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GENERAL WEIGHTED HARDY-TYPE INEQUALITIES
RELATED TO GREINER OPERATORS

ABDULLAH YENER

ABSTRACT. In this article, we present a general method
that can be used to deduce weighted Hardy-type inequalities
from a particular non-linear partial differential inequality in
a relatively simple and unified way on the sub-Riemannian
manifold R2*+1 = R” x R™ x R, defined by the Greiner vector
fields 8 3

Xj = % =+ 2kyj|z|2k 2&,
9 2k—2 0
Vi = g, = sl
j=1,...,n, where z =z 4+ € C*, Il € R, k > 1. Our
method allows us to improve, extend, and unify many pre-
viously obtained sharp weighted Hardy-type inequalities as
well as to yield new ones. These cases are illustrated by
giving many concrete examples, including radial, logarithmic,
hyperbolic and non-radial weights. Furthermore, we intro-
duce a new technique for constructing two-weight LP Hardy-
type inequalities with remainder terms on smooth bounded
domains © in R27*+1. We also give several applications lead-
ing to various weighted Hardy inequalities with remainder
terms.

1. Overview and generalities. Let n > 2 and 1 < p < n. The
classical Hardy inequality states that

n—p\" [ loIf
(1.1) /Rn |V¢pdx>< ’ ) /Rnwdm

holds for every ¢ € C§°(R™). Here, the subscript zero signifies compact
support and the constant (n — p)?/pP in (1.1) is sharp, but, for p > 1,
it is never achieved. This inequality has been intensively studied in the
Euclidean framework for the last few decades, particularly, in view of its
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applications to partial differential equations motivated by physics and
geometry; see, for instance, [1, 4, 5, 8, 13, 15, 16, 17, 19, 29, 30],
and the references therein.

Considerable effort has also been devoted to extending the Hardy
inequality (1.1) to subelliptic settings. For example, in the case of the
sub-Riemannian manifold R?"*! = R™ x R x R, defined by the Greiner
vector fields,

0 0
Xj = 5+ 2ky;|2[* 2 =

ij 31’

0 0

Y, = —— — 2ka,|2|? 2=
J ayj kI‘J‘Z| al7

j=1,...,n, where z =z +iy € C", [ € R, k > 1, Zhang and Niu [33]
first proved the following Hardy inequality:

\P p(2k=1) | 1p
(1.2) / |Vk¢pdzdl><Qp>/ ('Z|> 1OV 0 a
R2n+1 P R2nt+1 \ P PP

for all ¢ € Cg°(R?"*1\ {(0,0)}), 1 < p < Q. In order to prove
(1.2), they used a Picone-type identity for the family {X;,Y;}. Here,
Vi=(X1,...,Xn,Y1,...,Y,) is the subelliptic gradient,

p= (‘Z|4k + l2)1/4k

is the gauge induced by the fundamental solution for the subelliptic
operator Ay = Z?:1(XJ2 + YjQ), and Q = 2n + 2k is the homogeneous
dimension for Ay. If £ = 1, then Ag becomes the sub-Laplacian Agn
on the Heisenberg group H" and, in this context, the inequality (1.2)
was considered by Garofalo and Lanconelli in [14], Niu, et al., in [27],
D’Ambrosio in [9] and Yener in [32].

On the other hand, D’Ambrosio [10] obtained various weighted
Hardy-type inequalities related to quasilinear second-order degenerate
differential operators involving the subelliptic operator Ay. His ap-
proach is based upon the divergence theorem and on the careful choice
of a vector field. Later, Niu, et al., [26] used the fundamental solution
of the p-degenerate subelliptic operator Ay, = Vi - (|[V|P72V) to
establish a weighted version of (1.2). More precisely, they established
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the following inequality

p

(1.3) / pP|ViolPdzdl >
R2n+1

p(2k—1) p
L)
R2n+1

where ¢ € Co(R2+1\ {(0,0)}), Q = 3, Q # p and Q + ap—p > 0.
Furthermore, the constant |(Q) + ap — p)/p|? in (1.3) is sharp.

’Q+ap—p
p

In the article [24], Lian proved a representation formula for V and
showed that, for any function ¢ € C§°(R*" 1), we have

B o P
(1.4) /R |5LB|Vk¢|pdzdl > (W)

2n+1 P
2k—1
22 (121\"* Y g
. —dzdl
rent1 POTE\ p PP

provided that 1 < p < Q—a and S+2n+(p—1)(2k—1) > 0. Moreover,
the constant ((Q —p — «)/p)? in (1.4) is sharp. Recently, Ahmetolan
and Kombe [3] investigated sharp two weight Hardy-type inequalities
associated with the Greiner operator Ay.

