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ON THE ROOTS OF THE GENERALIZED
ROGERS-RAMANUJAN FUNCTION

PABLO A. PANZONE

ABSTRACT. We give simple proofs of the fact that, for
certain parameters, the roots of the generalized Rogers-
Ramanujan function are irrational numbers and, for exam-
ple, that at least one of the following two numbers is irra-
tional: {3207 ) Fn/(m™ [T72g ¢(k +14)), op2y Fu/(m™ [T}
¢(k+l+ 1))}7 where Fn+2 = Fn+1 —‘y—Fn, FO = O,Fl =1 (the
Fibonacci sequence), m is a natural number > (1 ++/5)/2
and ¢(k) is any function taking positive integer values such
that imsupy,_, o, ¢(k) = oo.

1. Introduction and results. The irrationality of m was first
proven by J.H. Lambert in 1761 using the continued fraction for the
function tan z. Nowadays, proofs avoid the use of continued fractions
and use a variant of Hermite’s ideas; a proof of this type was given by
I. Niven [3]. Laczkovich’s proof of the irrationality of 7 presented in
[5] is particularly simple and contains ideas from [6].

The aim of this note is to give short proofs of two irrationality
theorems, both inspired by Laczkovich’s proof. In fact, we use ideas
that are of an elementary nature. It may be said that the crux of
Laczkovich’s proof is based upon the existence of a one-parameter
family satisfying a certain recursion. In order to prove our theorems,
we follow the same path using three one-parameter families, namely,
(1.1), (1.3) and (1.4).

Our first and most important result is a general theorem which
implies that, for certain parameters, the roots of the generalized Rogers-
Ramanujan function are irrational numbers.

We write Q := aja3 - - - a’, for short, and define f = fi(v,a1,...,a,)
by
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(1.1)
= 1 "

fk = B n N

nzo nk+(n(n—1)/2) a:nk+rn2/2+n(17(3r/2)) Hi:l(l _ Qz)

where, if n = 0, it is understood that []/_,(1 — Q") =1
The following theorem holds.

Theorem 1.1. Assume that a; € Z and |ay---a.| > 2. If x # 0 is
a rational number and k = 0,1,2,..., then fr # 0 and fr41/fr is
irrational.

Corollary 1.2. Assume that 1/qg=+2,43,..., and k =0,1,2,.... If
a real number xq satisfies

n 24kn

(1.2) 1+Z lfq):O7

lfq

then xq is irrational.

The function appearing in (1.2) is the generalized Rogers-Ramanujan
function, see [1, 2, 4]. Observe that (1.2) can be written as

fe(=zo,1/q) = 0, and therefore, the conclusion follows from Theo-
rem 1.1.
Note that
1,1/q) =1+
fol=1.1/2) Z (I-q)--(1—g")

,’:]8

1 _ q5n+1 1— q5n+4)

n:O

and

n2+n

fi(=1,1/q) —HZ

— qn)

- 1
- H (1— g +2)(1 — gon+3)

are the Rogers-Ramanujan functions, see [2], [4, page 78].
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In order to state the next theorem, we need to define the functions
hi and gy.
Definition 1.3.

(i) If A, B are real numbers, let F,, be recursively defined by

Fn == A(Fn—l - BFn—2)a
for 2 < n, with initial values Fy = 0, F; = 1.

Let ¢(k) be a function taking non-zero real values and whose domain
is NU{0}. If £ =0,1,2,..., we set

o0

F,z"
1.3 hy == hi(x) = _
" <) = )

(ii) Let n(k), ¢(k) be two functions taking non-zero real values and
whose domain is N{J{0}. If £k =0,1,2,..., we set

(1.4)
gr = gr(x)
_ f: o {0B)+0R) Gk + 1)+ +o(k)$(h+1) - d(k+n—1)}
n=1 [T n(k+i)

By looking at the coefficient ™ of hg, it can be observed that,
formally, the following recursion holds

B (k) x
1. — 2 hppo = Thpy — ——hp 4+ —.
(1.5) ¢(k+1)93 k42 = TNE41 A kTt 2
Similarly, gi formally satisfies

U(k) 1 1 2 _
L6 S~ {1 * wm}g TR S =

The following theorem holds.

Theorem 1.4.

(i) In the definition of hy, let A, B,x be rational non-zero numbers
such that 1/xB and 1/2>AB are integers. Assume also that ¢(k) takes
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positive integer values, 0 < x and 0 < F,, for all n, and at least one of
the two following conditions hold:

(a) limg—o0 (k) = 00;
(b) limsupy_,, #(k) = oo, and there exists an xo > x such that
Y1 Foal converges.

Then, for any k = 1,2,..., at least one of {hi(z),hry1(x)} is an
wrrational number.

(ii) In the definition of g, assume that n(k) = PyQr, ¢(k) =
Pi._1 /Ry, where Py, Q, Ry, are positive integers for all k and lim;_, - Q;
= o0. Furthermore, assume that supy Py_1/RrPr. < M for some
1 < M. Then, at least one of {gr(1/m), gx+1(1/m)} is irrational for
anym=1,23,...;k=0,1,2,....

Remark 1.5.

(1) As we shall see, gy is an entire function and, in the case where
condition (a) holds, the same is true for hyg.

(2) The result of the abstract follows by taking A =1, B = —1 and
x = 1/min (b) and observing that 37 F,,zf converges if (1 +/5)/2 <
1/&60 .

(3) The next example follows from (ii). Let P, and Ry be two
sequences of positive integers such that Py_1/Py is bounded (this is
satisfied, for example, if P is non-decreasing) and Qo = 2, Q; =
3, Q2=05, Q3 =7,... (that is, Q is the k + 1 prime). Then, at least
one of {go(1),¢1(1)} is irrational.

