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ON A BOUNDARY INTEGRAL METHOD FOR THE
SOLUTION OF THE HEAT EQUATION IN UNBOUNDED
DOMAINS WITH A NONSMOOTH BOUNDARY

OLAF HANSEN

ABSTRACT. We study a boundary integral method for the
solution of the heat equation in an unbounded domain D in
R2. It is assumed that the boundary of D is a polygon I' = 8D
and that R?\ D is a simply connected domain. We use a
method which was proposed by Chapko and Kress [2] for the
case of a smooth bounded domain D and analyze this method
in the presence of a boundary with corners.

1. Introduction. In this paper we study the numerical solution of
the following initial value problem

w(z,t) = cAu(z,t), (x,t) € Dx(0,T],

u(e,t) = Fot),  (n6) € Tx[0,T)
(1.1) 2|00

u(z,t) — 0, t € [0,77],

u(z,0) = 0, z € D.

Here D C R? is an unbounded domain and the boundary I' := 0D is
a polygon. We further assume that the constants ¢ and T" are greater
than zero. The function F' on the boundary should be sufficiently
smooth (see Section 2) and should fulfill certain conditions at time
t = 0, especially

(1.2) F(-,0) = 0.

There are several ways to approximate the solution of (1.1) with the
help of a boundary integral equation. One way would be to use a single
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or double layer potential on I x [0, T] and to approximate the solution
of the resulting integral equation of the first or second kind on I' x [0, T
with a Galerkin method. The corresponding integral operators and the
Galerkin method were studied by Costabel in [4].

On the other hand one can first discretize the Volterra part of the
integral equation on I' x [0, 7] and then apply known numerical schemes
for the approximate solution of the resulting integral equations on I'.
This approach was used by Lubich and Schneider in [10] and [11] for
the case of smooth boundaries.

In this paper we will follow the approach of Chapko and Kress [2].
They use Rothe’s method for the time discretization of (1.1) and then
use a special sequence of “fundamental solutions” for the solution of
the resulting sequence of boundary value problems. The advantage of
their method lies in the fact that they don’t have to calculate integrals
over the unbounded domain D. These integrals appear if one solves
an inhomogeneous boundary value problem with the boundary layer
method in the usual way.

In the present situation we have to study the resulting properties of
the boundary integral operators on polygons and also the smoothness
of the solution v in time is not obvious (see [8]). In Section 2 we will
study the time discretization of (1.1) and the convergence of the Rothe
method under sufficiently strong assumptions on F'. In the next section
we study the system of boundary integral equations on I" and we prove
the stability of the collocation method for the single layer approach.
Here we use results of Elschner and Graham [6]. In Section 4 we derive
our numerical algorithm and in Section 5 we present some numerical
results which show that our method is applicable and the necessity of
a special parametrization for I near the corners.

2. The time discretization and the boundary integral equa-
tions. In the following we assume that

M
(2.1) I' = UFj C BR(O)7

j=1

Iy =1[-1.8), 1 =11)M, & = &, &, 7 = 1(1)M, are the corners of
the polygon I' and R > 0. Let w; be the angle at corner j. Define w;
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to be the greater of the two angles at corner j
(2.2) w; = max{w;, 2T — w;}.

We will always assume @; € (m,27) and denote by A the symmetric
operator ~ o
Au == —cAu, vweDj; := Cg,comp(D)’

C§ comp(D) := {u € C*(D) |u|r = 0,u has compact support in D},
¢> 0 a constant. A is a positive operator,

(Au, u)r2(py > 0,

and the energy space for A is H}(D). By A we denote the Friedrich
extension of A and A has the following properties [15]

(2.3) A is self-adjoint,
(2.4) o(A4) C [0,00),

and

(2.5) D4 C H}(D).

To formulate (1.1) as an evolution equation in a standard form we need
the following two results.

Lemma 2.1. There is a continuous extension operator
v~ : CHT,R) — C§(B2r(0)),

where we denote by C*(T',R) the functions which are continuous on T’
and four times continuous differentiable on every closed line [{;_1,&;],

j = L(1)M. The functions in Cg(Bag(0)) are four times continuous
differentiable in Bag(0) and the extension by zero is four times contin-
uous differentiable on R2.

Proof. With the help of a partition of unity of I' we can reduce the
problem to the following two cases:
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a. f € C'T\R), flu.g;) =0, 7 =0()M -1,
b. f € CHT,R), supp (f) C UM Uac (&),
where € 1= min; j—1(1)am,i25 1€ — &51/8-

In case a) it is very simple to extend the function to a function in
C3(B2g(0)). In case b) we only have to consider the following special
case:

L= {(2,0) |z > 0} U {y(a, 5) |y > 0},
a?+p32=1,8#0.
We define
Prer = {(2,0)[x >0} U {(0,9) |y > 0}

and the linear invertible mapping L : fRefgf by

z 1l « x
L = .
() =050
On the reference configuration we define the function frer by
fret == foL € C*(Trer, R)
and the restriction of frer to the lines
fl(x) = fRef(:E7O) € 04([07 OO)7R)7
f2(z) := fret(0,2) € C*([0,00),R).
At the next step we define a function g7 € C*°(R2?,R). The Taylor
coefficients of gy are equal to the coefficients of f; and fo at zero.

or(o.9) = Fra(0.0)+ (1000, 7300 (7 )

1 7o) 0 x
+§(‘T’y)< 10 é/(0)> <y)
5 (100 + 1 0)
+ o (A0 + 750 00),
4 ()
fir(z) = fi(z) - Z f .,(O)iﬂj,
= I
4 (7)
for(@) = o)~ 3 2Oy
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Now it is clear that

9(z,y) = fur(lz) + far(lyl) € C*(R% R),

and

9+ 9rli,., = fret

Further on the mapping fret — g + g7 is linear.
Now let p € C°(R?, R),

Olvn.0) = 1,
p(r) =

|
o

|z| > 3e.

