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A-POSTERIORI ESTIMATES AND ADAPTIVE
SCHEMES FOR TRANSMISSION PROBLEMS

REINHARD HOCHMUTH

ABSTRACT. The results presented here are directed to
Galerkin schemes with respect to stable multiscale bases dis-
cretizations for boundary integral equations which describe
transmission problems. We derive a posteriori estimates which
are reliable and efficient with respect to any desirable toler-
ance. Moreover, the convergence of an adaptive scheme is in-
vestigated. The underlying ideas are applicable to a wide class
of elliptic problems, cf. [14]. Here further details concerning
decay estimates and appropriate index-sets for a system of
boundary integral equations are presented.

1. Introduction. In [14] a posteriori estimates for a general class
of elliptic problems were introduced, and their reliability and efficiency
was shown. Moreover, convergence could be concluded for essentially
symmetric problems, i.e., for problems which give bilinear forms that
are, except for a sufficiently small perturbation, symmetric and elliptic.
Here we apply and concretize this approach to a system of boundary
integral equations.

To be more precise we consider transmission problems for the
Helmholtz and Laplace equations where the transmission coefficient
@ and the wave numbers ki, ks are constant complex numbers. Scat-
tering problems are included. Costabel and Stephan derived in [12] a
system of boundary integral equations, such that the Cauchy data of
the solutions of the transmission problems can be determined by the
solutions of that system. An application of the representation formula
yields solutions in the whole space. They prove a Garding inequal-
ity and find conditions on p and ki, ks such that there exist unique
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2 R. HOCHMUTH

solutions. The Garding inequality and uniqueness imply for conform-
ing Galerkin methods asymptotic quasi-optimal error estimates and for
sufficiently fine discretization stability. We restrict our presentation to
the polygonal plane case because of two reasons. First, there is no
proof for a Garding inequality for higher dimensional piecewise smooth
geometries except for the case of Laplacians, where results by Costabel
[11] can be applied. Second, the extension of the presented approach
to higher dimensions would essentially apply the same ideas.

Generally, the understanding of a posteriori error estimates and adap-
tive schemes for boundary element methods appears to be far less devel-
oped than for finite element methods for partial differential operators,
cf. [1, 2, 3, 5, 22, 28]. A discussion of rather general algorithms
for boundary integral equations could be found in [25]. Some of the
first rigorous results on a posteriori estimates for boundary element
methods for strongly elliptic pseudodifferential operators on smooth
boundaries were given by Wendland and Yu in [30]. They introduce
a so-called influence index with respect to the underlying set of ba-
sis functions, which reflects in some sense the pseudo-local property of
strongly elliptic pseudodifferential operators. Their adaptive method is
most efficient if the influence index is much smaller than the number of
basis functions. The involved local error indicators are solutions of lo-
cal problems. They transfer their results also to those nodal collocation
methods which can be interpreted as modified Galerkin methods. Faer-
mann introduced in [20] the approach of local functionals developed by
Bank and Rheinboldt for finite element methods. In this way she gen-
eralizes the results in [30] to some extent. Furthermore, we mention
[31] where it is shown that the local error can be bounded by a sum
of a local residual and some global terms. These results are improved
in [27] where Saranen and Wendland considered pseudodifferential op-
erators of general integer order on smooth closed Jordan curves in the
plane. Recently Carstensen and Stephan presented in [8, 9] a posteri-
ori estimates within another framework. Their approach leads to upper
bounds for the global error consisting of terms which can be evaluated
locally. Although they have no proof for the efficiency of their a pos-
teriori estimates in general or the convergence of adaptive algorithms,
their numerical examples show the desired behavior. For quasi-uniform
meshes the efficiency of an a posteriori estimate is investigated in [7].

The objective of this note is to consider a posteriori estimates and
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adaptive schemes in the context of multiscale bases oriented methods.
Multiscale bases seem to be an appropriate tool for taking systematic
advantage of the pseudo-local property of boundary integral equations.
Problems like preconditioning, compression and local a posteriori esti-
mation can be handled in a nearly unified way, cf. [16, 17, 14]. Thus
the multiscale approach offers a unified framework within which several
problems can be handled. It differs from usual finite element techniques
in that direct use of bases is made which span complements of succes-
sive trial spaces. Here we pose a posteriori error estimates which are
reliable and efficient with respect to any prescribed accuracy and prove
the convergence of an adaptive scheme induced by those a posteriori
estimates at least for smooth boundaries.

The present investigations offer a variety of possibilities to fulfill as-
sumptions made in [14] for obtaining an efficient and reliable a pos-
teriori estimator. The estimates in [14] are based on representations
of certain decay properties which allow proving the principal facts.
Here we study those problem exemplarily in greater detail. We pre-
pare moduli for deriving decay estimates and suitable index sets which
are applicable for general integral equation problems. The presented
results show a variety of possibilities for finally obtaining the desired es-
timates and shed light upon interdependencies of appearing constants.
Especially, the results are in some sense preparatory for forthcoming
numerical experiments. An analytic approach to the question of the
asymptotic complexity has to be investigated in further notes. There
the problem could be split into two parts: (i) The problem of adaptive
approximation of the residual by biorthogonal multiscale bases; (ii) A
compression step, taking into account the analytic properties of the
underlying operators.

This note is organized as follows. In Section 2 we summarize known
facts about the transmission problem. Galerkin schemes for the trans-
mission problem with respect to multiscale bases discretizations are
introduced in Section 3. There we also describe those properties of
multiscale bases which seem important in considering a posteriori es-
timates. The a posteriori estimates are investigated in Section 4. The
crucial idea is to use decay estimates for the definition of a posteriori
estimators which are efficient and reliable up to a chosen tolerance. The
same idea can also be used to obtain a posteriori estimates for a more
general class of elliptic problems, cf. [14]. For the special case of a sec-
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ond order two point boundary value problem, this idea was introduced
by Bertoluzza in [4]. Section 5 contains a result about the convergence
of an adaptive scheme based on the a posteriori estimates.

For further comments about the underlying concept in a more general
setting, we refer the reader to [14]. Finally we remark that the relation
a < b expresses that a can be bounded by some constant times b
uniformly in the parameters on which ¢ and b may depend. The symbol
a ~ b means that a < b and b < a hold.

2. A direct boundary integral equation for transmission
problems.

2.1. Formulation of the problem. Let ©; C R? be a bounded simply
connected polygonal domain and Qy = R?\Q; its complement with the
common boundary I" := 9Q; = 9. The normal derivative 9/0n on
I is defined with respect to the normal pointing from 7 to s.

For given functions ug € HY?(T'), vo € H~/2(T") and ky, ko, u € C
we seek solutions (ug,us) of the transmission problem
(2.1) (A+k)u; =0 in€Q;, j=1,2,
Uy — U2 = Ug,
w(Ouy/On) — (Qug/On) =vy onT,
that satisfy certain conditions at infinity. For ko # 0 one has

uz(x) = O(jz| /%), |a| — oo,

and 5
Z‘T:ET) — ikauy(x) = o(|z[~'/?), |z — o0,
which is Sommerfeld’s radiation condition. For ks = 0 there is a

constant b such that
b
us(@) = - loglz| +o(1), |2 — oo,
2T

To formulate the so-called direct boundary integral equation problem
which is studied in detail by Costabel and Stephan in [12], we introduce
the fundamental solutions

1/271- IOg |l‘ - y|7 kj = Oa

! { —i/4HD (kjlz —y]), k; #0,
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where H(gl) is the modified Bessel function of the first kind satisfying
the radiation conditions. For j = 1,2 and ¢ € C*°(T") we define on I'
the integral operators

Vip(a) = -2 / ()95 (z,y) ds,,
Kjp(r) = —2/F<P(y)ai%gj(x,y) dsy,
Kio(o)i= =2 [ o) 5-as(e.0)ds,,

Dypla) = — 5 K, (),

with Ko, ¢(x) := =2 [ ¢(y)(0/0ny)g;(z,y) ds, for = € Q;.
These 1ntegral operators can be extended to continuous operators
V H 1/2+S(I\) _ H1/2+S(F),
K H1/2+S(I\) _ Hl/Q—‘,—G(l—\),
K; 1/2+S(I\) _ H_1/2+S(F),
Dy - HY25(T) — H1/25(),
for s € [-1/2,1/2], cf. [11], where
H(D) := {ulr |ue HT2(R?)}, s>0,
H°(T) == L*(T),
H*(T):= (H*(T))", (dual spaces), s < 0.
(T
H

The norms in H*
spaces H*(I") x

[OIn

If we consider restrictions of functions to subsets of I' we note those
subsets as additional indices.

) are denoted by || - ||s, s € R. On the product
HY(T"), s,t € R, we introduce

=l + oy, (%) € 1) < o)

The integral operators satisfy symmetry relations, i.e., one has
<Vjv7 z) = <’U7 ij>7
(2.2) (Kju, z) = <u,K§-z>,
(Dju, w) = (u, Djw),
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for u,w € HY?(T), v,z € H~Y?(T) where (-,-) denotes the duality
between H~*(I') and H*(T') such that (f,g) = [.f(z)g(z)dz for
sufficiently smooth functions f and g.

With D := 1/2(Dy+1/uDs), K = 1/2(K, +K5), K’ == 1/2(K}+K})
and V :=1/2(V; 4+ uVa) we define the matrix operator

(2.3) o= (_2( [é> .

Furthermore, we set

(K Y _ (1 0
AJ'(DJ- KJ,) and M'(O N)'

Then the direct integral equation formulation of the transmission
problem reads

()~

with
<§i) = 1/2M NI + Ay) (Z‘j) .

If (*) € HY*(I') x H~Y/%(") denotes a solution of (2.4), then (1;;),

j =1,2, defined by
U1 L U
(Ul) = 1/2( 4 Ay) (U)

(z) =v-safo () (2]

are the Cauchy data of the solution of (2.1). They give, by the usual
representation formulas, the solution u of (2.1) in R?, i.e., we have

and

u(z) = (=1)71/2(Ka,u;(x) — Vo, v;(z), =€y,

where Vo, v;(z) :== =2 [1. g;(z, y)v;(y) ds,,.
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The transmission problem also includes scattering problems. Let an
incident field u; on R? be given with (A + k3)u; = 0 in €, and let
ug, vg represent the body trace of the field uy, i.e.,

Uy = Uj and vy = —| .
r on |
Then the solution (uy,us) of the corresponding transmission problem
(2.4) yields the total field w. In €y one has ulg, = u; and in £y one
has u|q, = ug + uy. The transmission conditions on I" are

ouq ou
up =u and p%:%.

