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FAST BOOLEAN APPROXIMATION METHODS
FOR SOLVING INTEGRAL EQUATIONS
IN HIGH DIMENSIONS

YUESHENG XU AND AIHUI ZHOU

ABSTRACT. Solving integral equations in high dimensions
requires a huge computational effort and hence fast methods
are desirable. We develop and analyze Boolean approximation
methods using the piecewise constant functions for solving in-
tegral equations of the second kind on a unit cube in R%,
including the Boolean Galerkin method and the Boolean col-
location method. These schemes are based on an idea from
Boolean sum approximation to obtain a linear combination of
multiple coarse levels of approximations. We prove that these
schemes provide fast computational methods. Specifically,
they have convergence in order O(hlog?~!(h~1)), with com-
putational cost in order O(h~1log? 1 (h~1)), as h — 0, where
h is the mesh size used in the methods. For the special case
when d = 2, we develop an iterated Boolean Galerkin method
and prove the super-convergence property of this method.

1. Introduction. Integral equations of the second kind with smooth
kernels in high dimensions have important applications in many areas
such as physics, engineering and finance. Regularization of integral
equations of the first kind also leads to integral equations of the second
kind with smooth kernels (see, for example, [12] and the references
cited therein). In particular, for applications of high-dimensional inte-
gral kernels in learning theory, see a recent paper [6]. In some areas
of machine learning, a meaningful dimension is in the hundreds. Solv-
ing integral equations in high dimensions is a very challenging task
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due to huge computational cost, and thus, fast numerical schemes are
highly desirable. In this paper we propose fast methods using a com-
bination technique based on Boolean approximations for solving high-
dimensional integral equations of the second kind with a smooth ker-
nel. Due to the high-dimensional nature of these equations, we will use
the space of the piecewise constant functions as our approximation
space and consider both Boolean Galerkin and Boolean collocation
methods. In these methods, we construct Boolean sums of approxi-
mate solutions obtained from the Galerkin method or the collocation
method using different mesh sizes to reduce order of computational
complexity while preserving order of convergence of the correspond-
ing standard method. Specifically, the proposed methods have con-
vergence of order @(hlog? *(h~1)), with computational cost in order
O(h~'log® ' (h~1)), where d is the dimension and h is the mesh size
used in the methods. Let us now explain what we mean in this paper
by the computational cost. The term computational cost used in this
paper refers to the total number of grid points in the partitions with
different mesh sizes used in the methods. These methods have almost
the same order of convergence as that O(h) for the standard methods
and reduce significantly the computational cost O(h~9) for the stan-
dard methods. Another important property of this method is that it
can be parallelized in a very efficient manner.

We now use the two-dimensional case as an example to demonstrate
the key idea of these methods. Let h, and h, denote the mesh-size
in z-axis and y-axis, respectively, and let Ry, », u be the Galerkin
approximation of the solution u of an equation on a uniform rectangle
grid of h, and h,. Suppose that h := 27" is the finest mesh-size. The
combination solution of level n is defined by

n n—1
ufl = E R27i72i7n—1’u,— E R2—i72i—nu.
i=1 i=1

We will call uf the multi-level Boolean-Galerkin approximation of
u. Usually the approximate solution uj§ is nearly as accurate as the
approximate solution Ry, ,u while the computational cost required for
the calculation of solutions Ry, n,u, which are used for the calculation
of uj, is much less than that for the calculation of Ry pu. Note that
the computational cost for Ry, pu is O(22") while that for u$ is O(n2").
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The Boolean sum approximation is also used in [11] in conjunction
with the degenerate kernel scheme for solving integral equations to
achieve a higher order of convergence. The d-dimensional Boolean
sum approximation studied in this paper is closely related to the d-
dimensional Boolean interpolation which is first constructed in [7]. This
technique is originally used in [9] to reduce computational complexity
in the numerical solutions of partial differential equations and it has
been extensively studied in, e.g., [3, 4, 16-18]. This combination
technique is analogous to the sparse grid method and the multi-
parameter extrapolation method discussed in [19, 21, 22].

In this paper we will study the Boolean approximation methods for
solving integral equations of the second kind, including the Boolean
Galerkin and Boolean collocation methods, aiming at reducing the
computational complexity with preserving the order of accuracy. In
Section 2 we describe a combination technique based on the Boolean ap-
proximation and review results on the convergence order of the Boolean
approximations. Sections 3 and 4 are devoted to the development of
the Boolean Galerkin method and Boolean collocation method for solv-
ing integral equations of the second kind, respectively. In Section 5
we develop the Boolean iterated Galerkin approximation for solving
two-dimensional integral equations of the second kind and prove the
super-convergence property of the iterated method.

