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ON THE PERIODIC SOLUTIONS OF SOME SYSTEMS
OF HIGHER ORDER DIFFERENCE EQUATIONS

MELIH GOCEN AND ADEM CEBECI

ABSTRACT. In this paper, we obtain the general form
of the periodic solutions of some higher order difference
equations system

xn+1 =
±xn−kyn−(2k+1)

yn−(2k+1) ∓ yn−k
,

yn+1 =
±yn−kxn−(2k+1)

xn−(2k+1) ∓ xn−k
,

n, k ∈ N0, where the initial values are arbitrary real num-
bers such that the denominator is always nonzero. Moreover,
some numerical examples are presented to verify our theoret-
ical results.

1. Introduction. Difference equations and systems have been in-
vestigated by many researchers in the last few decades, see [1, 4, 5,
6, 10, 11]. The reason is that difference equations have many appli-
cations in several mathematical models in biology, economics, genetics,
population dynamics, medicine, physiology, and so forth. Moreover,
systems of higher order rational difference equations have also been
widely studied, see [7, 9, 12, 13], but still have many aspects to be in-
vestigated. In particular, studying the qualitative analysis of difference
equations and systems is a very rich research field. For example, there
are many papers related to the periodicity of the positive solutions of
rational difference equation systems, see [2, 3, 8, 10].

Cinar [2] was concerned with the periodicity of positive solutions of
the difference equation system:

xn+1 =
1

yn
, yn+1 =

yn
xn−1yn−1

.
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Kurbanli, et al., [8] studied the periodicity of solutions of the following
rational difference equation system:

xn+1 =
xn−1 + yn
ynxn−1 − 1

, yn+1 =
yn−1 + xn

xnyn−1 − 1
.

Touafek and Elsayed [11] investigated the form of solutions of the
nonlinear difference equations:

xn+1 =
xn−1yn

yn ± yn−2
, yn+1 =

xnyn−1

xn ± xn−2
.

El-Metwally [4] dealt with solutions of the difference equation system:

xn+1 =
xn−1yn

±xn−1 ± yn−2
, yn+1 =

xnyn−1

±yn−1 ± xn−2
.

El-Dessoky and Elsayed [3] obtained the form of the solutions of the
following systems of rational difference equations

xn+1 =
xnyn−1

yn−1 ± yn
, yn+1 =

ynxn−1

xn−1 ± xn
.

Our aim in this paper is to obtain the general form of periodic
solutions of some higher order rational difference equations system:

(1.1) xn+1 =
±xn−kyn−(2k+1)

yn−(2k+1) ∓ yn−k
, yn+1 =

±yn−kxn−(2k+1)

xn−(2k+1) ∓ xn−k
,

where n, k ∈ N0 and the initial conditions x−2k−1, x−2k, . . . , x0, y−2k−1,
y−2k, . . . , y0 are arbitrary real numbers such that the denominator is
always nonzero.

Definition 1.1 (Periodicity). A sequence {xn}+∞
n=−m is said to be

periodic with period p if xn+p = xn for all n ≥ −m.

2. The system: xn+1 = (xn−kyn−(2k+1))/(yn−(2k+1)−yn−k), yn+1

= (yn−kxn−(2k+1))/(xn−(2k+1) − xn−k). In this section, we investigate
the form of solutions and the periodicity of the following rational
difference equations system:

(2.1) xn+1 =
xn−kyn−(2k+1)

yn−(2k+1) − yn−k
, yn+1 =

yn−kxn−(2k+1)

xn−(2k+1) − xn−k
,
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where n, k ∈ N0 and the initial conditions are nonzero real numbers
such that

(y−(2k+1−m) − y−(k−m))(x−(2k+1−m) − x−(k−m)) ̸= 0, m = 0, k.

Theorem 2.1. Let {xn, yn}+∞
n=−(2k+1) be solutions of system (2.1).

