JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 10, Number 4, Winter 1998

A WAVELET ALGORITHM FOR THE
SOLUTION OF A SINGULAR INTEGRAL EQUATION
OVER A SMOOTH TWO-DIMENSIONAL MANIFOLD

ANDREAS RATHSFELD

ABSTRACT. In this paper we consider a piecewise bilinear
collocation method for the solution of a singular integral equa-
tion over a smooth surface. Using a fixed set of parametriza-
tions, we introduce special wavelet bases for the spaces of test
and trial functions. The trial wavelets have two vanishing
moments only if their supports do not intersect the lines be-
longing to the common boundary of two subsurfaces defined
by different parameter representations. Nevertheless, analo-
gously to well-known results on wavelet algorithms, the stiff-
ness matrices with respect to these bases can be compressed to
sparse matrices such that the iterative solution of the matrix
equations becomes fast. Finally we present a fast quadrature
algorithm for the computation of the compressed stiffness ma-
trix.

1. Introduction. It is a well-known fact that usual finite element
discretizations of linear integral equations, e.g., of boundary integral
equations, lead to systems of linear equations with fully populated
matrices. Thus, even an iterative solution method requires a huge
number of arithmetic operations and a large storage capacity. In order
to improve these finite element approaches, several new algorithms
have been developed. For a relatively wide class of boundary integral
equations, Rokhlin and Greengard [37, 20] have introduced their
methods of multipole expansion, Hackbusch and Nowak [21], cf. also
[38], have considered panel clustering algorithms, and Brandt and
Lubrecht [3] have set up multilevel schemes. Another approach for
saving storage and computation time consists in employing wavelet
bases of the finite element spaces. This idea goes back to Beylkin,
Coifman and Rokhlin [2] and has been thoroughly investigated by
Dahmen, Petersdorff, ProBdorf, Schneider and Schwab [13, 14, 12,
15, 32, 31, 30, 39|, cf. also the contributions by Alpert, Harten,
Yad-Shalom, Dorobantu, Kleemann and the author [1, 22, 19, 9, 10,
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36]. Note that all the different algorithms from multipole expansion to
wavelets seem to have a common multilevel background.

The subject of the present paper is to apply the wavelet technique
from [2] to the collocation solution of two-dimensional singular inte-
gral equations. The two-dimensional singular integral equations and
the bilinear collocation methods will be introduced in Section 2. In
particular, the collocation for the singular boundary integral equation
corresponding to the oblique derivative problem for Laplace’s equation,
cf. Miranda [27, Section 23], Klees, Engels [25, 24] or the similar equa-
tion for the Molodensky problem in Moritz [28, Section 43] is included.

If the underlying surface is smooth (continuously differentiable up to
a certain order) and diffeomorphic to the torus, then it is clear that the
wavelet algorithms, cf. [12, 31], admit high order compressions. For
general smooth surfaces represented by a set of parametrizations, simi-
lar results hold if the wavelet functions are suitably chosen. Supposing
that the parameter domains are squares, one can define the wavelets
of the trial space as tensor products of the orthogonal wavelets and
scaling functions over the interval [7, 5]. However, due to the orthogo-
nality, these wavelets are not optimal. Indeed, to reduce the amount of
work for the quadratures applied during the computation of the stiff-
ness matrix, wavelets with smaller supports but with the same moment
conditions seem to be preferable. Thus, in Section 3.1, we consider the
piecewise linear univariate biorthogonal wavelets used by Petersdorff,
Schwab and Rathsfeld [32, 36]. These wavelets have the smallest sup-
port among all the piecewise linear wavelets with two vanishing mo-
ments. By reflection techniques we define boundary wavelets and get
a stable wavelet system (Riesz basis) over the interval. Applying well-
known tensor product techniques in Section 3.2, we introduce a wavelet
basis over the square, and by using the parameterization mappings, we
end up with continuous wavelet functions over the boundary manifold.
For these wavelets, we will prove the Riesz basis property and the usual
decay property for the coefficients of a smooth bilinear function. If the
support of the wavelet does not intersect the lines belonging to the
common boundary of two subsurfaces defined by different parameter
representations, then the wavelets have two vanishing moments. Note
that the techniques for the proof of these properties are well known from
the works of, e.g., Cohen, Daubechies, Feauveau, Dahmen, Kunoth and
Schneider [6, 16, 11, 39]. Therefore, some parts of the proof are only



WAVELET ALGORITHM 447

sketched.

Following the ideas of Harten and Yad-Shalom [22], we define a
wavelet basis for the space of test functionals in Section 3.3. In
Section 3.4 we describe the wavelet algorithm which is based on the
just introduced bases in the test and trial spaces. Analogously to the
results by Dahmen, Préfidorf, Schneider, Petersdorff and Schwab [14,
39, 31], we will show that the nxn stiffness matrix corresponding to the
wavelet bases admits a compression up to a matrix with no more than
O(n[log n]*) nonzero entries and that, replacing the full stiffness matrix
by the compressed matrix, we get the same asymptotic convergence
rate O(n~1) as for the conventional collocation solution. For this
estimate, the second order moment condition for the wavelets along the
common boundary of two subsurfaces defined by different parameter
representations is not necessary. Note that the logarithmic factor
[logn]* could be slightly improved if the factor j in the compression
criterion (3.66) of Theorem 3.1 is replaced by a power of j with exponent
less than one. Essential improvements are possible if wavelets with
more vanishing moments are used and if the compression is extended to
matrix entries corresponding to wavelets with overlapping supports, cf.
the compression of the Galerkin matrix due to Schneider [39]. However,
the complete removal of this factor similar to the compression of the
Galerkin matrix seems not to be possible since the basis transform
corresponding to the test wavelets is not bounded, cf. Lemma 3.4.

Clearly, using the compressed matrix, the iterative solution, e.g., by a
cascadic GMRes algorithm, of the collocation system requires no more
than O(n[logn]?*) arithmetic operations. In Section 4 we will intro-
duce a quadrature algorithm for the computation of the compressed
stiffness matrix with no more than O(n*/3[logn]*/3) operations. The
corresponding error of the discretized collocation solution is less than
O(n~'logn). Note that this quadrature algorithm is more or less an
adoption of the Johnson-Scott algorithm [23], cf. also the references
n [23], for the computation of conventional stiffness matrices to the
case of wavelet transformed stiffness matrices. The complexity result
is true if each of the parametrization mappings is analytic in a neigh-
borhood of the parameter domain and if the kernel function of the
singular integral operator admits a representation, cf. (4.3), which is
typically fulfilled for boundary integral operators. Moreover, in con-
trast to the estimates for the Galerkin method by Petersdorff, Schwab
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and Schneider [31, 39], we even do not need the global analyticity of the
parametrizations. Local analyticity is sufficient. More exactly, if the
thrice continuously differentiable surface is given by certain grid points
and if this surface is replaced by a suitable interpolation, then we may
suppose that the parametrizations are twice continuously differentiable
and piecewise polynomial. For this situation, the complexity estimate
O(n*/3[logn]*/3) remains true. Finally, we indicate how an algorithm
of complexity O(n) times a certain power of logn can be obtained.

For a numerical experiment with the method of the present paper,
we refer to the paper [35]. In that article we considered a singular
integral equation corresponding to an oblique derivative boundary
value problem of Laplace’s equation with application in geodesy, cf.
Moritz [28], Klees and Engels [24]. To this we applied a slightly
modified version of the wavelet and quadrature algorithm defined in
Sections 3.4 and 4.2. The underlying manifold was a part of the
earth’s surface which is not smooth and which was approximated by
Overhauser interpolation over the uniform grid of a square shaped
parameter domain. Thus a global parametrization mapping was applied
for the numerical computations. Using this we could replace the
singularity subtraction technique of Section 4.2 by a global singularity
technique. Furthermore, to reduce the computing time, we used test
functionals with one vanishing moment, only. Though these test
wavelets lead to asymptotically slower methods, we expect them to
be faster for linear systems of size less than 10,000. Due to the
lower compression rates the refinement step from {I7} to {l"f,/} for
the quadrature partition, cf. Section 4.2, turns out to be redundant.
Implementing our wavelet algorithm including the three modifications
mentioned above, we observed that the stiffness matrix of dimension
n = 9025 can be compressed to 5.1 percent such that the additional
relative compression error is still less than 10~°. The wavelet algorithm
reduces the computing time on a DEC 3000 AXP 400 «a-processor
workstation from 10,500s for a conventional algorithm to 890s. For
more details and results, see [35].

2. The collocation method for the singular integral equa-
tion.

2.1.  The singular integral equation. Now we consider a smooth
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two-dimensional surface I" in the three-dimensional Euclidean space
R?2. This surface is supposed to be the union of the closed bounded

surface pieces I';,, m = 1,... ,mr such that, for every m, there exists
an infinitely differentiable coordinate mapping k,, from the reference
domain § := [0,1] x [0,1] to T',,. Moreover, we suppose that this

mapping extends to a mapping over a small neighborhood of S and
that the intersection of two subsurfaces I',, and T',,/ is either empty
or consists of a common corner point or is equal to a common side of
I, and Ty, respectively. In case the intersection I';, N T,/ is a side,
we suppose that the parametrizations k., and Kk, restricted to this
common side coincide. The singular integral equation over I' takes the
form

Au(z) == a(z)u(z) + /1“ Ka(z,y)u(y)d, I = v(x),

z el

(2.1)

where a is a smooth function and Ka(z,y) is the singular kernel
function of operator A. We suppose that K 4 is infinitely differentiable
over I'xT'\{(z,z) : © € T'} and that the derivatives satisfy the Calderén-
Zygmund estimate

(2.2) 1050, Ka(z,y)| < Cla, B, A,T)[ar — y|~GHlelHED

for any multi-indices a and . The integral on the lefthand side of (2.1)
is to be understood in the sense of a principle value, cf. [26]. Operator
A is supposed to be a classical pseudodifferential operator of order zero
and maps the Sobolev space H*(T") of order s into H*(T"). In local
coordinates, (2.1) takes the form

a(kr (b)) u(rk(t)) + Z/SKA(fik(f%fﬁm(S))u(Hm(S))Wn(S)ldS
= v(kk(t)),

teS, k=1,... mp,

(2.3)

where |, (s)| denotes the density of the surface integral, i.e., the norm
of the vector product Js, fm (8) X Osykm(S).

For the stability of the numerical methods, the concept of strong
ellipticity plays a crucial role. We call A strongly elliptic if A satisfies
the so-called Garding inequality, i.e.,

(2.4) Re (Au,u)r2(ry > YllullL2ry — [(Tu, u) 21y
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for any u € L*(T). In (2.4) the operator T € L(L*(T)) is supposed
to be compact and ~ stands for a positive constant independent of wu.
Note that the classical pseudodifferential operator A is strongly elliptic
if and only if the real part of its main symbol is greater than a positive
constant.

Finally, we remark that the smoothness assumptions can be relaxed.
This will be indicated in Section 4.1.

2.2. The bilinear trial functions and the collocation. We will seek an
approximate solution for u of (2.1) in the space of bilinear functions
over I'. To define these functions, we first introduce functions over the
square S. We set N := N; :=3-27 and h := h;j := 1/N and consider
the grid Af = {nk i,k =0,...,N}, where 7, := (ih,kh). The
space of piecewise bilinear functions Sf = span {¢® : T € A‘js } over
the grid A% is defined by the basis functions ¢ (t) := N (N - [t —7]),
where T ((t1,t2)) := p(t1)p(ts2) is the tensor product of the univariate
hat function

1—1s| if|s| <1
25) CE P
0 else.
Using the parametrizations k,,, we define the grid A; := {ﬁzmk

m = 1,...,mp,i,k = 0,...,N} over I by &} := K (7ix) and the
space of trial functions S; = span{ps : £ € A;} by gaggk(ﬁm(t)) =
i (m (1)) = @fk(t) Note that, if £ € A; belongs to more than one
subsurface I';,, then it admits several representations of the form ¢ =
&i%- Nevertheless, we consider ¢ as one point. The corresponding basis
function ¢ is the sum of the functions ki, (t) — @} (km(t)) = @fk (t)
defined over the different I',,. Clearly, the functions of .S; are bilinear
with respect to the parametrization and ¢¢(§') = Ndg ¢ holds for any

£,¢ e
With the collocation method, we seek an approximate solution u; €
S; to u by solving the collocation equations

(2.6) (Au;)(§) = v(§), €4

We introduce the interpolation projection P; onto S; by

(2.7) Pifes;, Pif(§)=f(&), (€A,
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Clearly the collocation system (2.6) is equivalent to PjAu; = P;v. The
collocation is called stable if, for sufficiently large j, the collocation
operators A; := P;Alg, € L(S;) are invertible and the L*-norms of the
inverse operators are uniformly bounded.

