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ABSTRACT. We discuss an integral equation of first kind
which arises from an inverse problem for detecting steel rein-
forcement bars. Since the kernel of this integral equation is
analytic, our problem is severely ill-posed. We transform the
problem for this integral equation into a Cauchy problem for
Laplace’s equation. By using the conditional estimation of the
Cauchy problem for the elliptic operator, we prove that, un-
der suitable hypotheses, a logarithmic stabilizing estimation
holds for the solution of the integral equation. In addition,
this method can be used to determine discontinuous points of
the solution of the integral equation.

1. Introduction. In [3], Engl and Isakov discuss an inverse problem
for detecting steel reinforcement bars inside of concrete. Under suitable
hypotheses, they transform the problem into a first kind integral
equation with analytic kernel and prove the uniqueness of the solution
of the integral equation. From the theory of integral operators, we know
this integral equation is a severely ill-posed problem, since the singular
values of the integral operator decrease rapidly, e.g., [5, 13]. This kind
of integral equation is also proposed in geophysics, e.g., Ramm [9, 10].
The same integral equation is discussed by Lavrent’ev [6], Bukhgeim
[1] and Serikbaev [11].

In this paper, we transform the integral equation into a Cauchy
problem for Laplace’s equation, which has been studied extensively.
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The uniqueness in the integral equation is derived directly from the
uniqueness in the solution of a Cauchy problem for Laplace’s equation.
Next we discuss stability in solving the integral equation. For this,
our estimation requires some additional hypotheses such as that the
solution of the integral equation should have some extra smoothness.
Otherwise, the estimation will fail. In [11], under suitable hypotheses,
an estimate for a similar integral equation is obtained. By using Payne’s
results on the conditional stabilizing estimation of a Cauchy problem
for an elliptic equation, a logarithmic conditional estimate is obtained.
The key of our proof is to extend the conditional estimation in a Cauchy
problem for Laplace’s equation up to the boundary. Our method can
be used to distinguish the discontinuous points of the solution of the
integral equation, see Remark 4.2, and also for the original inverse
problem. This research is in progress.

This paper is organized as follows. In Section 2 we will introduce
some notations and pose the problem in a simplified manner. In
Section 3 we transform the integral equation into a Cauchy problem
for Laplace’s equation by adding one variable. Then our main results
are stated as Theorems 3.1-3.3 and proved. In the last section, we
prove a conditional stabilizing estimate for the original problem in [3]
by means of Theorem 3.2 and we also give some remarks on our method.

2. Notations and problems. Let D; and D be bounded domains
in R? and x = (x1,79,73) € R®. Without loss of generality for our
problem, we can assume that D and D; are simply connected domains
in R% and D is compactly contained in the ball Bg = {z € R3| |z]| <
R}. Throughout this paper, we assume that Dy N B = @. W™P(Q)
and W("P(Q) are the usual Sobolev spaces, LP = Wo?.

In [3], the problem of identifying steel reinforcement bars in concrete
is transformed into the following first kind integral equation with
analytic kernel:

/D k(e — yuly)dy = f(z), e Dy

where the kernel is

3 To x%zg 3
klx) = — | — +4—— R 0}.
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By simple calculation, the kernel function k& can be written in the
form of

k(z) = L, (#) for x € R*\ {0}

where r = (71,22, 73), |z|> = 23 +23+23 and L, is a partial differential
operator defined by

2
ol 0 10
25672 Qg 51272 Oxo Oy

where A, is the Laplace operator with respect to x.

Since D N Dy = @, the above integral equation can be rewritten as

Lxl;é»@wwzf@» veD

Tzcy

where 7y, = \/(xl —y1)? + (2 — y2)? + (z3 — y3)%

The original integral equation is then reduced to

(21) | mntwdy = f@). ze

rry

On the basis of the results for (2.1), in Section 4 we will study the
original integral equation.

Our present problem is then: given f(x) defined on Dy, can we get a
conditional estimate for the solution of the equation (2.1)?

Since D N Dy = @, the kernel (1/r2,) is an analytic function with
respect to x and y. From the theory of ill-posed problems, see [5, 13],
our problem is severely ill-posed and its numerical treatment is difficult.

3. Results and proofs. First we transform our problem into a
Cauchy problem for Laplace’s equation in a four-dimensional space.

