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INTEGRAL OPERATORS OF MARCINKIEWICZ TYPE

AHMAD AL-SALMAN AND HUSSAIN AL-QASSEM

ABSTRACT. In this paper we study integral operators of
Marcinkiewicz type. We formulate a general method which
allows us to obtain the LP boundedness of several classes of
integral operators of Marcinkiewicz type. Our results extend
as well as improve previously known results on Marcinkiewicz
integral operators.

1. Introduction and statements of results. Let n > 2 and
S™~! be the unit sphere in R™ equipped with the normalized Lebesgue
measure do. Suppose that € is a homogeneous function of degree zero
on R"™ that satisfies Q € L*(S"~!) and

(1.1) /S Q(z) do(z) = 0.

Let U(r) be the open ball centered at the origin in R™ with radius 2",
r € R. If r = oo, we shall let U(r) = R™. For a suitable mapping
© : U(r) — RY% d € N and a measurable function h : Rt — R, let
{o1,0,0,n,r : t € R} be the family of measures defined on R? by

(1.2)
/ Fdoo.0mr =2 X(—om(t) / Ok (|y) dy,
Rd

ly] <2t

where X(_oo ) (t) is the characteristic function of the interval (—oo,r).
Define the operator Sg o, by

— 00

[ 1/2
(1.3) Se.anrf(x) = (/ lot,0,0,h,r *f(37)|2dt) .
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If » = oo, we shall simply denote the measures oo, and the
operator Sg aonr by 0re.0,n and Se qp, respectively. Obviously, if
r=o00,n=dand O(y) = (y1,Y2,... ,Yn), then the operator Sg o1
is the well-known Marcinkiewicz integral operator introduced by Stein
which we shall denote by Sq. When €2 € Lip,(S™™1), 0 < a < 1, Stein
proved that Sq is bounded on LP for all 1 < p < 2. Subsequently,
Benedek, Calderén and Panzone proved the LP boundedness of S for
all 1 < p < oo under the condition Q € C(S"71), [4]. Recently,
Chen, Fan and Pan [5] proved an L? boundedness result concerning
the operator Sg 1 under the conditions that n = d, O(y) = P(|y|)y’
where 3/ = |y|~ty for y # 0, P is a real polynomial on R which
satisfies P(0) = 0, and Q satisfies Grafakos-Stefanov’s condition [12].
Very recently, when n = d, ©(y) = P(y) = (Pi(y),...,Pa(y)) is
a polynomial mapping, Al-Qassem and Al-Salman [1] studied the
L? boundedness of the operator Sg o, under the assumption that
Qe N2, F(a,k,n) (for the definition of F(«, k,n) see [1] or [3]).

The main focus of this paper is to prove the L? boundedness of sev-
eral classes of Marcinkiewicz integral operators of the form (1.3) with
kernels satisfying the natural condition Q € L(log™ L)(S"~!). In fact,
we present a systematic method which not only allows us to deal with
the operators under consideration, but also has found applications on
other problems in this area which will appear in forthcoming papers.
The operators which we consider include Marcinkiewicz integral opera-
tors along submanifolds of finite type, Marcinkiewicz integral operators
with nonhomogeneous kernels, Marcinkiewicz integral operators along
real-analytic manifolds, and Marcinkiewicz integral operators along sur-
faces of revolutions. Our results are the following

Theorem 1.1. Suppose © is of finite type at 0 and Q € L(log™ L)
(S"~1). Then Se .11 is bounded on LP(R?) for 1 < p < oo.

This result was proved by Ding, Fan and Pan in [7] under the stronger
condition € L4(S" 1), ¢ > 1.

Theorem 1.2. Suppose that
(i) O(y) = (Pi(y),...,Paly)) is a polynomial mapping with
O(~y) = —O(y)-
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(ii) supR>0(1/RfOR \h(t)[7 dt)Y/7 < oo for some y > 1.
Then Se.q.n is bounded on LP for 1 < p < oo provided that

Q € L(log™ L)(S™'). Moreover, the bound for the operator norm
ISe,0.1llp,p is independent of the coefficients of the polynomials {P;}.

We should point out that, using the technique in [9], one can only
prove the above result in Theorem 1.2 under the stronger condition
Qe LI(S" 1), g > 1. Our next results are motivated by the work on
singular integrals in [6] and [11].

Theorem 1.3. Suppose that |r| < oo and that © is real-analytic
mapping from U(r) into R If Q € L(log" L)(S"~1), then Se.0,1,r 5
bounded on LP(R?) for 1 < p < oo.