Clearly the scattered field in the exterior domain 25 is nothing else
than us. Further, the right side of equation (2.4) can be simplified

since
Uug o
- (%) =0

1(2)= (ho)

Therefore convergence properties derived for the transmission problem
also apply in an effective way on the scattering problem and its
approximate solutions.

which leads to

2.2.  Emistence and uniqueness results. Existence and uniqueness
results are based on the observation that the operator H satisfies a
Garding inequality. For its formulation we introduce the notion

(ONGIRENE

for (*) € H*(T) x H~*(I), (¥) € H*(I') x H*(T'), s € R.

Theorem 2.1. IfRe(1+1/u) >0 and Re (1 + p) > 0 there exists a
compact operator C : HY/?(T') x H=Y/2(I") — H~V/2(T') x HY/*(T) and
a constant v > 0 such that

@s) me(w+0) (1) (5)) =+ bl
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for (4) € HY2(T') x H=Y/2(T).

For a proof, cf. [12]. If k; = ko = 0, i.e., for Laplacians in ©; and Qs
one can give a simpler proof by using results from [11] which also apply
to general Lipschitz domains in arbitrary dimensions: Let us denote the
integral operators with respect to k1 = ko = 0 by Vo, Ko, K|, and Dj.
Taking into account that the kernel functions of the operators Ky and
K|, are real, we get

(2.6) <H <Z> ’ <Z> >F =1/2(1 + 1/u)(Dou, )

+1/2(1 + p){(Vov, 0) + 2iIm (v, Koa).
With respect to Do and Vy there are compact operators Cp,
HY?(T) — HY*(), Cy, : H /() — HY?T) and constants
c1,co > 0 such that

(2.7) (Do +Cpy)u, @) = erllul} ), uwe HYA(D),
(2.8) (Vo +Cvi)v,0) > eallol|2y o, v € HTV2(T),

cf. [11]. Because of the symmetry relations (2.2), the quantities
(Dou, @) and (Vov,v) are real. Thus we get, by (2.6)—(2.8),

e (e (P L, )) () (2))

> eiRe ((1+1/m)/2)ull} 2 + c2Re (1 + 1) /2) 0] 2).-

The Garding inequality (2.5) implies Fredholm’s alternative for the
transmission problem (2.4), i.e., there are unique solutions (Z) €
H'Y2(I') x H='/2(T") for arbitrary (:fg) € H'Y2(T') x H=Y/%(T) if the op-
erator H is injective. In [12], several sufficient conditions for uniqueness
are given. Generally, uniqueness does not hold, cf. [10] for a counterex-
ample.

Corollary 2.2. If the matrix operator H is injective, then problem
(2.4) is uniquely solvable and H is continuously invertible, i.e., there
are constants ci,co > 0 such that

U
#(1)

(2.9)
O (6

c1 <eco

1/2,—1/2

—1/2,1/2.
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Investigating Galerkin approximations with respect to weaker norms
than [| - [|1/2,—1/2 by the Aubin-Nitsche trick uses the adjoint problem,
which reads as follows: Find for given f € H~Y2(I') x H'Y/*(T)
functions w € HY/?(I') x H~/2(I") such that

(v, H'w)p = (v, fr, ve HY*)x H Y*(T),

, (D —-K’
we (2 )

The adjoint operator H' has the same continuity properties as H and
also holds a Garding inequality. In particular, if uniqueness holds, we
have that

where

(2.10) H,H' : H(T) x H*"Y(T') — H* (T x H*(T)

are continuous invertible operators for s € [1/2,5) with § € (1,3/2]
determined by

(2.11) 35:= min{3/2, 1/2+min{Rea | Rea > 0,

sin(m — w;)a 2 p41\°

() -5 )
where w; denote the angles in the corners of the polygon I', cf. [12]. For
s > § one has to consider singularity functions which can be obtained
by Mellin-transform techniques. Then one gets continuity properties
for so-called augmented function spaces. Those singularity functions
can be used for establishing Galerkin methods with higher convergence
orders and lead to the so-called Fix-Strang method. An aim in applying
adaptive methods which are controlled by a posteriori estimates is
to overcome the explicit use of those singularity functions. One is
interested in discretization spaces reflecting the lack in the regularity
of the solution automatically.

3. Galerkin methods based on multiscale bases.

3.1. Multiscale bases. The goal of this note is to investigate Galerkin
schemes with respect to multiscale bases discretizations of (2.4). In this
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subsection we formulate facts and assumptions about multiscale bases
which seem appropriate for the underlying boundary integral equation
problem (2.4). Instead of reproducing ideas and constructions made,
e.g., in [18], we only pose those properties of multiscale bases upon
which our results are based.

To this end, let the polygonal boundary I' ¢ R? be given by
N
F:UFM Flzﬂ)/t(ovl)a ZZI,,N,
i=1

where v; : R — R? are affine functions with ~;(1) = ~;41(0) for
i=1,...,N. We set yn41 := 71. The corners of the polygonal I" are
denoted by ¢; :=I';;1 NT;. Obviously, the mappings v : (—1,1) — R?
defined by
Wt +1) e (~1,0),
(1) =
’Yi+1(t) te [07 1))

i=1,...,N, are Lipschitz continuous in (—1,1).

Generally the starting point for the construction of multiscale bases
are sequences of closed nested subspaces S = {S;}32, of La(I") whose
union is dense in Ly(T"), i.e.,

(312) Sjo - Sj0+1 c---C LQ(F), CIOSL2< U Sj> = LQ(F)

J=Jo

We assume that S; are spanned by ®; = {¢; : k € I;} where these
bases are uniformly stable, i.e.,

(3.13) lelliaery) ~

Z Cl Pk
0

kel;

uniformly in j > jo with ||c|[,7,) = (Zkelj lex|?)1/2.

Successively updating a current approximation in S;_; to a better
one in S; can be facilitated if stable bases

U, ={Y;r | kel;}
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for complements W; of S;_; in S; are available. Defining for conve-
nience ¥;, = &, , W, = §j,, any v, = Zkeln CkPn.; € Sp has an
alternative multiscale representation

n
vn =D Y diktik,
j=jo k€J;
which corresponds to the direct sum decomposition
n
Sn=EPw;.
Jj=Jo

The transformation that takes the coefficients d;j in the multiscale
representation of v, into the coefficients ¢ of the single scale represen-
tation is well-conditioned if and only if ¥ = U;> ; W, forms a Riesz-basis
of Ly(T"). This means that every v € Ly(I") has a unique expansion

o= (v, k)i

Jj=jo keJ;

such that

0 ~ 1/2
||v|o~(ZZ|<v,wj,k>|2) . we L),

Jj=jo keJ;

where U = {@/;jk | £ € Jj,j > jo} forms a biorthogonal system,
Sn = Span{wj,k | ke ijjO S] < TL},

Wiy Vo) = 0550k ey 5,5 > Jo, k€T, K € Jj

and is in fact also a Riesz-basis for Lo (T'), cf. [15].

Moreover, we introduce projectors @, : L2(T') — S, and Q) :

LQ(F) - Sn by
Quv = > (0,915

Jj=jo keJ;
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and .
Z Z v, W)
j=jo keJ;

For our applications it will be important to work with local bases, i.e.,
we will always assume that

diam (supp ¥ ) ~ 277, J = Jo-

Furthermore, it is desirable that the biorthogonal system has the same
property.
We shall call ¥ a multiscale basis of type M], v = (v1,72) € R?,

1 < 0 < 79, d € N, if the following additional requirements are
fulfilled:

1. There hold norm-equivalences, i.e., for s € (y1,72), one has

o ~ 1/2
31t o~ (X X 2 d0R) L ve ),
Jj=jo keJ;
and for s € (=72, —71) one has

1/2
(3.15) ||v|s~(z R wm?) . we HY(D).

J=jo k€J;

2. The basis functions ¥; x, 7 > jo, have vanishing moments of order
d,ie., for ke Jjand i€ {1,...,N} one has

1
(316) /() p(s)wj,k r o ’71(8) ds = 07 pE Hd71(07 1)7

k3

where I15_1(0,1) denotes the space of polynomials with order smaller
than or equal to d — 1 on (0, 1).

3. The basis functions ) ;, are essentially piecewise polynomials, i.e.,
there is a d' € N, d’ < d, such that for j > jo, k € J;,i € {1,... ,N}

(3.17) Vi k . o7 € Iy —1,pw(0,1).

i
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Furthermore, we suppose that if ¢; € supp ¥k, k € Jj, j > jo, then
¢; € singsupp; . Because of our assumptions d’ does not appear
explicitly in any of the following considerations of our estimates. But
remember that the order d’ is crucial, e.g., for establishing Jackson
type estimates which are, besides Bernstein inequalities, the essential
properties of a multi-resolution analysis implying norm-equivalences
like (3.14). For the existence of bases for appropriate parameters vy and
d, we refer to [18]. We remark that for multiscale bases functions with
different properties most of the proofs in this note can be adjusted to
provide results which are similar to the presented ones. Additionally,
we refer to [15] for more information about the functionalanalytic
background.

As mentioned before, Jackson and Bernstein estimates seem to be the
key points for establishing norm equivalences. Otherwise, it is possible
to derive Jackson and Bernstein estimates from norm equivalences, cf.
[15].

Proposition 3.1. Let ¥ be an M) -basis. Then one has, for
Y1 <s<t<7y2 and n > jo,

(3.18) lv = Quolls S 27" o]}y, v e HYI),
and
(3.19) onlle < 2" lonlls,  vn € S

Clearly, (3.18) holds typically not only for the described parameters
s and t, but also for —d < s <y, s <t, 11 <t <d, cf. [16, 26].

For the discretization of the transmission problem (2.4), we have to
take two multi-scale bases U! and 2. Here the Mgl -basis U! is related
to H'/2(T"), hence 1/2 < ~4 and the ng—basis U2 to H'/2(T), hence
v < =1/2. We set W := Ut x U2, J:= J' x J? W; := span {1 , |
ke Jj} xspan{y? | k€ Ji} for j = (ji,j2) € Ng, ji > j°
and S, := Sy, X Sp, = Uj<,W; for n = (nq1,n2) € Ng, where we
write j < n if and only if j; < n; for © = 1,2. Associated projectors
Qn : La(T) x Lo(T) — Sy, and @), : La(T') x La(T) — Sy, := Sy, X Sh,
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are defined by

mvl " v!
(3.20) Qnv = (gn U2> and Qv := ( ’11)2) )
v = (vhv?).

Obviously, Q;, are the adjoints of the projectors @, since @), are the
adjoints of @y,.

As an immediate consequence from Proposition 3.1, we obtain Jack-
son and Bernstein estimates for the product spaces.

