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SOLVABILITY OF THE MIXED PROBLEM
OF A HIGH-ORDER PDE WITH FRACTIONAL TIME
DERIVATIVES, STURM-LIOUVILLE OPERATORS
ON SPATIAL VARIABLES AND NON-LOCAL
BOUNDARY CONDITIONS

ONUR ALP ILHAN, SHAKIRBAY G. KASIMOV, UMRBEK S. MADRAXIMOV
AND HACI M. BASKONUS

ABSTRACT. In this paper, we study the solvability of
a mixed problem of a partial differential equation of high
order with fractional derivatives with respect to time and
with Sturm-Liouville operators with spatial variables and
non-local boundary conditions; the solution is found as a
series of eigenfunctions of the Sturm-Liouville operator with
non-local boundary conditions.

1. Introduction. The spectral theory of operators finds numerous
applications in various fields of mathematics and its applications.

An important part of the spectral theory of differential operators is
the distribution of their eigenvalues. This classical question was studied
for a second-order operator on a finite interval by Liouville and Sturm.
Later, G.D. Birkhoff [2, 3, 4] studied the distribution of eigenvalues for
an ordinary differential operator of arbitrary order on a finite interval
with regular boundary conditions.

For quantum mechanics, it is especially interesting to distribute the
eigenvalues of operators defined throughout the space and having a
discrete spectrum. E.C. Titchmarsh [16, 17, 18, 19, 20] was the first
to rigorously establish the formula for the distribution of the number of
eigenvalues for a one-dimensional Sturm-Liouville operator on the whole
axis with a potential growing at infinity. He also first strictly established
the distribution formula for the Schrodinger operator. B.M. Levitan
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[9, 10, 11] deserves much credit for the improvement of the method of
E.C. Titchmarsh.

In solving many problems of mathematical physics, there arises the
need for the expansion of an arbitrary function in a Fourier series with
respect to the Sturm-Liouville eigenvalues. The so-called regular case
of the Sturm-Liouville problem corresponding to a finite interval and a
continuous coefficient of the equation has been studied for a relatively
long time and is usually described in detail in the manuals on the
equations of mathematical physics and integral equations.

The Sturm-Liouville problem for the so-called singular case, as well
as with non-local boundary conditions, is much less known.

As it is known, so-called fractal media are studied in solid state
physics, in particular, the diffusion phenomena in them. In one of the
models, the diffusion in a strongly porous medium is described by the
heat conduction equation, but with a fractional derivative with respect
to the time coordinate. In recent years, many authors have studied on
fractional differential equations in [5, 1, 15, 7]

2. Formulation of the problem. In this work, we consider the
equation of the form

2

6 m
21) Diule )+ (~ oz +a(0) ) ulont) = f(a.0),
p—1<a§p, p7m€Na
with the initial conditions

(2.2) }%Dgt_ku(x,t) =pr(x), k=1,2,...,p

and the boundary conditions

0%u(0,t) _ 0%u(m,t)
(2.3) Dy +0 92 0,
0% 1u(0,1) 0% ly(m,t) ,
92t o 92t =0, 1=0,1,...,m—1,

where the functions f(z,t), vr(x), k=1,2,...,p are functions that can
be expanded in terms of the system of eigenfunctions {y,(x),n € Z} of
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the spectral problem

(2.4) =y (@) + q(@)y(z) = Ay (),

(2.5) ay(0) + By(m) =0, By'(0) +ay'(r) =0.
Here for a < 0, the fractional integral D® has the form

Dl t) = sign(t — a) / T(x,T) -dr

I'(—a) t— 7|t

D%u(x,t) =u(x,t) for a=0, and for p—1 <o <p,p € N, the fractional
derivative has the form
dpP
@ — gionP (4 —
D¢ u(x,t) =sign? (t —a)— o
B sign?T(t —a) dP
C(p—a) dtr \t |~ P+1

Dy?P (x, t)

We assume that ¢(z) is sufficiently smooth on the segment [0, 7] and
q(z) > 0.
In [7], the problem (2.1), (2.2), (2.3) in case m =1 were considered.

3. Preliminaries. The spectral problem (2.4) and (2.5) was studied
by many authors in the case of |a| = |3] (see, for example, [12, 14, 13,
8]). In order to simplify calculations, we confine ourselves to the case

of [a] # |8, a £ 0, 8 £0.

