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UNIFORMLY NON-SQUARE POINTS AND
REPRESENTATION OF FUNCTIONALS OF
ORLICZ-BOCHNER SEQUENCE SPACES

ZHONGRUI SHI AND YU WANG

ABSTRACT. In this work, a representation of functionals
and a necessary and sufficient condition for uniformly non-
square points of Orlicz-Bochner sequence spaces endowed
with the Orlicz norm are given.

1. Introduction. Uniform non-squareness of Banach spaces has
been defined by James [12, 13] in 1964 as the geometric property
which implies super-reflexivity. Thus, after proving this property for a
Banach space, we know, without any characterization of the dual space,
that it is super-reflexive, and reflexive as well. Recently, Garcia-Falset,
et al., [6] have shown that uniformly non-square Banach spaces have
the fixed point property. Therefore, it is natural and interesting to look
for criteria of non-squareness properties in various well-known classes
of Banach spaces. In 2013, Foralewski, et al., [5] presented criteria for
uniform non-squareness and locally uniform non-squareness of Orlicz-
Lorentz sequence spaces. Among a great number of papers concerning
this topic, see [1, 3, 4, 7, 8, 10, 11, 20].

In 1985, the problem of uniform non-squareness of Orlicz-Bochner
spaces was initiated by Hudzik [9]. He gave criteria for uniform non-
squareness of Orlicz-Bochner function spaces equipped with the Lux-
emburg norm under the condition that the generating Orlicz func-
tion is uniformly convex. Also, in 1985, Kaminiska and Turett [14]
removed the restriction of the generating Orlicz function being uni-
formly convex and obtained necessary and sufficient conditions of uni-
form non-squareness of Orlicz-Bochner function spaces equipped with
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the Luxemburg norm. In 2009, Zhang [22] studied the non-squareness
of Orlicz-Bochner function spaces endowed with both the Luxemburg
and the Orlicz norms and gave criteria for uniform non-squareness of
Orlicz-Bochner function spaces equipped with the Orlicz norm. He
also gave a necessary and sufficient condition for non-square points of
Orlicz-Bochner sequence spaces equipped with the Orlicz norm. In
2014, Shang and Cui [17] repeated the same result by using the same
techniques as Zhang [22].

Usually, the pointwise expression describes the local structure more
finely than the spatial expression in a Banach space. It is convenient to
obtain a geometric property of a Banach space from the corresponding
pointwise property. For example, each point on the unit sphere being
extreme implies that the space is rotund. Therefore, Wang, et al., [21]
introduced notions of non-square and uniformly non-square points in
Banach spaces and obtained criteria for them in Orlicz spaces. Re-
cently, Shi and Wang [18, 19] studied non-square and uniformly non-
square points of Orlicz-Bochner spaces endowed with the Luxemburg
norm. As is well known, a Banach space is locally uniformly non-square
if every point on the unit sphere is a uniformly non-square point. Thus,
we can readily obtain the criteria for locally uniform non-squareness of a
Banach space by using the property of the uniformly non-square points.
However, Orlicz-Bochner sequence spaces are complicated structures
since they are an interaction effect of the Bochner and Orlicz sequence
spaces, thus making it a real struggle to obtain criteria for uniformly
non-square points in Orlicz-Bochner sequence spaces.

For the Orlicz-Bochner sequence space endowed with the Luxemburg
norm, the criterion of the uniformly non-square point is given [19]. To
date, for the Orlicz-Bochner sequence space endowed with the Orlicz
norm, the criterion of the uniformly non-square point has not been
given. This is due to the fact that its structure is complicated under the
Orlicz norm. In this paper, we give necessary and sufficient conditions
of uniformly non-square points and locally uniformly non-squareness
of Orlicz-Bochner sequence spaces equipped with the Orlicz norm.
In order to get these criteria, we first establish the representation of
the continuous linear functional, which is a very useful tool and also
plays an important role in many other fields. Furthermore, we easily
obtain the criterion of the classical Orlicz sequence spaces from the
corresponding one of the Bochner type.
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2. Preliminaries. Throughout this paper, N denotes the set of all
positive integers and R the set of all real numbers. Let (X,] - ||)
represent a real Banach space and S(X) the unit sphere of X. The
dual space of X is denoted by X*. Let M be an N function and
N the complementary function of M, ie., N(v) = sup,cp{ulv| —
M(u)}. Young’s inequality uwv < M(u) + N(v),u,v € R, holds,
and the equality in the Young’s inequality holds if and only if v €
[p—(Jul) sgnu, ps (Jul) sgnu] or u € [q_(Jo]) sgnv, gy (Jo]) sgnv], where
p—(lu]) and pi(Ju|) are the left and right derivatives of M at |u|
and ¢_(Jv|) and g4 (|v]) are the left and right derivatives of N at |v],
respectively. We say that M satisfies the condition do (write M € ds)
if there exist up > 0 and K > 2 such that M (2u) < KM (u), |u| < uo.
For details, see [2, 15].