Theorem 1.4. Suppose that d =n+1 and © = (y,T'(|y|)), where T
is a strictly increasing function on [0,00) that satisfies

(a) T'(t) > C(T(1)1) for t > 0;

(b) T'(2t) < cI'(t) fort > 0 and for some nonnegative constant c.

Then Se a1 is bounded on LP(R™!) for 1 < p < oo provided that
Q€ L(log" L)(S"1).

Throughout this paper, the letters C' and 6, are positive constants
that may vary at each occurrence but they are independent of the
essential variables.

2. Main tools. Suppose 0 < § < 1. By an elementary procedure,
choose a collection of C* functions {¢5.}ier on (0,00) with the
following properties:

supp (¢s,) C [20717 D70 27D/ 0 < gy, <1,

d*ts C
P01 € ot Syt

JEZ

For a linear transformation L : R* — R4, d > 1, let @541, be such
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that @5:.1.(§) = ¥s+(|L(§)|). For j € Z, define the operator giL by

@0 ea@ = ([ lesenn o) dt)m.

— 00
Then

(2.2) g3 L(llp < ClIEll

forall 1 < p < co. By using a technique developed in [9], one only needs
to verify (2.2) in the special case where d < n and L is a projection
nly. The latter can be obtained by a well-known argument (see [13,
pp. 26-28]). For a family of measures {o; : t € R}, define the operator
J?,L by

00 1/2
(2:3) J;?,L<f><x>—< / |ot/w5,j+t,wf<x>2dt) |

— 00

Let o* be the maximal function which corresponds to the family
{o¢ 1t € R}, e, 0 (f)(x) = sup,er ||o¢] * f(2)].

Lemma 2.1. Let A be a positive real number and {o; : t € R} be a
family of measures on R™ such that

(i) supser [lov] <15
(i) lo*(N)llg < Allfllq for some g > 1.
Then, for |1/2 —1/po| = 1/2q, there exists a constant C' such that

(2.4) 193 (Hllpe < CllgsL)llpoVAIFllpo-

Proof. We follow a similar argument as in [8]. By duality, it suffices
to prove (2.4) for pg > 2. Let ¢ = (po/2)’ and choose a nonnegative
function v € LY (R™) with [[v], = 1 such that

100 = [ [ loyspssien s S@)Pota) dede
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Then it is easy to see that

1956 (117, S/ [85L(NP(2)e" (v)(~2) dz
R”
< g LNl lo*@)llq < C*Allgg I3, /15,

where the last inequality follows by (2.2) and (ii). This concludes the
proof of the lemma.

Theorem 2.2. Let 0 < § <1 and A > 1. Suppose that {0, : t € R}
18 a family of measures on R™ such that

(i) supser [lovf <15
(i) 35 LNz <27 fll2 for all j € Z;
(iii) ||J§-7L(f)\|p0 < CA|fllpo for all j € Z and for some py > 2.

Then for p{, < p < po, there exists a constant C' such that the operator
S defined by (1.3) with 0.0 .0.n, replaced by oy satisfies

AC
(2.5) ISfllp < %I\fllp-

Proof. By interpolation between (ii) and (iii), we get that
(2.6) 195 (D)l < 27VLAC| £,

for all pjy < p < po. By the properties of the collection {ts ;};cz and a
simple change of variable we see that

1 5
(2.7) Sf(zx) < % ;J]L(f)(x)

Hence, by combining (2.6) and (2.7) we get (2.5) for all p{, < p < po.
This completes the proof of our theorem.

By minor modifications of the proof of Lemma 2.5 in [1], we get

Lemma 2.3. Let {0/ : | = 0,1,... ,N,t € R} be a family of
measures such that o = 0 for all t € R. Let D; : R* — R™,
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1=0,1,...,N be linear transformations, m; € N. Let d, € R' and
§eRT, I=1,...,N. Suppose that for allt e R and{ =0,1,... ,N,
we have

i) llofl| < C;
(ii) [(o}) (&) < C(2| Dy (€)])
(iii) [(o1)(€) — (a1 1)(€)] < C2%*|Dy(€)]) .

Then there exists a family of measures {vl : 1 = 1,... ,N,t € R}
such that

() Il < ¢
(i) |()()] < Cmin{(24Di(E)])", (24| Du(€)]) )

N
(iii") ai\' = Vé.

Remark 2.4. One can show that, if the families {o! : t € R}, | =
0,1,..., N, have the additional assumption that their corresponding
maximal functions are bounded on LP(R™) for some 1 < p < oo, then
so are the families {v}! : t € R}, = 1,..., N, with the same L? bounds.