2. Proof of Theorem 1.1.
Claim 1. If fi is defined by (1.1), then the following recursion holds

1
(2.1) Jerr = fo = @ fore 571
al -.-ar

In fact, the coefficient of 2™ in the expression fr11 — fi is

1 ( L )
— =1
Qa2 G RGN T (1 i) \ Q"
1
= n(n— rn? nit=r n ‘
an+nal( n/2z o~ /24+n(1—(r3/2)) Hi:ll(l _ Qz)

Y
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which is the coefficient of 2™ of

frvr s = @fia
TJk+2 =T [r42 .
alt R T QFar - ay

Claim 2. We have that fr, — 1 if &k — oco. In fact, by hypothesis,
a; € Z and |ay ---a,| > 2. For simplicity, assume that 2 < |a;|; the
other cases are similar. Then,

|z |z[" 1
|fk—1|§27++m+20 27 )

and the claim follows.

Claim 3. Let C # 0 be a natural number such that C/x is a non-zero
integer. Recall that || > 2. Take a fixed natural number ¢ > 1 such
that |C'/a ---a’" = C/Q%| < 1, and set

C?’L
Gn = fk: n A
+ an
We have G,, — 0 if n — oo and G,, # 0 if n is large enough; these facts
follow from Claim 2.

Claim 4. Since C,C/x, a; are all integers, the recursion (2.1) can be
written in terms of G,, more simply as

G7L+2 = SnQniiGn—&-l + TnQn72iGnv

if 0 < n, where S,, and T,, are integers; in fact, using (2.1), we obtain

C7L+2

Cm+2
Gri2 = fk+n+2m =

n@1 Gy
Q" ——(frtnt1 — an)W

k C n—i k 02 n—2¢
—{Q al"'arx}Q Gn-‘rl"’{_Q al"'arx}Q Gn.

Now, the proof of the theorem proceeds as follows. Assume that the
conclusion of the theorem is false; then, we may write f;, = Ay and
fr+1 = By for some real non-zero number y and integers A, B. Note
that we allow A, B to be zero. This gives Gy = Ay and G; = CBy/Q".
The last recursion yields that Go;, G2;41 are integer multiples of y/Q7
for some jo > 0. However, for n > 2i, the above recursion has integer
coefficients, and therefore, G,, is an integer multiple of y/@Q7. This is
in contradiction with Claim 3. |
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3. Proof of Theorem 1.4.

(i) Claim 1. We have that hy > 0 for all k. In the case where
condition (a) holds, then hy — 0 if k¥ — oo. This follows from the
fact that there exists some fixed o > 0 such that 0 < F,,z™ < o™ for
all » and such that ¢(k) — oo as k — oco. This also yields that hyg
is an entire function. If condition (b) holds, then hy, — 0 for some
subsequence k; — 0.

Claim 2. Set h
G, = ——kfn
ok+n—1)

In any case, we have from Claim 1 that G, — 0 for some subsequence
n; — oo and Gy, # 0 for all n.

Claim 3. The recursion (1.5) can be written in terms of G,, more
simply as

o(k+n) ok +n)p(k+n—1) 1
xB Gt 22AB Gin + rAB’

Gn+2 ==

if 0 <n.

Assume that the conclusion of the theorem is false, that is, both Ay
and hgy1, 1 < k, are rational numbers. Then, G,, and G,,41 are both
rational numbers, say, they are integer multiples of 1/D with D € N.
Recall that 1/zB and 1/2?AB are integers and 1/xAB is a rational
number, say, with denominator K € N. Then, the last recursion yields
that G, is an integer multiple of 1/K D for all n. This is in contradiction
with Claim 2.

(ii) Claim 1. We show that g, which is a series of positive terms, is
an entire function. It is sufficient to prove that the series (1.4) converges
for any 0 < x.

Next, observe that, if 1 < i < n, then
1—1
0< H] 0¢( <H Pk—l—',—j > ].
1= n(k + Ry PiviQurs ) TIZ nk + 5)
M’I’L
B H] =0 Qk+.7
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Therefore, if 0 < x, then
Mz n(Mz)™
e
Qk [[j=0 @+
where this last function converges since lim; ., Q; = oco. Thus, gi is

an entire function. In other words, if 0 < z, then 0 # gi(z) — 0 when
k — oo.

Claim 2. Set

_ Jk+n _ Gk+n

ok +n—1)  Piyn1Qrin-1
From Claim 1, we obtain that G,, — 0, if n — oo, and G,, # 0 for all n.

n -

Claim 3. Dividing by 22 and putting k+n instead of k, the recursion
(1.6) can be written in terms of G,, as

nk+n)nlk+n—1)
22¢(k+ )

Gn+1

Gn{1+ 1 }n(kJrn)

dk+n+1) x

1
+Gn+2 =
X

or, putting = 1/m and using the hypothesis, the last can be written
as

2
m Pk+an+n Qk+n—le+n Gn

= M(PinQrtn + QrtnRitn+1)Gny1 + Gz = m,
which is a recursion of the form
Gpyo = Gpp14n + GpBy + Cy,
if 0 < n, where A, B,,C,, are integers.

In order to prove the theorem, assume that both gx(1/m) and
grk+1(1/m) are rational numbers. Then, Gy and G; are both rational
numbers, say, they are integer multiples of 1/D with D € N. Then,
the last recursion yields that G,, is an integer multiple of 1/D for all
n. This is in contradiction with Claim 2. |
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