We define v~ f by

(v Nz,y) = o, y)((g+gr) o L) (2,y).

This mapping is linear, continuous (we only need the derivatives of f up
to the order of 4) and supp (v~ f) C Bs-(0). We use this construction
for every corner of " and get the extension result in case b). This proves
our lemma. o

Definition 2.2. a. If X is a Banach space we denote by
C*?([0,T], X) the Banach space of k-times continuously differentiable
functions, for which the kth derivative is -Holder continuous.

b. By C*D(T x [0,T],R) we denote the continuous functions
G € C(T x [0,T],R), for which we have

G e Cct'([0,T]),CHT,R)), j = 1(1)M.

Corollary 2.3. Let G € C*D)(T x [0,T),R), then we define

G(x,t) :== (v G(,1)(x), (x,t) € R*x[0,T].
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It follows ~
Ge C’l’l([O, T], Cg(BQR(O))

Proof. As a natural candidate for DG we have

DG(x,t) == (v~ DG)(z,t),

where (DG)(z,t) := Gi(z,t), (x,t) € T x [0,T]. For t, ¢+ h € [0,T],
h # 0, we get by Lemma 2.1

IG(t +h) = G(t) = h DGO ca (775

= I (G(t+ 1) = G(W) = h DG o ey
< const [[G(,t+h) = G(-,1) = h DG(, )|l caqry
= o(h),

by the assumption. Together with the Holder-continuity of DG this
proves the corollary. |

The mapping G — G will also be denoted by ~~. In the following we
will always assume that the function F (see (1.1)) fulfills

(2.6) Fect@O( x[0,T],R)
and
(2.7) (% (7 F))i=o = 0.

Using standard results for evolution equations we get the following
result.

Theorem 2.4. Let (1.2), (2.6) and (2.7) be fulfilled. Then the
initial value problem (1.1) has a solution u € C%'([0,T],L?*(D)),
Au € C*1([0,T], L*(D)).
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Proof. We define

H(t) = eAGF)(0) ~ 5 (7 F)(0), te [0,T).

Corollary 2.3 and the continuity of A : C2(Bagr(0)) — C°(Bar(0)),
show that
H e C%([0,T],C°(B2r(0)).

By restriction to D we get H € C%1([0,7T], L*(D)). We consider the
following initial value problem in L?(D)

(2.8)

Theorem 4.3.5 in Pazy [14] shows that (2.8) has a unique solution
@:[0,T)— Da, Au, u € C%L([0,T], L*(D)). The solution of (1.1) is
given by

u = u+~ F.

This proves the theorem. u]

Now we know that our problem (1.1) has a unique solution u and
we can try to approximate it. For the time discretization we choose a
number N € N and define the time step h := T'/N. The application of
Rothe’s method to the initial value problem (1.1) gives us the following
sequence of boundary value problems

Unl®) = 0n1®) Ay )z e D, n=11)N,

h
(2.9) w(z) = 0, z €D,
vplr = F(-,nh), n=1(1)N,
lzl|— o0

vy () 0, n=1(1)N.

The functions v,, are approximations for u(-,nh). The first equation of
(2.9) is equivalent to

(2.10) —Av, + v, = Y*v,_1, n=1(1)N,
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where the constant v = v(IV) is defined by

/1 J/N
TNV T Ver
Our discretization (2.9)/(2.10) can be interpreted as an implicit Euler
scheme and we will write this scheme in an explicit form

(29) < Uy, — heAv, = v,_1
& (vn—('y*F)(nh))—hcA(vn—('y*F)(nh)) = vp_1— (v~ F)(nh)
+ heA(y~ F(nh))

Define 0,, := v, — (Y~ F)(nh). Then the above equation together with
the boundary condition in (2.9) is equivalent to

Op + hAAD, = v,_1 — (v~ F)(nh) + heA(y~ F)(nh)
0.

On|r
By (2.5) we get
by = (I+hA) " (vy_1— (v F)(nh) + RA(y F)(nh)).
This implies

Vp = On + (v F)(nh)

(2.12)
Un—1 + héd((n—1)h,vp_1,h), n=1(1)N,

where the function ¢ is given by
(2.13)

o(t,v,h) = 3 (77 F)(t+h) = v+ (I+hA) (v = (77 F)(t-+h)

S| =

+chA(y F)(t+h)))

Lemma 2.5. The implicit Euler scheme (2.12)/(2.13) is consistent
for (1.1) and has order 1 (F has to satisfy (1.2), (2.6) and (2.7)).
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Proof. Let s,s + h € [0,T], h # 0. We get

u(s+ h) —u(s)
U D2 i)

(uls +R) = uls) + u(s) = (v F)(s + h)

— (L+hA) " uls) = (7 F)(s + ) + chA((7 F)(s + ) )

S

_ (”2‘4)71 ((+nayics+n) - [...])
_ (”ZA)A (s + b+ (E (s + 1) — s + 1)~ [.])

The functions @ and H were defined in the proof of Theorem 2.4. The
definition of @ and H implies

u(s+ h) —u(s)

) =) _ s, (),
= LAY (s 1) = (7 F)(s+ 1)
Ay F)(s 1)~ h 5 (7 F)(s 4 1)
—hut(s+h)+h%(~y*F)(s+h)— [])
_ U+ ZA)A (s + h) = u(s) — hue(s + 1)

By (2.4) and Theorem 2.4 we get

u(s + h) —u(s)
h

— &(s,u(s), h)

L2(D)

1

s+h
<N+ hA g | [ ) = s+ ) e

s+h
/ (s+h—v)dv

< const —

|h|
const
= = Ihl.