In view of all of these developments, it is natural to research a
sufficient constructive criteria for the validity of more general weighted
Hardy-type inequalities related to the Greiner operator Ay. In this
direction, we prove that, if a € C*(R?*"*!) and b € Ll (R?"*!) are
nonnegative functions and ¥ € C°°(R?"*1) is a positive function such
that

—Vi - (a|VR9|P2V ) > byP !

almost everywhere in R?"+1, then the general weighted LP Hardy-type
inequality having the form

/ a|Vk¢|pdzdlz/ b|g|Pdz dl
R2n+1 R2n+1

is valid for every ¢ € C§°(R**1), p > 1. We would like to mention,
in particular, that our approach is quite practical and constructive for
obtaining both known and new weighted Hardy-type inequalities. In
order to construct various weighted Hardy-type inequalities on R2"+!
or on some special domains in R?"*! it is sufficient to determine the
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proper model functions a and ¢ that satisfy the above hypotheses. The
flexibility in choosing the functions a and 9 leads to the exhibition
of many concrete examples of Hardy-type inequalities with radial,
logarithmic, hyperbolic and non-radial weights (see subsection 3.1).

We also introduce a new method for deriving two-weight LP Hardy-
type inequalities with remainder terms on smooth bounded domains 2
in R?"+!. The main tool which is employed in deriving these types of
inequalities is the nonlinear partial differential inequality

Ve d|P2
(1.5) ~Vp - <aprsp_|2Vk19) >0,

where a is a nonnegative weight function, p is the gauge and ¥ is
a positive smooth function (see Theorem 4.1). Through the careful
choice of functions a and ¢ in the differential inequality (1.5), we
present a variety of improved LP Hardy-type inequalities, including
radial, logarithmic and exponential weights (see subsection 4.1).

2. Preliminary results and notation. We begin by providing
some notation, definitions and preliminary facts which will be necessary
in the sequel. We split R?"*1 into w = (z,1) = (z,y,]) € R* x R" x R
with n > 1. The generalized Greiner operator is of the form

n

(2.1) Ap =Y (X7 +YP),
j=1
where
0 0 0 0
22) X, = — + 2ky;|2/* 2= YV, = — — 9ky.|z|22 2
( ) J axj + y]|z| ala J 6y_7 1'j|Z‘ al,

for j=1,...,n, k > 1. Note that, when &k = 1, A becomes the sub-
Laplacian Agn» on the Heisenberg group H", see [11]. If k = 2,3,...,
Ay is the Greiner operator, see [18]. The subelliptic gradient associated
with Ay is as follows:

Vi=(X1,.... X0, Y1,...,Y,).

A natural family of dilations is given by

(2.3) Sxa(z,1) = Az, A\2*1), X >0.
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The change of variables formula for the Lebesgue measure yields that
dox(z,1) = N9z dl = \9dw,

where
Q =2n+2k

is the homogeneous dimension with respect to the dilation §,, and
dw = dz dl denotes the Lebesgue measure on R2"+1,

For w = (2,1) € R* x R, we define the norm
p=p(z0) = (Jz[* +12)V/H,

where we have set
2] == V/]z|* + [y[*.

Here, | - | stands for the standard Euclidean norm. We remark that
p is positive, smooth away from the origin, and symmetric. The
norm function p is also closely related to the fundamental solution
of subelliptic operator Ay at the origin, see [6, 7], namely, if @ > 2,
then the function uy := p?~@ satisfies the relation

—Ak’U,Q = 62(50 on R2n+1

in a weak sense, where dg is the Dirac distribution at 0 and #5 is a
positive constant.

For a differentiable real-valued function w : R?**1 — R, the p-
degenerate, subelliptic operator Ay, associated with the vector fields
(2.2) is given by

Agpu=Vy - (|Vru|P™2Viu), p> 1.

If p = 2, it coincides with Ay, in (2.1). It is immediately seen that Ay ,
is a homogeneous partial differential operator of degree p with respect
to the anisotropic dilations (2.3), that is, Ag 00y = AP0y 0 Ay . Let
u, be the function, defined as

" — p(p*Q)/(pfl) if P # Q’
g —Inp ifp=Q,
for w # 0. The function u, is p-harmonic on R?"*1\ {0}, that is,

~Appup =0 on R*TH\ {0}
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Moreover, for each 1 < p < 0o, there exists a constant ¢, # 0 such that
7Ak,pup = EP(SQ
in the sense of distribution and ¢, > 0 if and only if @ > p, see [33].