2. The Boolean approximation. In this section we describe
a combination technique based on the Boolean approximation. This
technique will be used in the next three sections to develop Boolean
approximation schemes for solving Fredholm integral equations of the
second kind defined on the unit cube in R%.

We begin with the definition of notations. Let 0:= [0, 1] be the unit
cube in R%. We use W*P(0) to denote the standard Sobolev spaces
of functions whose derivatives of order less than or equal to s are in
LP(m). We denote by Ny the set of all nonnegative integers. For a
function v € W*?(0), a point = := (xg,z1,... ,Z4—1) €0 and an index
a:= (ag,a1,... ,aq4-1) € N&, we let

o o 6(10 aad—lv
(D) (z) == (31:8‘0 &vg‘ill) x).
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The norms and semi-norms for the space W*?(0) are defined by

1/p 1/p
|s7p:=(Z|D%||g) and vs,p:(Zqug) 7

|a|<s lal=s

[[v

respectively, see, e.g., [1, 5]. When p = 2, we let H*(n) = W*P(0),
l-lls = Il llsp> |1l = || lo and we use (-, -) for the standard L?(0) inner
product. We will also use the negative norm || - ||—1, which is defined
for w € H=1(0) := (H'(0))* by

scri@ [9lh

One of our purposes in this section is to describe the multi-dimensional
tensor product interpolation operator. To this end, we first define the
interpolation operator in one dimension. For a positive integer n, we
let Z, := {0,1,...,n — 1} and h := 1/n. Let T"[0,1] be a uniform
mesh of the interval [0, 1] with the mesh size h, i.e.,

T"0,1] := {[ih, (i + 1)h) : i € Zp,}.

We use 9°T"[0, 1] to denote the set of the midpoints of the subintervals
in the mesh T"[0, 1], namely,

9*1T"0,1] = {(z+ %)h Qe Zn}.

Define the space of piecewise constant functions in L>°[0, 1] by setting
S"[0,1] := {v € L*°[0,1] : v|, is constant, 7 € T"[0, 1], v(0) = v(1)}.
We consider the space of continuous periodic functions on [0, 1]
Cp[0,1] :={v € C[0,1] : v(0) = v(1)}

and note that the derivative of a differentiable function in C,[0,1] is
also periodic. Let I, : C,[0,1] — S”[0,1] be the Lagrange interpolation
operator defined for v € C,[0, 1] by the equations

(Iyw)(t) = v(t), ted>T"[0,1], and (Iv)(1) = u(%)
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We next describe the multi-dimensional notation. For h = (ho, ...,
hq—1), where h; is either 0 or 27% with i¢; € Ny, define a mesh of the
unit cube 0in R? by

™ =T"[0,1] x --- x T"-1[0,1]

and note that 7™ provides a partition for the unit cube o. The
corresponding space of piecewise constant functions on O is then defined
by
SP@) = S™0,1]® - 8"-10,1].
We remark that S®(0) is the tensor product space of the space of
piecewise constant functions on the interval [0,1]. The interpolation
operator from C,(0) := Cp[0,1] x -+ x Cp[0,1], d times, into SP(0) is
defined by
Ih :Ih() O-~-OIhd_1.

For a = (ag,1,... ,q—1) we set
o, (e7)) ad—1
h® := hg° - h, 7",
and
ho = (h()Oé(), . 7hdfloédfl).

We define the order a < 3 for the elements «, 3 € {0,1}¢ by a; < 3;
for all i € Z;. Furthermore, we denote 0 := (0,...,0) € R
e:=(1,...,1) € R% and for i € Zg, e; := (0,...,0,1,0,...,0) € R?
whose ith component is one and zero otherwise. We observe that, if
a+ 3 < e, then

(2.1) DInte—p) = In(e_p D

We also need the notion of the mixed Sobolev space (cf., [18]), defined
for « € {0,1}? and 1 < p < oo by

WoP(@) := {w € LP(0) : D°w € LP(n), for all 3 with 0 < 8 < a}

mix

with the associated norm given for v € W22 (o) by

mix

1/2
ol :—( ) |Df%|z) .

0<B<a
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In particular, we denote
He (D) := W22(D).

mix

Noticing the basic interpolation estimate, that is, there exists a
positive constant ¢ such that, for i € Zy,

(2.2) v — I,

| < chil|D%v], for all v € H (@),

we conclude that there exists a positive constant ¢ for all v € He(O)
such that

(2.3) lv — Inv|| < emax{hg,...,hq—1}|v||He.

For 0 < a < e, we define the error operator IIf by

Iy = J[ (- 1np)
0<f<a
Bl=1

and record in the next lemma a result regarding this operator which
was established in [18].

Lemma 2.1. There hold the following statements.