The following lemma is a key in proving our results and it may be
useful in some other situations as well.

Lemma 2.5. Suppose that for some a > 0, Q € L(log™ L)*(S" 1)
that satisfies (1.2). Then there exists a subset D of N, a sequence

{Am : m € N} of nonnegative real numbers, and a sequence of functions
{Q, :m e DU{0}} in LY(S™1) such that

(i) fsnfl Qpdo =0 form e DU{0};

(ii) [ Qmlloo < 2*™ and || ||1 < 2 for m € D;
(i) O € L2(8"1);

(iv) Do mep M* A < 00;

(V) Q=Q0+ > ecp Am -

Proof. We argue as in [2]. For a natural number m € N, let E,,, be
the set of points 2/ € S"~1 which satisfy 2™ < [Q(z')| < 2™, Also
we let Eq be the set of points 2/ € S"~! which satisfy |Q(z')] < 2. For
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m € NU{0}, let b,, = QXg,, and \,, = ||QXE,, ||1, where Xg,, is the
characteristic function of the set E,,. Let D be the set of all m € N
with 23X, > 1. Define the sequence of functions {Qy, }mepufo} by

() =to(o) - [ tn(a)dot) + 3 {oulo) - [

m¢D

b () da(a:)}

n—1

and for m € D,

(@) = ()™ (b () — / b (z) do(z)).

Sn—l

Now (i)—(iii) and (v) hold trivially. On the other hand,

Z m Ay < Z /E (log* Q)| do < HQ||L(log+ L)a(Sn-1)-

meD meD m

3. Maximal functions. In this section we prove the following
general result concerning maximal functions

Theorem 3.1. Let L : R® — R? be a linear transformation and
0<d<1. Let{or:t e R} and {u: : t € R} be two families of
measures that satisfy

(i) supyer lloell <1 and supe [|pell < 15
(i) [6(€) — fe(€)] < (2*L(E))’s

i) [6¢(€)] < (2'|L(§))) s

)

For any nonnegative function f, F(t,x) = |oy x f(x)| satisfies

(iii
(iv

F(t,r) <25 'F(s,z) fort<s;

V) [l (Hllp < C/o[ fllp for all 1 < p < occ.
Then

(3.1) lo™(Dlp < %Hfllp

forall 1 < p < o0.
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Proof. By a technique developed in [9], we may assume that d < n
and L = 7" is a projection. Choose F € S(R?) such that F () = 1 for
In| <1/2, and F(n) = 0 for |n| > 1. Let F,(z) = r—4F(x/r) for r > 0.
Define the family of measures {7, : t € R} by

(3.2) #(€) = 6¢(€) — F(2'mj(£))fu (&)

Let J?‘,r,wg be the operator defined by (2.3) with o,/5 replaced by 7, /5.

Then by (iv), (3.2) and the properties of the collection {¢s ;}jcz, we
can easily see that the following inequalities hold

(3.3)

o (f)(w) < % 3 T ()0) + (1 Inn-a) ()0
(3.4)

() < 5 e (1)) + 200 I )0 ()0

where M stands for the Hardy-Littlewood maximal function on R¢ and
Ign-a is the identity operator on R™"~ %,

By the estimates (i)—(iii) and the definition of the measures {7y : t €
R}, we have

(3.5) fgg\ln/(sll <G
(3.6) |7/5(€)] < Cmin{(2/°|m (€))%, (2/°|m (£)])~°}.

Now, for j € Z, by (3.6), it is easy to see that

Iy (DI <2720 [ (0P

1ok log(2(79+D /3 rn(g)| =)
( )
1oy log(2(=3=D/5|xn (¢)| 1)
= 272013 £112.

Thus

(3.7) 195 7 e (D12 < 27FIVB| £
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By (3.4) and (3.7), we have
. C
(3.8) 17" (Hllz < S [1f1l2-
Thus, by Lemma 2.1, (2.1) and (3.8) with ¢ = 2, we get

c
5 _
(3.9) 195,722 (Dl < \/g”f”po

for [1/po — 1/2| = 1/4. Therefore, by (3.4), (3.7), (3.9) and condition
(v) we have

(3.10) I (Plly < SU51l

for p € [(4/3),4]. Next, repeating the above argument with ¢ =
(4/3) + e(e — 01), we get that

.. C
(3.11) 1751l < 5 IF e

for p € [(7/8), 8]. By successive applications of the above argument, we
get

. C
(3.12) 175 1lp < 5 1F1lp
for all 1 < p < oco. Thus by Lemma 2.1, (2.1) and (3.12), we have
C
5
(3.13) 195,772 (N)lp < %Hfllp

for all 1 < p < oo. Hence (3.1) follows by (3.3), (3.7) and (3.13).
4. Proof of main results.