Then, the following results hold :

(i) {xn}+∞
n=−(2k+1) and {yn}+∞

n=−(2k+1) are periodic with period 6(k+1)

for n ≥ −(2k + 1).

(ii) We have

x6(k+1)n+l =



x(l−k−1)y(l−2k−2)

y(l−2k−2)−y(l−k−1)
1≤ l≤k + 1,

−
y(l−3k−3)(x(l−3k−3)−x(l−2k−2))

y(l−3k−3)−y(l−2k−2)
k+2≤ l≤2k+2,

−
y(l−3k−3)(x(l−4k−4)−x(l−3k−3))

y(l−4k−4)−y(l−3k−3)
2k+3≤ l≤3k+3,

−
y(l−4k−4)x(l−5k−5)

y(l−5k−5)−y(l−4k−4)
3k+4≤ l≤4k+4,

x(l−6k−6) 4k+5≤ l≤6k+6

(2.2)

and

y6(k+1)n+l =



y(l−k−1)x(l−2k−2)

x(l−2k−2)−x(l−k−1)
1≤ l≤k+1,

−
x(l−3k−3)(y(l−3k−3)−y(l−2k−2))

x(l−3k−3)−x(l−2k−2)
k+2≤ l≤2k+2,

−
x(l−3k−3)(y(l−4k−4)−y(l−3k−3))

x(l−4k−4)−x(l−3k−3)
2k+3 ≤ l ≤ 3k+3,

−
x(l−4k−4)y(l−5k−5)

x(l−5k−5)−x(l−4k−4)
3k+4≤ l≤4k+4,

y(l−6k−6) 4k+5≤ l≤6k+6.

(2.3)
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Proof.

(i) It follows from equation (2.1) that

xn+(6k+6) =
xn+(5k+5)yn+(4k+4)

yn+(4k+4)−yn+(5k+5)

=
(xn+(4k+4)yn+(3k+3))/(yn+(3k+3)−yn+(4k+4))yn+(4k+4)

yn+(4k+4)−(yn+(4k+4)xn+(3k+3))/(xn+(3k+3)−xn+(4k+4))

= −yn+(3k+3)(xn+(3k+3)−xn+(4k+4))

yn+(3k+3)−yn+(4k+4)

= −yn+(3k+3)(xn+(3k+3)−(xn+(3k+3)yn+(2k+2))/(yn+(2k+2)−yn+(3k+3)))

yn+(3k+3)−(yn+(3k+3)xn+(2k+2))/(xn+(2k+2)−xn+(3k+3))

= −yn+(3k+3)(xn+(2k+2)−xn+(3k+3))

yn+(2k+2)−yn+(3k+3)

= − (yn+(2k+2)xn+(k+1))/(xn+(k+1)−xn+(2k+2))

yn+(2k+2)−(yn+(2k+2)xn+(k+1))/(xn+(k+1)−xn+(2k+2))

× (xn+(2k+2) − (xn+(2k+2)yn+(k+1))/(yn+(k+1) − yn+(2k+2)))

= − yn+(2k+2)xn+(k+1)

yn+(k+1)−yn+(2k+2)

= − (yn+(k+1)xn)/(xn−xn+(k+1))xn+(k+1)

yn+(k+1)−(yn+(k+1)xn)/(xn−xn+(k+1))
= xn,

yn+(6k+6) =
yn+(5k+5)xn+(4k+4)

xn+(4k+4)−xn+(5k+5)

=
(yn+(4k+4)xn+(3k+3))/(xn+(3k+3)−xn+(4k+4))xn+(4k+4)

xn+(4k+4)−(xn+(4k+4)yn+(3k+3))/(yn+(3k+3)−yn+(4k+4))

= −xn+(3k+3)(yn+(3k+3)−yn+(4k+4))

xn+(3k+3)−xn+(4k+4)

= −xn+(3k+3)(yn+(3k+3)−(yn+(3k+3)xn+(2k+2))/(xn+(2k+2)−xn+(3k+3)))

xn+(3k+3)−(xn+(3k+3)yn+(2k+2))/(yn+(2k+2)−yn+(3k+3))