We define a new function in the four-dimensional space R? x R by

1
(3.1) maaaéaﬁ?mww (2,6) € B x R.
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It is easy to verify that the kernel function g(z,y,&) = 1/ (Tgy +
£%) with respect to (r,£) € R* satisfies the following equation and
boundary conditions:

82
(%+%me@=a3ﬁw=m=m

1
g('rayao):Ta $7£y
T2y
dg B
8_5(33,%0)—07 x#y

where A, = 9%/02% + 0% /023 + 0%/ 023.
Henceforth, let Q = R* \ {D x {{£ = 0}}. Then by (2.1), the
above properties of g(x,y,£) and DN D; = &, we find the function

G(z, ) satisfies the following Laplace’s equation and Cauchy boundary
conditions

(3.2) (Am + 88—62)0(3:,4“) =0, (z,8)¢eQ
(3.3 G(w0) = [ —ulw)dy=fa), veD;
(3.4) %(x,()) =0, z¢€D.

Notice that the boundary value (3.3) is nothing but the right side of
our integral equation (2.1).

Next we will establish the relation between the function G(z,&) and
the solution u(y) of the integral equation.

Lemma 3.1. Forx € D and p € LP(D), p > 1, we have, for £ > 0,

(3.5) %ﬁ—u@ﬂ(-) in LP(D) as &— +0

where wy is the area of the unit sphere in R*.

Proof. Since G(z,£) is the single layer potential for Laplace’s operator
on the boundary D x {¢ = 0} in R* the conclusion (3.5) follows
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straightforwardly from the potential theory, e.g., [2, 5] for a Holder
continuous function w. For p € LP(D), we can derive (3.5) by LP
boundedness of the double layer potential operator, e.g., [12] and
density of the space of Hélder continuous functions in LP(D). o

On the basis of the above result, our problem for the integral equation
can be treated as a Cauchy problem (3.2)—(3.4) for Laplace’s equation.
So our problem can be formulated as

Problem. Given a function f(x) defined on D1, find a harmonic
function G(x,§) which satisfies the equations (3.2)—(3.4). Then by
(3.5), the solution of the original integral equation can be found from

limg—19(0G(2,§)/08), x € D.

Therefore we can directly prove the uniqueness for the integral equa-
tion (2.1).

Theorem 3.1. There is at most one solution p(x) in LP(D), p > 1,
to the equation (2.1).

Proof. Since the equation is a linear equation, when proving the
uniqueness, we can assume f(z) = 0. By using the uniqueness in the
Cauchy problem (3.2)—(3.4), e.g., [7], we know that G(z,&) =0, £ > 0.
From Lemma 3.1, we obtain p(z) = 0. O

Next we give some results on a Cauchy problem for Laplace’s equation
which will be used for our estimates below.

Lemma 3.2. Let Q be an n-dimensional domain which is bounded
by a closed surface S, and ¥ a part of S, W(z) a function defined in
which satisfies

and

W(2)| <My, z€Q
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with a constant My > 0.
Then, for a given point Z inside €, the following inequality holds:
Max {[W (2)], VW (2)]} < KoM e + &)’

where § € (0,1) and Ko are constants which depend on ¥ and d(Z,5),
the distance between 2 and S, and

g1 = / VVQdO'7
=

ow ow oW ow oW oW B )
52/z<a_zla_zl+a—@a—@+a—z3a—zg>da/z|VW| do.

The proof can be found in Payne [7, p. 37].

It should be remarked that, if d(2,S) tends to zero, then § will tend
to zero and the constant Ky may be unbounded. This result is not
enough for our use, because the solution p(z) is the boundary value of
the &-derivative of the harmonic function G(x,&). So we need to obtain
an estimate up to the boundary for the Cauchy problem.

Remark 3.1. The same estimation holds for 9?°W(2)/92;0z; and
higher derivatives of W at 2, [7, p. 43].

Henceforth we assume
(3.6) weL'D), o) <M.
Here M > 0 is an a priori given constant.

We apply Lemma 3.2 to get estimates for the functions (0G/9¢)(x, €),
(0°G/0€?)(x,€) and (9°G/0€%)(x,¢).