Proposition 3.2. Let ' be an M;ll— and ¥? an M(’Z;-basis. Then
one has, for vi < s; <t; <75,

[v = @nollsy sy S 270 01|y, 4 27720270200y,
v= (%) € HY(T) x H*(T), and

an||t17t2 S 2nl(tlisl)HU71L1 ”51 + 2n2(t2752)‘|vi2”527

vn = (“21) € Sy X Sy

n32

Analogously, one gets norm equivalences in the following manner. For
2
n M, -basis ' and an M, -basis W2, follow with 7] < s; < 3 and
7 < s2 <,

0 1/2
loles ~ (X X 2700000307

j=i* keJ}
o 1/2
25051 7,,2 T2 \|2
H( X T iar)
Jj=j% keJ?
J
; 1 1 2 2
and with —v; < 51 < =7, =75 < s2 < =77,

00 1/2
[ollor s ~ (Z S 92, ;-,k>2)

j=i" keJ}

00 1/2
n < Y3 2252j|<v2,w§,k>2)

J=i* keJ?
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for v = (%) € H*(T') x H*2(T).

3.2. The Galerkin scheme. We return to the transmission problem
and assume in the following that the wave numbers k; and ko and the
transmission coefficient p are chosen in such a way that H is injective,
i.e., Corollary 2.2 can be applied and (2.9) holds.

The standard Galerkin procedure requires that we find u,, € S,, with
(3.21) (Htp, V)T = (g, Un)Ty  Un € Sh,
which is equivalent to
(3.22) QnHun = Qg

or, respectively,
/ Dul + Q/ KIUZ /
my iy e ) — (I
- ngKunl + Qngvung nggQ
ul
for u,, = (u21).
ng

Theorem 2.1 and Corollary 2.2 give by standard results the quasi-
optimal approximation property for the Galerkin scheme, cf. [21]. Since
74 > 1/2 and 43 > 0 Proposition 3.2 gives convergence rates related to
74 and 73. Moreover, the Galerkin scheme is stable, cf. [21], i.e., there
exists m = (mq, mz) such that, for n > m,

(3-23) ||Q;an||,1/2,1/2 Z ||Un\|1/2,71/27 Up € Sy,
Le., with v, = (v} ,v2,) € Sp, X Sn,

1 2 12 1 2 12
HQ/nlenl + Q;llK/’UTLQH—l/Q + ” - Q;Lsznl + Q;lgvvn2||1/2
2

2 ||U7111 H%/z + HU'Isz”—l/Q'

In most cases, Jackson and Bernstein inequalities and the Aubin-
Nitsche trick lead to stability estimates and stronger convergence re-
sults with respect to weaker norms. Following standard lines, cf. [16],
one can show that these ideas also apply to the transmission problem.
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Theorem 3.3. For 1 —min(5,73) < s < 7 < min(§,73), s > —32,
7 < 1492 and sufficiently great n = (m,m), the convergence estimates

(3.24) lu—tnlls,s—1 S g=m(r=s) [ullrr—1
hold, and for 1 —min(3,v3) < s < 1/2, s > —~3, the stability estimates
(3.25) 1QnHunlls-1,5 2 lvnlls,s—1,  vn € Sn

hold.

Clearly, considering the remark after Proposition 3.1, the estimates
(3.24) and (3.25) can be generalized to 7 < min(§,d’ 4+ 1), etc. But this
fact does not matter to our investigations of a posteriori estimates and
adaptive schemes.

For further considerations it will be convenient to introduce the
following notions. For A = (A1, \2) = ((j1, k1), (2, k2)) € J* x J?
define [Ai] := j1, [Xo| := ja, ¥ := (¥3,, 43, ), and for n = (m,m), let

o [ (PO D ativism (3908 Dl <m
O EEY O D) el izm (VIR 83, el g i<m

. (<917¢11>)|>\1\§m
G = (<<g2,wi>m2gm> ’

so that (3.21) and (3.22) are equivalent to the linear system of equations
H,U = G,.

Moreover, introducing the diagonal matrix D,, defined by
(3.26)
D. ((2|>‘1/25>\’1,)\1))\1|,)\’1<m 0 )
n 0 (2‘/\2|/25A;7A2)|/\2\7|/\’2|£m

one can show that
conds(D, H, Dy,) ~ 1.

Notice that the usual pCG is not applicable because H is not sym-
metric. But at least for smooth boundaries I' one can strictly justify



TRANSMISSION PROBLEMS 17

the application of, e.g., GMRES. To be more precise, the splitting
of H described later in the convergence proof of the adaptive scheme
in Section 5 is just appropriate to apply the considerations made in
[32]. Tt follows that the diagonal preconditioner (3.26) can also be
used efficiently in the transmission problem if a certain correction on
the coarsest level is taken into account.

H,, is by definition fully populated but can be approximated very well
by sparse matrices using the estimates in the next section. In this way
one gets compressed systems where the accuracy of the corresponding
solutions is still asymptotically optimal, cf. [16, 17, 26].

Until now, we applied spaces S, which correspond to uniform refine-
ments. However, in the present note our main concern is not to find
possibly sparse representations of the operator H relative to a priori
fixed trial spaces but to find possibly economical trial spaces leading to
as small linear systems as possible. More precisely, we wish to deter-
mine step-by-step possibly small subspaces of the full spaces S,, which
recover the solution as well as possible. To this end, we set for any
nonempty index set A = A x A2 C J' x J? = J,

(3.27) Sp :=span{¢}, | A1 € A'} x span{y3_ | A2 € A%},

’Ul 1 Ula )i A
(3.28) Qav:=Qa (ﬁ) . (%ii §v23§iz§>

and
(3.29)

11 2
Hy e (<D1/i,\/1ﬂ/;,\1>)xl,,\;e/\1 (<K'1/)X22, 7/})\12»)\16/\1,/\’26/\2 .
(_<Kw,\fl7¢>\2>))\zeA2,>\’leA1 (<V¢Mz7 ¢A2>)A2,>\’2€A2

We assume that

(3.30) |QAHQavAll 172,172 ~ lvallij2,~1/2,  va € Sa,
especially that

(3.31) Q\Hup = Q)9

possess unique solutions uy € Sj. By arguments which are analogous
to [14], it follows from (3.30) that

(3.32) COIldg(DAHADA) ~ 1,



18 R. HOCHMUTH

where

Dy = ((2_A1|/26)\’1,/\1))\1,)\’1€A1 0 )
0 (22217265, 3, ) a0 npen?

In fact, defining for s = (s1, s2) € R2,

Y= (Zz.ijl 2%131( 7111 - Q'}Hl)vl)

2202:]2 2”232( %2 - 37,271)1)2

the norm equivalences imply for wy := Y(1/2,~1/2)VA, VA € Sa,

lwallo ~ lvalli/2,—1/2 ~ 1QAHvall=1/2,1/2
~ 112,02 QA HE (- 1/2.1/2wA 0,
which means that the operators E’(_l/z,l/2)Q}\HE(,1/2,1/2) and their
inverses are uniformly bounded on Ly(T"). Moreover, it is easy to see
that Dy Hp D, is the matrix representation of 22_1/271/2)QAHZ(_1/271/2)

which confirms (3.32). The above remark about GMRES applies anal-
ogously.

4. A posteriori estimates.

4.1. A posteriori estimates by infinite series. Once a Galerkin
approximation uy € Sy for the solution u € H'/?(T') x H='/2(T") of
(2.4) has been calculated one can evaluate the residual

(4.1) ra = (rh,73) == Hup — g = H(up — u).
On account of Corollary 2.2, there are constants c1,co € R such that
(4.2) cillrall=1/2,1/2 < lu—unlli/2,—1/2 < callrall=1/2,1/2-

Making essential use of the norm equivalences (3.15), we get an estimate
for |[rall=1/2,12 by a weighted sequence norm of multiscale basis
coefficients, i.e., we get

(4.3) |u—uA|1/2,1/2~( S ol )

A eJI\AL

1/2
.S 2'A2<ri,w§2>2) .

)\26J2\A2
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This is a consequence of

= X o, T 630308,

)\1€J1 )\26..]2
11471 2 2 \,72
_< Z (ras VA )V, s Z <7'Aa¢A2>¢>\2),
A1€JI\AL A2 €J2\A2?

where we used that uy is the Galerkin solution with respect to Sy =
SAI X SAQ.

Let us abbreviate

83, =27 M2k oyl )],

4.4
(44) 5/2\2 = 2|x\2\/2|<7ﬁ/2\7¢/2\2>|

and note that inserting the representation

45 = Ghd) = (X w3 Bt

A EAL A, EA?

yields the expressions

03, =2 I Igh = YT DUk ik us, = D (KR, 0,00, .
A EAL ApeA?
03, =2P212\g2 + S (Kl wd )k, - Y (Ved 3,0,
M EAL ApEA?

with g} = (¢",¢},) and g3, = (¢9%,¢3%,). Moreover, (4.3) gives
constants c3, ¢y € R™, which reflect the norm equivalences, such that

1/2
(46) C1C3 < Z 5§1 —+ Z 6§2)

AL EJI\AL A2€J2\A2
< lu—uall1/2,-1/2

1/2
< 0204( Z (5?\1 + Z (5?\2) .

ALEJT\AT A2 €J2\A?
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Obviously, the estimates (4.6) provide an efficient and reliable error
bound. Further estimates for the error with respect to other norms
can be received in the same way if H is, with respect to those norms,
bounded and boundedly invertible, and the multi-scale bases yield norm
equivalences.

However, the estimates (4.6) seem practically useless since they
involve infinitely many terms, and the question arises as to how to
get finite sums. Replacing the magnitudes 0y := (dx,,dx,) by finitely
many ones requires some information about the given data and about
the behavior of the entities <D1/)}\,1 05,05 <K’@[1>1\/2 03, )5 (Kw}\,l ,3,) and
(V3 ,93,)- We shall show that, for almost all A\; € J'\A! the terms

2
<D1ZJ,1\117¢}\1>, <K/¢§’2’)‘§\1> and for almost all Ay € J?\A? the terms
(Kwi,l,wi,z) and <V¢§;, w§2> can actually be neglected.
To this end, we prove in Section 4.2 decay estimates for those terms

using ideas from [16, 17, 24, 26]. Also some estimates which seem to
be new will be derived.

4.2. Decay estimates. We split the investigation of the decay esti-
mates into two parts. Lemma 4.1 presents estimates which essentially
require properties of the involved kernel functions whereas the results
in Lemmas 4.3-4.6 also make use of mapping properties of the inte-
gral operators involved in H. To formulate the decay estimates we
introduce, for ¢§\N Ai € J%, i = 1,2, the notions Qﬁ\ := supp wﬁ\ and

Q;S = sing supp ¢, .