Given a sequence u = (u(1),u(2),...,u(n),...) with u(7) € X for all
i €N, set |ul = (|[(w(1)]], |u(2)]],- .., Ju@®@)],. . .), and define a modular
pa(u) of u by the formula ppr(u) = par(|u]) = 52, M (||u(i)]]). Let

[A;(X) = {u : there exists A > 0 such that pp(Au) < co}.

The linear set lf&(X ) equipped with the Orlicz norm

[ullar = sup Z

pN(v)<15 5

where v € l,;(X *), or with the Luxemburg norm

llull (ary = inf{A >0 pM</\)<oo}

becomes a Banach space which is called the Orlicz-Bochner sequence
space, denoted by

L (X) = (b (), [ 1) Ly (X) = (ar (X, 1]+ llany)-

Let
har(X) = {u : for all A > 0 such that pps(Az) < c0}.

Then, under the Orlicz or the Luxemburg norms, W(X ) is a closed
subspace of [/ (X) or I(3r)(X), denoted by hps(X) or hpp(X), respec-
tively.
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Lemma 2.1 ([2]). For u € Iy, we have lim, oo ||u — un|(ary =
lim, oo ||t — upllpr = 60(w), where lyy denotes the classical Orlicz
sequence space, § = 6(u) = inf{A > 0 : ppy(u/N) < oo} and
U = (u(1),...,u(n),0,...).

Lemma 2.2 ([2]). For u € Iy (X), we have

Jullas = inf L1+ par (k)] = L1+ pas ()]
if and only if k € K(u), where K(u) = [k*, k**], k** = k**(u) =
sup{k > 0 : pn(p4(klu])) < 1} and k* = k*(u) = inf{k > 0 : py

(P (Kfu])) = 1}.

Lemma 2.3 ([2]). For ||ull;r <1 or |lullary < 1, we have ppr(u) <
llullar or par(u) < [Jull(ary, respectively.

Lemma 2.4 ([2]). Holder’s inequality:

oo

> uli),v(@) < Jlullallvllvy,  w€ lu(X), v € Ly (X7).
=1

Lemma 2.5 ([2]). For any u € Iy (X), we have

lullar = sup > [lu(@|[o()],

pNn(v)<15 5

where v € &(X*)

Lemma 2.6 ([2]). Suppose that N € d5. Then, for any positive con-
stant C, the set {k € K(u) : u € Iy, ||ullar = C} is bounded.

Lemma 2.7 ([2, 14]). The following statements are equivalent:

(i) N € 0s.
(ii) For alll > 1, and for all vy > 0 there exists a K > 1 such that,
for all 0 < v < vy, we have N(lv) < KN (v).
(iii) There existly > 1, vy > 0, K1 > 1 such that, for all0 < v < vy,
we have N(l1v) < K1N(v).
(iv) For allly > 1 and vy > 0 there exists a 6 > 1 such that, for all
0 < v < vy, we have N(6v) < 120N (v).
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(v) Foralla € (0,1) and ug > 0O there exists a B € (0,1) such that,
for all 0 < u < wug, we have M(au) < afM(u).

In Lemma 2.7 above, for ug > 0, a € (0, 1), we see that 8 = B(«) is
non-decreasing with respect to «, where

B M (o)
B(a) B 0<S:;1£uo OéM(u)

Definition 2.8 ([21]). z € S(X) is called a uniformly non-square point
if there exists a § € (0,2) such that min{||z + y||, ||z — y||} <2 — 4 for
all y € S(X).

Lemma 2.9 ([14]). z/||z|| is a uniformly non-square point of X if and
only if there exists a 6 € (0,1), for every y € X, we have

- minllal o)
BEar

min{[lz + ||, | — o]} < (] + y||><1

Lemma 2.10. If N € 6y, for each x € B,(X) with xz/||z| a uniformly
non-square point, we have a positive number r € (0,1) such that

kh kh
M(k+h||x + y||> + M(k+h”x - y||>

h k
<
< 2| MUlel) + i MBI

holds for all k,h € (1,b) and y € B, (X), where ug and b are arbitrary
constants, ug >0, b> 1, n =uo/b and By(X) ={z € X : |z| < n}.