(i) For0 < g <e,

I—Iyg=— Y (=D,
0<a<p
lal>1

(i) For o, B,a + B € {0,1}¢, if v € H*B(D), then there exists a
positive constant ¢ such that

105 0ll o < ch® ol oo

We next define the orthogonal projection from L?(0) onto S®(g). Let
Py, : L?(0) — S®(1) be the L? projection defined as follows. For every
v € L%(n)

(v — Pyv,s) =0 for all s € SP.
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It can be verified that, for any 0 < «, 8 < e with a + 8 < e, there
holds the identity that, for every v € H*(m) N Cy (1),

(2.4) DaPhﬁU = PhﬁDa’U.

We also have the estimates of the order of convergence for the projection
Py, which we describe below. If v € H®(), then there exists a positive
constant ¢ for all i € Z,

(25) o= Phe,vll < chell D%l
and
(2.6) [lv = Pav|| < emax{hg,...,hq—1}||v||me-

Next we describe the Boolean approximation to a given function. For
this purpose we define the index set J¢ := {1,2,... ,n}? for a given
integer n € N. For a vector i = (ig, ... ,ig_1) € J2, we choose

h = hz = (ho, e ahd—l) = (271‘0’ . 7271}1—1).

Let W,, := {wy, : i € J?} be a sequence of approximations to a function
w € L?(™D). We construct from this sequence of approximations the
Boolean approximation wy,, h := 27" to w by the formula

L d—1
(2.7) wh:—Z(—l)’“( k) > wn,.
k=0 lil=n+d—k—1
icJ?

In particular, for interpolation projection Ip,, we have the Boolean
interpolation Ifu for u € C(0) defined by

d—1

d—1
c.. . k
Iu=3(-1) ( " ) Y hu
k=0 li|=n+d—k—1
ieg?

Likewise, for the orthogonal projection P,,, we have the Boolean
orthogonal projection Pfu for v € L?(0) defined by

d—1 d—1
p,gu:z(_m( k) Y A
k=0 lij=n+d—k—1

ieJ?
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When d = 2 formula (2.7) reduces to

n n—1
(2.8) wy, = Zw(Q—kyz—(nﬁ»l—k)) - Z W(a—k 2—(n—k))-
k=1 k=1

We also have similar formulas for I;u and P u in the two-dimensional
case. Formulas of this type use a combination of approximations from
W, to construct a better approximation for w. This technique was used
in [7] to develop a Boolean interpolation for a function of d variables,
in [11] to obtain an approximation solution of integral equations of
higher convergence order with a fixed computational complexity and
also in [16, 17] and [18] to construct fast numerical solutions of partial
differential equations with preserving order of convergence.

We now remark on the computational complexity of this Boolean
combination technique. To do this, we define the sparse grid and sparse
space associated with the partition 7"€(a), respectively, by

Gi= |J 0T™(@),
li|=n+d—1
ieJ?

and

si= J S™@).
li|=n+d—1
ieg?

Clearly, w§ € S% is defined on G". It follows from [16] and [8] that
both the cardinality of G? and dimension of S? are of order O(2"n?-1).
Thus the computational complexity for w¢ is O(2"n?~1), which is
significantly less than O(274).

We next demonstrate that the Boolean approximation preserves more
or less the order of convergence. The convergence of the Boolean
approximations depends on the properties of the hierarchical surplus
which will be defined below. For o € JZ, we define the hierarchical
surplus operator for §¢ by

5a,wh = Z (_1)|ﬁ|wh(e+[3)
0<B<a
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and call 6%wy an |a|-dimensional hierarchical surplus of wy. Let us
illustrate this operator by two simple examples in the case d = 2.
When a = (1,0), we have that

8O whg hy = Whohy — W,y
and when o = (1,1) we have that

1,1 _
6( )who,hl = Who,hy — W2hg,hy — W2hg,hy T W2ho,hy -

We now return to the discussion of the hierarchical surplus in a general
case. Note that

Whe = E 5°‘wh = E 5°‘wh
0<a<e 1<|ha|<nd
0<i<e
= E 0“wn + E 0%wp.
lha|>n+d lha|<n+d-—1

By an induction argument we obtain the equation

« c
g 0%wp = wy,,

|ha|<n+d—1
which implies that
(2.9) Z 0wy = whe — WY
|ha|>n+d

Moreover, if there exists a positive constant ¢(w) depending only on w
such that

(2.10) [[0%wh] < c(w)h®

then there holds the estimate

Z (5awh

|ha|>n+d

< c(w) Z 27l < ¢(w)h(logh™ )41,
lha|>n+d

Using this estimate, we then obtain an estimate of convergence order
of the combination solution, cf. [16] and [18], which we state in the
next theorem.
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Theorem 2.2. Suppose that there exists a positive constant c(w)
depending only on w such that inequality (2.10) holds for every 0 <
a<e and

lw — wn|| < c(w)max{hg,...,hq—1}.