Lemma 3.3. Let

gl(I):%(I71), IEBR
0%G
gg(z):a—gz(aj,l), T € By
oG
93(z,8) = -~ (2,€), (2,§) €IBr x {0 <& <1}

E3
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Then we have

5
195l Lo (BR)s 193]l 3 (0BR x[0,1]) < Mz(/D (If (@) + |Vf(l’)|2)d$) .
1

where j = 1,2; My > 0 and 6 € (0,1) are constants which depend
on Dy and d(0Bg, D), the distance between OBgr and D. (Since D is
compactly contained in Br, d(0Bgr, D) is a positive constant.)

Lemma 3.4. Let

2
hi(x) = aaTC:(x, 1), z€ Bg
3
ha(x) = %(m, 1), z€ Bg
0*G
h3(‘7‘.7€):a—€2($7§)7 (.’L’,é-)eaBRX{OSfSl}

Then we have

5
1751l Lo (Br)s Rl o3 (0B x10,17) < M3</D (1f (@) + |Vf(ﬂ?)|2)dﬂ?)

where j = 1,2; M3 > 0 and 6; € (0,1) are constants which depend on
D, and d(0Bg, D).

Remark 3.2. In Lemmas 3.3 and 3.4, the functions g»(z) and h;(x)
are the same. For our convenience, we use the different notations.

For proofs of these lemmas, we can first verify that
G(,6) < Mufd((2,€), D x {£=0})} %, (2,6) €

with some constant My > 0. Here d((z,€),D x {{ = 0}) is the
distance from (z,&) to D x {{ = 0} and (,€) € Q implies that
d((x,€), D x {& =0}) > 0. In fact, this can be proved directly from the
expression of G(z,&). Therefore we can apply Lemma 3.2 and obtain
Lemmas 3.3 and 3.4.
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Next we get an estimate for the Cauchy problem of Laplace’s equa-
tion. In this estimation, we can explicitly express the constants which
depend on the distance between the points and the boundary. We set

Lemma 3.5. Consider the Cauchy problem for Laplace’s equation
in the domain Br x {0 < £ < 1}:

Aw(z,§) =0 in Bpx{0<&<1}
U)(l’,f) = a3(xa£)ﬂ (1'75) el
’LU(.I, 1) = al(z)7 T € Br

g—?(x,l):ag(z), x € Bp.

Ifw e C*(Brx(0,1]), [[w(-,0)||L2(8r) < Ch, llaillL2(Br) < Ca, i = 1,2,
and ||asl|csry < Cs with constants C1, Cy and C3, then we have

lw(-,)l2r) < CllarllLzsr) + llazllz s + llasllcsr))®

where the constant C' depends on C;, 1 <i < 3, but not on &.

Proof. Let Z be a bounded domain in R* with C3-boundary such
that 0Bg x {0 <& <1} C 0=. Since a3 € C3(T'), by results on unique
solvability of the boundary value problems for elliptic equations and the
maximum principle, e.g., [4, 8], we can construct a harmonic function
vo(z, &) in E such that

(37) ’U()(!E,g) = ag(x,ﬁ), zel
and
(3.8) lvollcr gy < Cllasllesry

where C > 0 is a constant which depends on =.
Let wy(z, &) = w(z, &) — vo(x, ). We see that

Awi(z,§) =0, z€Brx{0<&<1}
wi(z,§) =0, x€IdBrx{0<&<1}
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wy(z,1) = a1 (z) — vo(z, 1),

86—“;1(:5, 1) = as(x) — %—?(:c, 1), x € Bg.

Let us set a1(x) = ai(x) — vo(z, 1), d2(z) = az(x) — (Qve/IE)(x, 1),
x € Br. We then have

(3.9) la1llzz(Br) < llarllrz(sg) + Callasllcs(r)
(3.10) lazllr2(r) < llazllrz(r) + Callasllcsry-

For o € H%(BR), we define a function ¥(¢) by

(3.11) U(E) :/B a(z)wi(z,&)de, 0<E<I1.

