P, can be
modeled by the following system of functional differential equations
with infinite delay

(4.1)
ai(t) = —hy(ui(t))
+y9 ( Li 32 i Kymigus (t — 735)
Z] 1 Kmijuy(t—Ti; +f 8ij(t—s)kise=ii(t=5)y,(s) ds—Inp
[ 01t = s)Faem Dy (s) ds
g Kmigug (E=i; +f 0ij(t—s)kueeist=)u;(s )dS—lnp)

where 3; > 0 is the death rate of worms in each individual of P;,
L; > 0 measures the potential of the intermediate host population
to deliver schistosomes to a given definite host, K; > 0 represents
the ability of a paired female schistosome to deliver viable miracidia
to a given uninfected snail, 6;;,7;; and «;; are positive numbers, k;;
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are nonnegative integers, 0 < p < 1, 75 + 655 fooo skise=is ds = 1,
gi(b;) is a twice continuously differentiable function of b; > 0, denoting
the average load of paired schistosomes when the average load of
schistosomes is b;, and

hi(ui) = Bigi(g; "(ui))g; H(us), 1<4,5<n.

In the model equation (4.1), the discrete delays and integrals are used to
characterize the transit-time distribution. Following Nasell and Hirsch
[32], we assume that

Assumption G. g;(b;) > 0, g;(b;) > 0, g{'(b;) > 0 and byg;(b;) —
gi(b;) > 0 if b; > 0, and all these inequalities are strict for b; > 0;
9:(0) =0, gi(0) =0, g;(b;) — o0 and g;(b;) — oo as b; — 0.

Therefore, h; is continuously differentiable and increasing.
The general term involving integration is of the form

t
t— s)kiiem @ (t=5)y (5) ds
j

— 00

kij l 0
= ( ) (/ (—s)kii—leiisy,(s) ds) tle= st
kij o

=0
t
+ / (t — s)kia e (=D (s) ds.
0

Therefore, it is natural to select C, ., as the state space, where
r = (ri,...,r), rj = MaXi<i<nTij, 1 < j < n, a = (o) and
k= (ki;).

In Section 2-E we proved that C, ., satisfies Axioms 1-14 and
B < —mini<; j<n o < 0. Moreover, it is easy to verify that Axioms
15 and 16 are satisfied with Ao = —mini<; j<p ;.

For any x,y,z € R", define

(42) fi< Voo VoV )

1<j<n  1<j<n 1<j<n
LS KMy + 85525
= —hi(z:) + gi . E]—l J(njyj j _]) .
> =1 Ki(nijy; + 0ijz;) —Inp
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Then (4.1) can be rewritten as

(43) uz«t):fi( \V owt), (- ),

1<j<n 1<j<n

V[ e o).

1<j<n’ ~

Because of the increasing property of the function s/(s—Inp) for s > 0,
we can easily verify assumptions (H1-H4). Therefore, we obtain

Proposition 4.1. Equation (4.1) defines an eventually strongly
monotone semiflow on Cp o k.

The following results show that solution with nonnegative initial
condition remains nonnegative and bounded and system (4.1) is point
dissipative.

Proposition 4.2. If p € C, 4 with ¢ > 0, then u(t;0,¢0) >gn 0

and T(t)npéut(go) > 0 for all t > 0. Moreover, system (4.1) is point
dissipative.

Proof. Noting that u(t;0,0) = 0 for all ¢ > 0, by Theorem 2.6, we
obtain
u(t;0,0) =g w(t;0,0) =0 and T(t)p >0
provides u(t; 0, ¢) exists. On the other hand, s/(s—1np) <1 for s >0
implies that

(4.4) Ui (t) < —hi(ui(t)) + gi(Ls)

from which it follows that u;(¢) < max{u;(0), M;} provided u;(t) exists,
where M; = h;l (9:(L;)). By the continuation property in Theorem 2.1,
we conclude that u(t; 0, ) exists for all ¢ > 0. This prove the first part.

By (4.4) it is easy to verify that for any solution of (4.1) with ¢ > 0,
lim;_, o sup u;(t) < M; + 1. Therefore

lim sup max w;(t+60) <M; +1

t—o0 —r; <0<0
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and 0
tlim sup/ wi(t + s)(—s)F7 e ds < (M; + 1)Ly,
where
0
L;; :/ (—s)Miieii® ds.
Let

B={p € Cranlel <(M;+1)(Lij +1), 1 <1i,j <n}.

Then B is a bounded set in C 4, and for any ¢ € Cy o, T(t)p € B
for sufficiently large ¢. This proves the point dissipativeness of system
(4.1).