Lemma 4.1. Let ' = (¢} )y e be an M -basis and W? =

2
(1/)?\2))\26]2 an M}, -basis. Then, for an integral operator

Au(x) = /Fa(a?,y)u(y) dsy, x€T,

with a kernel function a € C*®(R? x R®2\{(x,y) | * = y}), that satisfies
for a fized p € [=1,1] with p/2 € (vi,73), —p/2 € (71,73), and
arbitrary o, 6 € Ng with 1 +p+a+ >0

0,0z a(z,y)| S o —y[~t 077,

(4.7)
(z,y) € R? x R\{(z,y) | = = y},
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one has for dist (3 ,Q3) > 0 and [Az] > j?

(4.8)  [(Avy,, ¥3,)]
dist (Q} |02 )~L-p=d®p=i' /29— (d*+1/2) x| A = 5t
1’ 2 ’ )

dist (Q%\ Qi )717p7d17d227(d1+1/2)‘)\1|7(d2+1/2)|)\2| ‘/\1| > jl.
1’ 2 )
If dist (25, 93,) = 0, one has for |Xa| > 52,

(4.9) [(Apa,,93,)]
dist (2)°,03,) 2"l
- A1 = 4t dist (%, 03 ) > 0,
T dist (), Q) e 2@ +1/2) Mgl /2,

M| > 5t dist (Q3,Q3°) > 0.

Proof. For [\| > j' and dist (€2} ,Q3)) > 0, the estimates follow
essentially by Taylor formula arguments, cf. [16, 18, 26].

Let |A| = 7' but dist (2} ,Q3,) = 0 and dist (Qi’f, Q3,) > 0. These
assumptions imply Q3 C Q3 and the existence of a I';, 7 € {1,... ,n}
with Q—i c TI';. We introduce a smooth cut-off function X with

. 1, —d?—
HX o ’Yi||d2+p;(0,1) 5 dist (Q)\lsv Qig) e
and

1 yeU(Q3),
w={y Vi s
0 Yy € FZ\UQE(Q)Q),

where UE(Qiz) C TI'; denotes an e-neighborhood and, respectively,
UgE(Q?\z) C Ty a 2e-neighborhood of Qiz with respect to ¢ :=

dist (%, 03,)/3. With

I(x) ::/r a(a:,y)x(y)z/}}\l(y)dsy

i



22 R. HOCHMUTH

and

I(z) = / oz, 5)(1 - X(9))6}, () ds,
we get
(4.10) (A, 02,0 < [, + (T, ).

The first term in (4.10) gives

(I, 3,0 = inf perr, o0 (T —pory; b, YR,)]
Sinfpem, o)l —Poﬁ’flno;ﬂgz

2
(4.11) <97d ‘*2|H~71||d2;9§2

—d?|A 1
S 2 | 2|‘|X'(/}>\1||d2+p;l“i
< dist (247, 03,) 7 ~r2 e,
where we used a Whitney-type estimate and the fact that the kernel
function generates an operator which acts with respect to the involved
functions as a pseudodifferential operator, i.e., in particular, one has

H11||d2;9§2 N ‘|X¢,1\1||d2+p;ri-

On the other hand, we have

o d2
) B )00 X s,

ds®
for s € v; 1 (Q3 ,)» which gives by (4.7),

dd Is 0 ”yz
o ds®

/ i) — o1 (1 — X))k () s,
hence

dd2[2 o7i(s) 2

22 I8 dist (94(s), supp (1 = )94, )) 71724,
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Integration yields
12|z 0z < dist (23, supp (1 — X)eh, )",
hence
(4.13) 12|23 S dist (5, 03,)" .
By (4.13), we obtain

|<I2’¢,2\2>| = infp€Hd2_1(0»1)|<12 _pOfyi_l’wg‘QH
Sinfpen, o1)lf2—po ’Yfl”o;sz}Q

4.14
( ) < 2*d2"\2|\|1’2||d2;sz§
2

< dist (@37, 03,) " 2 el
Combining (4.11) and (4.14) gives

(AL 03,)| S dist (27, 03,) ¢ —r2- @l

Now let j1 < [A], dist(Q},,03,) = 0 and dist (2},,0Q3°) > 0.
Moreover, let Qiz C T, for some i € {1,...,N}, ie., especially
Q}, € 93,. The following arguments are essentially due to [26].
Because the functions w§2 07, are piecewise polynomials on (0, 1), there

are subintervals X4,...,%,, of ¥ := 7;1(932) C [0,1], ¥ = U, %,
such that

U3, 0 yilm, () = 20212 N 22l — 1)F,
E<d?—1

tey, I=1,...,m,

with uniformly bounded coeflicients ¢;;, € C and ¢; € ¥;. Since
dist (Qil,Qi’:) > 0 there is a unique subinterval 3;, s € {1,... ,m},
with 'y;l(Q}\l) C Y. Denoting by Pgz_; the Lo(X)-orthogonal projec-
tion on polynomials of degree smaller than d?, one obtains

1
| R a0 P40, uteDliol de =
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because 1)3_(7;(t)) has vanishing moments of order d* and v; is an affine
function; hence |v;(t)| is constant on (0,1). Therefore, it follows that

1
[{AY5, 93,0 = /O1/)§2(%(t))Awil(%(t))lvz'-(t)ldt'
1
= /O wi(%(t))(fd—sz_l)Awil(%(t))l%(t)ldt‘

_ Z/ Aal/2 Sy Pl (g — gy
1=1"7%

k<d2—1

(Id— Pp) AV, (w(t»w;(t)dt\

glhal/2 o[22 (8 — t4))F
JRE >
(1= Paa-s) 403, 1 O) (0

;2/\2|/2/2 Z k2P —))*

= U p<d?-1
l#s

A

+

(Id = Pge_1)AY), (3 (1) |7} (t)|dt

)

since

[ 205 sl et = P Au, () (O] de =

k<d2—1

Next we estimate for [ # s the term (Id — Pgp_1) Ay} (7i(t)) on X
Because dist ($;,7; '(22},)) > 0 the function (Id — Pg_;)Ap} (vi(+))
can be expressed with respect to a smooth Schwarz kernel &(-, -) related
to the operator (Id — Pg2_1)A, cf. [26]. Then a Taylor expansion
argument gives, for t € X,

(4.15)

(Id = Paa_y) A, (3(8))] = \ [ ko0, Gt as

< dist (24, 7i(1)) "2 (@ /DN
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Inserting (4.15), we obtain for | # s,

all2 [Pl (1 = Pae ) 403, (a0
(4.16) B}
< 9l2l/29—(d'+1/2)|\1] gigt (Q} QiaS)—p—dl
— 1’ 2

and analogously,

glhal/2 /E co o272t — 85 (1d — Paz 1) Ap3, (i(8)) |7 ()] dt
l
< 2|)\2\/227(d1+1/2)\)\1\dist (Q%\l , Qi,;)fpfdl’
which give
(4.17)  [(AQ},,03,)] S 2Pl 2am (@2 Ml dist (0, 030
Next, let 3, NIy, 3, NTi1 # @ and dist (4, 23°) > 0. We define

+(t) = {%(t +1) te(-1,0],

Yip1(t)  t€][0,1), 2i=7HO5,) € (=L,

subintervals Xi,...,%,, of ¥ with ¥ = U”,%, and such that w?\z o
7~ 1|s, are polynomials of degree less than d?; finally ¥, and Py, are
analogous to the above. Then we have

[ .60 Pe 1A, 6O 0l =0

Because the distance between Q%\l and the corners of I is positive, there
is again an appropriate Schwartz kernel related to the pseudo differen-
tial operator (Id — Pg2_1)A. Therefore, applying similar arguments as
above gives again (4.17). O

Remark 4.2. Decay estimates for the more interesting case dist (Q}\l,
Q3,) = 0 but dist (Q}\’ls, Q3,) > 0 can be immediately derived from the

proved result and the identity [(Awy ,93,) = [(3,, A'¢3,)]. In the
underlying problem the adjoint operators are explicitly given by the
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symmetry relations (2.2). Thus we only have to permute indices for
getting the desired estimates.

After Lemma 4.1 it remains to estimate terms [(At} 93, )| with
dist (€23,,93,) < 1. We handle these terms by proving estimates
for each operator appearing in H separately. We shall use mapping
properties, the fact that |\a| > j2, i.e., that 1/}/2\2 have vanishing
moments of some order and the validity of inverse estimates. The
derived decay estimates hold generally. Therefore, if distances in the
former estimates become small they give possibly better estimates
especially for low levels |A2|. This fact will be taken into account in the
subsequent Schur lemma argument.

Generally, let there be given an Mgf—basis Ul and an Mg;“—basis
U2, Besides the vanishing moment property of the basis functions the
validity of inverse estimates plays an important role. We say that W*
have inverse estimates up to some s* > 0 if, for s € (0, ], the estimates

(4.18) i lls S 2l X e T,

hold.

Lemma 4.3. If s' € (0,1/2), one has for d*> > 2 and |\2| > j2,
(4.19) 2("\1”"\2‘)/2\(‘/1/)}\1,1/1/2\2>\ < 9= (X2 =IA:)(s'+1/2)
For s' >1/2, d* > s' +1, the estimate (4.19) holds also if Q} contains
no corner ¢; of I' with dist (¢;, Qf@) < 2~ Ml

Proof. If V; denotes the single layer operator with respect to the
Laplacian, i.e., the wave number is set to zero, we get

V= 17201+ Vo + 1/2(Vi — Vo + u(Va — Vo).
Results from [12] and [13] show the continuity of the mappings
Vo: H5(T) — HTYT), se(-3/2,1/2],

as well as

Vi— Vo, Vo —Vy: H¥T) — HTHT), se€(=3/2,1/2).
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Hence the operator V : H*(') — H®*tY(T) is continuous for s €
Let j2 < |A2| and suppose that Q%Q C T;. Then we get, with
st €(0,1/2) and d? > 2,

[Vl 3 ) = inf perr, ol (VY —port vd,)l
<2 Pl Yyl

A1]st 9—[A2|(s*+1
§2| s’ g=[A2|(s"+1)

where we used the vanishing moment property of 1/1/2\2, a Whitney type
estimate and inverse estimates with respect to w}q . Clearly the estimate
also holds if Q§2 lives on two adjacent straight lines.