= −xn+(3k+3)(yn+(2k+2)−yn+(3k+3))

xn+(2k+2)−xn+(3k+3)

= − (xn+(2k+2)yn+(k+1))/(yn+(k+1)−yn+(2k+2))

xn+(2k+2)−(xn+(2k+2)yn+(k+1))/(yn+(k+1)−yn+(2k+2))

× (yn+(2k+2) − (yn+(2k+2)xn+(k+1))/(xn+(k+1) − xn+(2k+2)))

= − xn+(2k+2)yn+(k+1)

xn+(k+1)−xn+(2k+2)

= − (xn+(k+1)yn)/(yn−yn+(k+1))yn+(k+1)

xn+(k+1)−(xn+(k+1)yn)/(yn−yn+(k+1))
= yn.

Thus, xn+(6k+6) = xn, yn+(6k+6) = yn.

(ii) From system (2.1), we obtain that

x1 =
x−ky−(2k+1)

y−(2k+1) − y−k
, y1 =

y−kx−(2k+1)

x−(2k+1) − x−k
,
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x2 =
x1−ky−2k

y−2k − y1−k
, y2 =

y1−kx−2k

x−2k − x1−k
,

...
...

xk+1 =
x0y−(k+1)

y−(k+1) − y0
, yk+1 =

y0x−(k+1)

x−(k+1) − x0
,

for n = 0, 1, . . . , k. Then, it follows from Theorem (2.1) that

x1 = x6(k+1)+1 = x6(k+1)2+1 = · · · =
x−ky−(2k+1)

y−(2k+1) − y−k
,

y1 = y6(k+1)+1 = y6(k+1)2+1 = · · · =
y−kx−(2k+1)

x−(2k+1) − x−k
,

x2 = x6(k+1)+2 = x6(k+1)2+2 = · · · = x1−ky−2k

y−2k − y1−k
,

y2 = y6(k+1)+2 = y6(k+1)2+2 = · · · = y1−kx−2k

x−2k − x1−k
,

...

xk+1 = x6(k+1)+k+1 = x6(k+1)2+k+1 = · · · =
x0y−(k+1)

y−(k+1) − y0
,

yk+1 = y6(k+1)+k+1 = y6(k+1)2+k+1 = · · · =
y0x−(k+1)

x−(k+1) − x0
.

Thus, we have formulas for 1 ≤ l ≤ k+1 in (2.2) and (2.3). From (2.1),
we get

xn+1 =
x(n−k−1)+1yn−(2k+1)

yn−(2k+1) − y(n−k−1)+1

(2.4)

=
(xn−(2k+1)yn−(3k+2))/(yn−(3k+2) − yn−(2k+1))yn−(2k+1)

yn−(2k+1) − (yn−(2k+1)xn−(3k+2))/(xn−(3k+2) − xn−(2k+1))

= −
yn−(3k+2)(xn−(3k+2) − xn−(2k+1))

yn−(3k+2) − yn−(2k+1)

and

yn+1 =
y(n−k−1)+1xn−(2k+1)

xn−(2k+1) − x(n−k−1)+1

(2.5)
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=
(yn−(2k+1)xn−(3k+2))/(xn−(3k+2) − xn−(2k+1))xn−(2k+1)

xn−(2k+1) − (xn−(2k+1)yn−(3k+2))/(yn−(3k+2) − yn−(2k+1))

= −
xn−(3k+2)(yn−(3k+2) − yn−(2k+1))

xn−(3k+2) − xn−(2k+1)
.