By Theorem 2.4, there exists a global attractor. To describe the
structure of the attractor, we consider the existence of equilibria.
Evidently, an equilibrium point &, x € R", with 0 <g» x is a solution
of

LY K

4.5 hi(2:) = g; g=1- ) 1<i<
( ) z(xz) gi <Z;'l=1 Kjfﬂj “Inp s stsn
from which we obtain
(4.6) zi=h;'ogi(Lig(z)), 1<i<n,
where

" Kix,
(1.7) o) = L

Y Ky —Inp’
From (4.6) it follows that

JA—] L; -1 .
189 w=pten2n (o (Fort @), 1izn

Hence, z is an equilibrium if and only if x; solves the following equation

Ly 325 Kipj(a)
>ie Kjpj(w1) =Inp |

(49) h1($1) =01 (
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We assume that

LY Kpi(z
(4.10) 0 is a regular value of hy(z1) — 1 ( 12 Ky (@1) > .

> i1 Kjpj(z1) —Inp

It follows that there exists at least one equilibrium (0,...,0) and that
the number of equilibria is finite. In fact, we have the following.

Proposition 5.3. Under the assumption (4.10), at equilibrium x we

have

"\ LiK;g;(Ljq(x))
(4.11) v(m); W 41,
where
(4.12) o(z) = —lnp

n 2"
(ijl Kjx; — lnp)
The number of equilibria is odd, and the equilibria are totally ordered

ot Cpn 2? Kpn o Lpe 2P 2 =(0,...,0).

3 , x2m+1

Moreover, at x*,x3, ... , we have

"\ L;iK;g;(Ljq(x))

(4.13) v(z) <1,
jz:; b (x;)
and at 2%, ... ,x*™, we have
" LK.q (L.
(4.14) v(z) Z M > 1.

;i (z5)

=1

Proof. We consider the derivative of

. Liy7iy Kjpj (1)
1 I .
> =1 Kjpj(x1) —Inp
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Differentiating (4.8) with respect to 1, we obtain

eplen) = o (For (o)) - (o - haGen))
(4.15) o
— g(Lia(2)) - 2L —,hl(m) » l=sgj=n
J Ly g1(L1g(x))
Therefore
(4.16)
d L1y Kpj(@)
dz, ! > im1 Kjpj(x1) —Inp
—In " K (x
_ gi(qu(év))'Ll . pE]:1 Jp]( 1) ;
(Z?:I Kjpj(z1) — hlp)
=g1(Lg(2)) - Ly
. —Inp - B hll(Il)LjQ;-(Lj‘J(I))
(le Kjr; — lnp)2 ;KJ hj(25)L1g1(Lg(2))

2 T
(Z?ﬂ Kjuj — hlp) =1 hj(x;)
- K; - ngl‘(qu(x))
=v(z) J
; h(x;)
Hence (4.10) implies the inequality (4.11). Note that h;(0) = §; and
9:(0) = 0. Therefore, at 1 = 0 we have

ig Ly 325 Kjpj(a)

de” \ 7y Kjpj(wr) —lnp

> < hll(l‘l)

This implies that

hi(z1) > g1 < L Zy:l Rips(n) )

Z?:l Kjpj(z1) —Inp
for 1 > 0 and close to 0. On the other hand,

Ly 370 Kpj(z1)
lim g¢ == =g1(L
xr1—00 1 (Zj_l ijj(.’lfl) —lnp 1( 1)
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and lim,, .o h1(z1) = co. Therefore, by the well-known intermediate
value theorem of continuous functions, the number of equilibria is
odd, and (4.13) and (4.14) are satisfied under the assumption (4.10).
The total ordering property of equilibria is implied by the increasing
property of p;(z1) as a function of 1, 1 < j < n. This completes the
proof. o

In the case of a unique equilibrium, by Corollary 3.1 we obtain

Theorem 4.1. If (4.9) has only one nonnegative solution 0, then for
any ¢ € Cr ok, limy_oo T(t)p = 0.

The case of multi-equilibria is more complicated but cannot be
chaotic. For example, by Theorem 3.7, we have

Theorem 4.2. System (4.1) has no attracting periodic orbits.

To give more information about global dynamics, we consider the
stability of each equilibrium point. It is easy to calculate that at
equilibrium Z, the linear variational equation is

(4.17) () = —hj(wi)uq(t)
+L1’U(£L')g;(qu(l'))ZKj {m—juj (t—‘TZJ)‘Hs”/ (t_s)kij efaij(th)uj(s) d8:| .
j=1 -

o0

One can verify that (3.2) holds with A\g = —mini<; j<n a;;. Therefore,
by Theorem 3.2, the stability of & is determined by the stability of the
corresponding ordinary differential equation

(@18)  da(t) = —hi(ui(t) + Lio(@)gi(Lia(@) Y- Ku;(0).