Next we assume that either Q}\I contains no corner of the boundary
I or, if Q}\l contains the corner ¢;, ¢ € {1l,...,n}, then one has
dist (23,,¢i) 2 2-1M1l At first we consider the case where Qf, C Ty
for some ¢ € {1,...,n}. With respect to I'; the operator V' can be
interpreted as a usual pseudodifferential operator of order —1 and we
get

Vs, 93,01 < VR, 93, e+ VR, 93, Inr, ) -

For 93\2 NI; # @ and st > 1/2, d? > s' 4+ 1, we estimate the first part
by

Vs, 93,0 = inf e (VR —poy,u3, )|
_ 1

< 27 Pells +1)||V1/),1\1||s1+1;s2§2

< 9=A2l(s'+1)g A st
For an estimate of the second part when Q3 N (I'\I';) # @, we use the
fact that dist (T\I';, 2} ) 2 2171l We argue as in the proof of (4.14)
and conclude )

HVw}\IHSUrl;F\Fi 5 2‘/\1‘3 ;
which leads as above to

1 31
(Vd,. 03, ey, )| S 21hls 2Pl

Summarizing we obtain

S1 — S1
(V) ¥3,)| S 2Pls g Pellen),
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Now let Q}\I contain the corner ¢;, but suppose that dist (ci,Qiz) >

~

2~ 1Ml Without restriction we assume that QiQ Cc I';. Then we

introduce a suitably smooth cut-off function X, which is 1 in an e-
neighborhood U, of ¢; with e ~ 27 1*11 and dist (U., Q%\Q) > 2-IMl and
vanishes elsewhere. With that at hand, we obtain

Vs, ¥R, < VO, ) 3,01+ (VI = )93, ), 93,1
For the first part we get, since dist (U, Q3,) 2 2~ 1Ml
VO, ), w3,)] § 27 Pl gl
1/ 2 ~ :
From dist (supp ((1 — X)1},) NTip1,Q3) 2 2= 1M1 follows

2 —IA 1,1 A ls?
Tisrr V3,0 S 2 IAz|(st+1)gfAx]st

(V= x)¢3,)

Finally again the interpretation of V' as a pseudo differential operator
on I'; yields

ri),¢§2>| 52*M2\(SI+1)2|>\1\51. o

(VX =x)¥,

Lemma 4.4. If s* € (1,3/2), one has for d> > 2 and |\o| > j2,
(4.20) 2(*|>\1\+|>\2\)/2|<K¢§\ 1/,3 ) < 9= (X2 =|Xi])(s' ~1/2)
1’ 2/~ )

For s' > 3/2, d* > s', the estimate (4.20) holds also if Q5 contains
no corner ¢; of T' with dist (¢;, 23,) < 2~ 1l

Proof. Denoting K the double layer operator with respect to the
Laplacian, one has K = K, + Ky with K, = 1/2(K; — Ky) +
1/2(Ky — Kg). The operator Ko : H*(I') — H*t?(T') is continuous
for s € (—1/2,1/2), cf. [12]. Thus the continuity properties of Ky, cf.
[13], show that K : H* (I') — H*® (T) is continuous for s' € (1,3/2).
Hence we obtain for s € (1,3/2) and d* > 2,

(KL, 03,)| S 27 Pelsialhlsh,
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If either €2} ~contains no corner or dist (3, ¢;) 2 211 one argues
analogously to Lemma 4.3. ]

For example, the estimate (4.20) can be sharpened. If either Q%\l
contains no corner or dist (Q3_,¢;) 2 2171l one argues as follows.
Suppose that Q3 C T for some i € {1,... ,n} and dist (Q}\’f, Q3,)) =0.
Then the introduction of a cut-off function X with respect to Q3 leads
for st € (1,3/2) to

(K (s, ), v, = (Ko (X}, ), 93,
=inf pen, | o.nl(Ko(X¥3,) —pov; ' 43,
< 2_|)\2‘(sl+1)||I~(0(Xw}\1)||sl+1;9§
2

_ 1
<2 [A2](s +1)||X¢i1\|5171;m
< 2—|>\2\(31+1)2\>\1|(31—1)7

where we used the fact that, since supp (Xﬂ&l), QiQ CTl;and T; is a
straight line, (Ko(xv3,),43,) = 0.

Lemma 4.5. If s' € (0,1/2), one has, for d> > 1 and |\2| > j2,
(4.21) (Xl =xaD/2|(grpl 2 §| < 9= (Pel=IaD(s'+1/2)
1? 2 ~ .

For s' > 1/2, d* > s', the estimate (4.21) also holds if 0~ contains
no corner ¢; of T' with dist (¢;, 23) < 2~ 1Ml

Proof. Again, nearly the same arguments can be applied to K’. In
particular, we introduce K|, and apply the continuity of

K' — Kj: H (T) — H* T2(I), s' €(0,1/2),

where H*'(T') := {u € L2(T) | u|r, € H*' (I;),i =1,2,... ,n}, cf. [12].
Then we get the estimates

_ 1 1
(K%, 03,0 S 27 Relsalalss g
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Lemma 4.6. If s' € (1,3/2), one has for d*> > 1 and |\2| > j2,
(4.22) 9= (MI+2D)/2) Dyl 2 ) < 9= (Pal=IMD (' =1/2)
1’ 2/ 1~ :
Fors' >3/2, d* > s' =1, the estimate (4.22) also holds if 0}~ contains
no corner ¢; of T' with dist (¢;, QiQ) < 2=l
Proof. For example, if (232 c Ty, we get

|<D7/’,1\1 ) ¢§2>| S infpendz,l(o,l) HDl/’il oY — P||0;Q§2

—|A2l(st—1 1
S 27D IDYY [l —yr
< 2\/\1|8127\>\2\(8171). o

Combining Lemma 4.1 and 4.3-4.6 and the symmetry relations (2.2),
we obtain the following corollary.

Corollary 4.7. Suppose that W' is an M;ll—basis with s* € (1,3/2),

d* > 1, and V? an Mg;—basis with s? € (0,1/2), d* > 2. Then we
have, for the operator D and |\{| > j!,

2~ (D2 Dy, ), )
dist (2}, 0}, )72~ 277 2 @M ] = it
S dist (2,4, ) 72720 o=@ DN g >
if dist (2}, 1) > 0,

27(\A3\+\A1\)/2|<D¢/1\/17¢/1\1>|
dist (Qi;lsvQ%\l)—1—d12—(d1+1/2)\>\1\2—1/2]'1’ MMEYE
dist (Q}\?Q%\l)—1—cl12—(cl1+1)|>\1|7 N > 4t
if dist (Qi,l,Qil) =0 but dist (Q;’,ls, Q3,) >0, and generally

(4.23) 2—(\/\1|+|A1|)/2‘<D¢/1\,17¢/1\1>| < o~ IMl=Inlis?=1/2)
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For the operator K' we have, for |\i| > ji,
2(\>\§\f|/\1|)/2|<[(/¢/2\,2,1/&1”
dist (3,04 ) 71~ 2@ DN IXo| = 52,
dist (Qi/z’Q}\l)—1—d1—d22—(d1+1)|>\1|—d2|>\’2|7 IN| > 42,
if dist (23,,94,) > 0,
21D 2| Rry2, gl )|
dist (37,93, )~ 27 (@ H/AMI2T -y = 52,
dist (Qii,Qil)—d12—<d1+1>|xl|2u;|7 IAS| > 42,
if dist (Qi;,Q}\I) =0 but dist (Qi’,j, Q5,) > 0, and generally

(4.24)
s24+1/2, Ny < [\,

, >\’2|>\1|{ 1 ;
2(|)\2|*\>\1D/2|<K/w/2\,7wi1>| <9 st—=1/2; |Xy| = |l
2

~

For the operator K we have, for |\a| > 52,
2(7\A3\+\/\2\)/2|<K¢§3,¢§2>|
dist (4, 03,) 12 el (A= 3",
dist (Qii’Q%\z)—1—d1—d22—(d1+1)|>\’1|—d2|>\2|, XG> 51,
if dist (2}, 93,) > 0,
2(7\A1\+\A2\)/2|<K¢§3,¢§2>|
_ [ st (O3, 9F,) 7R BRI, x| =
| dist (Q;’;S,Qiz)—dszzM?', N> gt
if dist (Q}\,1 ,93,) = 0 but dist (Q}\’,ls, Q3.) > 0, and generally,
(4.25) 2(—\/\/1\+\/\2\)/2|<K¢§\,1,¢§2>‘

, 82+1/2a |>‘2| < |>‘,1‘7
—lPa =12l ,
< S 1/2, Dl 2 Nl

31
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For the operator V' we have

2Pl AD/2 (2, 2 )|
2’ 2
. —d?6—d? .
< dist (03, 03,) " 274 Pl o] =52,
T dist (@3, 03,) 22 PN ) > 52,
2

if dist (03,,93,) > 0,

2(\/\§\+\/\2\)/2|<V¢§, )|
27 A2

< dist (237, 93,) 72— + 1/2) Mo 21/27, | = 2,
N dist (Q?\f’Qiz)l_d22_d2l/\2l2‘/\/2l’ NG| > 52,

if dist (Qié,Qi,z) =0 but dist (Qi’,:, Q3,) >0, and generally

(4.26) 2(‘A;‘+‘A2‘)/2|<V¢§f2,¢§2>\ < 9= l1A2]=X3]I(s*+1/2)

In associated “no-corner cases” the estimates (4.23)—(4.26) also hold
for st >3/2, d > max(s! —1,s?) and s? > 1/2, d*> > max(s? + 1, s%).

4.3. The Schur lemma argument. Because of the diversity of derived
decay estimates, it does not seem to be useful to combine all possibilities
for suitable index sets in a single theorem. Instead of that, we shall
use Schur’s lemma to estimate the ly-norm of a typical rectangular
matrix. Given then an infinite rectangular matrix A with a splitting
A =370 Ay, one can estimate the norm of A by the sum of norms
of Ay. For estimates of Ay, we apply Lemma 4.8. In this manner we
obtain index sets such that the magnitudes which are neglected in the
final a posteriori estimate can be controlled in an appropriate way.

To be more precise, we consider matrices with entries weighted by
factors 2011l H02al with 6;,8, € {~1,2,1/2} and 6, + 2 + p = 0,
where p denotes the order of the involved operator. Apart from that
the entries are given with respect to bases ¥' and ¥2. To simplify
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the presentation, we assume that there are a finite index set A' with
lel C A! C J! and an infinite index set T2 C J? with |A\;]| < |Ag| for
A1 € A, Xy € T?. Further, we suppose that the matrix entries

(427) (Ax,x)aeatnperz = (27l (ApL 42 V) s ear saer
satisfy the estimates

(4.28)  Ax, .
dist (2} , 02 )—1—p—d22]‘1(61—1/2>2—(d2+1/2—62)|A2|
1’ 2 ?