Theorem 2.1. i) [34] Suppose that T’ is homeomorphic to the two-
dimensional torus and that mpr :==1, i.e., k:= k1 : S — I' is a global
parametrization. Moreover, we assume A to be strongly elliptic. Then
the collocation method is stable in H® for 0 < s < 3/2. The collocation
solution u; defined by (2.6) converges in H® to the exact solution u of
Au =wv for any v € H® with s > 1, and the collocation error satisfies

lu = ullzze < €277l s

for0<s<t<2, s<3/2,1<t.

(ii) [38] Suppose that T' = S, that S; and A; are modified such that
Aj contains only the interior grid points and that S; is spanned by
the basis functions vanishing at the boundary of ' = S. Moreover, we
assume A to be strongly elliptic. Then the collocation method is stable in
L2. The collocation solution u; defined by (2.6) converges in L? to the
ezact solution u of Au=v for any v € L? such that ||Pjv —v|[z2 — 0.
If u is in H? and vanishes over the boundary of S, then

luj = ullz2 < C27% Jull =

Unfortunately, we do not know stability results for the collocation
method in the general case. Nevertheless, we suppose in the following
that the collocation method is stable. Then the error estimates of the
last theorem remain valid.

Choosing the conventional finite element basis {@¢}een,, the collo-
cation equation (2.6) is equivalent to the system

(2.8) Y WApe) (€ we = ho(€)), € €4

§EA;

for the coefficients w¢ of u; := EfeAj wee. Thus, the stiffness matrix
of the collocation is A; := (h(Awe)(&'))er cen, -
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3. The wavelet algorithms.

3.1 Univariate wavelet functions. Using the parametrizations, it will
be sufficient to define the wavelet basis functions over the square S.
Since these wavelets can be defined by tensor product techniques, we
begin with the definition of univariate wavelets. To introduce wavelets
over the real axis R, we consider the uniform grids AR := {ih; : i € Z}
and the difference grids Vi := AR \AR for [ > 0 and VR, := V{.
Clearly, A? = U{;ille and the space of piecewise linear functions SjR
over the grid A}‘ is spanned by the finite element basis {np?g 10 € A?}
given by wfa(s) = V/Njp(N; - [s — o]). Tt is easy to see that the finite
element functions satisfy the refinement equations

1 1
R R R R
(31 i, = 2P i T PR T 5P iR

Following the techniques for the construction of orthogonal wavelets, it
is natural to define the wavelet shape function

(3.2) U(s) == %@(25 —1)—p(2s) + %@(25 +1)

and to introduce the wavelet basis functions by shifting the dilated
shape function s +— 1 (N; - s) to the points of the reference grid
V. More exactly, we set {5(s) := @, (s) for 0 € V| as well as
YR (s) := VNb(N; - [s — o) for o € VR with [ > 0. We arrive at the
hierarchical basis {¢F : 0 € VR, 1 = —1,..., j—1} of the finite element
space SJR and at the multiscale decomposition SJR = Z{ _11 WER, where
the wavelet space W is spanned by {¢F : 0 € VR}

We remark that these basis functions are not wavelets in the sense of
[16, 4]. The B are biorthogonal wavelets in the sense of [6], where
the dual scaling function does not have a finite support but decays
exponentially. From Proposition 4.8 of [6] with L = 2 and k = 2,
we infer that the dual scaling function belongs even to the Sobolev
space H1/?te (R) for a certain small positive . For a few more details,
we refer the reader to the proof of Lemma 3.5 in [36]. The wavelet
functions Y&, o € VlR of level [ > 0 have two vanishing moments, i.e.,

o

they are orthogonal to constant and linear functions. Moreover, among
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all the basis functions with two vanishing moments, the & have the
smallest support.

Now we define wavelet functions over the interval 7 := [0,1]. We
consider the uniform grids AJI- = {ih; : i = 0,...,N;} and the
difference grids V{ := Af, \A{ for I > 0 and VZ, := Af. Clearly
the space of piecewise linear functions S]Z over the grid AJZ is spanned
by the finite element basis {go%o to € AJZ} given by cpig = apﬁa\z.
Similarly, the wavelet functions could be defined as the restrictions to
7 of the corresponding functions over R. However, we will change those
basis functions which do not vanish at the end points of the interval.
To this end, we consider the space of “even” functions over R, i.e., the
functions satisfying f(s) = f(—s) = f(2 —s) for s € [0,1]. The correct
basis functions for this space are the functions

5+ Yo (8) + Yo (=8) + ¢o(2 = 8) = Yo (s) + V-0 (s) + 20 (s).

If we restrict these to Z, we arrive at the wavelet basis {¢)S¥" : o €
AJI- } defined by

Poslz if o € VZ,

V|7 if o € VI, 1>0,
and 0,1 ¢ supp Y&

even ,__ .
(33) ,(/)o' = {¢E+l +w§hl+l}‘z lfO' c v:lz" l 2 0,

and o = hj41

(¥, H YTz o€ VT 120,
and o =1 — hyyq.

We denote the corresponding wavelet spaces span {y)S® : ¢ € V7}
by W and obtain W7 = WR|z and S7 = S>7'WZ. Clearly only
those wavelets of level I > 0 have two vanishing moments for which
the support is contained in the interior of Z. The wavelets of level
I > 0 with support intersecting the boundary {0, 1} have one vanishing
moment, only. Instead of the orthogonality of the wavelet basis, we get
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Lemma 3.1. i) There exists a constant C > 0 such that, for any j
and any sequence (Uy),enz, We get
J

& [ el < | 3w
ceAT ceAT
(3.4) ’ ’
<C > |ull®
JGAJZ

ii) There exist constants C > 0 and 0 < q¢ < 1 such that, for any
IL<l,ul €St andul € WE, we get

L*(1)

(3.5) ‘<ulaul/>L2(I)| < qu/_lHUlHU(I)||UZ/HL2(I)-

Proof. Now and in the following, we denote by C a generic constant
the value of which varies from instant to instant. We note that
the corresponding assertions hold for the wavelets over the real axis.
Indeed, the analogue of i) is proved in Theorem 3.8 of [6]. For the proof
of ii), we consider the projection Q? onto SJR parallel to the closure of
U2, Wk, This projection QF € L(I*(R)) is uniformly bounded with
respect to 7, cf. (3.4). We observe that the vanishing moment condition
for v implies that the constant function is contained in the span of
the dual scaling function, i.e., in im[Q®]*. From this fact and the
exponential decay of the dual scaling functions, it is not hard to derive
the usual L? convergence order O(y/h;) for the approximation of an
H'/2 function f by |Q?]* f. By duality arguments, we can approximate
an L? function f by QJRf with an H~/2 error of O(+/h;). This and
the well-known inverse property for piecewise linear functions yields,
cf., e.g., the proof of Lemma 6.3 in [39],

|(ul, ! Jr2r)| < ||Ul||H1/2(R)||Ul lE-172(m)
< ”ulHHl/?(R)”(I — Q! lr-172(m)
(3.6) < C22 ||| L2y C27 2t | 2wy
1

-1
<o(J5) Il lew,
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and ii) for the case of the real axis is proved.

Now we consider Z. The second inequality in (3.4) follows easily from
the corresponding estimate over the axis. To see the first, we choose

a sufficiently large integer M and extend u; = ) .z uoth5"" to the
J

real axis by setting

uj = Z TS
ceAlR
Ug—om HU2Mm<oc<2m-+1
(3.7) and m=-M,... M,
Uy = § U_giom if2m—1<0<2m
and m=-M,..., M,
0 else.

This function satisfies w;(s) =
m —M,..., M — 1, u;(s)

uj(s —2m) for 0 < s < 1 and
u(—s —2m) for 0 < s < 1 and

m=-M+1,..., M, and u;(s) = 0if |s| > 2M + 1. The assertion i)
for the real axis leads to

AM|lusllozy +2C | D fuel? > llugllawy
UGAJI
1
oM [ > Ju|?
UEA]Z

(3.8) =

Q]

1 C
lusleo 2 { 56 = g | [ 2 fuel®
UEAJZ

which proves the first inequality of (3.4), i.e., the assertion i). Assertion
ii) follows by similar arguments from the corresponding result over the

axis. O

Similarly, we can define a wavelet basis in the subspace S({ ; of those

functions of SjI which vanish at the end points 0 and 1. To this end
we consider the space of “odd” functions over R, i.e., the functions
satisfying f(s) = —f(—s) = —f(2 — s) for s € [0,1]. The correct basis
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functions for this space are the functions s — 1, () —9_s(s) —a_s(s).
If we restrict these to Z, we arrive at the wavelet basis {124 : ¢ €
AT\{0,1}} defined by

P67 if o € VZ,\{0,1}
vz if o € VI, 1>0,
y and 0,1 ¢ supp ¢§,
(3:9) Y= R - 9B e if o € VZ,1>0,

and 0 = hyy,

{wf”_hlﬂ — d’ﬁhHlHI ifoe VII, [ >0,
and 0 =1 — hy4q.

We denote the corresponding wavelet spaces span {129 : o € VI} by
WOIJ and obtain S({ =20 _11 WOIJ. Again, only those wavelets of level
[ > 0 have two vanishing moments for which the support is contained in
the interior of Z. The wavelets of level | > 0 with support intersecting

the boundary {0,1} have no vanishing moment. The assertions of
Lemma 3.1 hold also for the basis {1391} and for the spaces W{,.

We conclude this section with some results on the dual wavelet
functions. For definiteness, we restrict our consideration to the dual
wavelets of the wavelets 12 := 1", From [6], cf. also [36, Lemma 3.5],
we infer the existence of a dual scaling function ¢ and a dual mother
wavelet 15 These functions 15 and @ belong to H'/?2t¢ for a certain
€ > 0 and decay exponentially. Setting @lffa(s) = V/N@(N; - [s — a]),
o € AR YR(s) == @50, o € VB and ¢B(s) :== V/NY(N; - [s — 0]),
o€ VR 1 >0, we get the duality relations (&, ¢R) = 4, and
<¢§U,¢§U,> = 0, for any 0,0’ € A?. Clearly, the projection QJR
onto SJR parallel to the closure of >,° j WlR can be represented as

(310)  QFf(s)= D (G5 NEf(s) = D (W5 N)vg(s)-

R R
O'GAJ. UGAJ.

These projections are uniformly bounded in L?(R) since {¢®} is a
Riesz basis. For the construction of dual wavelets over Z, we introduce
the restriction operator R : L2 _(R) — L*(Z) by Rf := f|z, the

loc
prolongation operator K : L?(Z) — L2 _(R) and the L? adjoint

loc
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operators R*, K* by

Kf(s):=

f(s—2m) if2m<s<2m+1and m € Z,
f(=s+2m) if2m—-1<s<2mand meZ

(3.11) K¥g(s) = Z {g(2m — s) + g(s +2m)},
meZ

Reg(s) = {f(s) if seZ,

0 else.