Therefore, for any [, 1 <[ < n, we consider



=0

. &@F — 1)\ y .. (1) Ty =
(z) Qsidwiﬁqmw T| ()l (1) by
(D

ErE e LS ) Bart ()| ()l (52 1),0) =

(1) = 0 O L (1)
0 (z2) %~ L (o) 10P,(1-) =

br((@)bry)B(@)nty - ey((@)bry)6(@)aty  Ty((2)br1)6()atT + (1) jy—
Ly ((2)b17)j(2)alg + (1o)jy— - ex1((2)bi7)[6(x)aly Ly ((2)big)6(z)niq

i ((2)beq)56(x)ast e ((@)be)B(x)atT + (22) y— i ((2)beq)56(x)net 1P, (1-)

DI ((x)b17) jB(x)at ax((x)b17) jb(x)at L7 ((2)b1) jB(z)alT + (1) fy—
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By Theorems 3.2, 3.3 and 3.5, we obtain

Theorem 4.3. 31,23,... 2% is (locally) asymptotically stable,
2,24, ..., 2% is unstable, there exists a monotone increasing orbit

connecting &' to 2% and a monotone decreasing orbit connecting &> to

22, and the identical assertion holds for the other equilibria &3, %%, ... .
Moreover, if 2271 < ¢ < 2%, k= 1,...,m, then limy .o, T(t)p =
22 i ek < o < @Rk =1,...,m, then lim;_ o T(t)p = 22F+1

and if 22T <, then limy_ o T(t)p = 2™ +L.
By Theorem 3.4, we obtain

Theorem 4.4. The global attractor is contained in the closed interval
([0, &2 1]

Finally, by Theorem 3.6, we have

Theorem 4.5. The union of the basins of attraction of *,33,... |
22+ s open and dense.

Acknowledgment. The author would like to thank the referee and
Professor H.I. Freedman for their careful reading of the manuscript
and their valuable comments. The author is also grateful to Professor
H.L. Smith for his helpful discussion on several problems in retarded
functional differential equations with infinite delay and spectral theory
of positive semigroups.

REFERENCES

1. D.J. Bradley and R.M. May, Consequences of Helminth aggregation for the
dynamics of schistosomiasis, Trans. Roy. Soc. Trop. Med. Hyg. 72 (1978), 262-273.

2. T.A. Burton, Volterra integral and differential equations, Academic Press, New
York, 1983.

3. B.D. Coleman and V.J. Mizel, Norms and semigroups in the theory of fading
memory, Arch. Rat. Mech. Anal. 23 (1966), 87-123.

4. , On the general theory of fading memory, Arch. Rat. Mech. Anal. 29
(1968), 18-31.




GLOBAL DYNAMICS 305

5. , On the stability of solutions of functional differential equations, Arch.
Rat. Mech. Anal. 30 (1968), 173-196.

6. B.D. Coleman and D. Owen, On the initial value problem for a class of
functional differential equations, Arch. Rat. Mech. Anal. 55 (1974), 275-299.

7. H. Freedman and J.H. Wu, Monotone semiflows generated by neutral func-
tional differential equations with application to compartmental systems, Canadian
J. Math., in press.

8. K. Hadeler and D. Glas, Quasimonotone systems and convergence to equilib-
rium in a population genetic model, J. Math. Anal. Appl. 95 (1983), 297-303.

9. J.K. Hale, Dynamical systems and stability, J. Math. Anal. Appl. 26 (1969),
39-59.

10. , Theory of functional differential equations, Appl. Math. Sci. 3,
Springer-Verlag, New York, 1977.

11. , Retarded equations with infinite delay, in Proceedings of the sum-
merschool and conference on functional differential equations and approximation
of fized points, (H.O. Peitgen and M.O. Walther, eds.), Bonn, 1978, 157-193.

12. , Asymptotic behavior of dissipative systems, Mathematical Surveys
and Monographs 25, AMS, Providence, 1988.

13. J.K. Hale and J. Kato, Phase space for retarded equations with infinite delay,
Funkcialaj Ekvac 21 (1978), 11-41.

14. M.W. Hirsch, The dynamical systems approach to differential equations, Bull.
Amer. Math. Soc. 11 (1984), 1-64.

15. , Systems of differential equations that are competitive or cooperative
II: Convergence almost everywhere, SIAM J. Math. Anal. 16 (1985), 423-439.

16. , Stability and convergence in strongly monotone dynamical systems,
J. Reine Angew Math. 383 (1988), 1-53.

17. F. Kappel and W. Schappacher, Some considerations to the fundamental
theory of infinite delay equations, J. Differential Equations 37 (1980), 141-183.