< Al =51,
T dist (L, Q2 )~1mp—d =d?g—(d41/2-61) | (7 +1/2-02) 2|
1’ 2 )
‘)‘1| >j1a
if dist (€2} ,93,) > 0,
(4.29)
dist ()7, Q3,) P~ 22~ (@ =0)halgs'ar,
—_ 51
Axine S M| =47,

dist (Qi’f’ Q?\Q)—p—dQQ—(d2+1/2—52)\A2\2|A1|(1/2+51)’

Aa| > 57,
if dist (Q,,€Q3,) = 0 but dist (Qi’ls, Q3,) > 0, and generally
(4.30) Ay S 9= A2l=[Aslld
with some d > 1/2. In the proof of Theorem 4.9, we shall use several

times the following simplified version of the well-known Schur lemma,
cf., e.g., [26].

Lemma 4.8. Let A = (a;;)icr,jes be a possibly bi-infinite rectan-
gular matriz with countable index sets I,J C Z. Then there exists a
constant ¢ > 0 such that, for arbitrary u € lo(J),

o 1/2 o 1/2
[ Aulliy (1) SC[S_UP ZQUQ(M)MH] [S_Up 221/207”\%3” l[wllis (-
€l ey J€J et
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Theorem 4.9. Set, for \y € T?,
7l ALy 7L
M)Q;l — le’ M)Q;Q — A \le

and let € > 0. Choose constants a; ; € [0,1], b; ; € [0,1), small §; ; > 0,
i,j=1,2, andk;i; €N, i=1,2,7=1,23,4, withd®—5,—by , (p+d>+
1) >0, d2—(52—1/2—b172(p+d2) >0, d2—52—b271(1+p+d1+d2) >0,
d2—52—b272(p—|—d2) > 0, (a2,1—|—b271—1)(p—|—d1—|—d2)+max(a271,b271) <0,
((7,272 + b212 — 1)(d2 + p) — b272 +1 <0, az1 + b271 —1 < 0 and
aza +bao —1 <0, such that with jy := max{|A||\; € A1}

(4.31)

6i(1p+d2)2[2j1(a1*1+b1v1—1)(p+d2)+a1,1+b1,1]2—2k1,1(d2—62—b1,1(/1+d2+1/2))
+ 6%,(2p+d2)_12j1[2(“1‘2+b1,271)(p+d2)+17b1,2]
.9~ 2k12(d* =82 —-1/2=b1,2(p+d*~1/2))
+ (51_7%23'1(1—a1,2—b1,2)2—k1,3(2d—1+blr2)
oy lort 0 a b gk aGLeb)

<e?

and
(4.32)

5§§f+dl+d2)2jl[2(a2,1+b2,1*1)(P+d1+d2)+a2,1+52,1]
. 2721@2‘1(d27527b2‘1(p+d1+d2+1/2))
+ 53’(5+d2)*12j1[2(a2,2+b2,2—1)(d2+p)—b2,2+1]2—2k2,2(d2—52—b2,2(p+d2—1/2))
+ 5;%2}}@ (*G2,2*52,2+1)271€2,3(2d*1+b2,2)

. 52—%2&1 (—az2,1=b214+1)9—k2,4(2d—14b21)
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Then, for the following index sets,
Ny = {1 € My, | dist (,,03,)
> 5 o Pelesg Pl g — x| > ki),
Nigiiz = {A1 € My, | 93, € Q). dist (2,°,03))
> 5,y 2 Mlaagmielbiz 1ho) — |\ | > Ko},
Nigiia = {1 € My, | Q3F, C Q5. dist (2)°,03,)
< 0y 2 Walesagmlhalbiz 2] — N | > Kis),
Nigiia = {1 € My, ; | QF, ¢ Qy,,dist (Q3,,3.)
< gy p2Mlanrg=albin o) — I\ | > Kial,
i=1,2, and
2 4
N5, = AN\ U U Mo
i=1j=1

Ao € T?, there exists a constant 3 > 0 such that, for

ex, = Z (A, Vas)un,, A2 € T,

/\1€A1\N§2
one has
1/2
(1.33) (X #lienl) < selun] o,
Ao €T?

Proof. At first we consider Ny,.1 ; for j € {1,2,3,4}. For an arbitrary
but fixed A\; € J;1 we sum up Ay with A\; € N,.1,1 and get, by (4.28),

Sau g,
A2

5 2j151 Z 2—|/\2‘(d2+1—62)dist (Qi17Q§\2)_1_p_d2
A2
< 6710 97" Grrban (Lpd®) 3 o=l =8a—br 1 (%)
l

< 5P+d2 2j1[(111,1+l71,1*1)(p+d2)+<11,1]2*1€1,1(d2*52*b1,1(P+d2))
~ “1,1 9
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where we used that, with b; ; € [0, 1),

. —1—p—d? 2 1 2 2
Z dist (Q}\NQiQ) 1—p—d S 5i-i1-p+d 97 a1,1(1+p+d )2lb1,1(1+p+d )

[Az]=l
1 —1—p—d?
+2 x dx
m25;}27j1a1,12*|>\2\51,1

< 5fjd22j1a1,1(1+p+d2)2l(1+b1,1(p+d2))_

Analogously, we sum up Ay with A\; € N),.1 2 and obtain by (4.29) and
bLQ S [0, 1),

} :2(11—|A2|)/2AA s < 5f§d2—12j1[(al,2+b1,2—1)(p+d2_1)+a1,2]
1,A2 ~ Y1,
A2
.9 k1,2(d* =82—1/2-by 2(p+d?>~1))

Then we sum up Ao with Ay € Ny,.1,3 and obtain by (4.30), since
#{IAol = 1| A1 € N1 s} S 673277 @122l0-b12),

Z:Q(J'l—lx\zl)/2A/\w\2 < 2j1(d+1/2) Z 9—[X2l(d+1/2)
)\2 )\2
< é'l—%zjl(d+1/2fa1,2) Zz—l(dq/%bl,z)
l

S 5i%2j1(1—111,2—171,2)2—"31,3(11—1/2+b1,2)'

Finally we sum up A2 with A\ € N),.1 4 and obtain by (4.30), since
tH{Ida] =1 A1 € Nayaa} S 0y 1279 aragl=bi),

Z:Q(J'I*\Ml)/?[q)\h)\2 < 51—7}le(1*01‘14’1,1)2*k1,4(d*1/2+b1,1).
A2

Then we take an arbitrary Ap with U;l»:lN,\Q;Lj # @. At first we sum
up A1 € Ny,.1,1 and get with a1 7 € [0,1] and b1 1 € [0,1)

ZQ(Mﬂ*jl)/QA)\l As < 5{7—"1_(122]‘1{(al‘l“l’bl,l71)(P+d2)+b1,1]
A1 ,
. 2*161,1(d2*52*b1,1(p+d2+1))'
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Analogously, we sum up A; € Nj,.12 and get with a1 2 € [0, 1],

Zz(‘/\"“_jl)/QA/\l Ao S 5f;d22j1(a1w2+b1,2—1)(p+d2)
A1 7
. 27k1)2(d275271/27b1)2(p+d2)).

Then we sum up A1 € Nj,.13 and get, because {{|\] = 1 | A €
Nzt = 0O(1),
Zg(wl—jl)m/hl Ny < 27 P2l(d=1/2)901(d-1/2) < 9=k 5(d=1/2),
A1
Finally, we sum up Ay € Nj,.14 and get, because {|\| =1 | A\ €
Ny} = 0(1),
ZQ(\AQ\#WAM Ny S 27 FLald=1/2),
A1
Multiplying related terms, we get, by the assumption (4.31) and
Lemma 4.8, an estimate like (4.33), cf. [14].

Next we consider Ny, ;, j € {1,2,3,4}. For an arbitrary but fixed
A1 € A\Jj1 we sum up Ap with Ay € N),.01 and get by (4.28),
(a2,1 + b2)1 — 1)(/) + dt + d2) + az 1 <0 and b271 S [0, 1)

ZQ(|>\1|—\>\2\)/2A)\1 A < 5§J£d1+d22j1[(a2,1+b2,1—1)(p+d1+d2)+a2,1]

Az
.9~ k2,1(d® —62—b2 1 (ptd' +d?))

Analogously we sum up A with Ay € Ny,.22 and obtain, by (4.29),
b272 € [0, ].) and (a272 + b272 — 1)(d2 +p— ].) +ag o = ((1272 + b272 —
1)(d2 + p) — bas +1 <0,
Z o(Arl=Pra/2 4, < 553%—12%[(a2,2+b2,271><d2+p71>+a2‘2]
A2
. 9—k22(d?—d2—ba 2 (p+d*~1))

Then we sum up Ag with A; € Ny, ;2.3 and obtain by (4.30) and —ag 2 —
b272 +1 >0, since ﬁ{l/\2| = l|)\1 S N,\2;273} 5 (5;%2“1_[)2*2)2_')‘1‘0‘2*2,

Z 2(\>\1|—|>\2|)/2A>\1,)\2 < 52—52%1(—az,z—bz,z-‘rl)2—k2,3(d—1/2+b2,2).
A2
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Then we sum up Ay with Ay € Nj,,2.4 and obtain by (4.30) and —as 1 —
baa + 1> 0 since #{|Xo| = 1| Ay € Nyypp4} S 0512/ 020)27Aafaza

ZQ(\)\1|*|>\2|)/2A>\1 As < 52—%2@\1(*02,1*b2,1+1)2*k2‘4(d*1/2+b2‘1).

~

A2

Finally we take an arbitrary Ao with U?ZlN,\%g)j # @. At first, we
sum up A1 € Ny,.2.1 and get, by (4.28), (az1 +ba1 —1)(p+d' +d?) +
bg’l <0 and az1 € [0, 1],

22“/\2‘_‘)\1')/2‘4)\1,)\2 < 5§jdl+d22j1[<a2,1+b2,1—1)(p+d1+d2>+b2,n
A1
. 2—k2,1(d2—52—b2,1(1+p+d1+d2))'

Then we sum up A € Ny,.22 and obtain by (4.29) and (az,2 + b2 —
1)(d* +p) <0,

ZQ(Mz\_MlD/zAAI As < 55"2“122j1(a2,2+b2,2—1)(d2+p)
A1 ’
.9~ k2,2(d*—b2—b2 2 (p+d?))