Then
Jw = wil| < e(w)hlog (A1),

Let wy denote either the interpolation projection or the orthogonal
projection of w. From (2.1) and (2.4), it is not difficult to show that
estimate (2.10) holds for these cases.

Lemma 2.3. Let w € H*(O). If wy := Inw or wy := Pyw, then

16%wnl| < ch®[jwl|#re.

By Lemma 2.3 and Theorem 2.2, we obtain the next result.

Theorem 2.4. Let w € H®(O) and wy, := Iqw or wy, := Paw. Then

lw —wi |l < ehlog™" (h™)||w]| gre.

3. The Boolean Galerkin method. This section is devoted to
the development of the Boolean Galerkin method for solving integral
equations. The main purpose of this section is to estimate the order of
convergence and computational complexity of the method.

Suppose that kernel k € C,(0 x O) is periodic, i.e.,
k(z+e;,y) =k(z,y) =k(z,y+e;), z,y€en i€Zy
and is nonnegative, i.e.,
k(z,y) >0 and k(z,y)#0, =z,y€en.

As a result, the operator K : L?(0) — L?(0) defined by

(Ku)(z) = /Dk(x,y)u(y) dy, x€nO ue€E L2(|:|)
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is a compact, positive integral operator. With the integral operators
of this type, we consider the Fredholm integral equations of the second
kind

(3.1) ut+ Ku=f

where v € L?(0) is the unknown to be determined and f € L?(n) is
a given function. Obviously, the inverse operator (I + K)~! exists as
a bounded operator on L%(m). In other words, equation (3.1) has a

unique solution u in L?(0) and there exists a positive constant ¢ such
that

[[ull < el £
The Galerkin projection Ry, : L*(0) — SP(0) is defined by
(I + K)(Rpu —u),v) =0, for all v € S®(n).
In the next theorem we present an estimate for the derivatives of the

Galerkin projection Rpu for any v € H*(O) N Cp(0). For this purpose,
in addition, we require that kernel k € H*(o x 0) N C, (0 X O).

Theorem 3.1. Suppose kernel k € H*(@ x o) N Cp(0 x O) is
nonnegative. Let o, 3 € {0,1}¢ with o+ 3 < e. If w € H*(m) N Cp(0),
then

D% Bngw]| < e([D%w]| + [[wl]]).
Proof. From (2.4) and the identity
(I + PugK)Rnpw = Pug(I + K)w,
we obtain
(32) DO‘Rhgw = PhﬁDa(I + K)w — PthaKRhgw.
Since K is positive, we have that the operators

(I + PupK)™': L*(m) — L*(0)
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exist and are uniformly bounded. As a result, we get
(3.3) [ Bapw]| < cfwl]
Combining (3.2) and (3.3) we obtain

1D Rupwl| < |[Pap D (I + K)wl| + [ Pag D* K Rnpw|
< c([[Dwl| + [[w]]) + ¢l Bngw|
< c(|D%w] + [fwl])-

This completes the proof. ]

We will assume that the kernel k£ is nonnegative without further
mention.

Corollary 3.2. (i) If k € He(@mxno)NC,([@xn) and u € H®(O), then
there exists a positive constant ¢ such that

(34)  Jlu— Rpul| <c¢ iensfh lu — || < emax{hg,...,ha—1}|ul ge.
v

(ii) If ke H*(@oxo)NCy(mx0) and u € H%(O) N Cp(D) fori € Zy,
then there exists a positive constant ¢ such that

(3.5) 16% Ruull < chi(|[Dayull + lul)), i€ Za.

Proof. Part (i) follows immediately from estimate (2.5). It remains to
prove part (ii). To this end, for i € Z;, we define &; = e — e;, noticing
that the ith component of the vector &; is zero and one otherwise. Note
that

Rhu - Rhéiu = (Rh — I)Rhéiu.

By part (i) of this corollary and Theorem 3.1, we have that there exists
a positive constant ¢ such that

[Bnu — Rne,ull < chil| D% Rue, ul| < chi([| D% ull + [[ul]).

The triangle inequality then completes the proof. ]
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We now turn our attention to the convergence analysis of the com-
bination solution based on the Galerkin method for integral equation
(3.1).

Theorem 3.3. Suppose that k € H®(@ x o) N Cp(O x O) and
uwe Ho(@NCy(m). If0 < a<e, then

(3.6) 109 Rnul| < ch®||ul| o

Proof. Since for 0 < o < e and u € H*(O) N C,(0) we have that
0% Rnu = 6% R Ry(e—a)U;
and there exists a positive constant ¢ such that
[ Bu(e—ayullHe < cllullge,

we only need to prove (3.6) for u € SR~ N H*(m) N C, ().