This proves our lemma. o
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Now we define
(2.14) Opt1 = u(nh) + ho(nh,u(nh),h), n=0(1)N —1.
The definition of ¢ shows

041 = vnsllz2py = (I +hA) " (u(nh) — vn)llL2(p)

(2.15)
< [Ju(nh) = vnllL2(pys

A

because (I + hA) C [1,00). Equation (2.15), Lemma 2.5 and Section
2.5 in Dekker and Verwer [5] show the following theorem.

Theorem 2.6. Let the assumptions of Theorem 2.4 be fulfilled and
define vy, N, n=1(1)N, n € N, by (2.9). Then there exists a constant
C, which does not depend on N such that

n
u N — Un,N
This means that our implicit Euler scheme, which is given by Rothe’s
method, is convergent with order one.

c
< —.
- N

max
n=1(1)N

L2(D)

To solve the sequence of boundary value problems (2.9) numerically
we use a boundary integral method, which we study in the following
section.

Now we study the regularity of the sequence (vy),—1(1)n. First we
introduce some notations and repeat a theorem of Hammoudi [8].

For w € (0,27) we denote by K, the angle

cos(6)
(2.16) K, : {r(sin(9)>|0r<oo, GG[O,w]},
further we consider the following special functions on K.

ou1.4(r,0) = "2 sin(1vh),
Sy1.i(r,0) = r'"*2 (log(r) sin(lvd) + 6 cos(Ivh)),

(2.17) |
leN, €Ny, ve (§,OO>,
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and two sets of integers

{M%S ={leN|lveN, 0<lv<s},
L,s ={leN|lwvgN, 0<lv< s}

Hammoudi proved in his thesis [8].

(2.18)

Theorem 2.7. Letse R, s> 1, s ¢ {l(n/w;)|j =1(1)M, | € N},
and f € H*"Y(D). By u € H(D) we denote the solution of the
equation

—A 442 = , €D,
19) (ot s = o),
ulr = 0.
For an arbitrary corner &,, m € {1,... ,M}, of T we assume without

restriction that &, = 0 and D should coincide with K, in a neighbor-
hood Ba.(0), € > 0. By ¢ € C§°(R?) we denote a cut-off function

(2.20)  @(x)=1, x€ B.(0), o(r) =0, z€R*\ Ba(0).

Then we get
(2.21)
Yu = ug + ( Z Z Cljou1,j + Z Z Dl,jsu,l,j)

leL, s O<lv+2j<s leM, s 0<lv42j5<s
1 .
up € H*t(Ky,), v = (7/wn), Cj1, Djy € R, for all j,1.

Lemma 2.8. Let s > 1, w e (0,27), v :=7/w and

F(r,0) = w,e)(z S Cuyonny(n0)

lel, s 0<lv425<s

+ Z Z Dy jSy,(r, 9))7

leM, o 0<lv4+2j<s

(2.22)

where @ is a cut-off function which fulfills (2.20), Cy;,D;; € R. For
t > s a function w(r,0) exists of the following form

(2.23)
k//

w(r,@)—gpr@(ZZCl]oyl]TQ Z ZDU ul7g7“9)

leL, leM,, s j=1
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ky, k' € No, C] ;, Dj ; € R, such that

(A +")w(r,0) = f(r,0) + wr(r,0),

WR € Ht(Kw).

Proof. For the proof it is sufficient to consider only the case

f(r,0) = @(r,0)0,.1,5(r, 0)
or
f(r,0) = @(r,0)5,,1,5,(r,0).
For simplicity we will only treat the first case. We make the ansatz
W(r0) = Y ajo,;(r,0),
Jj=jo+1

m > max{[(t — lv)/2] + 1, jo + 1}, this implies o, 1 m € H (K,,), see
(8], [9]. We get

(—A+7)ov; = —((w+25) = (W)*)ov-1 + Vo0
This implies

(A7)0 = = 3 a(w+2)> = W))ovigor +7 Y. vy
=do+1 J=Jott

= —ajo1 (v +20jo + 1))* = ()*)ovj,
+ 3 (=i +2)? = (1)) + a;17%) 00t i1
J=Jjo+2

2
+ am, Y Ovlm-

Now we choose

1
Qjo4+1 = — (ZV T 2].0)2 — (ll/)2’
2
a; = Q17 j=jo+2(1)m,

(v +2))? - @)?)’
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this implies
(A +2)@(r,0) = 04,15 (r,0) + amy ou1.m.

Defining
w(r,0) == ¢(r,0) w(r,0)

leads to
(A + 7w = ovijy + WY P ouim — (Ap)d — (V) (VD)

and we have proven our result, because Ap and V¢ are equal to 0 in
B.(0). O

In the next lemma we combine the last two results in order to describe
the behavior of the functions v,, near the corners.

Lemma 2.9. There is an's € (3.5,4] such that all v,, n € {1,...N}

(see (2.9), (2.10)) have the following representation near the corner &y,
me{l,... , M},

pun = vn,Rthp( > > Cuouy,

leL, 5 0<lv+2j<35—1

+ Z Z Dl,ksu,hk)v

leM, 5 0<lv+2j<s—1

(2.24)

vpr € H¥(D), v = (7/wn), Ci;,Di; € R. Here we have again
assumed &, = 0 and DN By.(0) = K,,,, N Ba:(0). The coefficients C; ;
and Dy ; depend on n and m, but we don’t indicate this dependence.
The function @ is again a cut-off function (see (2.20)).

Proof. Let s € (2.5,3] such that

sg{lwlj‘j_unM, leN}.

Define 5 := s + 1. We will prove our assertion by induction.
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n = 1: v is the solution of

(—A +’Y2)’Ul = 0,

vilr = F(-, h).
Let 01 be the solution of
(~A+7%)51 = —(~A+3)(r F(,h)),

lr = 0.

By Lemma 2.1 we know v~ F (-, h) € H*(R?) and therefore
(A +7*)(y"F(-,h) € H*(R?) C H* (D).