Theorem 3.1. Let a« #0, 8 #0, |a| # |B| be real numbers, and

p= \/924-2(9/\/5—1-(90—1-1)3—1)2-0(3) <1,
where 0(0) = 1/v/2, o(s) =1 for s >0,

0=1+2- max [¢¥" —1|, A\, =52, s,=2n+e,-0,
z€[0,7] )

1 —2ap
@ = — arccos

m a?+ 5%’
formn € Z. Then the system of eigenfunctions
B \F Bcos s, @+, -sign(f% — a?) - asins,x
\/a2 + 32 \/1+ |5, ]2

En=€_p==1,

, NEZL,
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of the spectral problem (2.4) and (2.5) forms at q(x) =0 the complete
system in the Sobolev classes W5 (0, ).

Theorem (3.1) is proved in [6].

Lemma 3.2. The operator
Ly=—y"+q(z)y
with the domain
D(L) = {y(z) : y(z) € C*(0,m)N C*[0, 7],
y" € Lo[0, 7], ay(0)+ By(m) =0, By (0)+ay (7) =0}

is a symmetric operator in the classes La(0, ).

Proof. In fact, since f and g belong to D(L), we obtain Lf € L2(0,),
Lg=Lg € Ly(0,7), and the second Green formula

Ou v
Lu-v—u-L = _ Uy Y
L( w-v—u-Lv)dr /ac(an v—u 8n) ds

at u = f and v =7 takes the form

AQLﬂ@mmf@ﬂmdw—ﬁ%@MMf@mwwm}

Further, functions f and g satisfy the boundary conditions as follows:

af(0)+Bf(r)=0, Bf'(0)+af'(r)=0,

ag(0) + Bg(m) =0, Bg'(0)+ag'(r)=0.
By assumption, a # 0 and 8 # 0. Therefore

£(0) - g(m) = f() - g(0) =0

and
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and

So, (Lf,g) = (f,Lg) for any f,g € D(L). O

Lemma 3.3. The eigenfunctions y(x) and z(x) of the operator L
corresponding to eigenvalues A and p are orthogonal if X # p.

Proof. Let y(x) be an eigenfunction of L corresponding to A, and
z(x) be an eigenfunction of L corresponding to p. It means that
Ly=2MAy, Lz=upz.

We obtain from here

But (Ly, z) = (y, Lz). Particularly, (Ly,y) = (y, Ly) = (Ly,y). Hence,
(Ly,y) is a real number. That’s why all eigenvalues of the symmetric
operator L are real, and subtracting term by term previous two equalities,
we obtain

()‘_:u)(yvz):()7 >\7£/1*a

and (y,z) =0. O

Rewrite the equation (2.4) in the form

Y+ sty =(sh+q(x) = N)y.
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If we denote f(z) = (s2 +q(x) — \)y(x) where
-2
Sp=2n+¢enp, = %arccos Waﬁﬂ?’ en==x1, e_p=¢€n, NEZ,
(o) = = —
n\l) = 7= —F——=
Y VT /a2 + 32
we obtain the boundary value problem
(3.1) y' +sny = f(x),
ay(0) + By(m) =0,
By'(0) + oy’ (m) = 0.

The general solution of the homogeneous equation corresponding to
(3.1) has the form

COS Sp @ + ensign(B? — a?)asin s, x
g )

(3.2)

y = C1 cos spx + Cysin spx.
We look for a solution of (3.1) in the form
(3.3) y = C1 cos s,z + Cs sin s,

where C = Cy(z), Cy = Co(x) are still unknown functions of z. We
obtain the following system to determine them:

C1 cos spx + Chsin s,z =0,

C1sin s,z — Cf cos spx = —Lf(z)-
Sn

Solving the system with respect to Cj(x), C(x), we get

1 1
Ci=——f(z)sins,z, C4H=—f(x)cossyz;
Sn Sn

what follows is
Cy :le_i/ f(r)sins,tdr, Cs zﬁg—l—i/ f(1)cos s, Tdr,
Sn Jo Sn Jo

where A, Ay are arbitrary constants. Substituting the found values of
Ci(z) and Ca(x) in (3.3), we obtain the general solution of (3.1):

y(x) =7, (z) + A1 cos spx + Az sin s,z + L / sin s, (z — 1) f(7) dr,
0

Sn

where Ay, Ay are arbitrary constants.
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Since f(z) = (s2 +q(x) — \)y(x), we obtain the integral equation