Since wy is a harmonic function in Br X {0 < £ < 1} and vanishes
on 0Bg x {0 <& <1}, by Green’s formula ¥(¢) satisfies

dzq/gf) _ Awa(x)w1(l'7§) dz
(3.12) a ;
_/ Qo) wyar, 0<e<t.
9Bn on

Let us choose o = a(x) such that

(3.13) Agza(z) = —da(z), x € Bg
(3.14) a(r) =0, z€0Bgr
(3.15) lallr2(pr) =1

where A, = (0%/0x3) + (9% /023) + (02 /0x3).
Then the equation (3.12) can be transformed to

d>W (¢
(3.16) dfg ) =AU(¢), 0<g<l.
Moreover the initial conditions for ¥ () are
(3.17) U(1) :/ a(x)a (z) de,
Br
av .
(3.18) d_g(l) = /BR a(x)as(z) de.
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The problem (3.13)—(3.15) is an eigenvalue problem for Laplace’s
equation on the ball Br. We enumerate the eigenvalues repeatedly
according to their multiplicities:

0<A <A <A <

and denote the solution of (3.13)—(3.15) with A = \,, by a,, n > 0.

The solution of the equation (3.16) with initial conditions (3.17) and
(3.18) can be written as

(3.19) V(&) = cexp(VA(E — 1)) + dexp(—VA(€ — 1))

where

</BR a(z)ay(z) de + J O‘(f}%(iﬂ) d:c)

1
2
d— %(/BR o) () di — 1B a(f}?@) dz).

For A = \,,, we denote the function ¥(§) by ¥, (§) and ¢, d by c,,
d,.

We notice that {o,(z)n
the Fourier coefficient by (3

> 0} is complete in L?(Bgr) and ¥, (§) is
.11), and for fixed & € (0, 1], we have

Z )s Qn) L2 (Br)On = Z\I/ o, in L?*(Bg).
n=0 n=0

For £ € (0,1], we write ¥,,(£) as
() = cnexp(VAn(§ — 1)) +dn GXP(—\/E(f —-1))
= U + ()

and we set

wi (z,6) = > wih(

n=0

:i VAE D, (2)
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and -
wiP (2,6) = 3" P (©)an(x)
n=0

—Zde =8 q,, (z).

Then wy can be written as
wi (@, &) = wi (@, &) + w (z,).

We first estimate w(2). By the Parseval equality, we have

1w ()35, = Z w2
= Z |dy|? exp(—21/An (€ — 1))
n=0
= i | [ (dy exp(1/A)) 2.

n=0

The Holder inequality yields

0o 1-¢
102 (. 6) 2,y < (Zd?)(Zdexp )2) Co<e<t

We rewrite this as

(2)( (2)( (2)(.

2z < l0y” (DN ot (O 25,

0<e<l.

(3.20)

On the other hand, from the expressions for ¢, and d,, noting (3.9)
and (3.10), we obtain

1w )20 g = D d2 < Cllasll gy + lazllzzs)
n=0
(3.21) < Clllarllz2(Br) + llazllrzsr) + laslcsr))?
i (D225, = D 2 < Clllarllzazn + a2l r2(s)
n=0
(3.22) < Clllarll2(Br) + llazllrzsr) + laslcsr)?.
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Here and henceforth C' > 0 denotes a generic constant which is
independent of &.

Therefore, since £ — 1 < 0, for wgl), by (3.22) we have

1
wi G, E)l2(mr) < 1w (D2 (8a)
< Clarllz2Br) + llazllzz(Br) + llasllos(r))-

For ||w§2)(-,O)HLz(BR)7 using the assumption ||w(-,0)|z2(5,) < C1, and
by (3.8) and (3.22), we have

2 1
1w (00| 2By < llwi (- 0)ll 28y + 10 (- 0) | 228y

1
§Hw('a0)||L2(BR)+HUO('70)||L2(BR)+||U’§ )('ﬂ1)||L2(BR)
(3.24) <C1 + 2f|as|[c3(r)
+ C(lla1ll2(Bry +llazllL2(Br) +lasllcs ) = Ms.

Therefore, by (3.20), (3.21) and (3.24), we have
2 2 2 _

1052 ()2 <SS ) 1052 O 2,
(3.25) < Ms(llarll 2By +llazll 2z +llasles )
By (3.23) and (3.25), we have the conclusion

. < oDy, ()¢,
lwi(,O)llL2(Br) < llwy " (5 L2(8r) + lwr™ (€ L2(Br)
< Cllarll 2y + lazllc2(Br) + llasllo2 ).