Now we define the dual elements over Z by @ig = K *4,5]30 and
the dual wavelets by 1&2 = K *1/3(1} It is not hard to obtain that
< gv¢§’> = <¢?7K¢g/> = 0g,0- and that <¢§':,a7<p£g’> = 05,0 for any
o,0 € A]Z- . Moreover, the projection Q]I onto SjI parallel to the closure
of 372 Wi can be represented as

(3.12) QT f(s)= Y (05, Hvi(s),  Qf = RQ}K.

TeAt

Analogously to Lemma 3.1, we get

Lemma 3.2. i) There exists a constant C > 0 such that, for any j
and any sequence (Uy),caz, We get
J

&[> ok < H S gt

geAT oeNT

(3.13) ! !
<C Z |ue|?.

UEAJI

ii) There exist constants C > 0 and 0 < q < 1 such that, for any
I <, ul espan{@f : 7€ Al} and ul € span{yf : 7€ VI}, we get

L2(T)

(3.14) () 2y < Cq" e | e e 2 o) -

Proof. Assertion i) is a simple consequence of a duality argument,
of the duality relations between the basis {¢Z} and {¥Z} and of
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Lemma 3.1 i). For assertion ii), we remark that it suffices to prove
the inverse property and the approximation property for the space
span {@7 _: 7 € AT} = im [QF]*, compare (3.6). However, the estimate
for the approximation error f — [QF]*f in H™*(Z), 0 < e < 1/2 with f
from L?(Z) is equivalent to the well-known L?(Z) estimate for f — Q7 f
with f from H®(Z). Thus the approximation property is clear.

For the inverse property estimating the H°(Z) norm of u; € im [QJI I*
by Ch;;© times the L? norm of u;, we consider u; = Y, a7 @7, and

J ’

set £_, =&, as well as Ag_l’l] = AJI» U —A]Z. We obtain
(3.15)

N Gbra= D & > G, 2m—s)+ @R (s +2m)},

oeAat ceAl  meZ
§ : ~T § § :
H fa‘pja ftf <P_70' 2m—s
UGA]Z He(T) EAZ meZ He(T)

&> @}?a(s+2m)’

+ ’
UEAJI.— meZ

< H S 6 Y PR, emts)

O’EA% meZ

+] > & Z¢§g<s+2m>‘

O'EAJZ meZ

(| 5 e g
He(]

He(T)

He([-1,0])

H<([0,1])

—171]).

The last norm can be estlmated by standard techniques. Indeed, the
He¢ norm of a function f over the periodic interval [—1, 1] is equivalent
to {3, cz max[|k|, 1]%| |2}/, where the kth Fourier coefficient f), of

a function f is given by fr := (1/2) fil f(s)e~imsk ds. Using the norm
equivalence, the formula

IR -)L - #ﬁjemw} (3 )

(3.16) meZ .
FE)(s) = / ()t dt,

— 00



WAVELET ALGORITHM 459

and the estimate, which follows from [6, Proposition 4.8] by choosing
L=2and k=2,

(3.17) [F(s)] < Cmin{l, |s| 71},

it is not hard to obtain

H > &,

T
UGAj

< ON;
HH(T)

DAL

ceal=t1

J

(3.18) <CN; [ 6
UEAJI

<CON; || > &5,

T
a'EAJ.

)

L*(7)

where the last inequality follows analogously to (3.13). Thus, the
inverse property is proved, too. u]

3.2. Wawvelet functions over the square S and over I'. Our aim is to
introduce wavelets over the surface I'. These wavelets will be tensor
products of the wavelets and scaling functions in the space SjI and Sg) s
respectively. In the first step, we define wavelets as tensor products of
functions from SjI and then, using the parametrization k1, we define
functions over I';. These functions are extended by a simple extension
procedure to piecewise bilinear functions on I' vanishing at the grid
points of the other subdomains. For the basis over the neighbor I's of
I'y, however, the linear functions on the common edge already belong
to the span of basis functions of the first step. Thus we need a basis
of functions vanishing at the common edge. In general, for any I',, to
be considered in the further steps, we are given a certain set of edges
on which the linear functions belong already to the span of wavelets
of the previous steps, and we have to define basis functions vanishing
over these edges. This will be realized by taking appropriate tensor
products of functions from SjI and 5017 ;» Tespectively.

Now we turn to S and seek a basis of bilinear functions vanishing
at the set of edges £. Here £ is an arbitrary but fixed subset of
{e; : j = 1,...,4} with e; := [0,1] x {0}, ex := [0,1] x {1},
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es := {0} x [0,1] and e4 := {1} x [0, 1]. We set

Ppever if o <1/2ande; ¢ &

WY = Yol ifo<1/2ande; €&

T g o> 12mde e

(3.19) Podd %f c>1/2and e; € €
Ypover if o <1/2and eg ¢ &

z Podd if o < 1/2and ez € &

vy = Ppever ifo>1/2andes ¢ €

ol if o > 1/2 and ey € €.

Setting AP = AT x A7, Af’g = AP\ UE, V‘Elg = AOS’S as well as

Vf - Vij\Af’g if 1 >0, we get

3
U e
Vg’zg = AI VII\ UE,
Vit = Vi x VI\UE,
for I > 0. The basis functions over S are defined as
(3.21)
sﬁgﬂ'l (tl)@OZ,TQ (t2) if 7= (Tl,TQ) V
wS(t t ) 79:’1 (tl)wll’-TQ(tQ) lfl > O and T = ( ) c vflg
F\t1,12) = @frl(t1) -22(752) if | >0and 7= (n )EV‘;f
7951 (tl)’l/)n,y-2(t2) ifl>0and 7= ( 1,7_2) c vilz‘;.

Clearly, the functions {y : 7 € Af’g} span the space Sjs,s of all
bilinear functions of SJS which vanish over the edge points of UE. We
get SSE = Zl__l S £ where W'S‘g =span{yS: 7€ VS 1

Besides these ba51s functions we also need the simple extension
procedure mentioned in the beginning of this section. We retain the
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definition of the finite element functions ¢ from Section 2.2. For
a moment, however, we write gpf)T = cpf in order to indicate the
dependence on the level j. The trace of a bilinear function of S’ JS on the

edge is a linear function. If the bilinear function belongs to VVIS”E, then
the trace on the edge is a piecewise linear function over the restriction
of AfH to the edge. Thus, suppose we are given a function f over the
union of the edges in £ which is piecewise linear over the uniform grid
Aﬁ_l\ug. Then we denote by P, f the function

(3.22) Pt = Y L))solimm

S
-
TEAS, NUE ('OH‘LT(

i.e., the unique piecewise bilinear prolongation of f to a function in

SlS+1 which vanishes over the grid points of Aﬁj

Now we turn to I We suppose that the I',,, m = 1,... ,mp are
given in such an order that, for any 2 < m < mpr, each vertex of the
subdomain I';,, belongs to an edge common with U:Z,;lll"m/ or does not
belong to Uz,_:lll“m/. To each m with 1 < m < mp there belongs a
possibly empty set £, C {e; : j =1,...,4} such that {k,,(e) : e € &, }
are just the edges which are contained in u;j;,;llrm/. Obviously, we have
A= Uzrzlnm(Af’g’"). To define the wavelet basis over I' we first set

A US(t) if € = K (T) € K (ATET)
(3.23) Ye() = and if x = Kk, (1)
0 else.

For m’ > m and € € /{m(Aj'-S’E’") N Ky (U ), however, the function 1[15
vanishes over the interior of I',,;; and does not vanish over the common
edge I',, NT,,,,. The same kind of discontinuity along an edge occurs
also for wavelet functions ﬁg with £ in the interior of I';,, but close to the
common edge, i.e., if £ = k,,(7) € H,,L(Vf’gm), if K (e) = TNy, and
if the distance of 7 to e is equal to h;y1. To get a continuous function
from S, we extend the traces from the edge to a bilinear function over
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I, Finally, we arrive at
(3.24)

Ve () i € € i (ATE™)
and if x € Ty,
[Pulibe © i loe, )(0) i € = i (7) € i (V55),
Velw) = zel,
and T, N T = k(e),
dist (7,e) < hjy1
0 else.

Clearly the functions {¢¢ : £ € A;} span the space of all bilinear func-
tions of S;. The functions ¢ have two vanishing moments whenever
& € Aj\Ap and the support supp ¢ is contained in the interior of I'y,.
Note that two vanishing moments mean that the v¢ are orthogonal to
“polynomials” of degree less than two, i.e., (¢¢, f) = 0 for any bilinear
polynomial f o k,, over S. The scalar product (-,-) is defined by

(f.9) = Z /Sf(lim(t))g(mm(t))dt.

m=1

Furthermore, the v satisfy the following properties:

Lemma 3.3. i) There ezists a constant C > 0 such that, for any j

and any sequence (ug)een,, we get
1
(3.25) ° > Jugl? <’ > uete <C > fuel
EEA; L2(T) N

§ED;
ii) There exists a constant C' > 0 such that the coefficients fe of
the piecewise bilinear interpolant P;f = ZEE A, fewe to an arbitrary

function f from the Sobolev space H*(T) satisfy

(3.26) / Z 24| fe|2 < CV/jlI fl oy
§EA;

where | = 1(€) denotes the level of &, i.e., £ € Vi := A1\ A;.
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Proof. 1) First we consider the square & and the space S;-S’g. For
these, we will show

(3.27)
We set u! := Y oreySE u,1S and prove
l
(3.28) [(u, u") p2s)] < Cal" T || pagsy llu” | pacs),

where ¢ is a fixed constant less than one. To simplify the formulae,
we assume that | < I, that u' := Y __ose w92, and that ul =
1,1

Erevff u,1S. From Lemma 3.1 ii) and i) we conclude

(3.29)

W)= [ ST (e (1) / 1 P A

’
T1,Ty T2

' [ZU(T{vTé)dJ% (tz)] dt dty
7

i
Z u(Tl7T2)<pl,T2
T2

> vl
7
, 1
<ol '8
0

Z |u(7'1,7'2)|2|,¢)71'1 (tl)‘
T1,T] T2
Y g g PIE ()] d
LES

We observe that (3.4) holds also if the ¢<¥°" are replaced by [¥Z|, by
[¥| or by |¢f,| if the summation runs over functions of a fixed level.

1
Wty <cd [Ty
0

’
T1,T

-|w:1<t1>|]

2, (1) dty
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Using this, we arrive at

(330) |<u u | < qu - Z |u (11,72) | Z ‘u(‘r’ ‘ré)|

(T1,72) (11,73)

On the other hand, Lemma 3.1 i) and the well-known analogue for the
finite element functions imply
(3.31)

/|U ()| dt = // > iy ¥ (1) 01 1, (t2)

(T1,72)

- /01 /01 2. {g“mms@fﬁ (tQ)]wfl ()

T1

1 2
A
S D) ST
0 ln

1 2
= Z/O Zu(ﬁ,ﬁ)(pf'rg(tQ)
T1 T2
~ Y g

(11,72)

2
dty dto

2
dty dto

dto

dto

Here the symbol ~ means that the lefthand side is less than constant
times the righthand side and vice versa. Relation (3.31), the analogues
result for u!', and (3.30) prove (3.28). The estimates (3.28) and (3.31),
however, imply

2 Jj—1 Jj—1
| = {2 2 )

rEASE I=—1 =1
J
j—1
7
= Y (@)
L=—1
(3.32) , i
/ !’
H Y wst]| <o T
Li=—1

EN
TEA].

j—1
<cY PP<e Y jup

I=—1 rease
J
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which proves the upper estimate in (3.27).