18. F. Kunish and W. Schappacher, Order preserving evolution operators of
functional differential equations, Bull. Union Mate. Italiana 16B (1979), 480-500.

19. K.L. Lee and E.R. Lewis, Delay time models of population dynamics with
application to schistosomiasis control, IEEE Trans. Biomed. Eng. BME-23 (1976),
225-233.

20. T. Lewis, A model for the parasitic disease bilharziasis, Adv. Appl. Probab.
7 (1975), 673-704.

21. N. MacDonald, Time lags in biological models, Lect. Notes in Biomath. 27,
Springer-Verlag, London, 1978.

22. R.H. Martin, Asymptotic behavior of solutions to a class of quasimonotone
functional differential equations, in Abstract Cauchy problems and functional dif-
ferential equations, (F. Kappel and W. Schappacher eds.), Pitman, Boston, 1981,
91-111.

23. H. Matano, Asymptotic behavior and stability of solutions of semilinear
diffusion equations, Publ. Res. Inst. Math. Sci. 15 (1979), 401-454.



306 J. WU

24. , Existence of nontrivial unstable sets for equilibrium of strongly order-
preserving systems, J. Fac. Sci. Univ. Tokyo, Sec. t-1A Math. 30 (1983), 645-673.

25. , Strongly order-preserving local semi-dynamical systems—theory and
applications, in Proceedings of autumn course on semigroups, (Trieste, Italy, Dec.
1984), Res. Notes in Math., Pitman, New York, 1985.

26. R.M. May, Togetherness among schistosomes, its effects on the dynamics of
the infection, Math. Biosci. 35 (1977), 301-343.

27. R.K. Miller, Nonlinear Volterra integral equations, Benjamin, New York,
1971.

28. T. Naito, Integral manifolds for linear functional differential equations on
some Banach space, Funkcialaj Ekvac. 13 (1970), 199-213.

29. , On linear autonomous retarded equations with an abstract space for
infinite delay, J. Differential Equations 33 (1979), 74-91.

30. , On autonomous linear functional differential equations with infinite
retardations, J. Differential Equations 2 (1976), 297-315.

31. I. Nasell, On eradication of schistosomiasis, Theor. Popul. Biol. 10 (1976),
133-144.

32. I. Nasell and W.M. Hirsch, The transmission dynamics of schistosomiasis,
Comm. Pure Appl. Math. 26 (1973), 395-453.

33. R.D. Nussbaum, The radius of the essential spectrum, Duke Math. J. 37
(1970), 473-488.

34. , Positive operators and elliptic eigenvalue problems, Math. Zeit. 186
(1984), 247-269.
35. , A folk theorem in the spectral theory of co-semigroups, Pac. J. Math.

113 (1984), 433-449.

36. , Hilbert’s projective metric and iterated nonlinear maps, Mem. Amer.
Math. Soc. 391, 1988.

37. Y. Ohta, Qualitative analysis of nonlinear quasimonotone dynamical systems
described by functional differential equations, IEEE Trans. Circuits and Systems 28
(1981), 138-144.

38. K. Schumacher, Ezistence and continuous dependence for functional-
differential equations with unbounded delay, Arch. Rat. Mech. Anal. 67 (1978),
315-335.

39. , Dynamical systems with memory on history-spaces with monotonic
seminorms, J. Differential Equations 34 (1979), 440-463.

40. H. Smith, Periodic solutions of periodic competitive and cooperative systems,
SIAM J. Math. Anal. 17 (1986), 1289-1318.

41. , Invariant curves for mappings, SIAM J. Math. Anal. 17 (1986),
1053-1067.
42. , Monotone semiflows generated by functional differential equations,

J. Differential Equations 66 (1987), 420-442.

43. J. Wu, N. Liu and S. Zuo, The qualitative analysis of model of the trans-
massion dynamics of Japaneses schistomiasis, Applied Mathematics, a Journal of
Chinese Universities 2 (1987), 352-362.



GLOBAL DYNAMICS 307

44. J. Wu, Strong monotonicity principles and applications to Volterra inte-
grodifferential equations, Differential Equations: Stability and Control (Saber ed.),
Marcel Dekker, 1990, 519-528.

45. , Mathematical models for the transmission dynamics of schistosomi-
asis japonicum, preprint.

INSTITUTE OF APPLIED MATHEMATICS, DEPARTMENT OF MATHEMATICS,
UNIVERSITY OF ALBERTA, EDMONTON, ALBERTA, T6G 2G1, CANADA

Current Address: DEPARTMENT OF MATHEMATICS AND STATISTICS, YORK
UNIVERSITY, NORTH YORK, ONTARIO, M3J 1P3, CANADA