Then we sum up A1 € Ny,.23 and obtain by (4.30), since #{|\1]| =1 |
Al € N)\2;2’3} = O(l),

22(\)\2\*|)\1|)/2A)\1,>\2 < 9—k2,3(d=1/2)
A1

Then we sum up A1 € Ny,.24 and obtain by (4.30), since §{|\1]| = |
Al € N)\2;2’4} = O(l),
z:2(\>\'4>\*|)\1|)/2A)\1 A < 2*k2,4(d*1/2)_

A1

Thus, we get by (4.32) an estimate like (4.33). O

Concealing the 6, 27 " and 2921 -terms in generic constants, one obtains
the simplified conditions

272]6171(d27527b171(p+d2+1/2)) + 272k1)2(d275271/27b1)2(p+d271/2))

+ 27k1‘3(2d71+b1‘2) +27k‘1y4(2d71+b111) < 52



TRANSMISSION PROBLEMS 39

and

2—2k2,1(d2—52—b2,1(P+d1+d2+1/2)) + 2—%2,2(012—52—172,2(P+d2—1/2))

2—k2,3(2d—1+b2,2) +2—]€2,4(2d—1+b2,1) < 82.

Moreover, neglecting the decay estimates with respect to the singular
supports, we get with b17 =012 =0, k11 =k12 and k13 = k14

272k1,1(d2*52) + 2*21@1‘4((1*1/2) < 52

Eidl’ld7 respectively, with 6271 = b272 = 0, k271 = k272 and k2,3 = k2,4

272k2‘1(d2762)+272k2,4(d71/2) <2,

If one chooses, e.g., as2,b2 2 such that (az s + b2 o — 1)(d? + p) > 0,
then the term 27 [2(az:2Fb22=1)(@+p)=b22+1] hag to be replaced by
9ia1[2(az,2+b22—1)(d*+p)—b22+1] T asa + bao —1 > 0, then one gets
instead of 27a1(1=42,2=b2.2) the magnitude 2j1(1_“212_b2v2), etc.

Clearly further variants are possible. Especially matrix entries with
respect to associated “no-corner” basis functions can be collected in
sub-matrices with a greater d, which lead to N5, with less elements.

4.4. A posteriori estimates by finite sums. We combine Corollary 4.7
and Theorem 4.9 to obtain the following result.

Corollary 4.10. Under the assumptions of Corollary 4.7 there exists
a constant c5 > 0 such that, for arbitrarye > 0 and ep,ex, x5,y >0
with ep +ex < ¢, exr + ey < g, there are index sets NQ’ED, N/{Z’EK,

K' e per Viey .
Ny, s NyJoY with

(NP U NJEom) s (NS5 UNYV) € A A%, (A, o) € J\A,

such that NP _ = {\ € JN\AL | NO°P # @}, NE = {) €
5 ’ K’ epr
TN | NG £ o) N = (€ JNAT NG £ ),
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NYa o =i E JA\A? | N/{/f" # &} are finite and the magnitudes
— 11,1
dy, = Z <D¢>\'171/),\1>u>\/17
N EANNLFP
— 2 12
ké\l = Z <K/1/’>\'2’¢>\1>U>\/2,
ApEAR\N, K
1 20,1
kx, == Z <K¢>\/171/1>\2>U,\'17
N EANN, K
— 2 2\, 2
U *= Z <V¢>\/271/’>\2>u>\/27
N EAP\NEV
give
1/2
( oo Mlidy B P+ > 2k, +%|2)
ALEJI\AL A2 €J2\A2

< esellualliyz,—1/2-
The local a posteriori estimator will be defined by the remaining terms,
ie.,. we set for A = (A1, A2) € J\A,

ax(A, g) := 27 1Ml/2 Z <D1/1,1\/1>1/J}\1>“}\’1+ Z <K/1/J,2\’27¢}\1>u§’2

D,e K’,
)\,16]\])\1 D )\/261\/)\2 R
Aa|/2 1201 2 b2 V2
4 22t/ E <K¢/\,l,¢)\2>u/\,1 + E <V¢>\/2=1/’)\2>u,\52 )
K,e V,e
MENTK A EN, Y

which implies the following estimates, cf. [14].

Corollary 4.11. Under the assumptions of Corollary 4.7, we have
(4.34)

1/2
lu = uallij2,—1/2 < C2C4(< > ai(/\va)> + eselluallijz,—1/2
AET\A

1/2
+( T 2-M'|gi1|2+2“zg§2|2) )

AeJ\A
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as well as
(4.35)
1/2 1
(2 @0a) < slu-ulyaoys +aelunlys s
AEJ\A 13

1/2
+( 3 2'*1g§1|2+2*2'|g§2|2) .

AeJ\A

Moreover, for A C A C J, we have for the Galerkin solutions uy and

1/2
1
( Z ai(A,a)) < ——|lug —uallij2,—1/2 + csellualli /2,172

C1C3

1/2
+< 3 2*1'|g;1|2+2'*2g§2|2> .

AEJ\A

The estimates (4.34) and (4.35) show that

(437) - ( ) a§<A,a>)m

AEJ\A
defines up to the tolerance € > 0 an efficient and reliable a posteriori
estimator. The inequality (4.36) relates two successive Galerkin solu-
tions and is crucial for the convergence proof of the adaptive scheme
presented in the next section.

5. Adaptive schemes. The a posteriori estimates in Section 4
suggest to apply the following adaptive scheme which is based on the
idea of equilibration of the error. For any A C J, a tolerance € > 0
and an index-set A such that (X aeia aX (A, £))'/? carries the relevant
part of the error ||u —wual[1/2,—1/2 in the sense of (4.34) and (4.35) one
takes sufficiently many terms ay(A,e), A € Z C A\A, if possible the
biggest ones, i.e., |Z]| possibly small, such that

(5.1) ( > ai(A,a))mz(l—e)( > ai(A,a))l/2

AEZ\A AeA\A
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for some fixed 6 € (0,1). Then the next Galerkin step uses Az :== AUZ
and gives possibly a more exact approximation up,. This approach is
well known and described in several papers about a posteriori estimates
and adaptive schemes. Therefore, we omit further details.

What we want to do next is to pose conditions which imply the con-
vergence of such an adaptive scheme. That is, the following algorithm
ensures that either the new Galerkin solution is really better or the
a posteriori estimator shows that one has already reached an approx-
imate solution within the desired accuracy. We shall restrict our at-
tention to transmission problems with respect to smooth boundaries I'.
This restriction seems necessary for having a sufficiently strong relation
between the Galerkin orthogonality induced by the Galerkin method
and an appropriate Hilbert space norm ||-|| equivalent to the [|-[|1 2,1 /2-
norm. We shall show that there is a self-adjoint operator S, such that
the difference H — S allows asymptotically better estimates than H it-
self. We notice that a similar idea is applied in [14] on non-symmetric
elliptic boundary value problem which includes a convection term.

Lemma 5.1. Let Re(1+1/p) > 0 and Re(1 4 p) > 0. Then there
is an operator C : L*(T') x H-Y(T') — H~Y2(T") x HY*(T') such that
S:=H-C: H'/>(T)x H'2(I') = H~Y2(I') x H/2(T") is self-adjoint
and positive definite, i.e., one has

(5.2) (Sw, @)r| 2 llull}j,—1 /o we HYAT) x HTV(T).

Proof. At first we consider the operator

~ (1/2(1+1/u)D 0
s (PP )

where Dy and Vj) denote the integral operators with respect to the wave
number zero. It is well known, cf. e.g. [11], that there is a self-adjoint
compact operator Co : L*(T') x H-Y(T') — H~'/2(I") x H'/?(T) with

(S0 + Cow, @r| Z [[ullfjs,—1j0, we HYA(T) x HV2(T),

hence, S := Sy + Cp satisfies (5.2). Therefore the assertion of the
lemma is proved when we show that C := H — S : L*(T") x H (") —
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H~Y2(T") x H'/2(I") is bounded, i.e., we have to investigate

c— (1/2<D1 — Do+ 1/u(D2 — Dy)) K’ )
K 12y = Vo + p(Va = Vo)) )~

Because of the mapping properties of D; — Dy and V; — V, i = 1,2,
studied in [12], we only have to consider the operators K’ and K. In
[29] it is proved that K’ : H*(T') — H**t'/2(T') is bounded for s € R
if T is smooth enough, e.g., if ' is a Cl-curve with [ > |s| + 1/2.
Boundedness results for K then follow by duality arguments. Thus,
since I is smooth, the operator C fulfills in fact the desired boundedness
property. O

Clearly, the operator C = H — S is also bounded as an operator from
H*(T) x H-'$(T') to H-Y/2(T") x HY/?(T") for s € [0,1/2].

Lemma 5.2. Let t € [max(0,1 —~3),1/2). Then, for A C J with
(5.3) I = Qa)vlhyz,—172 < 8ljvllimt,—e, v € H'THT) x H(T),
and A C J, A C A, one has
(5.4) [{Clu—uz),uz —un)r| S 0(lu—uzll?) 12 +Ilu—ual?s _1/2)

with a constant independent of 5, A and A.

Proof. The mapping properties of C give
(5.5)

(C(u—wug),uz —un)r| < Cu—ug)ll—1/2,1/2lluz — uallij2,—1/2

< luw—ugllee-1llug —uallijz,—1/2-

Furthermore, the Ansatz of the Aubin Nitsche trick provides for (5.3)
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the estimates

(5.6)
|u—uglles—1 = sup  [(u—uz,&r]
[IEll—¢,1—¢=1
o sup [(H(u—ug), (H) &)
—t,1—t=

S osup inf [[(H")""¢=Xl/2,-1/2llu — ugllij2,~1/2
[[€]]—¢,1—¢=1 X€Sg

<o osup (H) M —ellu—ugllijz,-1)2
1€l —¢,1—¢=1

S Ofju— u[\||1/2,—1/2-

We obtain (5.4) by combining (5.5) and (5.6). o

Next we define an appropriate Hilbert space norm || - || by

Jul| :== /(Su, @)r, we HY*(T)x H-Y*(T).

Lemma 5.1 gives constants c7, cg > 0 such that
(5.7)
crllullijz,—172 < llull < csllullije,—1/2, w € HY2(I) x HY*(T).

A simple calculation yields
= uall* = flu = ugl* — flua —ugl® = 20S(u — uz), uz = ua)rs
hence the Galerkin orthogonality (H(u — ug),u; — ua)r = 0 implies
lu =z |* = llu = uall* = llus — ugl* +2(C(u — uz), uz = un)r.

Therefore, by (5.3) and its consequence (5.4) for a fixed ¢t € [max(0,
1—~3),1/2), we get a constant c¢g > 0 such that

(5.8)  (1—cod)llu—uzl® < (1+ce0)|u—ual? — [lua —uz*.