(3.4) y(x) =7, (z) + A1 cos spx + Ay sin s,x

+ i ; sin s, (z — T)(Si +q(1) = Ny(r) dr.

y(0) =7,(0) + Ay,
y(m) =7, () + Ay cos s, + Agsins,,

s

+ S sin s, (T — T)(si +q(1) = N)y(7)dr,

Sn 0
y'(O) = y;L (O) + SnAQa
y'(m) =7, (1) — sp Ay sin s, + s, Az cos sy,

+ / o8 8, (1 —7) (82 4 q(1) — Ny(7) dr.
0
Then the condition (3.2) takes the form

ay(0) + By(r)
= A + PA; coss, + BAysinTs,

+Sﬁ ﬂ—SiHSn(ﬂ'—T)(Si—FQ(T)—)\)y(T)dT:O,
n J0O

By’ (0) +ay/(m)

= fBs, Ay —as, Ay sinms, + as, A cos s,
s
+ a/ 08 8, (1 —7) (82 4+ q(7) — Ny(7) dr =0,
0
i.e., we obtain the following system of non-homogeneous linear equations
for the determination of A; and As:

(a+ Bcosmsy,)Ar + Bsinms, Ag

- _ﬁ /07r sin s, (7 —7')(33I +q(1) = Ny(7) dr,

—asinms, A1 + (8 + acosmsy,)Ag
=—2 [ cossn(m—71)(s2 +q(r) = Ny(r) dr.
Sn Jo

(3.5)
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The determinants of this system are
A =2aB+ (o + %) cos s, = 0,
A= 8 / [asin s, T — Bsins, (7 —7)](s2 +q(1) — Ny(7) dr,
Sn 0

Ay =2 [ [Bcossnt+acoss,(m—1)](s2 +q(r) = Ny(7) dr.
Sn 0

In the case of ¢(x) =0 the system of equations is homogeneous at
An = 82, and hence, non-trivial solutions of the problem (2.4), (2.5) are
poss1ble only at

A =2af + (a® + 2) cos s, = 0.
Eigenvalues and eigenfunctions in this case were studied in [6].

When ¢(z) # 0, A =0, the system (3.5) is compatible, and hence,
non-trivial solutions of the problem (2.4), (2.5) are possible only at

A= sﬁ Ow[a sin s, 7 — Bsin s, (7 —71)](s2 + q(7) — \)y(7) dr =0,
R O”W 08 5,7 + v cos s, (1 — 7)] (52 + q(7) = Ny (7) dr = 0.
Therefore,
o, foﬂ(asinsnT—ﬁsinsn(w—T))q(T)yn( )dr
An = St Jo (asins,t — Bsins,(m—7))yn(r)dr
N foﬂ(ﬁ 08 8, T + @ o8 8y, (T — 7)) q(T)yn (7) dT
oo foﬂ(ﬁ COS 85, T + 0 08 8y, (T — 7))y (7) dT

And the following relation is valid:
Jo (asins, T — Bsins, (7 —7))q(r)yn(r) dr
Jo (asins,T — Bsins, (7 —7))yn(7) dr

_ Jo (Beos st + a cos sy (m — 7))q(7)yn(7) dT
foﬂ(b’cossnT—&-OéCOSSn(?T—T))yn(T)dT -

Applying the Fredholm theory for integral equations with continuous
kernels, we obtain that the problem on eigenvalues (2.4),(2.5) has at
most a countable number of eigenvalues {\,},cz that do not have
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a finite limit point. Further, similarly to the case of local boundary
conditions, one can obtain the following asymptotical formulas:

c c 1
\/)\715n+0+;+0(4>5
Sn 8D sk

where cg, ¢1 are constants (see, for example in [12]). This implies that
there exists a constant M > 0 such that the inequalities

A, —s2| <M
hold. Since
1

~ Bsinws,

8 }

Ao

sin 8, (1—7) (82 4+q(7)=Ap)yn (7) dT7—(a+ B cos 78, ) Ay
L Sn Jo
1

Ag= ————
2 (B+acosmsy)

X _g/ 08 S (T—7) (82 +q(T)=Ap)yn (T) dT+ sinwsnAl},
L Sn Jo
we obtain the equation
[—(B+acosms,)(a+ Bcosms,) — afsin*ms,] A
= fsin7sy, [_a / 08 8, (1 —7) (82 4+ q(7) = A\)yn(T) dT]
Sn Jo