Let n = k + 1, k + 2, . . . , 2k + 1. Now, from (2.4) and (2.5), we have

xk+2 = −y−(2k+1)(x−(2k+1)−x−k)

y−(2k+1)−y−k
, yk+2 = −x−(2k+1)(y−(2k+1)−y−k)

x−(2k+1)−x−k
,

xk+3 = −y−2k(x−2k−x1−k)
y−2k−y1−k

, yk+3 = −x−2k(y−2k−y1−k)
x−2k−x1−k

,

...
...

x2k+2 = −y−(k+1)(x−(k+1)−x0)

y−(k+1)−y0
, y2k+2 = −x−(k+1)(y−(k+1)−y0)

x−(k+1)−x0
.

From Theorem 2.1, we obtain

xk+2 = x6(k+1)+k+2 = x6(k+1)2+k+2 = · · ·

= −
y−(2k+1)(x−(2k+1) − x−k)

y−(2k+1) − y−k
,

yk+2 = y6(k+1)+k+2 = y6(k+1)2+k+2 = · · ·

= −
x−(2k+1)(y−(2k+1) − y−k)

x−(2k+1) − x−k
,

xk+3 = x6(k+1)+k+3 = x6(k+1)2+k+3 = · · ·

= −y−2k(x−2k − x1−k)

y−2k − y1−k
,

yk+3 = y6(k+1)+k+3 = y6(k+1)2+k+3 = · · ·

= −x−2k(y−2k − y1−k)

x−2k − x1−k
,

...

x2k+2 = x6(k+1)+2k+2 = x6(k+1)2+2k+2 = · · ·

= −
y−(k+1)(x−(k+1) − x0)

y−(k+1) − y0
,

y2k+2 = y6(k+1)+2k+2 = y6(k+1)2+2k+2 = · · ·

= −
x−(k+1)(y−(k+1) − y0)

x−(k+1) − x0
.
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Hence, we obtain the formulas for k+2 ≤ l ≤ 2k+2 in (2.2) and (2.3).
From (2.1), (2.4) and (2.5), we can see that

xn+1 = −yn−(3k+2)(xn−(3k+2)−xn−(2k+1))

yn−(3k+2)−yn−(2k+1)

(2.6)

= −yn−(3k+2)(xn−(3k+2)−(xn−(3k+2)yn−(4k+3))/(yn−(4k+3)−yn−(3k+2)))

yn−(3k+2)−(yn−(3k+2)xn−(4k+3))/(xn−(4k+3)−xn−(3k+2))

= −yn−(3k+2)(xn−(4k+3)−xn−(3k+2))

yn−(4k+3)−yn−(3k+2)

and

yn+1 = −xn−(3k+2)(yn−(3k+2)−yn−(2k+1))

xn−(3k+2)−xn−(2k+1)

(2.7)

= −xn−(3k+2)(yn−(3k+2)−(yn−(3k+2)xn−(4k+3))/(xn−(4k+3)−xn−(3k+2)))

xn−(3k+2)−(xn−(3k+2)yn−(4k+3))/(yn−(4k+3)−yn−(3k+2))

= −xn−(3k+2)(yn−(4k+3)−yn−(3k+2))

xn−(4k+3)−xn−(3k+2)
.

Let n = 2k + 2, 2k + 3, . . . , 3k + 2. Now, from (2.6) and (2.7), we get

x2k+3=−
y−k(x−(2k+1)−x−k)

y−(2k+1)−y−k
, y2k+3=−

x−k(y−(2k+1)−y−k)

x−(2k+1)−x−k
,

x2k+4=−y1−k(x−2k−x1−k)

y−2k−y1−k
, y2k+4=−x1−k(y−2k−y1−k)

x−2k−x1−k
,

...
...

x3k+3=−
y0(x−(k+1)−x0)

y−(k+1)−y0
, y3k+3=−

x0(y−(k+1)−y0)

x−(k+1)−x0
.