Now we mention, without proofs, some useful facts which we shall
use throughout the computations in this paper. An evident calculation

yields
‘Z | 2k—2

Vir = (z]2** + yl, y|2** — al).

Thus, we readily obtain
|Z|2k71
|Vip| = o

Suppose that a smooth function u has the form u = u(p) on R?"+1.
Then, we have
[Viu(p)] = [Vipllu'(p)]

for all w € R?"*! — {0} and

Bgulp) = [Vasl? ' ()2 0= 1" (0) + (@=L, p>1,

at every point w € R?"*1 — {0} with u/(p(w)) # 0, see [33]. In
particular, when u(p) = p%, we get

(2.4) Vip®| = |al[Vieplp™ ™

and

(25) Ay =alalP2Q +ap — a —p)[ViplP p?P 77,

where oo € R. Observe that, in the case p = 2, the formula (2.5) reduces
to
App® = a(Q +a = 2)[Vip|?p* 2.
Moreover, together with the above formulas and noting that
z 2n -1
Vilz] = — Aglz| = ERE

e
we can easily obtain the following two identities:

Vip® - Vilzl? = afB|Vipl?|2Pp* 2
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and
Ak(p®)2°) =a(Q+28+0a—2)|Vipl?|2|7 p* 2+ 8(2n+5-2) 2| %%,

with a, 8 € R, n > 1. We also note that the gauge p is infinitely har-
monic in R?"*1 — {0}, that is, p is solution of the following equation:

(2.6) Vi(IVepl?) - Vip = 0.

Let Bg = {w € R*"™! | p(w) < R}, dBr = {w € R | p(w) = R},
and call these sets, respectively, p-ball and p-sphere centered at the
origin with radius R.

3. General weighted Hardy-type inequalities. There are sev-
eral necessary and sufficient conditions to obtain the validity of Hardy-
type inequalities in the literature. One of the most efficient ways is
linking Hardy inequalities with solutions or subsolutions to differential
problems. In this regard, we now provide a systematic and unified
approach that includes and improves most of the Hardy- and uncer-
tainty principle-type inequalities in a more adequate fashion on the
sub-Riemannian manifold R?"*! defined by the Greiner vector fields
(2.2). Then, we illustrate these cases by giving many explicit exam-
ples, including radial, logarithmic, hyperbolic and non-radial weights.
The main result of this section follows.

Theorem 3.1. Let a € CY(R* ') and b € L (R*"*1) be nonneg-
ative functions and 9 € C(R?*"*t1) a positive function satisfying the
differential inequality

(3.1) Vi - (a|Vi9P72V,0) > byP !

almost everywhere in R*" 1. There exists a positive constant ¢, = c(p)
such that, if p > 2, then

p
(3.2) / a|Vio|Pdw 2/ b|¢|pdw—|—cp/ a IPdw,
R2n+1 ]R2n+1 ]R2n+1

¢
Vkﬂ
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and, if 1 <p <2, then
(3.3)

/ a|ViolPdw > / blo|Pdw
Rzn+1 R2n+1
Vi (¢/0) 20

e /]R?n“ WG/ K0] + [Vr(o/D)[0)27
for every ¢ € C§° (R +1),

dw

Proof. Let ¢ = ¢/U, where ¢ € C(R?*"*!) and 0 < 9 €
O (R?™+1). Thus,

|Vio|P = |oVid + IViplP.

We now use the following convexity inequality: for any z,y € R™ and
p=2,

(3.4) o+ ylP > |2l + plaP 2y + e lyl”,
where ¢, = ¢(p) > 0, see [25]. From (3.4), we have
(3:5) [ViolP > [VidP P +0|Vid[P "2V 0 - Vi(|olP) + cp Vip|POP.