To get the lower estimate, we consider the dual wavelets

BF 7, (1)FE 1, (1) 1 7= (11,72) € VY
br ()@, (k) if1>0

and 7 = (711, 72) € Vi’lg,
(3.33) 97 (t1,t2) = ¢ BL,, (1)L (¢2)  if1>0

and 7 = (11, 72) € V‘;’lg
n(t)YE, () i 1>0

and 7 = (11, 72) € V‘;’lg,

where the cﬁfa, sz; and the 1/?3 are the univariate dual functions to
the functions @%U, Y2 and ¥, respectively, cf., the end of Section 3.1.
The univariate duality relations (2, 9%,) = 8, 5/, (%, ¥%,) = 6,5 and
(77 5, wig,> = 04,0 imply the duality relations (¢°,45) = 6, . over S.
Applying the arguments leading to the upper estimate of (3.27) to the
dual system, we get

(3.34) H > vt

‘FEA‘].S“g
Consequently,
(3.35)
s s 7S
Z u‘l'wq' Z Sup N < u‘l',ll)ﬂra Z ,U‘l',l/}7'>
TEA‘? L2(S) I ZTGAS vrp? <1 TEA}S ‘I'GA;.g
. j .
> s | T
/3, cas lor2<0-1 reas
J

>0 Y full?
TGA‘?
and (3.27) is proved.

For the proof of (3.25), we observe that the piecewise bilinear prolon-
gation P f of a univariate function f of level | defined over an edge is
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the tensor product of this f times the finite element 9011:-{1-1,0|I or 901%—1,1 |z
Using

(3.36) |<‘PlI§r1,0|Za SOzI/{+1,o|I>| < 2~ I=t1/2
and (3.4) and repeating the arguments leading to (3.32), we arrive at
2
gen (A7) @) €€ (AT

From this and (3.27), the upper estimate in (3.25) follows easily. To
get the lower estimate, we conclude from (3.27) that

> < CH > uete

E€rm (AT M) E€rm (ASEm) L2(Tyn)
(3.38) < C‘ > uete
§€Aj L2(F7n)
m—1
+C 2. > ueve :
m/=1 S, L2(T,,)

§€R, (A7)
Using the just proved upper bound (3.37), we continue

Z lug|? < C‘ Z Ugte

EERm (AT Em) §EA;

L2(Tm)

(3.39)

m—1

= S,E
=L gen, (A7)

Now we substitute (3.39) with m = 1 into the righthand side of (3.39)
with m = 2, substitute the resulting inequality into the righthand
side of (3.39) with m = 3, substitute the obtained inequality into the
righthand side of (3.39) with m = 4, and so on. For m = 1,... ,mp,
we arrive at

(3.40) Y wePsc )

€€Rm (AT Em) m'=1

Z ugte

cen, L2(T )
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Summing up over all m, we obtain the lower estimate of (3.25).

ii) First we recall the well-known estimate
(3.41) If = Pifllzzy < CHI|fllm=r)

for the interpolation projection P; unto the piecewise bilinear functions.
Here the norm || - || g2(ry is the sum of the H? Sobolev norms over the
subsurfaces I'),, m = 1,... ,mr. Now we consider the complementary
space Siompl := clspan {¢¢ : £ € A \A;, 5" > j} of S; and denote the
projection of L?(I") onto S; with null space Sjc.ompl by Q;. From i) we
conclude that @); is uniformly bounded with respect to j. In view of
(3.41), we get

If = Qi flle2y < CRI|fll a2 (ry,s

(3.42) ’
Qi — Q1) fllL2ry < Chi || flm2(ry-

We set Q;f = ngl/}g. Together with (3.25) we arrive at

> el <27 fllaa ),
EeA;:1(8)=I
37 240 fe 2 < OVl ll 2oy
£eh

In order to derive (3.26), with the help of (3.25), (3.41) and (3.42), we
conclude that

N E fe — fel2 < 1Qif = Pifllz2r)
§EA;
(3.44)

< CR2|Ifll 2y
< C27%| fll a2 (ry-

(3.43)
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Together with inequality (3.43) we arrive at

\/ S 2802 < ¢ S 21| f, — fel?

EEA]- £€Aj

NS
(3.45) AV
<2% | Z |fe = fel? + CVill a2y
§EA;

< CVijllfllm2ry. o

Note that, if ;¢ = ¢¢ denotes the finite element function of

Section 2.2, then there holds
<C Y el
L2(I) gen,

> vepje

§EA;

1
(3.46) o [ Jwel? < ‘
cen;

By FE; we denote the wavelet transform, i.e., the basis transform
mapping the vector (ve)eea,; of coefficients ve of a function u; € S
with respect to the basis {¢; ¢} to the vector (ug)een; of coefficients ue
with respect to the basis {1)¢}. Then Lemma 3.3 i) implies that Ej is
invertible and that the {? operator norms of Ej and E; I are uniformly
bounded with respect to j. Finally, we remark that the application

of E; and E ! can be realized by fast pyramid algorithms, cf. [16,

4]. For one application of E; or E;l, no more than O(NJ-Q) arithmetic
operations are required.

3.3 The wavelet test functionals. Similarly to the new wavelet basis
1 in the trial space S;, we can introduce a “wavelet” basis for the
space of test functionals. Note that, in view of (2.6), the space of test
functionals is spanned by the Dirac delta functionals d¢, £ € A;, where
0¢(f) == f(&). The wavelet functionals will be linear combinations
of the delta functionals. To introduce wavelet functionals, we first
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consider the square S. Analogously to (3.20), we set VS, := A§ and

3
VS = U Vf,l’
t=1
(3.47) V$ = Vi x Af,

S _ AT T
Vo, =A7 x Vi,
S _ T Z
V3, =V xV,

for | > 0. The basis functionals 95, 7 = (11, 72) € Af over S are
defined by

f(r)/No if re Ve,
(f(r) = (/2){f (11 — by, 72)
+f(7'1 + hl+1,7'2)})/Nl ifre Vfl
(3.48) ﬁf(f) = and [ > 0,
(f(r) = (1/2){f (11,72 — huy1)
+f(T1,T2+hl+1)})/Nl if e V‘QSJUV‘;I
and [ > 0.

Since the points (71 + hyy1,72) belong to AF for 7 € Vfl, we easily
get that the span of {9 : 7 € Vfl} U{s; : 7 € A} is equal to
the span of {5, : 7 € A¥ U Vfl}. Similarly, for 7 € V‘zs’l U Vgl,
the points (71,72 & hy41) belong to AP U V‘fyl, and the span of {¥S :
T € Vil U Vil} Ui{d, : 7 € A7 U Vfl} is equal to the span of
{6, : 7 € A7 UV}, Thus, the span of {9 : 7€ VF}U {6, : 7 € AP}
is equal to the span of {4, : 7 € AP} and we have span{d, : 7 €
A} =span {09 : 7 € AT}. Now the functionals J¢, £ € Aj over T are
defined by J¢(f) := 9 (f o k) where € = k,,,(7) and 7 € Af. Clearly,
span {0¢ : £ € Aj} =span{v¥¢ : £ € Aj}.

To prepare the analysis of the corresponding wavelet transform, we
introduce the dual wavelet basis which is some sort of hierarchical basis.
We write t = (t1,t2) and 7 = (71, 72), retain the notation of gplIﬁ from
Section 3.1 and set

Qog;rl (tl)wgﬂb (t2) if T 6 V‘El
(3.49)  xS(t) = { Phrn (el () i 7€ Ve, and 120

Plirm (0)$14 0, (1) if 7€ VS UVE,
and [ > 0.
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These functions satisfy ¥ (X)) = §,,. Now the dual functions X,
€ € A; over T are defined by X¢(knm(t)) = X3 (t) where & = ki (7),
T E A}S and t € S. Clearly we get U¢(Xg) = ¢ ¢ for any &,&" € Aj,
and the interpolation projection P; of (2.7) admits the representation

(3.50) Pif =Y hif(©eje= Y De(f)Xe.

EEA; EEA;

Now we introduce the “wavelet” transform R; mapping a vector
of functional values (J¢(f))eca; into the vector of function values
(hjf(€))een,. This is nothing else than the basis transform mapping
the vector (ug)eea of coefficients ug of a function u; € S; with respect
to the basis {X¢} to the vector (ve)eea of coefficients ve with respect
to the basis {¢;¢}. Though we have the norm equivalence (3.46) for
the functions ¢, ¢, the estimate (3.25) with ¢ replaced by X¢ is not
true and the [? operator norms of R; and R;l, respectively, are not
uniformly bounded anymore. Instead of (3.25) we have the following
result.

Lemma 3.4. There ezists a constant C > 0 such that, for any j, we
get

C V5 < IRillcqza,) < CVi,

(3.51) loj 1 p
CcT2 < HRj HE(ZQ(AJ')) < C27.

Proof. Setting u; = deAj VePje = deAj ugXe as well as u =
(ug)een,, v = (ve)een,, we get Rju = v. From (3.50), we infer

(3.52) ve = hui(€) = Y ughXe (€).

§'EA;

The last sum contains no more than C'-j terms different from zero and
each term can be estimated by

(353) jugr| - b+ sup e (2)] < Clug2€)77.
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By the Cauchy-Schwarz inequality, we conclude

|v5|2 < Cj Z 22(1(5’)*j)|u£/|27
E'EN; X,/ (£)#0

Z lve|? < Cj Z 22(1(5’)7j)‘u§/|2 Z 1.

§€A]‘ £’€Aj EEA]':XE/(E)#O

(3.54)

Taking into account that the support of X contains no more than
022 =1E) grid points ¢, we continue

(3.55) Yol <Ci Y fuel®

£EA; ISESTA)

This proves ||Rp|| < Cy/j. For the converse estimate, we choose
ugr = 27U A simple calculation yields |Ju] < Cv/7j and [jv]| ~
llu;ll2 > |lujllzr > Cj. Hence, we conclude || R;|| > C/j.

Now we turn to R;l. Analogously to (3.52), we arrive at

(3.56) ug = Y veder (6)-
§EA;

In this sum the number of terms different from zero is bounded by a
constant. Each term can be estimated by |vg[20 &) and the Cauchy-
Schwarz inequality yields

jug/|* < C22071ED > oe [,
§€Aj2’ﬁ§/ (épjyg);ﬁo

YoolugP<C N et > 2207,

§'EA; §€A; §'€A; Ve (9),e)#0

(3.57)

For fixed € € A; and fixed [, —1 <1 < j — 1, the number of {' € V,
with J¢ (p;¢) # 0 is bounded by a constant. Consequently, we obtain

j—1
(3.58) Z |U£’|2 <C Z |v§|2 Z 22@-,1),

gen; cen, I=—1
[ulliz < C27 0]z



472 A. RATHSFELD

and ||R;1|| < 027, On the other hand, choosing v¢ := 277 for one
point £ = ¢” € V_; and v¢ := 0 otherwise, we arrive at [jv]| < C277
and |ugr| > C. In other words, ||u|| > C and ||Rj_1|| > (0277, o

Remark 3.1. Suppose that s is a fixed number between 1 and 3/2.
Then there exists a constant C' > 0 such that, for any j and any

sequence (ug)eea;, We get
S| <o [3 ok
3N H=(T) N

1
(359 & D 2%fuel? < ‘
§EA;

This result can be proved analogously to [39].

Finally, we remark that the application of ; can be realized by fast
pyramid algorithms, too. The matrix Rj_1 contains no more than three
nonzero entries in each row. Consequently, for one application of R; or

R;l, no more than O(sz) arithmetic operations are required.

3.4. The wavelet algorithm. Using the new wavelet bases from
Sections 3.2 and 3.3, the collocation equation (2.6) is equivalent to

(3.60) Jer(Auj) =der(v), € €Dy, uj= ) uete.
N

The matrix equation Aj(we)een, = (hv(£'))eren, can be replaced by
the equivalent equation Bj(u¢)een; = (Je(v))eren,, where the matrix
Bj is defined as (V¢ (Ate))ereca,. This B; is called the wavelet
transform of A;, and we get A; = RijEj. Note that we will identify
the operators in £(S;) with their matrices corresponding to the basis
{¢j e} In particular, we get A; = A; € L(5;).