Thus, we obtain from Theorem (2.1) that

x2k+3 = x6(k+1)+2k+3 = x6(k+1)2+2k+3 = · · ·

= −
y−k(x−(2k+1) − x−k)

y−(2k+1) − y−k
,

y2k+3 = y6(k+1)+2k+3 = y6(k+1)2+2k+3 = · · ·

= −
x−k(y−(2k+1) − y−k)

x−(2k+1) − x−k
,

x2k+4 = x6(k+1)+2k+4 = x6(k+1)2+2k+4 = · · ·
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= −y1−k(x−2k − x1−k)

y−2k − y1−k
,

y2k+4 = y6(k+1)+2k+4 = y6(k+1)2+2k+4 = · · ·

= −x1−k(y−2k − y1−k)

x−2k − x1−k
,

...

x3k+3 = x6(k+1)+3k+3 = x6(k+1)2+3k+3 = · · ·

= −
y0(x−(k+1) − x0)

y−(k+1) − y0
,

y3k+3 = y6(k+1)+3k+3 = y6(k+1)2+3k+3 = · · ·

= −
x0(y−(k+1) − y0)

x−(k+1) − x0
.

Hence, we have the formulas for 2k+3 ≤ l ≤ 3k+3 in (2.2) and (2.3).
From (2.1), (2.6) and (2.7), we have

xn+1 =
−yn−(3k+2)(xn−(4k+3)−xn−(3k+2))

yn−(4k+3)−yn−(3k+2)

(2.8)

= − (yn−(4k+3)xn−(5k+4))/(xn−(5k+4)−xn−(4k+3))

yn−(4k+3)−(yn−(4k+3)xn−(5k+4))/(xn−(5k+4)−xn−(4k+3))

× (xn−(4k+3) − (xn−(4k+3)yn−(5k+4))/(yn−(5k+4) − yn−(4k+3)))

= − yn−(4k+3)xn−(5k+4)

yn−(5k+4)−yn−(4k+3)

and

yn+1 = −xn−(3k+2)(yn−(4k+3)−yn−(3k+2))

xn−(4k+3)−xn−(3k+2)

(2.9)

= − (xn−(4k+3)yn−(5k+4))(yn−(5k+4)−yn−(4k+3))

xn−(4k+3)−(xn−(4k+3)yn−(5k+4))(yn−(5k+4)−yn−(4k+3))

× (yn−(4k+3) − (yn−(4k+3)xn−(5k+4))/(xn−(5k+4) − xn−(4k+3)))

= − xn−(4k+3)yn−(5k+4)

xn−(5k+4)−xn−(4k+3)
.

Let n = 3k + 3, 3k + 4, . . . , 4k + 3. It follows from (2.8) and (2.9) that

x3k+4 = −
y−kx−(2k+1)

y−(2k+1) − y−k
, y3k+4 = −

x−ky−(2k+1)

x−(2k+1) − x−k
,
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x3k+5 = − y1−kx−2k

y−2k − y1−k
, y3k+5 = − x1−ky−2k

x−2k − x1−k
,

...
...

x4k+4 = −
y0x−(k+1)

y−(k+1) − y0
, y4k+4 = −

x0y−(k+1)

x−(k+1) − x0
.

Then, from Theorem 2.1, we get

x3k+4 = x6(k+1)+3k+4 = x6(k+1)2+3k+4 = · · ·

= −
y−kx−(2k+1)

y−(2k+1) − y−k
,

y3k+4 = y6(k+1)+3k+4 = y6(k+1)2+3k+4 = · · ·

= −
x−ky−(2k+1)

x−(2k+1) − x−k
,

x3k+5 = x6(k+1)+3k+5 = x6(k+1)2+3k+5 = · · ·

= − y1−kx−2k

y−2k − y1−k
,

y3k+5 = y6(k+1)+3k+5 = y6(k+1)2+3k+5 = · · ·

= − x1−ky−2k

x−2k − x1−k
,

...

x4k+4 = x6(k+1)+4k+4 = x6(k+1)2+4k+4 = · · ·

= −
y0x−(k+1)

y−(k+1) − y0
,

y4k+4 = y6(k+1)+4k+4 = y6(k+1)2+4k+4 = · · ·

= −
x0y−(k+1)

x−(k+1) − x0
.