Theorem 5.3. Let there be given a tolerance eps > 0. Fiz any
0* € (0,1) and define

(5.9) C. = (L + i)

cres 2(2—0*%)cacy
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Choose any p* > 0 such that

1-06*
5.10 Co < —————
( ) :u’ e —= 2(2 _ 9*)02047
set
(5.11) ¢i= M OPS

- 2cs]|uallij2,—1/2
and choose 6* > 0 such that

c2c3c2(1 - 67)?

(5.12) i< e
Suppose that A C J satisfies

1z
(513) (3 rMigh P2 ) < guens

AeJ\A
and
(5.14) (I = Qa)vllij2,—1/2 < 6*[[vlli—t,—r, ve€ H'HT) x H T).

Then whenever A C J, A C A fulfills

55 (X m(A,s)Q)l/Qz(l—e*)( > aA(A,fs)Q)m,

AEA\A AEJ\A

there exists a constant k € (0,1), depending on the constants 6*,0* and
the constants ¢;, i = 1,...,8, such that either

(5.16) lu —ugl < &llu—uall

or (Z/\GJ\A ax(A, )%)1/2 < eps.

Proof. We first assume that ||u — uall1/2,—1/2 > eps/C. where the
constant C, > 0 is defined by (5.9). When A satisfies (5.15) we infer
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from (4.34), (4.36), (5.10), (5.11) and (5.13), cf. [14],

1/2
lug —uallijz,—172 > 0103<< > a)\(A,e)2>

AEA\A
- C5€||UA||1/2,—1/2

1/2
—( 3 2'*1'|g;1|2+2'*2|g§2|2> )

AeJ\A
0163(1 — 9*)
26264

(5.17)

2 lw —uallij2,—1/2-
By (5.7) and (5.17) we obtain with ¢g := (c1c3¢7(1 — 0*))/(2¢cacqcs)

(5.18) lug = uall = collu = uall.

On account of (5.8) we obtain, by (5.18),

1 — &+ cgb*
lu—ugll S\ =4 o5 pv= [lu — uall;
hence,
(5.19) lu = uzll < Kllu—ual

with k € (0,1) because of (5.12).

On the other hand, ||u — uall1/2,—1/2 < eps/C. yields, in view of
(4.35), (5.11) and (5.13), cf. [14],

1/2 .
( Z aA(A,E)2> < (1/(c1c3)) + p*Ce)eps .

Ce
AEJ\A

Taking (5.9) and (5.10) into account, we see that (1/(cie3)+p*Ce)/Ce <

A so that
1/2
(5 o) <am

AEJ\A

which completes the proof. ]
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Note that (3_\c s\ ax(A,€)?)'/2 < eps yields, by (4.34), (5.11) and
(5.13),

(520) HU—UA||1/2)_1/2 S CQC4(1+[L*)5.

Remark 5.4. The term [lual[y/2,—1/2 in (5.11) can be replaced by

1/2
( > 2GR, B+ D0 2-A2|<u%,¢§2>l2) -

A1EAL A2€A;

The constants then change in an obvious way.

An asymptotic sufficient condition for (5.14) is, e.g., that Sx C Sy,
n = (m, m), with
- log, ot
~Mtr—1/2 7

which follows by (325, 22t~ D7)1/2 < 6%,

Theorem 5.3 suggests the following convergent adaptive algorithm:

1) Choose 8*, p* and 6*, an initial accuracy eps and a final accuracy
eps.

2) Set ALO C J such that H(I — QAI,O)UH1/2,—1/2 S 6*||U||1—t,—t;
ve H7HT) x H-4(T).

3) Choose for i = 1, 00 index sets A;1 C J, A;1 D Ao such that

2
( > o Mligg 1P+ 2A2'Ig§2|2> < ghepss.
AEJ\A; 1

a) Compute for j = 1,00 the Galerkin solution uy, ; with respect to
Sh;-

Set
£ = J7 e
2csllun, ;ll1/2,-1/2
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Determine an appropriate index set Ny, ; - and

1/2
o 2(A /
NA; je = E Cl)\( 76) .

AGNAM-,E

b) If na, ;. < eps;, set j := oo,
else choose A; j11 D Ajj, Aijy1\Aij C Na, e such that

(= ai(A,a)m > (1= 67, e

AEA; j 41\ N5

If eps; < eps, go to Stop,
else set eps;41 :=eps;/2 and A1 := A, ;.

4) Stop.

Finally we notice that, by mapping properties of the operators A;,
Kgq, and Vg, one can derive error estimates for representations of
Galerkin approximations as well as their convergence with respect to
an adaptive scheme if therein the parameters are chosen such that the
resulting k € (0,1) is appropriately small. Small x € (0,1) can be
attained if the parameters 6* and 0* are suitably adapted.

Acknowledgment. It is a pleasure for me to thank the members of
the Graduiertenkolleg “Analyse und Konstruktion in der Mathematik”
at the RWTH-Aachen for their warm hospitality. In particular I am
grateful to Wolfgang Dahmen for his support and his encouragement
to investigate the transmission problem. Moreover I thank Reinhold
Schneider for remarks concerning the decay estimates.

REFERENCES

1. I. Babuska and A. Miller, A feedback finite element method with a posteriori
error estimation: Part 1. The finite element method and some basic properties of
the a posteriori error estimator, Comput. Methods Appl. Mechn. Engrg. 61 (1987),
1-40.

2. I. Babuska and W.C. Rheinboldt, Error estimates for adaptive finite element
computations, SIAM J. Numer. Anal. 15 (1978), 736-754.



TRANSMISSION PROBLEMS 49

3. R.E. Bank and A. Weiser, Some a posteriori error estimates for elliptic partial
differential equations, Math. Comp. 44 (1985), 283-301.

4. S. Bertoluzza, A posteriori error estimates for wavelet Galerkin methods, Appl.
Math. Lett. 8 (1995), 1-6.

5. F. Bornemann, B. Erdmann and R. Kornhuber, A posteriori error estimates
for elliptic problems in two and three space dimensions, Int. J. Numer. Methods
Engrg. 36 (1993), 3187-3203.

6. J.M. Carnicer, W. Dahmen and J.M. Pena, Local decomposition of refinable
spaces and wavelets, Appl. Comp. Harm. Anal. 3 (1996), 127-153.

7. C. Carstensen, Efficiency of a posteriori BEM-error estimates for the first-kind
integral equations on quasi-uniform meshes, Math. Comp. 65 (1996), 69-84.

8. C. Carstensen and E.P. Stephan, A posteriori error estimates for boundary
element methods, Math. Comp., to appear.

9. , Adaptive boundary element methods for some first kind integral
equations, SIAM J. Numer. Anal., to appear.

10. D. Colton and R. Kress, The unique solvability of the null field equations of
accoustics, Quart. J. Mech. Appl. Math. 36 (1983), 87-95.

11. M. Costabel, Boundary integral operators on Lipschitz domains: Elementary
results, STAM J. Math. Anal. 19 (1988), 613-626.

12. M. Costabel and E.P. Stephan, A direct boundary integral equation method
for transmission problems, J. Math. Appl. (1985), 367-413.

13. , Boundary integral equations for mized boundary value problems in
polygonal domains and Galerkin approximation, Banach Center Publ. 15 (1985),
175-251.

14. S. Dahlke, W. Dahmen, R. Hochmuth and R. Schneider, Stable multiscale

bases and local error estimation for elliptic problems, Appl. Numer. Math. 23
(1997), 21-47.

15. W. Dahmen, Stability of multiscale transformations, J. Fourier Anal. Appl.
2 (1996), 341-361.

16. W. Dahmen, S. Prossdorf and R. Schneider, Multiscale methods for pseudo-
differential equations on smooth manifolds, in Proceedings of the international con-
ference on wavelets: Theory, algorithms, and applications (C.K. Chui, L. Monte-
fusco and L. Puccio, eds.), Academic Press, 1994.

17. , Wavelet approzimation methods for pseudodifferential equations II:
Matriz compression and fast solution, Adv. Comp. Math. 1 (1993), 259-335.

18. W. Dahmen and R. Schneider, Wawvelets on manifolds—-construction and
domain decomposition, in preparation.

19. W. Dorfler, A convergent adaptive algorithm for Poisson’s equation, STAM
J. Numer. Anal. 33 (1996), 1106-1124.

20. B. Faermann, Lokale a-posteriori-Fehlerschatzer bei der Diskretisierung von
Randintegralgleichungen, Dissertation, Christian-Albrechts-Universitiat Kiel, Ger-
many, 1993.

21. S. Hildebrandt and E. Wienholtz, Constructive proofs of representation
theorems in separable Hilbert spaces, Comm. Pure Appl. Math. 17 (1964), 369-373.



50 R. HOCHMUTH

22. P. Hansbo and C. Johnson, Adaptive finite element methods in computational
mechanics, Comp. Methods Appl. Mech. Eng. 101 (1992), 143-181.

23. P. Oswald, Multilevel finite element approzimation, Teubner Skripten zur
Numerik, Stuttgart, 1994.

24. T.v. Petersdorff and C. Schwab, Wavelet approximations for first kind
boundary integral equations on polygons, Technical Note BN-1157, Institute for
Physical Science and Technology, University of Maryland at College Park, 1994.

25. E. Rank, Adaptive h-, p- and hp-versions for boundary element methods, Int.
J. Numer. Meth. Engrg. 28 (1989), 1335-1349.

26. R. Schneider, Multiskalen- und Wavelet-Matrizkompression: Analysisbasierte
Methoden zur Lésung grofler vollbesetzter Gleichungssysteme, Habilitationsschrift,
TH Darmstadt, Germany, 1995.

27. J. Saranen and W.L. Wendland, Local residual-type error estimates for
adaptive boundary element methods on closed curves, Appl. Anal. 48 (1993), 37-50.

28. R. Verfiihrt, A posteriori error estimation and adaptive mesh refinement
techniques, J. Comput. Appl. Math. 50 (1994), 67-83.

29. W.L. Wendland, E. Stephan and G.C. Hsiao, On the integral equation method
for the plane mized boundary value problem for the Laplacian, Math. Meth. Appl.
Sci. 1 (1979), 265-321.

30. W.L. Wendland and D. Yu, Adaptive BEM for strongly elliptic integral
equations, Numer. Math. 53 (1988), 539-558.

31. , A posteriori local error estimates of boundary element methods with
some pseudo differential equations on closed curves, J. Comput. Math. 10 (1992),
273-289.

32. J. Xu and X.-C. Cai, A preconditioned GMRES method for nonsymmetric
or indefinite problems, Math. Comp. 59 (1992), 311-319.

FACHBEREICH MATHEMATIK, FREIE UNIVERSITAT BERLIN, ARNIMALLEE 2-6,
14195 BERLIN, GERMANY
E-mail address: hochmuth@math.fu-berlin.de