Now the wavelet algorithm looks as follows. We solve the matrix
equation Aj(we)een, = (hv(&'))eren, iteratively, e.g., by GMRes. The
main part of the computation is spent for the multiplication of iterative
solutions z := (z¢)eca, or residual vectors z by the matrix A;. In the
wavelet algorithm, this step is done by first multiplying z by F;, then by
Bj and finally by R;. As has been mentioned near the ends of Sections
3.2 and 3.3, the basis transforms z — E;z and [B;E;z| — R;[B;E;z]
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can be realized via fast pyramid type algorithms. For the multiplication
by B;, we will prove that, due to the moment conditions and the
smallness of the supports of the bases {J¢/,& € A} and {¢¢, & € A},
the majority of entries in B; is very small, cf. Lemma 3.5. Thus, setting
these entries equal to zero, we end up with a compressed matrix C;
and the multiplication by B; can be replaced by the multiplication
with C;. The additional error due to compression will be less than the
discretization error of the conventional collocation, cf. Theorem 3.1.
Since the matrix C; is sparse, the multiplication by C} is fast. In fact,
cf. Theorem 3.1, no more than O(N7 [log N;]*) arithmetic operations
are necessary for the multiplication by the O(N7?) x O(N7) matrix
C;. Hence, if the matrix C; is already given and if the equation
[RjCiEj](we)een,; (hv(§'))eren, is solved by an iterative algorithm,
e.g., by a cascadic GMRes algorithm, then an approximate solution
u; = ZjeAj wepj ¢ with an error less than Chf can be computed with

no more than Ch;2[log hj_l]4 arithmetic operations.

In any case, the main part of the computing time for boundary
element methods is spent for the calculation of the stiffness matrix. For
the wavelet algorithm, we do not need the whole matrices A; or B; but
only the compressed matrix C; which saves a lot of computing time.
However, this reduction in computing time is not so easy to achieve
as it might seem at first glance. In fact, a sophisticated algorithm
of quadrature is needed to guarantee small quadrature errors and to
reduce the amount of work. We will discuss this issue in Section 4.

Remark 3.2. Tt is possible to solve Bj(ug)een, = (Jer(v))eren,
directly. For details we refer to the papers by Dahmen, Kunoth,
Profidorf and Schneider [11, 14]. In the situation considered in the
present paper, however, the condition number of the original matrix A;
is uniformly bounded, and we expect the actual value of the condition
number of the wavelet transform B; to be much worse even if it is
uniformly bounded.

Now we describe the compression algorithm. The results and proofs
are analogous to those given by Dahmen, Préfidorf, Schneider, Peters-
dorff and Schwab [14, 31]. Hence, we present the results and only
those parts of the proofs which are new. We begin with the estimate
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for the entries of Bj;.

Lemma 3.5. Suppose { € A is equal to § = Ky (7) for 1 <m < mp
and T € A}S’Sm such that the support of ¢ is contained in the interior
of Ty Then for this & and for £ € A;, the entry b ¢ == Ve (Atpe) of
the wavelet transform Bj can be estimated as

(3.61) lber e| < 2_31(5)_31(5/)[dist (supp e, conv 1‘}5,)]_67

where supp e denotes the support of the function ¢ and conv Ve
stands for the conver hull, in the parameter domain, of the support
of the functional V¢ . By dist (supp ¢e, convVer) we have denoted the
distance between the sets supp ¢ and conv d¢. The integer 1(§) denotes
the level of €, i.e., § € Vi) := Ayey41\Aye). For arbitrary £,& € Ay,
the entry ber ¢ can be estimated as

(3.62) lber | < 2~ UO=3UE) dist (supp Ve, conv e )] 4

Proof. Instead of repeating the rigorous proof of [14, 31, 39], let us
only explain where the different factors in (3.61) and (3.62) come from.
For analogy reasons, it is sufficient to consider (3.61). One factor 27/(¢")

is from the scaling factor legl) in the definition of (3.48). The second

factor 2-2/(¢") is due to the third term in the Taylor series expansion of
the kernel function at a point & = k,,(t) of convde . Indeed, applying
¢ to f := Ay and using that ¥¢ vanishes over linear functions, we
get

(3.63) f(km(s)) = f(Em () + VI (km(t)) - (s — 1)

3.63 1

+ 5V k() - (s = 1),

[Niene ()l < Csup [V2 f(km ()| sup |y —af?
(364) yEconv ¥/
< Csup |[V2f(z') 272D,

Similarly, writing 195/(14’1/)5) = <A¢§,195/> = <1/JE,A*195/> = ff’(bg with
f = A*Y¢, using the moment conditions of order two for the trial
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wavelet, and choosing = € supp ¢, we conclude, cf. (3.63),
1
[ o= [ 572000 - s = 020em(s)) ds,

(3.65) } / fzbg’ < Csup | V2f()] 1y — 2f2hve(y) | dy

supp ¢

< Csup [V2 (') |22 / e ()] d.

supp ¢

Thus, a factor 272 in (3.61) is due to the second order moment con-
ditions of the wavelet in the trial space and an additional 2~¢) arises
from the scaling factor Ny ~ 218 in the definitions of Sections 3.1
and 3.2, cf., the factor v/N; for the univariate wavelet y& and observe
that the bivariate wavelets are tensor products of univariate wavelets,
and from the measure meas (supp ¢¢) ~ 2721 Applying these Taylor
series arguments to the integrand in (Aye, ¥¢), it remains to estimate
the fourth order derivatives of the kernel function K 4(x,y) of the oper-
ator A for z € convie and y € supp . Applying (2.2), the estimate
of the kernel function leads to the factor [dist (supp ¢, convde/)] =6 in
(3.61). o

Theorem 3.1. Suppose that the righthand side v of (2.1) belongs
to the Sobolev space H*(T') and define the compressed matriz C; =

(cer)ereen, by

(6) cgom P TG o) < 0212711
' 0 else,

with a suitable constant a > 1. If a is large enough and if the
collocation method (2.6) is stable, cf. Theorem 2.1, then the operator
A; = [R;C;Ej] € L(S;) is stable, i.c., there is an h > 0 such that,
for any h; < h, the operator A; is invertible and its inverse flj_l is
uniformly bounded. Additionally, if u; € S; denotes the solution of

Aju; = Pjv, then
(3.67) [ — | L2y < Ch3

and the number of nonzero entries in the matriz C; is less than
Ca®N[log NjJ* = Ca’h; ?[log h; ']*.
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Proof. For some details of the proof we again refer to [14, 31, 39].
We only present those parts which are new. In particular, the bound
for the number of nonzero entries can be derived analogously to [14,
31]. For the stability and for the convergence estimate, we have to
prove

i ifs=2
. ANV < Cg—2p2—s lullgzy i
(3:68)  [I(4; — A)ity |l 2y < Ca=2h3 { o

where %; is the interpolation P;u of the exact solution u to Equa-
tion (2.1).

To prove (3.68), we set D; = B; — Cj = (der¢)ercen, and get
Aj — A; = R;D;E;. In view of the Lemmas 3.3 and 3.4 we have
to estimate the matrix D5 = (dg ¢)ercen, € L(P(A;)) with &, ==
der £273U€). By Schur’s lemma the norm can be bounded as follows

(3.69) D5 a2 (a,)) < Vo1oe,

= sup [0 3 a2,

§'eN; e,
72i= sup 210 3 [dg 2.
€A gen,

Since the entries dg, ¢ with supp ¢¢ contained in the interior of some
T',, can be treated as in [14, 31, 39|, we only estimate those parts
ol of 0;, i = 1,2, where a ¢ is involved such that supp ¢ intersects
the boundary of some I',,. We denote the set of these £ by Aé’- and
set ay = (a2jj)2*l(5/)’l(§) as well as dist := dist (supp ¢¢, conv J¢/).
Using (3.62) and (3.66), we get

(3.70)

oy <C sup 216D % 2l<5>3l<5’>dist42sl<f>2l<f>]

’ A
LER; EAldist >a,

j—1
<O sup [2_2z(£’) 3 oot 3 dist ‘42‘“0].
gen, =1 EEA:dist >a,l(§)=1
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Applying
> dasmiocof 14 at
(3.711) geAl:dist >a.,l(€)=l {teR:[t|>a.}
< Ca;?,
we arrive at

- j—1
ol < C sup |27 Z 21(1+s)a*3]
gen; L =1

- ]_1
< C sup [2724E) ST 919 (427 )2 HEN —3]
(3.72) =" oen, | ZZZ_I ((a2’7) )

i i
< C sup a3j323j21(5')221(25)}
§'en 1=0

S Ca73j72275j'

On the other hand, similarly to (3.71), we get

> dist ~*272@ < ¢ |~ da
(373) &'eAj:dist >a. (&)=l {z€R2:|z|>a.}
< Cal?,
and, analogously to (3.72), we conclude
(3.74)
o < C sup 2l Z 9—1(&)—31(8") dist 42sl(5)21(g')]
€ea; L &'eAjdist >a.
_ -1
< C sup [27519) Z 22 Z dist 4221(5')}
ed L I=—1 €€ :dist >a,,1(€)=1
_ -1
< C sup 9—sl() Z 2—2l((a2jj)2—l—l(£))—2]
¢eh L =1
j—1
< C sup [ain*QQ*QJ'Q(?*S)l(E) 1]
£EA, —

<a 7?2,
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The estimates (3.72) and (3.74), the analogous estimates for the entries
bee, & € ANAY and (3.69) yield that |[|[DS[|zu2(a,)) is less than
Ca~?j~"h3. This, together with the Lemmas 3.3 and 3.4 implies (3.68).
]

Remark 3.3. From the Lemmas 3.3 and 3.4, we get ||C;| =
||R;1f~1jE;1H ~ 27 and ||R;|| ~ v/j. Thus, the multiplication of a
certain vector z by R;C;E; can lead to an additional error of O(27/7)
times the numerical error of z.

4. The error and complexity of the quadrature algorithm.

4.1. Assumptions on the parametrization and the kernel function.
Clearly, the assumptions on the parametrization and the kernel func-
tion in Section 2.1 are not necessary for the results of the previous
sections. Indeed, for the kernel K4(x,y) and = # y, the existence of
continuous derivatives up to the order four (two derivatives with re-
spect to each variable x and y) is sufficient. For the parametrization,
a differentiability up to order three is sufficient. If differentiability is
guaranteed only up to orders less than four and three, then a differ-
ent wavelet algorithm is possible. More precisely, for appropriate real
numbers a > 1, f > 1 and v > 0 the compressed matrix C; can be
defined by

ber e if dist (supp ¥, conv ¥ )
(4.1) cere = < max{2-1€), 2-1E), (agjjv)gfal(ﬁ’)fﬁl(ﬁ)}
0 else.

The error ||u—wu;|| 2 (ry for the solution of the corresponding discretized
equation fljuj = Pjv will be of order O(h?), 0 < § < 2, which should be
the best possible under the weaker differentiability assumptions. The
number of nonzero entries will be of order Nj‘-sl7 2 < ¢’ < 4. Thus, this
wavelet method is suboptimal since it reduces the number of arithmetic
operations from N ]4 for a conventional finite element algorithm to

N? > N?.
Now we will define our quadrature algorithm for the following situa-
tion:
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i) Suppose the surface is three times continuously differentiable.

ii) Suppose that the surface is given by a finite number of grid points
only, i.e., that the k,, are given over the grid Af.

iii) We replace the true surface by a piecewise polynomial interpolant.
This is given by the parametrizations k,, which interpolate the given

values {rn,(£) : € € AT}

iv) Suppose that k,, is twice continuously differentiable over S
and polynomial over each patch {(t1,t2) : (kK — 1)h; < t1 < khj,,
(i—1)h; <ty <ih;}. Furthermore, suppose that there exists a constant
independent of m and the patch such that

(4.2) sup |0%m ()] < C
tes
for any nonnegative multi-index o = (o, o) with |a| := a1 + ag < 3.

v) To ensure the existence of the singular integrals in the principal
value sense, we suppose that the approximating manifold is continu-
ously differentiable also over the common boundary of two subsurfaces
defined by different parameter representations.

vi) For the kernel function K 4(z,y), we require the representation,
cf., e.g., [31],

(43)  Ka(z,y)= D sal@,y,ny) (@ —y) e —y >,
K<lal

where k is an odd integer, n, is the unit normal to I" at y, and the sum
is taken over a finite number of multi-indices .

vii) Suppose that, for any m = 1,...,mp, the functions s,
Iy, x Ty, x S2 — R admit continuous extensions to the sets

T x {t € C3: dist (t,T,,) <ea} x S

(4.4) 3 1 )
Dy xTyy x {t € C° i dist (¢,5%) <ea}l,

such that s, is a complex analytic function with respect to the second
and third variable, respectively.