Definition 4.1. Let U be an open set in R” and © : U — R% a
smooth mapping. For zy € U we say that O is of finite type at zg if,
for each unit vector n in R?, there is a multi-index o so that

6;‘[@(1‘) : n]m:azo 7’é 0.
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Proof of Theorem 1.1. Assume that Q € L(logt L)(S™!). Let D,
{An : m € N} and {Q,, : m € DU{0}} be as in Lemma 2.5 (here
a =1). For m € DU{0}, let {o10.0,,11 : t € R} be the family
of measures defined by (1.2) and Se q,, 1,1 be the integral operator
defined by (1.3). Thus

Se.0.1.1(f) <Se.q1.1(f) + Z AmSe,a,,,1,1(f)
meD

We will show that ||Se q,,,1,1(f)|lp < Cm|| f||, for p € (1, 00) which im-
plies by condition (iv) of Lemma 2.5 that || > -5 AmSe.q,.,1,1(f)[lp <
C|lfll, for p € (1,00). On the other hand, a similar but easier argument
yields that Se q,,1,1(f) is bounded on L? for p € (1, 0).

By a similar argument as in the proof of Theorem B in [10], there
exist a natural number N, polynomial mappings P; : R — R, linear
transformations L; : RY — R*®)| positive integers dj, | = 1,..., N,
and measures {0y p, 0,11 :t € R,0 <! <N} such that

moyds

(4.1)

(04,21,02,,1,1) (&) = (00, 02,1, ()] < Ol Q|1 27| La(6)])7';
(4.2) |04 21,001, ()] < Cllnll2 (2L (€))%
(4.3) ot P11l < Cllnll1,
for t <ty < 0and ! = 0,1,...,N with oy p, 0,11 = 0 and

OL PN Q11 = 01,0,0,,.1,1- Here A(l) denote the cardinality of {3 €
(N U{0})™ : |8] = l}. Thus, by condition (ii) of Lemma 2.5 and an

interpolation argument, we get

(4.4) A A

(01py. 20 1.2)(E) = (01511 0, 1.1)(E)] < CRUHLy (E)])5/™;
(4.5) (02 p1,0,,1,1)(E)]] < CERUL(E)]) /™
(4.6) ot P 0,11l < C,

for/=0,1,... ,N and t < tg.
Fori=1,... N, let

* [l

(o) (f) = sup lov P, 0,10
teR
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and

(o, ) () = sup llow,py o, 1.1 ] * f1.
teR

By the LP boundedness result in [13, pp. 476-478], and the fact that
2]l < 2. we have

(4.7) 15, ) (Dllp < ClIf N

foralll<p<oocandl=1,... , N—1.

Since the measures oy p, |q,,],1,1 satisfy (4.4)—(4.6) for I = N, then by
Remark 2.4, (4.7) and Theorem 3.1, we get

(4.8) 1@& )" (Hllp < Cmli £l

for all 1 < p < oc. Since (o5)*(f)(x) < (o ")*(f)(x), then by (4.7)
and (4.8) we have

(4.9) 1(ez,)" (Dl < Cmll ]l

foralll < p<ooand ! =1,...,N. Therefore, by Lemma 2.3 and
Remark 2.4, there exists a family of measures {v/"™ : t € R,1 <1 < N}
which satisfies (i')—(iii’) of Lemma 2.3 with §; = ¢;/m and

(4.10) ™) ()l < Cmll £l

foralll1 <p<ooandl=1,...,N. Thus by (iii’) of Lemma 2.3, we
see that

N
(4.11) S6,0,,1.1(f) < Stm(f),
=1

where S;,, has the same definition as Se¢ q,,.11 with o¢e.0,,,1,1 re-
placed by ™. Hence by the estimates (i')—(iii’), (4.10)—(4.11),
Lemma 2.1 and Theorem 2.2, we have

(4.12) 1Se.02,,.1.1(F)llp < Cm| £l

for all 1 < p < co. This ends the proof of our theorem.
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The proofs of Theorems 1.2-1.4 can be easily obtained by adapting
the same arguments employed in the proof of Theorem 1.1 and the
techniques in [6], [9] and [11]. We omit the details.
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