Multiplying the inequality (3.5) by a on both sides, and then applying
integration by parts over R?"*1, yields

/ o VidlPdw > / o V9P|l duw
R2n+1 R27+1
+ cp/ a|VipP9Pdw
R2n+1
= [ Ve @O V)P
R2n+1
—— [ Ve @V Vi)l
R2n+1
+ cp/ a|Vip[PoPdw.
]R2n+1
It therefore follows from (3.1) that

/ a|lVig|Pdw > / bloPYPdw + cp/ a|VipPoPdw.
R2n+1 R2n+1 R2n+1
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Making the variable change ¢ = ¢/¢ in the above integral, we obtain
the desired result (3.2). In the case of 1 < p < 2, we apply the following
convexity inequality:

lyI”
(lz] + ly)>=»
where ¢, = ¢(p) > 0 and z,y € R", see [25]. Following a similar

procedure as in the proof of inequality (3.2), the proof of Theorem 3.1
is completed. (]

(3.6) [z +yP > [z + plzfP ey + ¢

Remark 3.2. Note that one of the novelties of our approach is that it
automatically yields a remainder term. For p = 2, there is an equality
in (3.4) with co = 1, and this gives the following remainder formula:

/ a|Vio|2dw = / b dw —|—/ a|Vi—
R2n+1 ]R2n+1 R2n+1

2
3 P2 dw.

3.1. Applications of Theorem 3.1. Let ¢ > 0 be given. To make
the following arguments rigorous, we should replace the function p with
its regularization

pe = (Ja|iF o 12y,

where

(e 5 n)”

and, after calculations, take the limit as ¢ — 0. However, for the sake
of simplicity, we will proceed formally.

As mentioned earlier, we now apply Theorem 3.1 to demonstrate
how our approach systematically recovers, extends and improves many
previously known sharp, weighted Hardy-type inequalities, such as
those obtained in [3, 10, 16, 24, 26, 29|, and also enables us to
derive new inequalities in a relatively simple and unified manner. We
begin by considering the model functions

a=p* and U= p*(QJrap*p)/p

in Theorem 3.1. After some computations, the subsequent result that
was established by Niu, et al., [26] is readily obtained.
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Corollary 3.3. Let Q@ > 3, Q # p and Q +ap —p > 0. Then, the
inequality

P ap p|¢‘p
R2n+ p

/ PP |V d|Pdw > ‘Qﬂ)‘pp
R2n+1 p

is valid for every ¢ € C§°(R?*" 1\ {0}).

Remark 3.4. Tt was shown in [26] that the positive constant

’Q+ap—pp
p

in the above inequality is sharp.

We can recapture, via our approach, most of the results of D’Ambrosio,
presented in [10], for the generalized Greiner operator. As a first ex-
ample, if we take the following pair

= paer and 9 = plQJra\/p7

then we have the weighted L? Hardy-type inequality in [10].

Corollary 3.5. Let 1 <p<oo, a € R. If Q + a <0, then, for every
function ¢ € C§°(R?"+1), we have

. +al)" .
[ oo > ('Q') [ o 19ublopau.
R2n+1 P R2n+1

Remark 3.6. Moreover, the positive constant (|Q + «|/p)P in the
above inequality is sharp. For the proof of sharpness, the interested
reader may consult [10].

On the other hand, by specializing the functions as
a=|z[*"" and o = |z|PnFel/p,

we recover another weighted LP Hardy-type inequality, due to D’ Ambrosio
[10].
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Corollary 3.7. Let 1 <p < oo, a € R, and let @ C (R®"\ {0}) xR
be an open set. If 2n 4+ o < 0, then, for every ¢ € C§°(Q2), we have

2 p
[ It iioan > ('”*0") [ 1zptop du.
Q p Q

Observe also that the o = —p case of the above choice
a=1 and o =|z[I?"Pl/P,

together with the relation

directly gives inequality (3.24) in [10].

Corollary 3.8. Let 1 <p < oo, a € R, and let Q@ C (R*"\ {0}) xR
be an open set. If 2n — p < 0, then, for every ¢ € C5°(S2), we have

[ e (B2 [ 107,
D Q PP

We now set the pair as

R\ TP R\ latil/p
a= <log ) and ¥ = (log) .
p P

Hence, we derive the power logarithmic L? Hardy-type inequality
(3.21), again, presented in [10].

Corollary 3.9. Let Q =p > 1 and a+1 < 0. Then, for any ¢ €
C§°(BR), we have

a+p P
1 P
/ <1OgR) Vo [Pdw > (la—i—l) / (1 R) Vi p|p\¢|
Br P p Br P

where Bpr is the p-ball centered at the origin with radius R.
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An immediate application of Theorem 3.1 with the following func-
tions . o1/
RN\ RN\'“TVP
a= (log) and ¢ = (log)
|| ||
is inequality (3.25) in [10].