Clearly, the replacement of the true surface by the approximating
piecewise polynomial surface leads to additional errors. Though these
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effects require an extra analysis, we will not discuss this issue. If the
interpolation of the thrice differentiable surface is defined, e.g., by ten-
sor product Overhauser interpolation, cf. [29], and by straightforward
modifications at the lines I';,, N\T',,,/, then the global continuous differen-
tiability of the new surface can be guaranteed. Moreover, the piecewise
second derivatives of the approximating surface are close to those of
the true surface. Therefore, we conjecture that the compression results
of Section 3 and the results of the present chapter remain true for the
Overhauser interpolation of a three times continuously differentiable
surface.

4.2. The quadrature algorithm. In this section we define the quadra-
ture rules for the computation of the matrix entries cg ¢ of the com-
pressed wavelet transform C;. From (3.48) we conclude that, for each
¢ € V), there exist three points £, of A1 and three real coefficients
A, such that 9 (f) = Z‘f’:l AJS(E). Clearly for ¢ € V_q, we have
A2 = A3 = 0. If the entry c¢ ¢ is not zero, then it is equal to

3
core =Y NAYe(E)

=1

(4.5) 3
_ ;)\L{a(éﬁ/’f(@) + [ Kaguemar).

Depending on ¢, we will split I" into the union of subdomains I‘E;’,
i € N. Over this partition we will define a composite quadrature rule

e fy)d,I' ~ Z f(@p)wp,

HEM,,

/Ff(y)dyr’\' Z Z f(@p)wy,

(4.6) i'eEN peM;,

= Z f(xu)wuv

peM
./\/l = U Mi/,
i'eN

which depends also on §, € suppde. However, before we apply
such a quadrature rule to the computation of the integrals in (4.5),
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we have to perform a singularity subtraction step over some of the
domains Ff,/, i.e., for 7 in a certain subset N7 = N'(¢)¢,) C N
Singularity subtraction means the following. We will introduce a main
part Kps(z,y) of the kernel function K4(z,y) which has the same
singularity behavior for y — x. In other words, Ka(z,y) — K (z,y)
will have a weak singularity only. Moreover, the function K (z,y) will
be chosen such that its integration can be performed by an analytic
formula. Using this, we write

(4.7)

3
coe=3" AL{amwg(a)
=1

"2 U KA )0e(y) = (6 y) (€] dyT

'EN' o

+ [ Kt ,00e(€5 )]

S / K6 4,1 .

' EN\N

"€ is chosen to be equal to & if &, € Ff,/ and where

where the point §f,
55,/’5" is an arbitrary but fixed point {f/ € Ff/ not depending on ¢, if
& ¢ T The integrands y — [Ka(&,y)ve(y) — Kar(E,y)de(€5 )]
in (4.7) have milder singularities at y = &, than the corresponding

integrands y — Ka(&,y)Ye(y) in (4.5). Applying the rules (4.6) to
(4.7), we arrive at the final formula,

(48) C§/ I3 Cg/ § = Z)\L{a §L ’(/}5 §L Z KA €L7xu)wf(x#«)

=1 neM

n T [ [ Kuena,r

i’

i’eN’:Fg,/ﬁsupp e AD i

S Kulé, mwu} NGE )}

pneEM;/

It remains to introduce the Ff,/, the rule (4.6), the set A, and the main
part K of the kernel.
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First we fix a ¢’ € A; and we introduce the underlying partition for
the quadrature. Since the quadrature rules are accurate for polynomial
integrands but not for piecewise polynomials, we have to choose the
partition such that all the functions )¢ are polynomials over the
subdomains. We consider the uniform partitions

e Lk, K’
r= Dbk
(4.9) rrgl k,yﬁ

DR = o ([(k — )Ry, k] % [(K = 1)k, k')

of step size h; with [ = 0,1,...,j. For the subdomains of these
partitions, we call a function f “polynomial” over DmbkE if foky, is
a polynomial over [(k — 1)hy, khj] x [(k' — 1)hy, k'hy]. By T = uM 17
we denote the coarsest partition into subdomains from the partitions
(4.9) such that the restriction to these subdomains of the functions
e, for which cer ¢ # 0, is a “bilinear polynomial”. More exactly,
we define I' = Uf‘ijll“i recursively. First we set ' = Ugviolfg equal
to the partition (4.9) with I = 0. We define I' = UM T! as the
refinement of I' = UM T9, where a I'? = D™0F*" remains unchanged

79

if the functions ¢ for which cg ¢ # 0 are “polynomials” over I‘? and
where all the other I') = D™OkE are divided into the four subdomains
Dm,172k—1,2l~c’—17Dm,1,2k,2k/—17 Dm,1,2k—1,2k' and Dm71,2l~c72k" Next T' =
U%il"% is the refinement of I = UM T} where every subdomain
remains unchanged except those T'} = D15+ for which there exists
a & such that cg/ ¢ # 0 and )¢ is not a “polynomial” over I';. These I'}
are divided into the four subdomains D™2:2k=1.2k'=1 " ym.2,2k.2k" —1_
Dm22k—12k and pm22k2k - Proceeding in the same manner, we
finally get the partition T' = UM’ /.

Unfortunately, this partition is still not sufficiently fine. Indeed, ap-
plying the one point quadrature rule over each I'/, i = 1,..., M,
leads to large quadrature errors due to the singularity of the kernel
Ka(&,,y) for y close to &. These errors cannot be improved by em-
ploying quadrature rules which are exact for higher order polynomials
since the assumptions iii) and iv) of Section 4.1 admit low order esti-
mates only. The only way to improve the quadrature errors is to work
with smaller step size. Thus, to refine the partition I' = Uij\i’ifg we
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Dmabkk

consider a Fg = . Obviously, there exists an I” such that

(4.10) 272" < dist {conv ¥, I} < 272071,

If I” < j — 1, then we replace I‘g = D™LEE by the union of the 22"
subdomains D™k which are contained in FZ For I” > 7 — 1,
we replace Fg = DmbLkK by the union of the 220-Y subdomains
D™M3kEE which are contained in Fg . We denote the final partition
by T = UprenT$ .

Now we define the quadrature rule (4.6) for Ff,/ = D™ EF quch that
€ ¢ T%. We write

khl/ K hyr
/f d I'= / / Hm tl,tg))‘lﬁ (t17t2)|dt2 dtl
r¢, — Dy J (K —=1)hy

(4.11) ~ > flaw)wp,

neEM;,

where the last quadrature rule is the tensor product of the univariate
ng-point Gauf rule. If I’ < j, then the distance of I‘f,' = DmbRE ¢ the
singularity point &, of y — K4(&,,y) is sufficiently large and the step
size hy sufficiently small such that the one point rule is sufficiently
accurate. Hence, we set ng = 1 for I’ < j. If I’ = j, then k,, is
polynomial over Ff; and higher order quadrature rules can be employed.

Hence, for I’ = j, we choose ng to be the smallest integer such that,
cf. [23, Section 2.3],

J

. b
(4.12) "G 2 (L Togyfdist (6,1 1 /1)

where b is a fixed positive integer.

Next we turn to the definition of the set N’ of indices i’ € N for
which the singularity subtraction step, cf. (4.5)—(4.8) is necessary for
the quadrature over Ff,/. If¢, e I‘f,/, then the integrand y — K (&, y)
is strongly singular and the quadratures do not converge without
singularity subtraction. For I‘f,/ = DmVRE with 1 < j, we employ
the low order one point rule. In this case the singularity subtraction
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is also necessary in order to improve the bounds of the derivatives of
the integrand. Only if T§ = D™!FF with I’ = j, then the higher
order quadrature rules are so strong that the singularity subtraction is
redundant. Thus, we introduce A/ as the set of all i/ € A/ such that

I‘f,/ — pmlRE With 17 < j or such that &, € I‘f.,'.

For the definition of the main part kernel K,;, we observe that the
transformed kernel function takes the form, cf. (4.3),

K (K (t)5m (1)) [ (¢)]
(4.13) = Z Sa(’{m(t% Hm(t/)a nnm(t’))

k<l|q|
[rm(t) — “m(t,)}a‘“m(t) - an(t/)|727k|’ilm(t/)|-

Hence, we define K/ (x,y) by

Kyt (), m (1)) [K7, ()] = Z Sa(Km (1), Km(t), s, (1))
k=|c|

(D (t) - (=11
Dt (8) - (8= )72k, (2],

(4.14)

where the surface density |k}, (¢)| is |0t fm(t) X Opkim(t)] and the
Fréchet derivative Dk, (t) is the matrix (9, fim (t), Or, km (t)) € R3*2.

Now it remains to introduce the quadrature over the Ff,l with ¢, € Ff,l.
For definiteness, we suppose &; = K, ((k—1)h;, (k' —1)h;) and consider
I‘f,l = DMk Cutting along the diagonal through ¢,, we divide

SO . ik
D™ kE into the two triangles D™ 7FF

m.jk.k s
and D given by

D-TJ"]EJ;/ = km({(t1,t2) : 0

(4.15) o < [tr = (k= Dhy] < hy}),
D™IRR = e ({1, t2) 0
(

< [te —
Over DT’j”;’]}/ the integrand function takes the form, cf. (4.7),

g(t) := G(rm ()]s, (1)),
G(y) = Kal&, y)ve(y) — Knr(, y)ve(&)

(4.16)
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and is known to have a weak singularity of the type
~ y ta 1
(417)  g((k= Dby + 1, (W = Dhy+t2) = (11,2 )=+,

where 0 < t9 < t; < hj, where the function ® is smooth, and
where the dots stand for smoother terms. By Duffy’s transformation
(t1,t2) = (t},¢1t}) such a singularity is transformed into a smooth
function and we get

hj tl t2 1 hj 1
(4.18) /0 /O ¢<t1’a)adt2dtl_/o /ch(t’l,t;)dtgdt’l.

Consequently, we set
(4.19)

G(y) d,T

m,j,k,k’
Dy

h; 1 5 B
:/0 /O g((k— Vh; +t,, (K — 1)h, +t'1t’2)t’1 dtly dt!
~ Z G(2p)wy,

P N
HEM,/ :x}LGDr’J’k’k

where the last quadrature rule is the tensor product of the ng-point
Gauf rule applied to the rectangle [0, h;] x [0,1]. The order ng of the
univariate Gauf} rules is chosen to be greater than or equal to b5 with
b the constant from (4.12). If we define the knots z,, and the weights
wy in the same fashion for any DmikE with ¢ € D™3kE and for
any DT’j’k’k/ and D™"* then we arrive at the quadrature rule (4.6)
for the remaining subdomains and the approximate values c’g,’ ¢ for the
nonzero values cg/ ¢ in (4.8) are completely defined.