Theorem 2.7 implies that ¥; has a representation of the form (2.24),
but
v = ’61 + ’yiF(', h)

and so the assertion is proved for n = 1.
n —n+1: v,y solves

(A + 72)1}”4_1 = 'szna

Un+1|[‘ = F(-, (n =+ 1)h)
Again we first look for the regularity of 9,11 which solves
(A +9%)Tn41 = Y20 = (A + %) (Y F(, (n+ 1)h),

5n+1 = 0

By induction we know

e(Vvn — (A +*) (Y F(:, (n+ 1)h)))

= vn,R+<P< > > Coviit Y, > Dl,jsu,l,j)
€L, 5 0<lv+2j<5—1 l€L, 5 0<ly+2j<5—1
— (A + )y F(, (n+ 1h).
Lemma 2.8, for example with ¢ = s + 1, shows the existence of w(r, ),

(2.25)
k!

k;
w(r, ) = o(r, 9)( Z ZC{’jowhj(r, ) + Z ZD{)]-SZ,JJ(T, 9))

leL, s j=1 leM, 5 j=0
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such that
(A +9)(@Uns1 —w) = @(=A+9)Tps1 = (V) (V1)
— (A@)Tn41 + (A + 7% )w
= vnr — (A + 7)Y F(, (n+1)h) + wr
(Vo) (Vi) — (A
Here v, g € H**Y(D), oy~ F(-,(n + 1)h) € H*R?), (Vp)(Vint1),
(A@)D,41 € H3(D) because Ap and Vi are zero near the origin and
Upr1 € HY(D \ U(C)), where U(C) is a neighborhood of the corners

of T. wg € H*T}(D) by Lemma 2.8 and therefore the right-hand side
belongs to H*~1(D) and Theorem 2.7 implies

~ ~ /
PUnt1 —W = Upt1,R + @( E E Cz,jau,l,j
lEL, 5 0<lv+2j<5-1

+ ) > Dl/JSVxlvj)’

IEM, 5 0<lv+2j<5-1

Ont1.r € HTY(D). Now (2.25) shows

~ ~/ 1
PUnt1 = Upj1R +90< E E Criov,1

€L, 5 0<lv+2j<5—1

+ ) > }',ISVJJ)>

€M, 5 0<lv+2j<5—1
o), € H"Y(D). The equation
Ung1 = Ung1 +79 F(-, (n+1)h)

now proves the assertion for n + 1. ]

Remark. Lemma 2.9 shows that the kind of singularity of (vy,)n—1(1)n5
near the corners stays essentially the same during the evolution.

3. The boundary integral operator and its properties. We
denote by P the operator which appeared in equation (2.10)

(3.1) Pu = —Au + ~*u
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The fundamental solution ®q for P is given by

(32) (I)()(.’L',y) = KO(/7|:E - y|)7 x 7é Y, T,y € R2'

By the same letter &y we will also denote Green’s operator for P with
kernel ®y5. The modified Bessel functions Ky and I are defined in the
following way [1]

Ko(z) = —<1n (g) +7Eu1>IO(Z)

(33) 5 (e (Z)Z_j 1) sec =0,

Jj=1 1

Jj=0

Chapko and Kress used a special modification of the above given
fundamental solution in order to avoid the calculation of integrals over
the unbounded domain D. They introduced the functions

(3.5)
O (2,y) = Ko(vlz — yl) pullz — yl) — Ko (vl — yl) au (2 — ),
n € Ny.
The functions p,, are even polynomials, p,(0) = 1, n € Ny, and

deg (pn) € {n — 1,n}. The functions ¢, are odd polynomials with
deg(gn) € {n — 1,n} and we have po(z) = 1, go(x) = 0. The
construction of p,, and ¢, is given explicitly in their article [2].

The functions ®,, have the following property
(3.6) Py @y (z,y) = 7* Cpor(z,y), z#y, neN,

and ®,,(x,y) has the same kind of singularity at z = y as the funda-
mental solution Kj.

In this paper we will only study a single layer approach for the
solution of (2.9). We make the following ansatz

. 1§
Uy () = T Z /F(I)n_m(flﬂy)@m(y) dsy,
m=1

r€R*\T, n=1(1)N,

(3.7)
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where the functions ¢, € L*(T), m = 1(1)N, are unknown. Now the
equations (3.6) and (3.7) imply the following lemma.

Lemma 3.1. We have 0, = v,, n = 1(1)N, if and only if the
sequence (¢n)n—1(1)n solves the following system of integral equations

1 n—1
(Len)@) = Fasnh) + 2 57 [ Gon(o)om(v) sy

zel, n=1(1)N,

(3.8)

where the integral operator L is given by

(3.9) L)) = =1 [ Polen)oly) ds,

For the study of the mapping properties of L we follow the article
of Costabel [3]. The first step is to define d,u|r, where v is the outer
normal of I' for a sufficiently large function space. We introduce the
following Hilbert spaces

(3.10) {H}D(D) = {u € H'(D)| Pu € L*(D)},

HE(DC) := {u€ H'(D®) | Pu € L*(D°)},
where D¢ := R?\ D and the norm is given by

2 — 2 2
(3.11) { lullzy oy = llulles + 1Pullzzp),
lullZry (pey = llulln + I1PullZs(pe-
By 79 we denote the trace operator

(3.12) You = ulr.

Lemma 3.2 [3, Lemma 3.6]. The operator

Y0 ¢ Hipe(R?) — H*~W/I(D)
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is continuous for s € [(1/2),(3/2)], and there is a continuous right
inverse v, of Yo
2 HUAT) s HE,L(RD),

comp

s€(1/2),1].
For ¢ € H*(T'), s > —1, the function

1
(3.13) (Lop)(z) = - A@o(m,y)w(y) ds,, = €R*\T,
is well defined, because ®(x,-) € H*(T'). This definition implies
(3.14) L = 9o Lg.