Thus we have the formulas for 3k + 4 ≤ l ≤ 4k + 4 in (2.2) and (2.3).
From (2.1), (2.8) and (2.9), we have

(2.10) xn+1 = −
yn−(4k+3)xn−(5k+4)

yn−(5k+4) − yn−(4k+3)
= xn−(6k+5),

and

(2.11) yn+1 = −
xn−(4k+3)yn−(5k+4)

xn−(5k+4) − xn−(4k+3)
= yn−(6k+5).
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Let n = 4k + 4, 4k + 5, . . . , 6k + 5. It follows from (2.10) and (2.11)
that

x4k+5 = x−(2k+1), y4k+5 = y−(2k+1),

x4k+6 = x−2k, y4k+6 = y−2k,
...

...
x6k+6 = x0, y6k+6 = y0.

Then, from Theorem (2.1), we obtain

x4k+5 = x6(k+1)+4k+5 = x6(k+1)2+4k+5 = · · · = x−(2k+1),

y4k+5 = y6(k+1)+4k+5 = y6(k+1)2+4k+5 = · · · = y−(2k+1),

x4k+6 = x6(k+1)+4k+6 = x6(k+1)2+4k+6 = · · · = x−2k,

y4k+6 = y6(k+1)+4k+6 = y6(k+1)2+4k+6 = · · · = y−2k,
...

x6k+6 = x6(k+1)+6k+6 = x6(k+1)2+6k+6 = · · · = x0,

y6k+6 = y6(k+1)+6k+6 = y6(k+1)2+6k+6 = · · · = y0.

Hence, we have the formulas for 4k+5 ≤ l ≤ 6k+6 in (2.2) and (2.3).
The proof is complete. �
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Figure 1. Plot of xn+1 = (xnyn−1)/(yn−1 − yn), yn+1 = (ynxn−1)/
(xn−1 − xn).
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Example 2.2. Consider the system (2.1) with k = 0 and the initial
conditions x−1 = −0.2, x0 = 0.4, y−1 = 0.1, y0 = 0.3 to verify our
theoretical results. (See Figure 1.)

3. The system: xn+1 = −(xn−kyn−(2k+1))/(yn−(2k+1) + yn−k),
yn+1 = −(yn−kxn−(2k+1))/(xn−(2k+1) + xn−k). In this section, we
study the periodic nature of solutions of the following rational differ-
ence equations system:

(3.1) xn+1 = −
xn−kyn−(2k+1)

yn−(2k+1) + yn−k
, yn+1 = −

yn−kxn−(2k+1)

xn−(2k+1) + xn−k
,

where n, k ∈ N0, and the initial conditions x−2k−1, x−2k, . . . , x0,
y−2k−1, y−2k, . . . , y0 are nonzero real numbers such that

(y−(2k+1−m) + y−(k−m))(x−(2k+1−m) + x−(k−m)) ̸= 0, m = 0, k.

Theorem 3.1. Let {xn, yn}+∞
n=−(2k+1) be solutions of system (3.1).

Then, the following statements hold :

(i) {xn}+∞
n=−(2k+1) and {yn}+∞

n=−(2k+1) are periodic with period 6(k+1)

for n ≥ −(2k + 1).

(ii) We have

x6(k+1)n+l =



− x(l−k−1)y(l−2k−2)

y(l−2k−2)+y(l−k−1)
1≤ l≤k+1,

y(l−3k−3)(x(l−3k−3)+x(l−2k−2))

y(l−3k−3)+y(l−2k−2)
k+2≤ l≤2k+2,

y(l−3k−3)(x(l−4k−4)+x(l−3k−3))

y(l−4k−4)+y(l−3k−3)
2k+3≤ l≤3k+3,

− y(l−4k−4)x(l−5k−5)

y(l−5k−5)+y(l−4k−4)
3k+4≤ l≤4k+4,

x(l−6k−6) 4k+5≤ l≤6k+6

and

y6(k+1)n+l =



− y(l−k−1)x(l−2k−2)