Finally, for the computation of frg Ky (&,y)dyT, cf. (4.8), in case
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of |a] =1 and k =1, cf. (4.3), we mention the formulae

o
o Sy {ea?+ fay+ 232 Y

_ 2gc—fd {arsh 296" + fa' arsh 290" + fa
Vldeg — f?] a'ldeg — f?] aldeg — f?]
2gb + fa’ 2gb+ fa
_arsh 22 TJE A e
M daeg = 72 T afteg - 7
2ed — fc 2ea’ + fU/ 2ea’ + fb
h —arsh ————
Veldeg — f?] V'[deg — f?] bldeg — f?]
2ea + fU 2ea + fb
TN P Taeg — 7] T Baeg — 771
O<a<d, 0<b<l, [f?<deg,

’

[ L et s
o Jy {ea?+ fay+ g2y

2gc — fd 290’ + fd 2gb+ fd’ v
Jaldeg — /7 arsh h————— —log

R e o
2ed — fc 2ea’ + fU/ 2ea’ + fb
- h —arsh ————— %,
Veldeg — f?] V'[deg — f?] bldeg — f?]
0O=a<d, 0<b<l, f?<deg,

/h/h cx + dy
dy dx
o Jo {ex? + fay + gy?}3/2

=p.f i
P al—I%//{(w,we[o,h]?:ew2+fwy+gy2262}
__Zge=td {1 g Mer S+l
Valdeg — f?] a
29+ f f
—arsh oy Hamsh w}
2ed — fc hle + f +g]
- e
2e+ f /

— arsh 7[469 — 7 + arsh 7[4eg — 77 },

f? < deg.
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Note that the kernel of the singular integral equation corresponding
to the oblique derivative boundary value problem, cf. [27, 25, 28],
admits a representation (4.3) with || = k = 1. Further details of the
algorithm for the assembling of the matrix are discussed in [35].

Remark 4.1. To reduce the number of quadrature knots for the
computation of the singular integrals, i.e., for (4.19), it is possible to
choose different GauB orders ng ;1 for the ¢} direction and ng 2 for the
ty direction. It is sufficient to take ng1 > b and ng o > bj.

4.3. The error of the quadrature. We introduce the compressed and
discretized matrix C} = (¢} )¢ cen;, Where the nonzero entries cg,
are given in (4.8). By A we denote the operator in L£(S;) whose
matrix with respect to the basis {¢;¢ : § € A;} is R;C}E;. Thus,
the quadrature algorithm for the stiffness matrix A; leads to the fully
discretized equation A;»uj = Pjv.

Theorem 4.1. Suppose that the righthand side v of (2.1) belongs
to the Sobolev space H*(T) and that the compressed collocation method
including the approximate operator flj is stable, cf. Theorem 3.1. If
the compression parameter a, cf. (3.66), and the quadrature parameter
b, ¢f. (4.12), are sufficiently large, then the operators A, € L(S;) are
stable. Additionally, if the second order estimate of Theorem 3.1 is
valid, and if u; € S; denotes the solution of A;-uj = Pjv, then

The number of nonzero entries for the matriz C;- is the same as that
for Cj, i.e., it is less than C’N;[log N4

For the proof, we need the following two estimates of the quadrature
error.

Lemma 4.1. i) [18] Consider the square [a,b] X [c,d] of the size
h=b—a=d—c. Suppose that f is twice continuously differentiable
over [a, b]x[c,d] and that GR(f) stands for the tensor product of the one
point Gaufl rule, i.e., the midpoint rule, applied to f over [a,b] X [c,d].
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Then it is not hard to see that

(4.21) ’/ab/cdf(thtz)dtzdtl — GR(f)

< ont sup 107 f(t1,t2)],

B€{(2,0),(0,2)}
a<t1<b,c<ta<d

where the constant C' is independent of [a,b] X [¢,d] and f.

ii) [17, 31]. Now consider a rectangle [a,b] X [c,d], set h :==b—a and
B :=d—c, and suppose that f is analytic over [a,b] X [¢,d]. Moreover,
suppose that f admits complex analytic extensions to the sets

{(t1,t2) ERx Cra<ty <bfto—c| + [t —d] < (o+ 07" )H'/2},

{(t1,t2) ECxR:c<ty <d,|t1 —al + |t —b] < (0 + 0 ")h/2},
where ¢ > 1. We denote the ellipse {t1 € C : [t; —al + [t; — b =
(0 4+ 07Y)h/2} by Ey(a,b), define Ey(c,d) similarly and consider the
tensor product of the univariate ng-point GaufS rule GR(f) applied to
f over [a,b] X [¢,d]. Then, for a constant C independent of [a, b] X [c, d]
and f, we get, cf. [17], Equation (4.6.1.11) and [31, Proposition 4.3]

(4.22) ’/ab/cdf(tl,tg)dtgdtl —GR(f)‘

come ol m ftl 4 mes |f(e o))
N ¢ t2659(>c(,d) £ (t1, t2)] tlesg()é,b) |f(ti,t2)]
ashish e<tr<d

Proof of Theorem 4.1. 1) First we suppose that the integrals over
the subdomains I‘f, = DmURE with ! = j are computed exactly
and consider the quadrature errors over the domains Ff./ — pmlkk

with I’ < j. For any function @; = deAj Ugtpe € S;, we introduce

the functions @ = > .ca, Uete = 5,;171 > cev,, Ugthe and their

coefficients ;¢ defined by 4 = ZfeAz Wy epre. We will represent
Aj — A} = R;(C;j — C)E; € L(S;) as

j
(4.23) (A; — A = {Z > eeneyme + D 65',£@£}X5'~

geN; N I=0teA, ceA;
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This representation will have similar properties as the matrix of the
compression error, i.e., it permits the application of a Schur lemma
argument. We will show the sparsity pattern of this representation

and, later, we will derive a bound for A; — A;- by estimating egr (¢
and egs ¢. To get (4.23), we suppose that &’ is fixed. Then the coefficient
of X¢ in (4.23) is the sum of the quadrature errors over the domains

I‘f, = pmlkF - I‘Z = pmubkF corresponding to the integrand
functions

(4.24)

where

ﬂgl = Z ﬁgl/}g.

£€AJ:CEIYE¢O

We consider a fixed subdomain Fg = D™Ip-kk containing sets of the
form I‘f,l = DmURE with 1 < j. From the definition of the Fg we
observe that there exists a ¢~ such that cer ¢ # 0, [(§”) = Ip —1, and
supp Y NI} # @ (otherwise the partition step leading to I} would be
redundant). In view of (3.66) we get

dist {conv J¢/, supp ¢er } < aj2i~1E)~(p=1)

(4.25) _ o
dist {conv e, 17} < 027 Up=1) 4 o1~ 1(E)=Up=1),
Consequently, if j is sufficiently large, then, for any ¢ with (&) <lp—1
and supp ¢ NI # @, we arrive at

(4.26) dist {conv ¥, supp e } < 027 (=1 4 aj2i U =(p—1)
' < aj2i1E)—1E),
This means cg ¢ # 0. In other words, the restriction ’l~L§I|1—~j is equal to

the 1, —1 plus some of the terms @¢e with & € V;,_1. The quadrature
error corresponding to (4.24) over I') is equal to the quadrature error
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corresponding to the function

y— Z ﬁ)zD_l,gﬁg/(KA(',y)sﬁlD_l,s(y)
STAVNE

— K (y)en, 1 e(€))

+ Z fl{’ﬂg/ (KA(vy)djf(y)

EGVLD_l 165/,5750

(4.27)

— Kn(m)e(€)).

The entry ee (;¢) is now the sum over all quadrature errors for the
integrand functions

y— e (KaCop)ene(y) — Kar(9)ene(€5))

taken over all subdomains TV = D™-#F with Ip —1 = [ and

supp ¢y,¢ N Fg # @. Similarly, for cg ¢ # 0, the entry eg ¢ is defined as
the sum over all quadrature errors of the functions

Y Der (K a (- y) e (y) — Kar (- y)te(€5))

taken over all subdomains TV = D™!p:F* with Ip —1 = I(£) and

supp e NT7 # @. For cer e = 0, we set egr ¢ = 0.

Note that eg 16y = 0 and egr ¢ = 0 is possible also if there is no Ff
with ip—1=1,supp ;NI # @ and ip—1 =1(&), supp e NI} # @,
respectively. More precisely, e¢ ¢y # 0 implies the existence of
I = D’”’ZD’k’kf such that [p — 1 =1 and supp ¢; ¢ NI # @. From the
definition of I’

727

we infer cer ¢ = 0, for all the ¢ such that e |p

is not polynomial. Hence, for supp ¢e N I‘g # @ and 1(¢") = Ip, we
get ¢gr v = 0. This implies, cf. (3.66),

dist (conv e, T7) > min dist (conv ¥/, supp e ) > aj2i 1€ -tn
Consequently, e¢ (.¢) # 0 implies

(4.28) dist (conv ¢/, supp () > Caj2j*l(5/)*l,
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Similarly, we get that egs ¢ 7# 0 implies
(4.29) dist (conv J¢/, supp ¢¢) > Claj2/—HEH-1&),

Having derived the sparsity pattern of representation (4.23), we turn
to the estimate of its entries. From the definition of ¥¢/, we infer the
existence of an 2’ € conv ¢ such that, cf. (3.64),

(4.30) Ve (Kal(-,y)pre(y) — KM('vy)ﬁﬂzﬁ(fgi’))
= 273K (e, y)pre (y) — Kar (e, y)ere(€5)],

where 0% denotes a certain second order derivative (directional deriva-
tive) with respect to x. Applying the composite tensor product one
point GauB rule GR to this integrand over the square I/ = D7l+1LE
of side length 2~(+1) and using the second order convergence estimate
(4.21), we conclude

(4.31) |eer (.0)] < C273UEN 24

> sup (9,07 [Ka(a',y)pre(y)
p161=2

J .
[ Csupp ¢i,¢ yeDm,H—l,k,k'

’

— K@, y)ere(€)]l.

The scaling factor N; ~ 2! in the definition of ©1,¢, an additional factor
N; ~ 2! for each derivative of ¢, ¢, the estimate (2.2), and a similar
estimate for the kernel K, lead to

2
(4.32)  eer a0l < 202_3“5/)_3”“&5‘5 {conv ¥¢/, supp ¢y ¢ } 0.
k=0

Analogously, we obtain

2
(4.33) |egre| < ZC2*3l(§')*31<5>+kl(5)dist {conv U, supp e} ~0T*.
k=0

The sparsity patterns (4.28) and (4.29) as well as the estimates (4.32)
and (4.33) together with a Schur lemma argument similar to (3.69)
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imply that the I2(UA, U A;) — l2(Aj) norm of the matrix with the

entries e¢r (1.¢) and egr ¢ is less than Ca~2j~3/2. Using Lemmas 3.3 and
3.4, we get
J
SN el + > laglr < [0 G4 1 U(E) e
(434) =1 ¢, EEA; EEA;

< CVijlltll 2y,

and ||A; — ALl < Ca~2j~1/2. Hence, for sufficiently large a or j, the
operator A;- is a small perturbation of flj. Together with flj, also A;-
has a uniformly bounded inverse.

Now we return to the error estimate (4.20). First we will show
(4.35) I(A; = A5l 2y < Ch3log by,
where @; = Pju = P;A~'v. From Lemma 3.4 we infer

’ > veXe <CVi [ lvel?

gen, L2(T) gen,
(4.36) <CVi [y 2 sup 121 e |
EEA;

< Cj sup |2l(5 Jver].
§'EA;

Hence it suffices to estimate the quadrature errors of 2“5/)195/ (fljﬂj) =
21(5/)195/ (Ajaﬁ) for each & separately. In order to apply (4.21) we
have to estimate the second order derivatives with respect to y of the
integrand function, cf. (4.24) and (4.30),

’

(4.37) yr— 27392 Ky (2, y)iS (y) — )
= 279K a(a',y) — Knr(2, )@ (y)
+ K, y)[as (y) — a5 (€5)]]

The kernel functions K4 and K, however, satisfy (2.2) and

(438)  [0002[Ka(w,y) — Kaslw,y)]| < Clo —y| 11191,
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Moreover, Lemma 3.3 ii) implies

i (2) =i (y) = 3 uele () — e ()]
@5 () — @5 ()] < O Jug|22 O]z —y)

(4.39) <C /Z 241(8) [y |2

< Cjlz —yl.