Corollary 3.10. Letp = 2n and a+1 < 0. Then, for any ¢ € C3°(Q2),
we have

a+p P «a
1 P
/ (logR> Vo |Pdw > <|O‘+ |> / (log R) de’
0 || p 0 2/ |2IP

where Q = {w = (2,1) e R* x R : |z] < R} and R > 0.

On the other hand, by considering the units

_ 1=
= —o¥7

and O = p~ (@ P=)/p,

we obtain the following two-weight LP Hardy inequality, which was
proven by Lian [24].

Corollary 3.11. Let o, € R, 1 < p < Q@ —«a and 4+ 2n+ (p —
1)(2k — 1) > 0. Then, for any ¢ € C§°(R*" 1), we have
(3.7)
B Q-p—a p/ Ella oI
VidPdw > | Z——r Vip|P — dw.
/RW p”‘*ﬁ‘ effd 2 p R ag VP o

2n+1

Remark 3.12. Moreover, Lian [24] showed that the constant (Q —
p —a)?/pP in (3.7) is sharp.

As an immediate consequence of the following choice

a= pa|z|5 and ¥ = p—(Q+a+5—p)/p’

we derive another two-weight LP Hardy inequality, due to Ahmetolan
and Kombe [3].
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Corollary 3.13. Leta,B € R, Q+a+8 > p > 1 and B+2kp—p+2n >
0. Then, the inequality
(3.8)

N +a+B-p\”
[ |z|ﬁ|vk¢Pdwz<Q B p) [ oroeor 2
R2n+1 p R2n+1 pP

holds for all ¢ € C§°(R*"+1).

Remark 3.14. Ahmetolan and Kombe [3] also proved that the con-
stant (Q + « + § — p)?/p? in (3.8) is sharp.

We must state that Theorem 3.1 not only gives us known, weighted
Hardy-type inequalities, but also gives other, new inequalities for the
generalized Greiner operator Ag. In the literature, Hardy-type inequal-
ities mostly involve weights of the form |z|*p? for some o, 3 € R. We
now discuss versions of Hardy inequalities with more general weights.
Recall that the following, weighted Hardy-type inequalities in the
Euclidean setting were proven by Ghoussoub and Moradifam [16]: let
s,t > 0 and «, 8, m be real numbers.

o If a8 > 0 and m < (n — 2)/2, then, for all ¢ € C§°(R"),
(3.9

(41l o (n—2m—9\? [ (st

o If aff <0 and 2m — aff < n — 2, then, for all ¢ € C§°(R™),

a\f
(3.10) / w|v¢|2dlﬂ
Rn

|x|2m

n+af —2m—2\° (s +tjz|)P ,
> ( ) /n NEEGER odz.

2

We now extend and improve inequalities (3.9) and (3.10) to the LP
case for the generalized Greiner operator. In order to do so, we now
take the pair as

a)B
QZM and ¢ = p~(@-pm-p)/p
pr
in Theorem 3.1. This gives the following improvement of inequality
(3.9).
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Corollary 3.15. Let s,t > 0 and a,8,m € R. If af > 0 and
1 <p<Q—pm, then, for all ¢ € C(R* L), we have

tp™)B
/ (s 1p%)7 |Vio|Pdw
R2n+1

pr
(s +1p%)”
>Chpm /R2 N W|Vkp|p|¢|pdw
(s +tp®)° "

—1
+ CQ.p.mBt /Rz o ppmtr—a Vel IO dw,

where Cq p.m = (Q —pm —p)/p.

If we consider the units

(s +1p™)°

. and O = p~(@+ab-—pm—p)/p
p m

then we immediately obtain the following improvement of inequality
(3.10).

Corollary 3.16. Let s,t > 0 and o,8,m € R. If af < 0 and
1 <p<Q+aB—pm, then, for all p € C5°(R?" 1), we have

s+ tp*)P
/RQ 1 ( ppm ) |Vk¢|pdw

> P (s +tp)”
= ¥Q,p,m,a,B R2n+1 pperp

-1 (s +tp>)B—1
= CQ pm,a,50P5 /Rz o WWkﬂlp\cﬁlpdw,

where Cg pm,a.8 = (Q + af —pm —p)/p.

Vil |9l dw

Remark 3.17. Note that, if « = 0 or § = 0 in the above two
inequalities, then they reduce to Hardy-type inequalities with the usual
weights. Hence, we are interested in the case where o # 0.