+(ﬂ+acosvrsn)Lﬂ /’Tsinsn(vr—T)
n J0o

< (524 4(7) — An)ya(7) dr] |

We have

Ay = fBsinTs, [_a /Tr €08 8y (T — T)(si +q(7) — A\n)yn(7) dT:|
sn Jo

+(5+acoswsn)Lﬂ /”sinsn(W—T)
n Jo

x (82 +q(T) = An)yn(T) dT] )
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Further, A; is an arbitrary constant, and we have

Sn

Bsinmsy, [_a / 08 8 (1 —7) (82 4+ q(T) = A\)yn(T) dT]
0
+(B+acosmsy) {B / sin s, (1 —7) (52 4+ q(7) = A\)yn(7) dT} =0.
Sn 0
Hence, we obtain from solutions (3.4),

1

yn(x) =7, (z) + A1[Bsin s, (7 — z) — asin s,z m

sins,xz [T . 2
_ (- )y () d
Sinﬂ'Sn/O sin s, (7 —7)(s;, +q(7) )Yn(7) dT
1 T
+ - sin s, (x — 7) (82 +q(7) — Ap)yn(7) dr.
n Jo

We take A; =0. Then

(3.6) yu(e) =T(x) + - [ / it s (@ — 7)1 0(T) — M )yn(7) dr

Sn

sin s, @

/OTr sin s, (m —7) (52 +q(T) — A\n)yn(T) d’7':| )

sin s,
Let 0, = maxo<z<x|yn(x)|. Then (3.6) implies

o<t .c-(1+/ |q<¢>d7),
0

|5n‘

where C' is a positive constant. There exists a number ng such that

¢ (1+/ |q(7)|d7> >0 for n>mnyg.
0

Cs
That’s why for n > ng, the inequalities
on < 2
"7 1= O/lsal (14 [y la(r)ldr)
are valid, i.e., |y, (z)| < constant or y,, () =O(1/n) at n — co. Returning
again to (3.6), we obtain

< constant

lyn () — 7 ()] < 2L,

ie., yo(z) =7,(xz) +O(1/n) at n — oo.
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Theorem 3.4. Let a« £0, #£0, |a| # |B| be real numbers, and

0=+2- m[ax]|eiw—l|<1, Sp=2n+¢en P,
xe|0,m

—2af3

a2+62’

atn € Z. Then the system of eigenfunctions

1
(p = — arccos En =€_p==1,
s

1 Bcoss,x+ep-sign(8%—a?)-asins,z 1
m\T) = —F=" +O(7>a TLEZ,
Yn () N e -
of the spectral problem (2.4), (2.5) forms the complete orthogonal system
in classes La(0, 7).

Proof. Since the system of functions

1 . . 27 2 . .
yn(x):7.ﬁcossnx+sn sign(B? — a?) ozsln.sn:r7 nez,

NG Vo2 + 52

forms the complete orthonormal system in the Hilbert space Lo (0, ),
and the system of orthogonal eigenfunctions

1 Bcoss,r+e, sign(f%—a?) asins,x 1
() = —— - 0(7)7 A

n
of the spectral problem (2.4), (2.5) is quadratically close to the system
{7,,(x) }nez in classes Lo(0, ), what, according to N.K. Barry theorem,
implies that the system of eigenfunctions {y,(z)}ncz of the spectral
problem (2.4), (2.5) forms the Riesz basis in the class Lo(0, 7). Since
the system {yn () }nez of the spectral problem (2.4), (2.5) is orthogonal,
we obtain orthogonality of this system in classes L2 (0, 7). O

4. Main results. In this section, we will give the most general case
of the works done in [7].

Theorem 4.1. Let a« #0, 5#0, |a| # |5| be real numbers, and

0=v2- max e —1| <1, s,=2n+¢e, 0,
z€[0,7]

1 —2af
(p = = arccos

T ma En =€_pn = %I,
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at n € Z. Then the solution of the problem (2.1), (2.2), (2.3) ewists, it
is unique and is represented in the form of the series

(41) u(z,t)= Z {Zwkt Eaa-rs1(=An %)

t
4 [ =1 Bl A= DU | (),
0
where the coefficients are determined by

(“Aa -t
MNaj+a—k+1)

pqu

Ea,akarl(_)\n : ta)