In the next lemma we extend the definition of 9, to functions in H}(D®)
and Hp (D), respectively, and collect some properties of the mapping
u — Jyu|pr. We omit the proof, because it is very similar to the proofs
in [3].

Lemma 3.3. a. For u € Hh(D) we define the mapping
Y — <”YfU7<P>H—1/2(F)xH1/2(r),
a15) = [ VuVege) +ubgeda - [ (PG de
@ € HY2(I).

Y§u is a continuous mapping H'/?(T') — R and ~{u depends contin-
uously on u. If u € H*(D®), then the mapping can be written in the
following form

(3.16) R / (Byu)p ds,.

b. Foru € Hp(D) we define

o — (MU ) g-12yxH /2Ty, P E H'(I),

3.17
(8:17) = —/[)VUV(76¢)+’VQU(764,0) d:c+/D(Pu) (o ) d.
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Yiu is also continuous on H1/2(I‘) and 71 1s continuous as a mapping
from HE(D) into H-Y2(T"). If u € H?>(D) we have

(3.18) <71u790>H*1/2(1")><H1/2(1") :/F&,u@dsy.

With the help of v, and { we can prove the first and second Green
formula for functions in Hj(D) and H} (D), respectively,

(3.19)

/ (Pu)vdz = / (V) (Vo) + y*uv de + (y1u,%00) gr-1/2(r)yx 1/2(r)
D D

(3.20)
/D(qu —vPu)dr = (719,Y0U) g-1/2(1)x H1/2(T)

— (MU, %) -1/2 )1 2(ry, U0 € Hp(D),

and
(3.21) /C(Pu)”df” = /C(VU)(VU)-I-v%wdx

- (11u, 70U>H*1/2(F)xH1/2(p),
(3.22)

/ (uP’U — wPu) dr = <7fu,70v>H71/2(p)XH1/2(F)
- <’Yf’0,70U>H71/2(r)xH1/2(1“), u,v € H}J(Dc)-

Applying Green’s formula with v(y) = ®¢(z,y), u € H*(R), and using
the density of the H? functions in H5(D) and H}(D*®), respectively,
we get the following results

Lemma 3.4. Letu € L*>(R?), u|p € H5(D), u|pc € H5(D®). Then
we have the following representation for u

w(@) = (®oPu)(x) + (9, Po(2;-), [u]) g-1/2(0)x /2 (T)

— ([nul, ®o(, ')>H*1/2(F)><H1/2(F)'
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Remark. Here we have used the notation
(3.23) [u] = youlp — You|pe
(3.24) [y1u] = yulp = yfulpe.

Now we can prove two results, which are a little bit stronger than the
corresponding results in Theorem 1 (iii) and Theorem 2 in [3], because
the operator P which we study here is much simpler than the operators
which were studied by Costabel.

Theorem 3.5. a. L : HEY24to(D) — HA/2H9(T) s continuous,
oe(~1/2,1/2).

b. There is a constant Cr, > 0 such that

<SOaLSO>H*1/2(F)><H1/2(F) 2 CL”‘P”?{—U?(F)v Vo€ Hﬁl/Q(F)-

Proof. a. We have
Lo = & o"y(').

By Lemma 3.2 we know
s (m2 s—(1/2) 11
Yo H (R ) — H (F), S € —5,5 5

which implies
v HY2D7H(T) — Heghop (D).
Because of ¥2 > 0 we have
dy : H°(R?) — H*T3(R?), VsecR2

These formulas show

13
Lo : HY?2=5(') — H?**(R?), se¢ (5,5)

Denoting 1 — s by o this implies that Lg is a continuous operator from
Ho=(/2/(T) into H'*?(R?). Now we have

L =ro®gonv) : HVXT) — H7F/2(D),
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by Lemma 3.2. This proves a).

b. First we note the jump relations for the single and double layer
potentials

[’YOLO(P] = Oa [’YILO(P] = —¥, pe H71/2(F)a

see [3].

For ¢ € H-(1/2(I") we have Loy € H??(R?) and because ® is the
fundamental solution for P we have

Lo € Hp(D), resp. Loy € HH(DC).
The first Green formula gives
/Du [VLop|* + 7| Lopl* dz = (v{Low, Y0 Low) -1/2(r)x m1/2(r)
/D VLol + 7% Log|? dr = —(v1Low, YoLo®) g-1/2(ryx r1/2(r)-
By addition we get

/R? IVLool® + 7| Lop|? dz = —([v1Los), %0 Low) pr—1/2(ryx mr1/2(r)

= _<[’71L090]7 L¢>H*1/2(F)><H1/2(F)
<§07 L¢>H*1/2(F)><H1/2(F).

Here we have also used the jump relations from above. Now we put
our results together and get

||80||§171/2(r) = H['YlLO@Hﬁrlm(r)
Lemma 3.3 5
< COlLoplla(re
Cmax{1, 1/} [ [VLopl? + 2| Lol do
R

Cmax{1,1/9°}{, LY) g-1/2(ryx mr1/2(r)-

IN

This proves b). O
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For our further studies we introduce parametrizations of I' and
investigate the properties of the resulting integral operators on [0, 27].
By

(3.25) a: [0,21] — R2,

we denote a parametrization of I', which is piecewise linear

(3.26) ol () = &+ 2T (6 e, j=0(1)M -1,

Tj+1 = Tj

0=7 <7 < ... < 7y. To take care of the corner singularities
of the solutions of (3.8) we introduce a further parametrization «,,

q=(q0s--- qm-1), ¢ > 1,7 =01)M —1,
(3.27) Qg = o dy,

where &, : [0,2n7] RN [0,27] is monotone increasing and has the

following properties

q S 03([0727T]),

@;(T) >0, 7el0,2n]\{r,...,7:m},

aq(T) = 75+ ¢jsgn (1 — 1) — 75|,

|7 — 75| sufficiently small, ¢; >0, j =0(1)M — 1.