On the other hand, by applying Theorem 3.1 with the following pair
a=p®sinh?p and o = p~(@retfr)/p,
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and noting that pcothp > 1, we obtain the power hyperbolic sine LP
Hardy-type inequality.

Corollary 3.18. Leta € R, >0 and Q+a+ 8 >p > 1. Then, the
following inequality holds:

/ p® sinh? p|V¢|Pdw
R2n+1

_ p P
2 <Q'|‘CYW7> / pa sinhﬁ p|vkp|lnﬂ dw
D R2n+1 pr

for all ¢ € CZ°(R?™H1).

We now set the non-symmetric functions
a=cosh®z; and 9 =Ilogy;
in Q:={w = (x,y,1) € R?"*! : y; > 1}. This immediately yields the
following LP Hardy-type inequality with non-symmetric weights.
Corollary 3.19. For any ¢ € C§°(Q) and p > 1, we have

cosh® z1

/cosha 21| Vio|Pdw > (p — 1)/ — |¢[Pdw,
Q 1

o yi logh™

where Q = {w = (z,y,l) e R*"*1 1 y; > 1}, a € R.

When we take the pair
a=2""logy; and ¥ =logx
in Q:={w=(2,y9,1) € R** .2y > 1, y; > 1}, we deduce another
LP Hardy-type inequality with non-symmetric weights.

Corollary 3.20. For any ¢ € C§°(Q2) and p > 1, we have

- log 1
[ et ogniviopdn > [ BN |spau,
Q o 7 log T

where Q = {w = (z,y,1) e Ry > 1, 4 > 1}
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Another application of Theorem 3.1 with the choice

‘Z|2k_1 2-p
a= <l> and ¢ =logl

in Q:={w=(z1) € R* xR :[ > 1} is the following LP Hardy-type
inequality with different non-radial weights.

Corollary 3.21. For any ¢ € C§°(Q2) and p > 1, we have

|Z|2k—1 2—p |Z‘4k_2
ViglPdw > (2k)7 | = |p|Pdw,
[ (F5=) 1wt = e [ 2 opa

where Q@ = {w = (2,1) ER*" xR :[> 1}, k > 1.

It is worth stressing here that, by considering the model functions
a= (14 pP/=)ap=1 and 9 = (1 4 pP/(P~D)(A=a)
in Theorem 3.1, we extend a result of Skrzypczak [29] on the Euclidean

space to the sub-Riemannian manifold R?"*!, defined by the Greiner
vector fields (2.2).

Corollary 3.22. Let1 <p < Q, a > 1. Then, for all ¢ € C§°(R?"+1),
the following holds:

/ (14 pP/ = D)eP=D |7, p|Pdw
R2n+1
> CQ,p,a/ (1 4 pP/ =D (@=DE=1)|g7, 5[P|¢|Pdw,
R2n+1
where Cqp.a = Q(p(a—1)/(p—1))P 7"
Another consequence of Theorem 3.1, with the special functions

a = pa and ¥ = (1 + pp/(P_1))_(Q"“1—P)/P7

leads us to the subsequent weighted LP Hardy-type inequality with
different weights.
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Corollary 3.23. Let a € R, Q + a > p > 1. Then, the inequality:

— p—1
L o Vopdn > (Qj_alp) @+a)

. P \vlPlelPd
/R2n+1( +pp/p 1)) | kp| |¢| w

holds for every ¢ € C§°(R?"+1).

3.2. Uncertainty principle inequalities. The Heisenberg-Pauli-
Weyl inequality [20, 31], a rigorous mathematical formulation of the
uncertainty principle of quantum mechanics, asserts that

(3.11) (/ |V¢|2dx) (/ |x|2¢2d:c> > Tf(/ ¢2d$)2

for all ¢ € Cg°(R™), with n?/4 being the sharp constant. This in-
equality has been exhaustively analyzed in many different settings,
see [2, 12, 21, 22, 23, 28]. For instance, the inequality (3.11) was
generalized to the Greiner operator Ay in the work of Ahmetolan and

Kombe [2]. This result reads as follows:
(3.12)

2 2 2
R2n+1 |Vkp|2 R2n+1 R2n+1

where ¢ € C§°(R?*"*1), and the constant Q2/4 is sharp.