7=0

(=\p)? 1 (t—7)2=D)

i

Ea,a(_)\n : (t - T)a) =

2 T

= > fal®) -yl

n=—oo

Z @kn'%(af)vk:lvl--wp

Proof. Since the system of functions {y,(z)}nez is a complete
orthogonal system in classes Lo (0, 7), any function from Ls(0,7) can
be represented as a convergent Fourier series in this system. For any
t > 0, expand the solution u(x,t) of the problem (2.1), (2.2), (2.3) into
the Fourier series in eigenfunctions {y, (z)}nez of the spectral problem
(2.4), (2.5):

oo

(4.2) u(z,t) = Z To.(t) - yn(z), Tn(t) = (u(z,t),yn(z)).

n=—oo

In view of (2.1) and (2.2), unknown functions T, (¢) must satisfy the
equation

(4.3) DT (t) + AnTn(t) = fu(t), p—1<a<p, peN,
with initial conditions

(4.4) lim DR, () = opn, k=1,2,...,p, ncZ.
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The solution of the Cauchy problem (4.3), (4.4) has the form

(45) Tn(t) = Z @kntaikEa,akarl(_)‘n : ta)
k=1
— 1)V B WA (=T (T T,
*/0“ J* - Baal=Aa(t = 7)1 ful(r) d

where coefficients are determined by

(_)\n.ta)j
Iaj+a—k+1)’
(=\p)? 1 (t =)D
1 T(a-j) '

M8

Ea,oz—k—&-l(*An : ta) ==
7=0

I

Ea a(_)\n : (t - T)a) =

)

J

After substituting (4.5) into (4.2), we obtain the unique solution of the
problem (2.1), (2.2), (2.3) in the form of the series (4.1).

Let m > 1. Consider the mixed problem (2.1), (2.2), (2.3). If we
look for a solution u(z,t) to problem (2.1), (2.2), (2.3) in the form of a
Fourier series expansion:

u(z,t) = Z T (t) - vp (),

where T), (t) = (u(z, t), v, (x)) are the coefficients of the series, {v,(z)}>2
is the system of eigenfunctions of the spectral problem

d2 m
4. _ _
(4.6) ( dr? +q(x)> v(z) = po(x),
a2iv(0) 821'1}(7_{.) B
(4.7) “oam dr%
| PHho(0) | 9 Hu(r) ,
9 T g =0 1=01...,m—1,

where p is a constant introduced via separation of variables.

The differential operator L™ is generated by the differential expression
1) (v(x)) = (=d® /da® + q(x))™v(z) on
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D(L) = {v(x) co(z) € CP(0,m)NC? 0, 7], 10 (u(x)) € La[0, 7],

9%'(0) 0% ()
A2 +5 2

21+1 2741
07 w(0) |, G u(m izO,l,...,m—l}.

207

B

or2itl YT g zit1

Similarly, as in Lemma 3.2 it can be shown that the operator L™ is
a symmetric and positive operator in space Lo(0, 7).

The eigenvalues of problem (4.6), (4.7) for p, > 0 and each pu, =
A corresponds to one eigenvalue of problem (2.4), (2.5), and the
eigenfunctions {v,(x)}52; of problem (4.6), (4.7) and eigenfunctions
{yn(z)}22, of problem (2.4), (2.5) coincide, i.e., v,(x) = yn(x) for
neN. g

Theorem 4.2. Let « #£0, 5#0, |a| # |8| be real numbers, and
0=v2- m[ax " —1| <1, sp,=2n+e, 0,
z€[0,7]
_ 1 arccos =200

at n € Z. Then the solution of the problem (2.1), (2.2), (2.3) ewists, it
is unique and is represented in the form of the series

En=€_p==1,

(4.8) w(z,t)= Z {anta Eaa-rs1(=A7" 1Y)

t
b [ =) B[N = D () dr | ),
0
where the coefficients are determined by
> AL eyd
Ey - =AY
ke Zra3+a k+1)

7=0

e )\m j—1, t_,r)a(jfl)
a-j) ’

Eqpo(=A-(t—1)°

.
I
—
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f(.%‘,t): Z fn(t)yn(x)7

n=—oo

oe@) = Y Grnynl(z), k=12,...p.

5. Conclusion. We have studied the solvability of the mixed prob-
lem of a partial differential equation of high order with fractional
derivatives with respect to time and with Sturm-Liouville operators
with spatial variables and non-local boundary conditions. The solution
is found in the form of a series of eigenfunctions of the Sturm-Liouville
operator with non-local boundary conditions.
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