For this purpose, following [18], we employ induction on |a| =
1,2,...,d. When |a| = 1, this is the case in part (ii) of Corollary
3.2. We now assume that (3.6) holds for the case || = I — 1 and
proceed to the case when |a| = I. Because u € S*e=*) N (C, (), we
obtain that In,u € S®NC,(0). Thus, by Lemma 2.1, we conclude that

0“Rpu = 5aRh(I — Iha)u + 6* Rnlnau

- _5aRh< Z (—1)5Hﬁu> + 6% Ipau.

B<a
1B1=1

Lemma 2.3 ensures that there exists a positive constant ¢ such that
16 Inal] < ch® ]| 1.

Therefore, it suffices to show that there exists a positive constant c
such that for § < « and |5] > 1,

16 RuITY ul| < ch®|jul| g
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Suppose that || > 1 and § < «a. This implies |a — ] < |a| <1
and thus, by the induction hypothesis, we conclude that there exists a
positive constant ¢ such that

16° RuTlull = [|676% 7 Rullyu]

cmax(]|5*~ " RuTlu])

A

IN

cmgx(||5a*ﬁRth(e,(a,ﬁ))nﬁu||)

IA

cmgx(hafﬁ||Rh(e_(a_5))ﬂﬁu||Ha7a ),

where
max(wp) = MAX [Wh(etry)|-

By employing Theorem 3.1 and Lemma 2.1, we obtain that there exists
a positive constant ¢ such that

197 R < emax(n* = [T )
< cmﬁax(hafﬁhﬁHuHHa)

< ch®|jul| g,

which advances the induction process and proves the result. ]

We now present the main result of this section. We will use #(uf,) for
the number of multiplications required to construct uf. Throughout
this paper, we assume that solving uy requires the number of multi-
plications proportional to the dimension of the vector representing uy,.
This can be done by using matrix compression techniques.

Theorem 3.4. Suppose that k € H®(@ x o) N Cp(0 x O) and
u € H®@) NCp(@). If un = Runu, then there exists a positive constant
¢ such that

lu—uf ]l < 27" n®|ul|ge

and
#(uf) = O(2"n").
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Proof. The first result follows directly from Theorems 3.3 and 2.2
and the convergence of the finite element solution Ryu.

To obtain the estimate for #(uf,), for each [ € Zy, we let
J={icJl:|il=n+d-1-1}

and note that
#(N) < (n+d—1-1)7h

Therefore, there exists a positive constant ¢ such that

-1

S (d-1
#(uj) < Z < ; ) 4(J)2m L < o1,

=0

which completes the proof. u]

We remark that the standard Galerkin method using the piecewise
constant functions has order of convergence given by O(27") and
requires computational cost at order O(2%"). Theorem 3.4 shows that,
with a little price at order of convergence, our method reduces the
computational complexity from O(29") to O(2"n?~1). This reduction
is significant when d or n is large.

4. The Boolean collocation method. In this section we discuss
the Boolean collocation method for solving integral equation (3.1) when
f e L>*@). Let K : L*(0) — L*(0) be a bounded integral operator
with a kernel £k satisfying the conditions described in Section 3. Thus
the inverse operator (I + K)~! exists as a bounded operator on L ().
Namely, equation (3.1) has a unique solution v € L*°(O) and there
exists a positive constant ¢ such that

[ulloo < el flloo-
The collocation projection Ry, : L™ (@) — S® is defined by
(4.1) (I + InK)Rpu = Inf,

recalling that Iy, is the interpolation projection defined in Section 2.
We have the following result similar to Theorem 3.1.
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Theorem 4.1. Suppose that the kernel k € Wo:7(0 x 0). Let

a,B € {0,1} with a + B < e. Ifw € W2°(m) N Cp(T), then there
exists a positive constant ¢ such that

(4.2) 1D Rnpwl|eo < ¢

[D%wljoo + [[w]|oo)-

Proof. In the proof of Theorem 3.1, replacing the orthogonal projec-
tion P, by the interpolation projection Iy, we prove this result. ]

Corollary 4.2. Ifk € WX (o x0) and uw € W5 (D), then there

mix mix

exists a positive constant ¢ such that
(4.3) [u = Ruulloo < cmax{ho, ..., ha—1}|ullyec.