(3.28)

An explicit construction of &g, given ¢, can be found for example in
the article [6]. This construction gives also

(3.29) G, 1)(7)

T.

Equation (3.8) can be written in the following form

—— [ Bolag(o)aglm)ealag(lay )] dr

27
+ % [) (I)n—m(Oéq(S)y Oéq(T))<pm(aq(T))|a;(T)| dr.
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We define @g . (7) := pm(aq(7))|og(7)|. This leads us to the study of
the following system of integral equations on [0, 27]:

(3.31)
(AgPn,q)(s)
= Flog(s) Z / D (04(5), 0 (7)) By (7)
n=1(1
where the operator A, is given by
(3.32)
(A = = [ Bo(ag(s).y(m)ui) dr

1 27
_ _/O In |ag(s) — ag(7)| () dr

™

i /0 o g (5) = aq (7)1 ki (lovg (5) — ag (7)) wo(7) d

2
+ / FaJatg(s) — ag(r)|2)(r) dr
0
= (AD)(5) + (AP ) (s) + (AB ) (s).

The functions k1 and ko are holomorphic functions on C and have the
following form

) = Zajzj, a; €R, j=1(1)c0
=1

k‘g(z) = ijj, bj eR, j= 0(1)00
j=0

The following result was proved by Graham and Elschner.

Theorem 3.6 [6, Theorem 2]. Let ¢ = (qo,...,qm-1), ¢; > 1,
j=0(1)M —1.

AWM L2([0,27]) — H'([0,2n))

is continuous and has a bounded inverse.
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A direct calculation shows that the functions

In(lag(s) — ag (7)) k1 (lag(s) — g (7)[*)  and  ka(|ag(s) — ag(7)]?)
are two times differentiable for s # ¢ and both derivatives are bounded
on [0,27]%. This implies
(3.33) AP A® - L2([0,27)) — H([0,2n))

are continuous. Theorem 3.6, equation (3.33) and the compact inclu-
sion of H?([0,27]) into H'([0,27]) imply

Corollary 3.7. Let g = (qo,-.. ,qm-1), q; > 1, j =0(1)M — 1.
Ay 2 L*([0,27]) — H'([0,2n])

is a Fredholm operator with index 0.

Now we can use the same arguments as Elschner and Graham in [6]
to prove the following theorem.

Theorem 3.8. Let ¢ = (qo,... ,qm-1), ¢; > 1, j =0(1)M — 1.
Ay : L2([0,27]) — H'([0,2n])

is continuous and has a bounded inverse.

Proof. Because of Corollary 3.7 we only have to show that
Agu =0, wue L*(]0,27])
implies u = 0.
Let ¢ =(1,...,1). Then a(r) := (uoay')(r)(a,") () solves
Azu = 0.

Our aim is to show that @ € LP([0,27]), p > 1. Near 75, j €
{0,..., M — 1}, we have

a;t(v) = 7+

. sgn (v — ;) [v — 7|V,

1
c}/(qj)

_ 1 —a)/as
(@Y () = o = 70

] J
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For some € > 0 and p € (1,2) we have

Sj+6 Tj“rE
I
. ;

J J

p
u(&q(T))(T _ Tj)((lqu)/qj')

q

dr

Tj-‘re’f
=& [ sl ls = PO s - o ds
T

J

Ti+€ p/2
@(/ wwﬁw)

J

Ti4E (2-p)/2
. (/ (7 — 7,)@e-D0-5)/2-) dT)

J

IN

< o0,

if p— 1 is sufficiently small. Here & := (g/c;)'/%. This implies
u € LP([0,2x]). But then

oo™t e LP(I) ¢ H-YV3(T)

lies in the kernel of the operator L. Theorem 3.5 implies %o a~! = 0.
This shows the injectivity of A, and together with Corollary 3.7 we
have proved our theorem. u]

At least we will study the regularity of the solutions (¢n)n—1(1)n-
This will give us the right exponents g; near corners in order to get a
quadratic convergence rate of our linear approximations.

Lemma 3.9. Let (¢n)n—101)n be the solution of the sequence of
integral equations (3.8). For arbitrary n € {1,...,N} and m €
{1,..., M} we find § > 0 such that p,, has the following representation
near corner m (we assume T, = 0)

(3.34) (pnoa)(r) = or(T) +¢s(7), 7€ Us(tm),

where pRrljos € H*([0,9]), ¢rl—s0 € H?([-4,0]) and the function
s belongs to C* outside {0}. Near the origin the growth of ¢g is
estimated by

(3.35) les(T)| < Ol = 7|5 log |7 — 7o
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C > 0.

Proof. We first define

(3.36)
wy(x) = —% /FCI)O(x,y)%l(y) dsy, x€ R?,
(3.37)

Rn(ilf) = % i/rq)n—](xvy)wj(y) dSy

1 - 1 n—1
= —= > wi(@)+ = Z/((I)n—j — @o)(z,y)p;(y) ds,
™ 2 ™ € T
Jj=1 Jj=1
z € R%
We remark here that the kernel ®,,_; — ®¢ fulfills

(3.38) @, (2, y) — Po(z,y)| < Clo —y|log(|lz - yl)

in the neighborhood of the diagonal. The jump relations of the single
layer potential (see [3]) imply

(3.39) Mwn] = — ¢n
(3.40) MBa] = 3 %5

by (3.38). Formula (3.39) shows that we can deduce the regularity of
©n from the regularity of w,. The function w,, fulfills the following
differential differential equation in R? \ T

(A +Hw,(z) =0, z€R*\T,
F(-,nh) + Ry|r.

wn|F
Now we can repeat the arguments of the proof of Lemma 2.9. Again
the regularity of w,, follows from the regularity of @, which solves
(A +9%)wn(2) = —(=A+~?)(y"F(,nh) + Ry)(z), z€R*\T,
= —(=A+7*)(y"F(-,nh))(@) = v vn-1(2),
0.