It is worth mentioning here that Theorem 3.1 can, however, be
applied to obtain the Heisenberg-Pauli-Weyl-type inequalities with the
best constant. In order to be more precise, we now take p = 2 in
Theorem 3.1 and choose the following functions

2
=—— and 9=
|Vipl|? ’

where o > 0. This allows the derivation of the inequality

2
(3.13) / ‘vk¢|2 dw > 2a0Q) P2 dw — 4a2/ P22 dw
R2n+1 |Vkp| R2n+1 R2n+1
with equality if and only if ¢ is proportional to . Therefore, (3.13)

reads
Aa® + Ba+C >0
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for every a > 0, where
A= 4/ Pl dw,
R2n+1

B =-2Q d*dw,
R2n+1

|Vio|?

C= .
rens |Vipl?

This is equivalent to B2 — 4AC < 0, or the sharp Heisenberg-Pauli-
Weyl-type inequality (3.12).

On the other hand, by setting the functions
a=1 and d=e %, a>0,

we shall deduce from Theorem 3.1 that

2
/ V5o |2dw > a(Q — 1)/ el g2, a2/ Viep|2¢2dw.
R2n+1 R2n+1

R2n+1 P

Hence, a very similar argument applies to obtain the following version
of the Heisenberg-Pauli-Weyl-type inequality.

Corollary 3.24. For every ¢ € C°(R*"*1), we have

( / |vk¢|2dw) ( / |vkp|2<z>2dw)
R2n+1 R2n+1

(Q—1)2( Vil )
274 /]RZn{»lip o dw | .

We end this section by showing a further application. When we
consider the pair

a=1 and ﬁ:e*QPQ, a >0,

in Theorem 3.1, we readily obtain

[ IVioPduz20Q [ (VupPdtdu—ta* [ AVl
R2n+1 R2n+1 R2n+1

or the next inequality.
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Corollary 3.25. For every ¢ € C§°(R*" 1), we have

2 2 Q2< 2,2 )2
([ wepan)( [ pvuken)=L( [ [wuppean) .

4. Two-weight Hardy-type inequalities with remainders. In
this section, we first prove an improved two-weight LP Hardy-type
inequality on the basis of a particular partial differential inequality
and then give explicit examples to illustrate our results for different
weights. Our method is inspired by the techniques from the paper by
Kombe and Ozaydin [22].

Theorem 4.1. Let Q be a bounded domain with smooth boundary OS2
in R?"+1. Let a be a nonnegative C'-function and ¥ a positive C>-

function such that
|Ved|P—= 2

almost everywhere in Q). Then, for any ¢ € CF° (), we have

/apalvml”dwz <Q+§_p> /ap IV;fpl”M)|
Q

—1
(4.1) +<Q+§p> / PV plP 2V p - Vi, a|¢|
Q

Yyt
+ [ gpel ’“'\¢|pd
PP Ja

provided that Q +a >p > 2, a € R, ¢, = ¢(p) > 0.
Proof. Let ¢ := p~P¢, where ¢ € C5°(Q2) and 8 < 0, which will be
determined later. Note that, evidently,
Vi(p ) = Bo" o Vip + p’ Viep.
As a direct consequence of the convexity inequality (3.4), we obtain
ap®|BpP T oV ip + PP Vil
> |5|papa+p(ﬁ—1)|vkp|p|¢|p +cpap"+p5|vk<p|p
+ BIBIP2ap™ PEIT T p|P 2V - V(| 6lP).-
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Applying integration by parts to the third term on the right hand side
of the above inequality leads to

(4.2)
/ ap*|VilPdw > |BP / 23D |y P ol du
+ep / ap® PP |V P dw

- B|8P—2 Vi (ap*PETIR G plP T2V ) [l Pdw.

Standard computation yields
(4.3) Vi - (ap* PP DTG P2V p)
— pa+17(ﬁ*1)+1|vkp|ﬁ*2vkp -Via
+[Q+ a+p(B—1)]ap* PVl

where we have used the formulas (2.4), (2.5) and (2.6). Inserting (4.3)
into (4.2) and rearranging terms, we conclude that

(4.4) / ap®|VidlPdw > 1(8) / ap™ BT plP ol duo
Q Q
+ep / ap® PP |V p|Pdw
Q

_5|ﬁ|p—2Apa+p(ﬂ—1)+1‘vkp‘p—2vkp

. vk:a’lg0|pdw7

where f(8) = |8|P — B|8|P~2(Q +a+ Bp—p). Observe that f(j3) attains
the maximum for
Bo = _W <0,

and this maximum value is equal to

Q+a—p>p

f(ﬂo)Z( »
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Therefore, inequality (4.4) takes the form
(4.5) / ap®|Vip|Pdw
Q