If ke W (@ x ) and u € We>°(m) N Cy(Q) fori=0,1,...,d—1,

mix

then there exists a positive constant ¢ such that

(4.4) 16% Bnulloo < chi([| D% ullco + [lulloo)-

Proof. Estimate (4.3) follows directly from the fact that there exists
a positive constant ¢ such that

[l — Bntfloo < ¢ inf |Ju—v]e < cmax{ho,...,ha—1}|ullpes=.
veSh mix

To show estimate (4.4), it suffices to prove the identity
(45) Rthéiu:Rhu, iZO,l,... ,d— 1.

Note that
Ih[héi = I.

This identity ensures that
In(I + K)Rne,u = In((I + Ine, K)Rpe,u)

= IhIhéi(I-i-K)u)
=In(I+ K)u.
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Hence, from definition (4.1), we have that
(I + InK)RnRye,u = (I + InK)Rnu.
This yields equation (4.5). O
Using Corollary 4.2 and replacing the orthogonal projections in The-

orem 3.3 by the corresponding interpolation projections, we obtain the
next result regarding the surplus of the collocation projection of wu.

Theorem 4.3. Suppose that k € Wo.o (O x 0) and u € W5 (@) N

mix mix

Cp(m). If 0 < a < e, then there exists a positive constant ¢ such that

[0 Rett]|oo < ch®™[|uf[yymee.

The main result of this section follows directly from Theorem 4.3.

Theorem 4.4. Suppose that k € W2 (@ x 0) and u € Wi (D) N

mix mix

Cp(0). If un := Rnu, then there exists a positive constant ¢ such that

o [

mix

and

#(uy) = O(2"n"1).

5. The Boolean iterated Galerkin approximation. In this
section we derive the Boolean iterated Galerkin approximation for
integral equations on a unit cube 0:= [0, 1] x [0,1] in R2. Specifically,
we consider Fredholm integral equations of the second kind

(5.1) u(w,y)+/0 /0 k(x,y; s, t)u(s,t)dsdt = f(z,y), (x,y)€n,

where k € H*(oxn). We develop a Boolean combination solution based
on the iterated Galerkin approximation for the solution of equation
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(5.1) and show such a solution possesses super-convergence. Through-
out this section we will write h, and hy for hg and hy, D, and D, for
D9 and DOV, In order to obtain a super-convergence result, we
assume that the kernel & and the solution u of equation (5.1) has a
higher order of smoothness. Precisely, we consider the space

(5.2) HY?(@) :={w € H*(0) : D.D,w € L*(n)},
with the norm defined for w € H2(0) by
[wl[gr2 := lwllgr + [[De Dywl],
and assume that k € C?(@ x 0). For the Galerkin approximation
up = up = Rppu to the solution of equation (5.1) with h := 277",
we define the iterated Galerkin approximation by the equation
(5.3) Up = f — Kup,
and the Boolean iterated Galerkin approzimation 45, by formula (2.7)

with wy, replaced by
1~Lh = f - Kuh,

where up := Rpu. The main purpose of this section is to prove the
super-convergence property of the Boolean iterated Galerkin approxi-
mation u5,. To this end, we first develop a sequence of estimates.

Proposition 5.1. There exists a positive constant ¢ such that

lu — upll—1 + ||lu — Gnl| < ecmax{hg,...,hqe1}t|u— up

Lemma 5.2. For w € H'(D), set
(54) g = th’o(,[ + K)(I - th’())’w.
Then there exists a positive constant ¢ such that

(5.5) lgll < ehZ || Dawll.
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Moreover, if w € H“2(D), then there exists a positive constant ¢ such
that

(5.6) 1Dygll < ch | Dy Dyw].

Proof. Let hy := (h,,0) € R?. For v € S™(0), we set
¢:= I+ K)v.
Since the kernel of the operator K is symmetric, we have that
(5.7) (I+K)"=I+K.

Therefore, using the definition of g and equation (5.7), we conclude
that

(9,0) = (I + K)(I = Py, 0)w,v) = (I = Pn, 0)w, ).

Noting that there holds the identity (I — Py, )2 = I — Py, 0 and the
operator I — Pp,_ ¢ is self-adjoint, it follows that

(9,0) = (I = Pn, 0)w, (I = Pn,0)®)-

The fact that, for any v € SP1 (),
(I = Py, 0)w,v) =0

implies that

(9,0) = (({ = P, 0)w, (I = Pp,0)Kv).
Consequently, there exists a positive constant ¢ such that

(g, )| < bz || Dyw]lv]]-

Choosing v := g in the last inequality proves (5.5). Finally, from the

identity
Dyg = th’o(,[ — K)(I — th())Dy’w

and the same argument used in proving (5.5), we obtain (5.6). O
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Proposition 5.3. Suppose that v € H%?(0) N Cp(). Then there
exists a function ¢ € L?(0) satisfying

(5.8) Rh,oh, (I = P, 0)u) = Ri, b, ¥
and there exists a positive constant ¢ such that

(5.9) 1Dyl < ch|lull .