By recalling w = wy + vg and (3.8), the proof is complete. i

Applying Lemma 3.5, we can get estimates for dG(x,&)/0¢ and
PG(x,€)/0€*.

Lemma 3.6. Let g > 3. If p(z) is in W3 (D), then

0*G(-,¢)

(3.26) sup oe?

0<£<1

< Ms||AplLa(Bg)-
Le°(Br)
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Here the constant Mg depends on q, but does not depend on p. Here

and henceforth for p € Woz’q (D), by taking the 0-extension of u to Bg,
2,q

we assume p € Wy"Y(Bg).

Proof. Let p satisfy (1/p) + (1/q) = 1. Then 1 < p < 3/2. We recall
that

ol 0,€) = (fr gl +.€2)°

We will show that there exists M7 > 0 such that

||g(x7'7§)||LT’(BR) SM75 ZEEDl,fE (071)

In fact, since 1 < p < 3/2, we obtain

1 » 53 )
~/|ySR(|I_y|2+€2) Y /ac-i-EzSR (£QP(|22+1)p :
1

< 53-21’/ .
l2|<(R+z)) e (122 +1)P

o (r2+1)p

1,2
3-2p redr
< Gst /0 (r2+1)p

R .
1 (r241)p

The first term is bounded, since 3 — 2p > 0 and £ is bounded. By
3 —2p > 0, the second term can be estimated as

say [ 2 ygy [OHEDE
- < T P d
g /1 (7"2+1)p _E /1 r T
_ 1 _ _

= (R fal e - )
1 _ _
gy (R [al)* 2 = €87 < o
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In addition, for & > 0, since the kernel function g(z,y,§) satisfies
Arg(x,y,€) + (8%g(x,y,£)/0€%) = 0, we have

9%°G gz, y,€)
agg( §) = /BR ﬂ(y)T dy

— —/ 1w(y)Azg(z,y, &) dy
Br

Since p € Wg’q(BR), by using the integration by parts, we have

852 /BRAL Arg(w,y, ) dy
/BRM Ayg(z,y,£) dy
/BRAuu 9(z,y.8) dy

Therefore, we get

%G
e 1< [ ot 9Amtw)ldy

([ wencra) ([ sars)

= |lg(z, - Ollze(Br) 1ALl La(BR)-

and the lemma is proved. ]
Now we state our main theorem.

Theorem 3.2. Suppose u(y) is the solution of the equation (2.1),
and let ¢ > 3. If p € Wo(D) and |AplLa(py < Mo, where My is a
given constant, then we have the following conditional estimate for p

1
<OC——
H:LL”LQ(BR) = O|1n(1/5)|

where £ = fD1 |f(z)]? dz + fDl |Vf(z)|*dzx. The constant C depends
on M.
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Proof. Without loss of generality, we may assume that ¢ < 1. By
Lemma 3.1, for x € D, we have

(3.27)

It follows that

G (x, £ 92G(x,
—wap(x) = (gf ) _/0 3/(02 ) d
So we have
oG 'ag ¢ 9*G 5P
wallullzecen) < H 555 : L2(B )+ H/o 5; )dp L2(Bgr)
R R
. Sl a2
< 2668 Y A oSG dp.
o0& 0p?
L?(Br) 0 P L2(Bg)

We use Minkowski’s inequality, [12, p. 271], in the last inequality.
Since [|0G(-,0)/0¢||12(By) is bounded, by Lemmas 3.3-3.5, we have

HaG(nﬁ)

A5 < 43
8€ <S CﬁE

L2(Br)

where § € (0,1) is chosen in Lemma 3.3. In view of Lemma 3.6,
we can obtain supg_¢<q [|0°G(-,€)/0?|| L (Br) < MoMs and applying
Lemmas 3.3-3.5, we have

S 076519

L?(Br)

Op?

where 01 € (0,1) is chosen in Lemma 3.4. Therefore,

13
Il 2By < Ce% + 07/ gl dp
0

1 01§
<ot s (L
61 Ine Ine

<c<_i)
- Ine
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with a constant C' independent of p. Thus the theorem is proved. a

Next we will show that under certain conditions the estimate in our
theorem may be the best possible estimate.