>

&ipe (2)7#0
or g (y)#0

1]z -yl

Similarly, we get |’EL§/ ()] < CV/j and |8f11§l (x)] < Cj where || = 1.
Note that the higher derivatives with g = (2,0) or 8 = (0,2) vanish

§ is bilinear. Using these estimates and applying (4.21) to the

quadrature error for the integration of (4.37) over Fg = pml' kR ¢
Il = D™bRE e arrive at the bound

since U

(4.40) C2~ 273U jdist {conv ¥¢/, Ff,/}%.
In view of (4.10), we have 272" = 2720+1") < 9-2ldist {conv Ve, TV }.
Summing up (4.40) over all Ff, - I‘g, we get the bound
S 22798 jdist {conv W, T}
ré.récry
= 02742731 jdist {conv ¥, T}~

for the quadrature error over Fz Hence, the quadrature error for
219 (Ajii ) is less than

j—1
(4.41)  Cj2 2O "o > dist {conv e, [} 27
=0 7.7 =pm.lk,k

We observe, from the definition of the Fg , that c¢/ ¢ = 0 for all £ with
supp ¢ NT7 # @ and [(§) > | (otherwise I/ would have been divided
in further steps). In view of (3.66) this means that

(4.42) dist {conv J¢, I‘f} > qj20 ML,
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Using (3.73), we estimate (4.41) by

j—1
(4.43) Cj2 2N 972 (27 T2 < 0g 227,
=0

This together with (4.36) proves that the L? norm of the quadrature
error is less than Cj2727. The estimate (4.35) is proved. Now equation
(4.20) follows easily from this estimate, the corresponding consistency
estimate (3.68) and the boundedness of the inverses A’.

ii) Next we suppose that the integrals over the subdomains Fg,, =
DmURR with I < j or with the singularity point &, in Ff,/ are
computed exactly and consider the quadrature errors over the domains
Ff,l = D™UHRE with ! = j and & ¢ Ff,/. We fix a J¢, a ¢
and a I‘f,' = DMk For these, we estimate the quadrature error
?2/54): Cer g — Cgr g OVET Fg,, with the help of (4.22). Thus,

3
F@&) =D MK (&, km (1)) |50, (8) [Woe (R (1)),

=1
O, m (t Oy kim (1
Ka(€mm(t) = ) sa (5“"“7”(’5)’ |6tln,,LEt; i atgﬁmgt§|>

k<|c|

(& = mm ()€ — “WL(t)‘_Z_k'

From the analyticity assumption on the s,, cf. the analyticity domains
(4.4), and the boundedness of the derivatives of the parametrization, cf.
(4.2), we observe that the function f|ﬁ_1(Dm,j,,;,,;,) extends to a complex

analytic function over a neighborhood {t : dist {t, s} (D™3*+)} <
ep}. Here we have to require ep < £4/C for the analyticity of ¢t —
Sal&, km(t),...) and ep < dist {¢,, D35} /C for the analyticity of
t +— [&, — K (t)|727%. Thus, the assumptions of Lemma 4.1 ii) are
satisfied if we choose

(4.45) 0:=1+dist {&, DI} /[C7hy)

with a sufficiently large constant C’. To get a bound for f over [a, b] X
Eple,d) and E,(a, b) x [c, d], we observe that |K4(&,, km(t))| is less than
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Cdist {&,, Dm’jﬁ”y}_z, that |k, (t)| is bounded by a constant, and that
the absolute value of the bilinear extension of wg(ﬁm('m,{;nl( Dmd kY
is less than C21(&)[2HE) dist {{L,Dm’j’f“”y} + 1]2. Using these bounds,
dist {SL,D’”’J”];”;/} > 279 and |A,| < €271 ¢f. (3.48), we get that
the quadrature error for the integration of f over DmIkE s less than

3 7
(4.46) > €272 p=2n6 gisg {g,, DRI Y2

=1

. 9l(€) [2l(5)dist {gu Dm]’ﬁﬁ’} + 1]2 < CZjQ—ZTLG.

We have to sum up over all Ff,/ = Dk C supp ¥¢. The number of
subsquares D™3kF g less than 2% and we arrive at

3
(4.47) |dere] < C2% 7m0,

=1

We will show that the I norm of the matrix (dg/ ¢)er ¢ is less than

2727, where C'is a constant. If this is done, then the norm of A;— A’ is

less than C'\/ij_Q, cf. (3.51), and the convergence rate (4.35) is proved.
’,‘_1

N ~ J

the bounded operators A; and [4;]7!, respectively, they are uniformly

bounded. The estimate (4.20) follows as in point i) of this proof.

Moreover, since the operators A;- and |A are small perturbations of

Clearly to show the norm estimate for (dgs ¢)er ¢, it suffices to prove
that the [? norm of the matrix entries (Frobenius norm) is less than
the desired bound. Hence, we only have to show |d¢ ¢| < C27%. In
view of (4.47) and (4.45) it remains to prove the uniform boundedness
of
(4.48)

023 g=2nc bl < (097 g2 < (198 —2loga{1-+dist {&,D™ I FF Y /1C Ry g

The last expression, however, is bounded if
4j
ng = ——
log, {1 + dist {&,, D3+ }/[C"h;]}
C J — .
~ max{1,log,[dist {&,, D™J*F L /h;]}

(4.49)
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This is fulfilled if b is sufficiently large, cf. (4.12).

iii) Now we suppose that the integrals over the subdomains Ff/l =
DMl RR with 1 < j or with the singularity point &, not in Ff,/ are
computed exactly and consider the quadrature errors over the domains
I‘f,/ = Dl RE with [ = jand ¢, € I‘f,/. We proceed analogously to
the step ii). For fixed ¥¢/, 9, and I‘f,l = Dm’j”;”y7 we estimate the

quadrature error dg/¢ = Cgr ¢ — Cgr ¢ OVer Ff,/ with the help of (4.22).
Thus, cf. (4.19),

f(t) = f(ta,t2)
(4.50) = N\g((k = Dhj +t1, (K — 1)h; + tita)ty,

t €[0,h;] x [0,1].

Due to the subtraction of singularity and due to Duffy’s transformation,
there is no singularity in the integrand anymore. From the analyticity
assumption on the s,, cf. the analyticity domains (4.4), and the
boundedness of the derivatives of the parametrization, cf. (4.2), we
observe that the function f \[o,hj]x[o,l] extends to a complex analytic
function over the analyticity sets of Lemma 4.1 ii), if ph; < €4/C
and g[1 — 0] < e€4/C. Thus we choose g := 1/C’ with a sufficiently
large constant C’. To get a bound for f over [0,h;] x £,(0,1) and
E,(0,hj) x [0,1], we observe that |f(¢)| is less than constant times
[A,| times the supremum norm of the extended polynomials (¢1,t2) —
e (Km(t1,t1t2)) and of their first order derivatives. We get |f(t)] <
C271€9% as well as the bound

CQ*J'Q*%G 9—1(&") 925 < C2jg*2nG

for the quadrature error of f over DmakE | of, (4.22). We have to sum
up over all Dk R C supp ¢ with &, € D’"’j”;”y7 i.e., over no more
than four sets for each I',,. Consequently, we arrive at
|der | < C27972"¢
(4.51) 2M|dg ¢| < C2%7 g~ 2ne
< (965—21ogy{1/C"}ng

The last expression, however, is bounded if
3J

(4.52) ng = log,{1/C7}’
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which is fulfilled for sufficiently large b. O

4.4. The complexity. Clearly the number of arithmetic operations for
the computation of the stiffness matrix in the form of its discretized
and compressed wavelet transform is bounded by a constant multiple
of the number of quadrature knots.

Theorem 4.2. The number of quadrature knots for the quadrature
algorithm in Section 4.2 is less than CNf/s[log N;J/3.

Proof. First we fix a ¥¢ and count the quadrature knots for the
computation of J¢ (A%uj). To count the points contained in T =
D™UER we observe, cf. (4.10), (4.25) and (4.42),

272" . dist {supp Der, T}
(4.53) ~ 20 UEN L
U~ [1+1(E) — j —logyj — C/2.

Thus I” < j — 1 holds if and only if I < j — [I(¢') —logy j — C]/3. For a
fixed [ with [ < j—[I(¢') —logy j — C]/3, the subdomains I} = D™Lk:E
are contained in a domain of size aj2jfl(§,)*l, cf. (4.53), and are divided
into square T% of size 27171 ~ 271-[HUE)~j-log2 i=CI/2 Ty each T%,
there is exactly one quadrature knot. Hence, the number of quadrature
knots contained in all these I/ is equal to the number of subdomains
I‘f,l in the union of the Fg, i.e., less than

2

i —1(E)—1
aj2 " - Cj2j_l(5/)+l.

Q—I=[l+1(¢")—j—log, j—C1]/2

(4.54) c

On the other hand, all the subdomains I/ = D™MFF with | > j —
[1(¢) — logyj — C]/3 are contained in a domain of size
aj2i—1EN—{i=[I(¢") o, =C1/3}  (f, (4.53), and are divided into square
Fg of size 277. Moreover, for the O(n) subdomains Ff,/ = DmikF
which satisfy dist {&,, I‘f,/} ~ 1277 and which are contained in the set
of all these T/ = D™3*+ with [ > j — [I(€') — logy j — C]/3, we get
ng ~ Cj/(1+logn). The maximal number of such n is

(4.55) nignas = 20 1€~ loz2 3 =C1/3} jo=i < (121395 -21(EN/3.
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Now the number of all quadrature knots in the union of all I‘{ =
DmdkR with 1 > j — [I(¢') — logy j — C]/3 is bounded by, cf. [23,
Section 6],

MNmax Cj 2
2 2 2
nz::l Cn [m} S Cj nmax/[log nmax] .

Using log nmax ~ j, we arrive at the bound Cn? . Consequently, the

number of quadrature points for a fixed ¥¢ is less than, cf. (4.55) and
(4.54),

J—[U(&")~log, i—C1/3
(4.56) Cj4/3221'—4l(5')/3 + Z Cij—l(f’)-‘rl
=0
< Cj4/322j—4l(f’)/3.

Now we sum up the quadrature knots over all ¢ € A; and arrive at
the bound

j—1
(457) Z 22[(£I)Cj4/322j74l(§')/3 S C]4/328]/3 o
W(gH=1

Remark 4.2. Suppose that, in addition to the assumption iv) of Sec-
tion 4.1, the parametrizations k., are thrice continuously differentiable
over S and four times over the domains ' (Dm’j7k’k/). Then the sec-
ond term in the asymptotics of the kernel function K 4 can be included
into Ky such that, compare (4.38),

(4.58) 10502 (K a(z.y) = Knr(z,y)]| < Cla —y| o717,

Moreover, suppose that, for these Ky, the integrals [ Kps(z,-)ie can
be computed by analytic formulae. Then we set {Ff/l i e N} =
{I‘{ :i=1,...,M7}, ie., no further partition of the domains 1"{ is
required, and define the quadrature rule over this partition analogously
to Section 4.2. The discretized entries of the compressed stiffness
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matrix can be computed as

3
(4.59) cere ~ Chre = be{a(a)wg(a) + Y Kal&, )t (m)wy,
=1

pneM

sy { [ Kate vt d,r

i EN':TS, Nsupp e £ if

- 3 Kulemvelne] |

HeMi/

This algorithm leads to a stable and fully discretized method such that
the assertion of Theorem 4.1 remains valid. The number of arithmetic
operations is less than Nf times a power of log IV;. The proof for this

almost optimal algorithm is analogous to those of Theorems 4.1 and
4.2.

Remark 4.3. Suppose that, in addition to the assumption iv) of
Section 4.1, the parametrizations k,, are bounded and analytic over
small neighborhoods of §. Then the singularity subtraction step is
necessary only for the domains Dmdikok containing the singularity
points &,. Setting {Ff,/ s e Ny == {7 : i =1,...,M7} and
defining the quadrature rule as the tensor product Gaufl rule over this
partition with the Gaufl order ng from (4.12), we again arrive at an
algorithm such that the assertion of Theorem 4.1 remains valid and
that the number of arithmetic operations is less than IV ]2 times a power
of log N;.
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