Proof. As in (5.4), we let
g:=Py,, oI+ K)I— Py, 0)u.

Then we have that
g = Pn, 09

and, by Lemma 5.2, there exists a positive constant ¢ such that
(5.10) IDygll < ch2llul 1.

Now let
V= (I+K) g

Then ¢ satisfies equation (5.8) and has the estimate
(5.11) Dyl < cl| Dygl|-

Combining (5.10) and (5.11) yields (5.9). o

Now we study the hierarchical surplus, the difference between Boolean
Galerkin and Galerkin approximations. First we prove two conse-
quences of Sections 2 and 3.

Proposition 5.4. If w € H'(0), then
(5.12) 18©D Py, wl| < chy||Dywl],
and

(5.13) 180D Py, wll -1 < eh2]| Dyeo].
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If w e HY2(1), then

(5.14) |6V 06E0P, w1 < chyhy min{hy, hy Hw||goe.

Proof. Estimate (5.12) follows directly from the definition of §(°-1).
We now prove estimate (5.13). For ¢ € H'(n), since

((Phy.hy — Ph,2n,)w, Po2n, Ph,00) =0,
and there exists a positive constant ¢ such that
(I = Po2n, ) Pr, 00l < chylDyPr, 00|l < chy||Ph, 0Dydll < chyllo]
we conclude that there exists a positive constant ¢ such that

(6O Py, p,w, 0) = (8 Py, w, Pa. 00)
— (6(0’1)th,hywv (I — Po2n,)d)
< chy |6V P, wll|9]1-

This ensures that there exists a positive constant ¢ such that
1891 P, o, wll -1 < chy 8D Py, ]l

Combining this estimate with (5.12) gives estimate (5.13). Similarly,
we obtain that there exists a positive constant ¢ such that

[6ODsEOP, 4wy < emin{hy, by }H|EHO5OD P, w).
Moreover, there exists a positive constant ¢ such that
16006 Py, p,wll < chohy|lw] gz

Combining the last two estimates yields estimate (5.14). O

Proposition 5.5. If w € H'(0) N C,(0), then there exists a positive
constant ¢ such that

(5.15) 16V R, wl| < chy || Dyl
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and

(5.16) ||6(0’1)ha,hyw\|,1 < ch§||Dyw||.

Proof. Estimate (5.15) is a special case of Corollary 3.2(ii) when
d = 2. Tt remains to prove estimate (5.16). To this end, for any
¢ € H' (1), we let ¢ := Ry, o(I + K)~'¢. Then there exists a positive
constant ¢ such that ||Dyv| < c||¢|l; and Pyp,vp € SP=hi)(m). It
follows that ‘

((Rhyh, — Rn,0)w, @) = (Rh, n, — Ru, 0)w, (I 4+ K)Y)
((I + K)(Rn, n, — Rn,0)w, )
((I + K)(Bn,n, — Rn, 0)w,(I — Pop,)P).

Using estimate (5.15) and the approximation order of the space
S(:hy) (@), we conclude that there exists a positive constant ¢ such that

((Bn, ., = Ru,0)w, ¢) < chy | Dyw|[ [ Dyl < chi | Dywl[[ ]2,

which leads to estimate (5.16). O

Proposition 5.6. If u € H'“2(D), then there exists a positive
constant ¢ such that

(5.17) 16 Ry, 4, (I = Ph,o)ul|l < chahyllul| gz,
and
(5.18) 16D Ry, i, (1 = Phyo)ull -1 < ch2h2 [Jul| .2

Proof. Let v € L?(0) satisfy equation (5.8). By Propositions 5.3 and
5.5, we have that there exists a positive constant ¢ such that

16D Ry, (1 = Phyo)ull = 10D Ry, o, 0|
< chy||Dyy|| < chihy||ull e,
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and

16OV Ry, i, (I = Pry0)ull—1 = 6OV Ry, 0l -1
< chy||Dyy|| < chihy|lullgrz.  ©

Proposition 5.7. If u € H'“2(D), then there exists a positive
constant ¢ such that

(519) Hha,hy (I — th’o)(f — P()ﬁy)’u,H S Chmhy min{hx, hy}H’uHle

Proof. For any v € S®(0) with h := (hy, hy), we let ¢ := (I + K)~v.
We now estimate the quantity

V= (Bhgn, (I = Ph,o)(I = Pon,)u, v).
Since the operator I + K is self-adjoint, we have that
v=(I+K)Rn, nh,(I = Pn,0)I = Pon,)u,d).
We write the righthand side of the equation above as

v=(I+K)Rn, n,(I =Pn,0)(I—Pon,)u,(I—=Ru,pn,)o)
+ (I + K)Rp, 1, (I = Ph, 0)(I = Pon,)u, R, n, o)