x(l−2k−2)+x(l−k−1)
1≤ l≤k+1,

x(l−3k−3)(y(l−3k−3)+y(l−2k−2))

x(l−3k−3)+x(l−2k−2)
k+2≤ l≤2k+2,

x(l−3k−3)(y(l−4k−4)+y(l−3k−3))

x(l−4k−4)+x(l−3k−3)
2k+3≤ l≤3k+3,

− x(l−4k−4)y(l−5k−5)

x(l−5k−5)+x(l−4k−4)
3k+4≤ l≤4k+4,

y(l−6k−6) 4k+5≤ l≤6k+6.
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Proof. The proof is similar to Theorem 2.1, and therefore, it is
omitted. �

Example 3.2. Consider the system (3.1) with k = 1 and the initial
conditions x−3 = 0.9, x−2 = 0.3, x−1 = 0.2, x0 = 0.5, y−3 = 3.9,
y−2 = 3.3, y−1 = 3.2 and y0 = 2.5 to verify our theoretical results.
(See Figure 2.)

10 20 30 40 50 60 70
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2

4

6

yHnL

xHnL

Figure 2. Plot of xn+1 = (−xn−1yn−3)/(yn−3 + yn−1), yn+1 =
−(yn−1xn−3)/ (xn−3 + xn−1).

4. The other systems: xn+1=(xn−kyn−(2k+1))/(±yn−(2k+1)+yn−k),
yn+1 = (yn−kxn−(2k+1))/(∓xn−(2k+1)+xn−k). In this section, we give
the form of the periodic solutions of the following rational difference
equations system:

(4.1) xn+1 =
xn−kyn−(2k+1)

±yn−(2k+1) + yn−k
, yn+1 =

yn−kxn−(2k+1)

∓xn−(2k+1) + xn−k
,

where n, k ∈ N0 and the initial conditions x−2k−1, x−2k, . . . , x0,
y−2k−1, y−2k, . . . , y0 are nonzero real numbers such that

(±y−(2k+1−m) + y−(k−m))(∓x−(2k+1−m) + x−(k−m)) ̸= 0, m = 0, k.
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Corollary 4.1. The solutions {xn, yn}+∞
n=−(2k+1) of system (4.1) are

periodic with period 6(k+ 1) for n ≥ −(2k+ 1). Then, the form of the
solutions are as follows:

x6(k+1)n+l =



x(l−k−1)y(l−2k−2)

±y(l−2k−2)+y(l−k−1)
1≤ l≤k+1,

±y(l−3k−3)(∓x(l−3k−3)+x(l−2k−2))

±y(l−3k−3)+y(l−2k−2)
k+2≤ l≤2k+2,

∓y(l−3k−3)(∓x(l−4k−4)+x(l−3k−3))

±y(l−4k−4)+y(l−3k−3)
2k+3≤ l≤3k+3,

±y(l−4k−4)x(l−5k−5)

±y(l−5k−5)+y(l−4k−4)
3k+4≤ l≤4k+4,

x(l−6k−6) 4k+5≤ l≤6k+6

and

y6(k+1)n+l =



y(l−k−1)x(l−2k−2)

∓x(l−2k−2)+x(l−k−1)
1≤ l≤k+1,

∓x(l−3k−3)(±y(l−3k−3)+y(l−2k−2))

∓x(l−3k−3)+x(l−2k−2)
k+2≤ l≤2k+2,

±x(l−3k−3)(±y(l−4k−4)+y(l−3k−3))

∓x(l−4k−4)+x(l−3k−3)
2k+3≤ l≤3k+3,

∓x(l−4k−4)y(l−5k−5)

∓x(l−5k−5)+x(l−4k−4)
3k+4≤ l≤4k+4,

y(l−6k−6) 4k+5≤ l≤6k+6.

Proof. The proof is similar to Theorem 2.1; thus, the desired results
are obtained. �
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