Proof. From Lemma 2.7, for ug > 0, and for all @ € (0,1), there
exists a 8 = B(«a) € (0,1) such that

(2.1) M(au) < afM(u)

for all u € (0,ug], where 3 is non-decreasing with respect to a. For
a=(b+1)/(b+2), denoting

b+1
50:/6<b_’_2>7
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we have

b+1 b+1
)<
M<b+2u) = b+250M(“)

for all u € (0, ug]. Let

d:mm{b(bim,;(ﬁlo_%_

The remainder of the proof shall be given in several cases.
Case 1. [lz] > [|y[|.
(i) lyll = d||=||. From Lemma 2.9, we know that:

(a)
x+y|§wﬂy+mu(1 ZWMI)

NEET
or
") 21y
Y
e~y < (] + ||y|>(1 - )
Tl + o]
holds.

In case (a), we have
kh ih
M{— M- —
(e +ol) + 31 (22 e =)
kh 26|yl D ) ( kh )
<M 1— IV LE
- (k+h< Hﬂ%H@|w“HWMD+ s g )

28yl h ek
: (1 $||+y||>[k+hM(k” ll>+k+hM<h||y||>]

b M) + M aly )

k+h k+h
sl >[ h . ]

=2(1- M(k||) + ——M(h
( Tol + 1) [ Ml + 5= MRly)

dd|| ){ h k }
<2(1- Mkl + —F v
- ( et apan ) o™ Ellel + 5 MRl

2(1- 15 ) [T MOl + i M|
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In case (b), in the same manner, we obtain

k kh
(o) + 00 (e =

od h k
<
2(1 T d) {k hM(k:HzH) + A hM (hllyl)

(if) [yl < dljz[]. Since

h b 1 b+ 1
M+ < ——(1 =
A )—1+b< +b(b+2)) b+2’°

then

(22) o+ 0) <5( 1) = o

Since ||z|| < ug/b, k € (1,b), then k||z| < ug, and, from (2.1) and (2.2),
we have

kh kh
(ol ) + 31 (e - )

<2M<kkhh(”$|+“y”)> M(k’ihh(ud)xII)

<2t () sl

<2t 3 (5 = 1) oy Mkl

=230+ 5 ) g MGkl
h k
<2( 500+ 3 ) [ M Ellel) + g MChl)

Setting

1 1 od
r—max{2ﬂ0+27l— 1+d}7

we have that r € (0,1). Thus, if ||z]| > ||y||, then we have



646 ZHONGRUI SHI AND YU WANG

k kh
m (e o) + 0 (e ol )

h k
< e .
< 2 MRl + e Al )

k+h
Case 2. ||z|]| < |ly|l. As in Case 1, we can prove that r € (0,1), and
therefore,

kh kh
M —
(gl o)+ v (e = )

h k
< -
< 2 MElel) + el |- O

3. Main results.

Lemma 3.1. Denote

l/];(X*) = {v : for allu € [A;(X) with pyr(u) < oo;

‘Z ‘ < 00 holds}

and, for any v € Z/J\\r(X*), define

|lv|| = sup { Z(u(z),v(z)} s for allu € ZTV;(X) with par(u) < 1}.

i=1

Then, ||v|| < oco.

Proof. Suppose that there exists a v € E;(X ) such that ||v||

For each n, we choose u,, € l;;( X) with pas(un) < 1 and {u,(7),v(i ))
0 for all ¢ € N such that 22, (u,(i),v(i)) > 2". Letting g,
¥ U, /2™, we deduce

ZMngn ) =ZM( ot
=1 =1
<3 >0 MU OD _ $ LS Ar(funtol) < 1.

i=1 m=1 m=1 i=1

I I\/.