By the definition of R, p,, we find that
((I+ K)Rp,n, (I = Pn,0)I = Pon,)u, (I = Rp,.n,)¢) =0.
It follows from these equations that

((I + K)ha,hy (I — th’o)(l — Po}hy)’u,, ha,hy(b)
((I = Pn,0)(I = Pon,)u, (I + K)Rp, n,o)
((I — th,o)(l - Povhy)’u,, (I - th,o)(l - PO,hy)KRhw,hbe)-

7y

This ensures that there exists a positive constant ¢ such that

|v| < chghy min{hy, hy }Hwl| gz | KRy, py, @1
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Noticing that there exists a positive constant ¢ such that
KR, n, ¢l < cl|Rh, n, ol < cllgl] < cfvll,
we conclude that
7] < chahy min{he, hy }Hullgr2[[@]] < chehy min{he, hy}Hull g2 (o],

which proves (5.19) by choosing v := Ry, n,(I — Pn,0)(I — Pon,)u-
O

Next we estimate the error of the Boolean Galerkin approximation.
For this purpose we define

Bh, by i= Un, 2h, + U2k, h, — U2k, 2h,-

Theorem 5.8. If u € H2(O), then there exists a positive constant
¢ such that

HBhwvhyu - Rhmahyu” S (:h’$h“11||rll’||[‘ll’2

and
||mahyu — RhwyhyuH,l § Chmhy min{hz, hy}HuHle

Proof. Since
I =Py, n, =T =P o)+ I =Popn,)— U = Pr0)I = Pop,)
and

Ry, by Pryhy = Phohys

we have that

Ru,n, = Ru,n,(I = Phyn,) + Phyn,
= Rn,n,(I = Pn,0)+ Ru,n,(I = Pop,)
+ Ry, n, (I = Ph,0)(I = Pon,) + Prh,-
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Therefore, we obtain that

Bh,n,u— Ry, pyu=0600 0 dOVR, 4 4
=600 05ODRy, 4 (I = Py, o)u
4610 4 6(0’1)ha,hy (I = Pon,)u
+600 o §OR, (I =Py, o)(I — P, )u
+6(1:0) 4 5(071)Ph17hyu.

Note that

||6(1’0) o 5(0’1)Rhm,hy (I = Pp,0)ul
< ”(s(ovl)ha,hy (I = Pp,o)ul + H(S(O’I)RQhwhy (I = Pan, 0)ull
<2 max  [§OVR;, (- Py gul.
he{hw72hw} Y ’

Likewise, we have that

160006V Ry p (I—Pop,)ul <2 max [6OVR, & (I—Py;)ul
he{hy,2h,}

and

[600 0 5OV Ry, (I — Py, 0)(I — Pop, )ull

<2, s, W0OVR G0 B o) Fog ul
E‘ye{hys2hy}

It follows that there exists a positive constant ¢ such that
1Bh, = Biy pyull < ¢ max 6OV Ry (1P o)ul
he{hy,2h,}

+c max |[§0OR, 5(I— Pyl
he{hy,2hy,} “ ’

+c_ max ||R}*LIJ~1y (I — PBI,O)(I — PO,fLy)u”
hy€{hy,2hy}

+ c||(5(170) o 5(0’1)Phw)hyu||.

This estimate with Propositions 5.4, 5.6 and 5.7 proves the first esti-
mate of this theorem. The second estimate is proved similarly. o
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As we explained in the introduction, the combination solution uf, can
be viewed as a multi-level Boolean-Galerkin approximation. By the

last theorem, we now obtain the following result. We define

ay, = f — Kuj,.

Theorem 5.9. If u € HY2(D), then there exists a positive constant

¢ such that
llu — ]| + [Ju—uf || -1 < ch®?||ul| 1.2

and
#(up) + #(u5) = O(2"n).
Proof. Using the identity
w— i, = K (u—uf),
we have that there exists a positive constant ¢ such that
llu —afll-1 < cllu—ugl|-1.
It suffices to prove that there exists a positive constant ¢ such that
lu =il -1 < eh®2||ul /e
To this end, we note from a direct computation that

n n
Ry pu — ui = E E (BQ*i,2*JU - szi,z—j U)

i=2 j=n—i+2

Using Theorem 5.5, we conclude that there exists a positive constant ¢

such that

Z (3271,271 U — R2*i,2*ﬂ'u)

n
i=2 j=n—i+2

-1

< CEH: zn: 27(i+j)27 max{%,5}

i=2 j=n—i+2
<272 = opdl2,
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