Theorem 3.3. Consider the following Cauchy problem for Laplace’s
equation on the domain Br x {0 < § < 1}

(3.28) Au=0, Brx{0<&<l1}
(3.29) u=0, OBrx{0<&<1}
(3.30) u=g1, Brx{{=1}

o
(3:31) gE=o  Buxl{e=1)

If f|u(-,0)2(Br) < Mg and ||0u(-,0)/0¢||2(By) < Mg with some
constant Mg > 0, then we have

o
[ In(1/¢)]

where C' is a constant which depends on Mg, and we set ¢ =
||91||2L2(BR) + ||ggH2LQ(BR). Moreover, this is the best possible estimate.

u(-,0)|l2(Br) < C

Proof. The first part can be proved by the same way as the proof of
Theorem 3.2. We omit it here.

We will prove the second part. If this is not the best possible estimate,
then we can assume that the following estimate holds for u(z,0):

(3.32) [u(, 0l L2(Br) = 0(@)

for all u # 0 satisfying (3.28)—(3.31) and |[ju(-,0)|r2(B,)
lOu(-,0)/0¢||2(By) < Mg with some constant Mg > 0.

Let

< M87

un(x,8) = \/%e*

where «,(z) and A, are defined in the proof of Lemma 3.5, see also
(3.13)—(3.15).

mfan(x)
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Then we have

Jtn )220 = J;A_m H@a_?(.,g) e
)20 = =
Therefore we have
So we have
o () I - = Y2 1n<%\/m vy

n — oo.

This contradicts (3.32), completing the proof. mi

Remark 3.3. It should be noticed that Theorem 3.3 indicates the best
possible estimate only for the Cauchy problem (3.28)—(3.31), not for p.
However this theorem suggests that the estimate in Theorem 3.2 is the
best possible.

4. Discussion of the inverse problem of detecting reinforce-
ment bars. In this section we will show the uniqueness and a con-
ditional stabilizing estimate for the problem in [3] by means of The-
orem 3.2. Furthermore, we give some remarks on our problems and
method.

4.1. Uniqueness. By our method, we can give an alternative proof
of uniqueness in LP(D) (p > 1) for the linearized inverse problem in [3]
as follows.

We can define H(z,§) as

1
H(z,§) = —Lm/ 27_’_52#(9) dy

D rry
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and the relation between H(x, &) and p(y) is

OH (z,§)

[ o0 — o [ L@t e, € =0

where ¥ (z) is an arbitrarily rapidly decreasing function, e.g., [14].

Similarly to (3.2)—(3.4), we can verify that H(z,{) satisfies the
following equations.

AH(z,6) =0, (z,6) € R*\{D x {¢=0}}
H(z,0) = f(z), x€D

OH

8—5(91:,0)207 x € Dy.

If f(x) = 0, from the uniqueness of the Cauchy problem for Laplace’s
equation, we have

H(z,6) =0, (2,8) € R*\{D x {¢{=0}}.
So we have

/Auwumuwmza
R3

Since the support set of p(x) is contained in Bg, we have that, for any
rapidly decreasing function 1 (z) in R3,

(4.1) /R3 Loyp(x)p(x) de = / Lyyp(x)p(x) de = 0.

Br

Finally we will show that u(z) =0, z € Bg.
From the expression of L,, we have
L, =1L1LsL,

where Ly = —1/256m(0/022), Ly = A, + 1/2(8%/023) and L3 = A,.

Let the fundamental solutions for Ls and L3 be Ey and E3, respec-
tively. For any given function ¢(x) € C*°(Bg,), where Ry > R, we
construct a rapidly decreasing function ¢ (x) such that

Lazw(x) = ’LZ(J?), S BR-
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Suppose that p(z) € C§(R3), 0 < p(z) < 1 satisfies

@) =1, |a| <R
p(x) =0, |z|> Ry.

Let

vie) = pl@) [ pEw2) [ Baleuino) dyds

where s
n(y) = —256mp(y) /0 Dy1,0,ys) do.

It is easy to verify 1(z) € C§°(R3) and

o~

Laﬂ/)(x) = 1/)(95)’ x € Bg.

Therefore, from (4.1), we can find that u(z) =0, « € Bg.