'(Dn|1"
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where we have used (3.6). If we assume that &, = 0, By (0)N D =
By (0) N K, , e > 0, then it follows (using the same arguments as in
the proof of Lemma 2.9)

PWn|B.(0)nD = 17R+s0< Z Z Criovi;

IEL, 5 0<lv+2j<5—1

+ 0y > Dl,jSu,l,j>,

lEM, 5 0<lv+25<5—1

vr € H*(D), v = (7/wm), 35 € (3.5,4]. Here we assume in contrast to

Theorem 2.7
3¢ {zi, j— ZEN},

wj 2T — wj
An analogous formula holds for ¢y |p_(0)npe, Where v has to be
replaced by (7/(2m — w,y,)) and @, by 01, € H?(D®).

The relation

but this is clearly possible.

wy, = Wy, +v F(-,nh)+ R,

proves a similar representation for w, around each corner because

v~ F(-,nh) € H*(R?). Now (3.39) and (3.40) show

—pn = [y1wn]
= [71Wn] + (Y F (-, nh))] + [11Ra]

n—1
= [Vlﬁ)n] + Z Pj-
j=1
Near the corner &, we get

(ST s X

l€L, 5 0<lv+2j<5—1 lEM,, 5 0<lv+2j<5—1
! ! / !
+ > Yo Clonagt Y Y. Dy mM)]
I€L,, 5 0<lv+2j<5-1 IEM,, 5 0<lvi+2j<5—1

n—1
0 . -
+Z P+ n (0r — 1,R)]|r-
j=1 "
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Here J,//l)m-, Sr//l,l,j have the same form as 0, ; and S, ;, but on the
complementary angle (see (2.17)). We have denoted the outer normal
by n because v has another meaning here. Now an induction and the

formulas (2.17) for the functions 0,,; ; and S, ; ; prove the lemma. ]

Lemma 3.10. Let

“i

)
3.41 i - = 1(1)M.
(3.41) G > 5 j=10)

Then the solution ¢nq, n = 1(1)N, of the sequence (3.31) belongs to
H?([0,27]).

Proof. By (3.30) and (3.31) we know

Pn.q(T) = @nlag(r))|e/(7)].

Only the smoothness of ¢,, 4 near the points 7,,,, m = 1(1)M, has to be
considered, because away from the corners the operator L is a pseudo
differential operator of order —1 and the right-hand side of (3.30) is in
H4([rj,7j11]), 5 =0(1)M — L.

But near the corners we have the representation of Lemma 3.9. This
implies

Pna(T) = n,r(aq(T)]/(T)] + @n,s(aq(7))]e/ ()],
7 € Us(Tim)-

In the neighborhood of 7, we have

|on.5(0g(7)) g (7))

< Clt —7m 1

gm[(7/Wm)—1] | log |7_ _ Tm” |7_ — T |9

and we note

Wm

s
Qm<___1)+Qm_1ZQm___1
w

v
o o
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if (3.41) is fulfilled. This shows that the first part is in H2. The second
term on the right-hand side is also in H? on both sides of 7,,, and the
function and the first derivative is zero at 7,,. This shows that this
factor is in H2(Us(7,,)). Now Lemma 3.10 is proven. O

4. The numerical algorithm. In order to approximate v,
n = 1(1)N, see (2.9), numerically, we use the ansatz (3.7) and calculate
approximations for @, ,,, m = 1(1)N, see (3.30).

We use a collocation method, where the trial space consists of pe-
riodic, continuous and piecewise linear functions on a uniform grid of
[0,27]. We denote the trial space by

(4.1)
T = {u c Cpcr([O,27r])|u|[(j/K)7((j+1)/K)] linear J = 0(1)K—1},

and we will always assume that
(42) Tj,K = TjKE{O,...,K}, jZO(l)M

The solution ¢4, x € Tx of the collocation method is defined by

(AgPgn.x) (%) = F(aq <%>,nh>

n—1 2 .
1 J .
+ T mZ:l /0 P (aq (?) ) Qg (T)> Pg,m, Kk (T)dT,
j=01)K -1, n=1(1)N.
As usual, see [6], we have to introduce a modification of the above
method in order to prove the stability of the collocation method. Let

-k

i* € Ny be fixed. For K sufficiently large we denote by ¢ ,  the
solution of

At (2) = F (a0 )onn)
(4.4) + % § /o%@”m (aq (%) , %(T)>¢Z,m,K(T) dr,

Jj= O(l)K_ 1, ‘.7 _TJ}K| > i*v n= 1(1)N7

(4.5) Gamic € T = {ueTK‘u(%) =0, |j—7 Kl <i*}.
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Theorem 4.1. Let (1.2), (2.6), (2.7) and (3.38) be fulfilled, N € N
fized. Ifi* is chosen sufficiently large, there exists a Ky € N such that
for every K > Ky the solution of (4.4) is uniquely determined and we
get

(4'6) ||927q,m - @Z,m,KHLz[Q 27T] < ﬁv m = 1(1)N7

where the constant C' does not depend on K or m.

Proof. The approximation order of the spaces 7x for the solutions
@g,m 1is clear by Corollary 3.10 and (3.38). The stability of the
collocation method for sufficiently large ¢* is proved in [6] for the
operator with a logarithmic kernel. But by Corollary 3.7 we know
that A, is only a compact perturbation of the logarithmic operator

Agl). Theorem 3.8 shows that A, has a bounded inverse and Theorem
I1.3.1. of [7] now proves the theorem. O

A possible numerical strategy for the approximate solution of (1.1)
would be as follows (here we will indicate the dependence of our
solutions on the time discretization parameter N which was fixed until
now, but we will omit the ¢*-modification, which is rarely needed in
practice):

Given an € > 0 choose N € N and calculate @g{\zKl, n=1(1)N, ¢
chosen according to (3.41), such that

(N (N 3
||<Pé,n)71<1 - @fl,n{wl lz2([0,27)) < gH "= I(1)N.
Then repeat the calculation with N replaced by 2IN. This gives 4,5((127]:[ }(2,

n = 1(1)2N, with the property

(2N (2N 3
H(p(g,ngﬁ - go((]’n’%K2||L2([072,r]) < ge n=1(1)2N.
If .
~(N ~(2N
||‘P¢(z,n),K1 - 905172n),K2HL2<[072”]) S35 "= LN,

then accept cﬁg{\g &, as an approximation for c,b,(;{\fl), n = 1(1)N. Other-

wise start again with NV replaced by 2/V.
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FIGURE 1. The domain D and its boundary T".