+a—p\’ _
> (Qpp) [ ool

+a—p\'! - _
+ (Q ’ p) /Pl CVplP?Vip - VialplPdw
Q

+Cp/ ap?” | Vil dw.
Q

We now concentrate on the integral expression ¢, fﬂ apP~@|Vp|Pdw
on the right hand side of (4.5). Let 1 be the new function v := 9~/
with 0 < ¥ € C®(Q) and ¢ € C5°(2). It then follows from the
convexity inequality (3.4) that

1 P
(46)  |Vipl? = ‘pﬂ“”)/”kaﬁ + VPVt

L|VopP,
Z ﬁ 191,,1 W‘
1 |Vk19|
pr=t 9P

Vm? Vi([917) + ep0? [ Vi |P.

Hence, it can readily be inferred from (4.6) that

V9P
p—Q Pduw > CP/ - Vid” Pg
Cp/Qap g wz ) e e [P dw

_ % . QM
p—l/ Vi (pp Vi) |¢Pdw.
Since

p—2
B v (p Q|v§;9|2 Vkﬁ>20 and 1/,::19—1/10,0(Q-&-a—p)/p¢7

we have
_ c o VD
an o [ Viprdo > % [ o oran,

Finally, plugging (4.7) into inequality (4.5), and then taking into
account that p = p(@+e=P)/P¢ we deduce the claimed result (4.1). O
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Remark 4.2. It is worthwhile noting that the inequality stated in
Theorem 4.1 also holds for 1 < p < 2 with different reminder terms
and, in this case, we use the convexity inequality (3.6).

4.1. Applications of Theorem 4.1. We emphasize that, in our
approach, the role of the differential inequality

|V 0[P~

(48) Vi (aprelV0

VM9> >0

is crucial. We now present here some examples of the improved,
weighted Hardy-type inequalities with several choices of a and ¢ in
inequality (4.8). A first example is the following.

By applying Theorem 4.1 to the pair
a=1 and 9=R-—p
on the p-ball B centered at the origin with radius R, we immediately

get the subsequent result.

Corollary 4.3. Let Bg be the p-ball centered at the origin with radius
R in R*" Y. Then, for all ¢ € C5°(Br), we have

a + o — P « P
[ e = (Qp) [ 0 Vol 2
Br p Br P

T 2 L S P
PP Jp, (R—p)P ’

where @ +a>p>2, a € R and ¢, > 0.

Another application of Theorem 4.1 with special functions
a=e” and V=e7"
is the following two-weight LP Hardy-type inequality involving two

nonnegative remainders.

Corollary 4.4. Let Q be a bounded domain with smooth boundary OS2
in R*" T Then, for all ¢ € C§°(Q2), we have
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_ p
[ oreriwiopan = (LEZEY e op o
Q p Q

_p\ P! p
(L) [ el
D Q PP

C
+ 2 [ et Tl ol
PP Jo

where Q@ +a>p>2, a€R, ¢, >0.

On the other hand, by setting the units

R
a=1, ¥ =log—, R > supp,
P we

on a bounded domain € with smooth boundary in R?"*!, we derive the
weighted LP Hardy-type inequality containing a logarithmic remainder.

Corollary 4.5. Let Q be a bounded domain with smooth boundary OS2
in R2"*L. Then, for all ¢ € C$°(), we have

P
/pa‘vk¢|pdw2 <Q+O‘p> / 22|V, p|p|¢|
Q p Q

(0%
% p

a (log(R/p))?
where @ +a>p>2, a€R, ¢, >0, R>sup,cqp-

Vs p|pﬂ dw,
pP

Finally, we mention that, when considering Theorem 4.1 with the
pair

R
a=1, ﬂ:log(logp), R > e sup p,

weR

we can obtain the following result including a different logarithmic
remainder.

Corollary 4.6. Let Q be a bounded domain with smooth boundary OS2
in R*" L. Then, for all ¢ € C§°(Q2), we have
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pP
% p” plol”
2 / (Tog (/) (ogliog @)~ ! v

where Q@ +a>p>2, a €R, ¢, >0, R> esup,ecq p-

o toa— ? o P
/p Vo[ dw > (Qpp> /p'IVkplpﬂdw
Q Q

dw,

Remark 4.7. The lack of regularities on the above choices can be
readily handled by replacing the function p with p. and then passing
to the limit as e — 0.
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