4.2. Stabilizing estimate. We turn to the conditional stability for
the original integral equation

1
(4.2) Lx/ —u(y)dy = f(z), x€Di.
D T:L’y

In this case we have to assume more regularity on p:

(4.3) 5 € W3 (Bg)
(4.4) |ALopllza () < Mo

where ¢ > 3 and My > 0 are constants.

Then we have

Theorem 4.1. Under (4.3) and (4.4), if u is the solution of the
integral equation (4.2), then

1
. 4,2 < (———
(4.5) lllwaz(Br) < C|1n(1/€)‘
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where € = fDl |f(z)|? dz + fDl |Vf(z)]?dzx and C is a constant which
depends on M.

Proof. Similarly to the proof of Theorem 3.2, we may assume that
e < 1. Since

1

—Ly—=Ly—, z€Dy,yeD.
T
Ty Ty

By (4.2), we have
/D_L ( 1 )u(y)dy—f(z), ve D

2
Irxy

Recalling (4.3) and the definition of L,, and applying integration by
parts, we obtain

[ Lt ds= i), e

racy

Therefore, by (4.2) and (4.3), we can apply Theorem 3.2 for (L, u)(y),
not u(y), so that

1 92

(4.6) H(N + ——A)¢ !

<Cors
L2(Bg) In(1/e)

where ¢(z) = (Op(z)/0x2), x € Bp.
We set | &2
5= (8455 )0
y (4.3) and (4.6), we see that

||A<Z~5||L2(BR) <C

€5|8BR = 0.

b
In(1/e)

Therefore, by the regularity properties of elliptic equations, e.g.,
Theorems 8.12 and 8.13 in [4] , we obtain

~ 1
2,2 <(O————
H¢||W 2(Br) = Cln(l/a)’
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namely,

1 9? > 1
s o220 conts
H ( 2 0x3 W22(Bg) In(1/¢)

By (4.3), we have ¢|sp, = 0. Applying the regularity of elliptic

equations, we get
1
. <C—— .
H¢||W4 2(Br) > ln(l/e)

Next we get the estimate for u. For any point © = (x1,22,23) € Bg,
we have a point (z1, &2, 23) € OBr. Then we have

(4.7) plx) = /12 o(x1, 2, x3) dz.

Applying the estimate for ¢, we have

1
< -
lllwae By < Cln(l/a)

and the proof is complete. a
4.3. Remarks.

Remark 4.1. From our treatment, we know that the local values of
function u(z) can be obtained pointwise from G(z,). It is possible
to get some local conditional estimate for p(z), in the case where the
global estimation will fail. Here “global estimate” means a uniform one
for all x € D.

Remark 4.2. Our treatment also can distinguish discontinuous points
of u.

Let D = B, r < R, and u € C®(D), u(zo) # 0 and p(x) = 0,
|x| > r, where ¢ = (r,0,0). By Lemma 3.1, we have

aG((xlu 070)76)
23
9G((21,0,0), &)
o€

— 0, x1>r

— —wap(r1,0,0), x <,
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as £ — +0. (Since p € C*°(D), the convergence is pointwise, e.g.,
[5])-
If we define g¢(x1) = 0 G((21,0,0),&)/9¢, then we have

ge(x1) — g(z1), §— 40

where §(z1) = —wqp(r1,0,0), 1 < r and §(z1) = 0, 1 > 7.
Since p(x1,0,0) # 0, g(x;) has a jump at 23 = r. It can be
seen that, for 1 = r, limg .419(9ge(x1)/0x1) is unbounded, i.e.,

lime_ 1 0(0*G (,€)/(8210€))|(r,0,0) is unbounded. Moreover for other
points &1 # r in the neighborhood of x; = r, it can be proved that
lime . 40(0g¢ (21)/021) = —wa(Op(x1,0,0)/dx1) which is bounded.

This means that, at a discontinuous point z, if £ is small enough, the
value V(9G(xo,§)/0€) is greater than the value V(0G (z, €)/0¢) for the
continuous points x # xp. So we can find the locations of discontinuous
points from values at the points on the plane £ = (, where ( is small
enough. Since these points are interior points for the Cauchy problem
we consider, we can have the Holder estimate for these points. So it
is possible to develop a numerical technique for locating discontinuities
in this way.
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