The approximations f)‘(]? i, for vy, n=1(1)N, are calculated by
(4.7)

(N 1 o N (N

W) = = 30 [ e ) sy m = 10N,

m=1

Here we have also indicated the dependence of the kernels ® on the
time discretization.

5. A numerical example. To illustrate the convergence results of
Theorem 2.6 and Theorem 4.1 we solve numerically equation (1.1) for
the following case.

The polygon I" has the corners & = (0,0.25), & = (1,-.5), & =
(1,0.5), & = (0,0.5) and & = & (see Figure 1). The piecewise linear
parametrization « : [0,27] — T is defined by 7, = 7/2 x 4, i = 0(1)4
(see (3.25) and (3.26)).

The right-hand side F' of the equation (1.1) is defined by
(5.1) F(x,t) := t*(1 +sin(a *(z) + 1)), (x,t) €T x[0,1],
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1.2 T T T T T T
Temperature after 2 time steps —
Temperature after 5 time steps ----
Temperat’ure‘@fter 10 time steps -----
1k 4
08 - | 8
06 - ]
0.4 B
02 | e

-2 -1.5 -1 -0.5 0 0.5 1 15 2

FIGURE 2. The temperature development at line ©.

o (1.2), (2.6) and (2.7) are fulfilled and we have T' = 1.

For the numerical computations we use two grading vectors (see
(3.27)),

(5.2) ¢ = (1,1,1,1) and ¢ = (4.5,4.5,4,4).

The entries of vector g are about 0.25 greater than the requirement

in (3.41). Besides the function @éj\;)_ x we will also compute the

function ﬁg? x (see (4.7)), at 201 equidistributed points on the line
© = [-2,2] x {-0.6}. This will allow us to estimate the rate of
convergence of 17((1]\;) o in L?(©). To calculate the integrals over I' we
use a singularity subtraction technique and calculate the integrals over
the logarithmic singularity explicitly and use 3 point Gauss formulas

for the regular part.

In Figure 2 the development of the temperature along the line ©
is shown. For the calculation of the data we have used N = 10, 64
partitions of I and ¢ = (4.5,4.5,4, 4).
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TABLE 1. Fixed time discretization, several space

discretizations, grading vector qi.

K ||¢¢(1?4,K_‘/31(1?),4,256||L2(F) EOC ||77¢(;??4,K—171(1;134,256||L2(9) EOC
8 0.71227 0.08339

16 0.56359 0.34 0.04420 0.92
32 0.45004 0.33 0.02182 1.02
64 0.34708 0.38 0.01024 1.09

128 0.20804 0.74 0.00467 1.13

TABLE 2. Fixed time discretization, several space

discretizations, grading vector ga.

K ”@(124,1(_‘/31(14;?4,256”9@) EOC ||77¢(;;1?4,K—ﬁéj?4,256||m(e) EOC
8 1.37605 0.26335

16 0.51794 1.41 0.02445 3.43
32 0.16422 1.65 0.00284 3.11
64 0.03382 2.27 0.00032 3.15

128 0.00722 2.22 0.00009 3.59

In the first example we choose a time discretization with N = 4 and

study the influence of the grading on the convergence. Therefore we

(4 (4 (4 (4 (4
calculate ||(P511?4,K_<p((11),4,256||L2(F)’ ||Lp<(12?4,K_90512?47256”[/2@)7 ch(h?él,K_

D2 20622y and [[05)y =052y os6ll2(r), K = 8,16,32,64,128. This

means that we use 52751?4,256 and 327((;24,256, respectively, as a reference
solution. We also estimate the order of convergence (EOC).

The results show that one has to use the parametrization with a slow
velocity near the corners in order to get the convergence rate of 2 which
one expects for the piecewise linear approximations (see Theorem 4.2).
For the functions v one gets a better convergence in both cases but here
also the grading vector ga shows much better results.

In the next step we only use the vector ¢o and fix a space discretiza-
tion with 64 partitions of I". The above result shows that this space




418 O. HANSEN

TABLE 3. Several time discretizations, one space

discretization, grading vector g2.

N | 650N 61— @ aaallay | BOC | 0807 63— 05 0 64llz2(e) | BOC
2 4.68448 0.18635

4 2.62000 141 0.09233 1.01
8 1.28590 1.03 0.04368 1.08
16 0.56238 1.19 0.01894 1.21
32 0.18920 1.57 0.00642 1.56

discretization causes an error of about 0.001. Then we calculate the
approximations for the time ¢t = 1 with several time discretizations and
again estimate the order of convergence.

Both EOC columns show clearly the linear convergence rate of the
implicit Euler scheme which was predicted by Theorem 2.6 (the EOC
of 1.5 as well as the higher estimated orders in the last rows of the
previous examples are caused by the effect that we compare the results
with a calculated reference solution).

The above results show that the method of Chapko and Kress can
be used to calculate the solution of the heat equation (1.1) if the
boundary of D has corners. The only drawback of this method is
the large computing time which is needed to calculate the right-hand
side of the collocation equation (4.4). But the effort for this calculation
corresponds to the effort which would arise if one solves the Volterra
integral equation on the boundary (see [3]) to approximate the solutions
of (1.1).
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