U (i)
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Since |E5°, (um (i), v(i))| < oo, for all m € N, then

DIEURTONES S5 SEIMORTT)

oo

> (gn(i), 0(i)) =

i

i=1 i=1 m=1 i—1 m—1
n 1 oo . . n 1 -
=D gw 2 (um(@)v(@) > Y o2 =n.
m=1 i=1 m=1

Let g = ¥2° ;u,, /2", in which g(i) = 222 ;u,(i)/2"™ converges in the
norm of X for each i € N. From Levi’s lemma [16, page 87, Theorem
10], we get

pute) = M= 01 (| 3
<ZM(ZHU ﬁ) >_nlgréon<Z ||um )
< tim 3 57 MO0 iy 5 S w0l <

i=1 m=1 m=1

However, since (u,(i),v(:)) > 0 for all n, 7 € N, again by Levi’s lemma,
it follows that

oo

Do) =3 lim (9(0)0(0)) = lim > {gn(i)w(i))= lim n=oo,

=1

a contradiction to v € Z/IE(X*) O
Lemma 3.2. Ifv € l/];(X*) and ||v|| <1, then pn(v) < |v]|.

Proof. First, we will prove that X5, M (g4 (|lv(é)]])) < 1,if |jv] < 1.
Otherwise, suppose

> Mg (@) > 1

such that there exist an ng € N and a positive D such that

1<) M(g:([lo(i)]) < D < oo

i=1
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Given any € > 0, for i € {1,2,..., no}, there exists a w(i) € S(X)

such that .

(w (@), v0) > 10Ol = 5=y
thus,
(a+ (0@ e (@), v(@) > g (@ DI = 0 W OD 3155
> ¢+ (@ DIl @)l - -

And,
WZﬁﬁﬁuwz‘D 2”42“ﬁ£¥&>»>
—22”53&%>L
Hence,

NGO
””>§:ST° qAW@W”m>

jij S oy D). o)

no

> < M%m 5 2 (as (@D - )

i=1

no
> M (g4 (J|v(e + N(||v( )
ST @; (I )1)) Z (o)) -

Taking € — 0, we obtain

o) 2 S 7o (ZM%m)n+ZNmn)

1 . -
>Z&Mmmwm;M%Mwm—

a contradiction to ||v]| < 1. Hence, 32, M (¢4 (|[v(9)])) <1
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Given any € > 0, for each i € N, there exists a w(i) € S(X) such

that
€

(w(@), v(@)) > [[lo(@)] - I’

Since £22, M ([lg (Jo(@)w(@)|]) = 2, M (g4 (Jo(@)]])) < 1, then

o]l >Z ¢+ ([o(@)[Nw(@), v(0))

> Y e o) () - 537577 )

i=1
> Zq+<uv(z'>|\>||v<z'>|| e

Taking € — 0, we obtain

ol = Z%(Hv(i)l\)llv(i)ll

tqu

Mg+ ([lv(@)1)) +ZNIIU )

N
Il
—

> ) N(lv@l) = pn(v). 0

Ir

Il
-

(2

Theorem 3.3. The space (hy(X))* is isometrically isomorphic to
Livy (X).

Proof. For any v € l(n)(X*), let f,(u) = 252 (u(i),v(i)) for all
u € hp(X). Thus, f, is linear. From Lemma 2.4, we know that

o0

Folu) =Y (u(@),0(@) < [lullarllollw,

i=1

whence f, € (ha(X))* and || fo|| < |Jv]|(n)-

Note that lim; o [|v(7)|| = 0 since v € Ix(X™*). We have that, for
any v # 0, there exists an ng € N such that, for all n > ng,
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lo(i )1 X
IvaIIZ (Ivall =5

lv( > 1 l
||vaZ (Ilfvl n2n S w

For all n, i € N, take u, (i) € S(X) such that

(n i), ) 2 )]~ ——,

whence

and set

o o (s

Then, u,, € hM( ) and

”HfUH”un”M [[tnl[ar-

va =T

From Young’s inequality and Lemma 2.2, we have

Il > ¢ vafu(un)
A Z<q+<

>o-(f7

(fvn); IIfUIIZ <|||7|va||>n;"

( (”f} ))“*ZNCHvaH)

”fv Z; ( >n2”

:ZM<”‘”(I|T< i )mon) “*ZN(lffﬂ, )

i=1

||U<i>||)u”(i>,v<z'>>
1) (01~ )
h

IIfUII

Lo
i
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(i )1
IvaIIZ (mn nz
= lfnllar *ZN(”fol”) o

that is, S, N(|o@)[/1£.]) < 1+ 1/n,

Taking n — oo, we obtain

S () <
I1fol
whence, from the definition of [|v||(ny, we know that |[v]|x) < || fol]-

Given any f € (hy(X))*, for all ¢ € N and 2 € X, define
(x, f(i)) = f(O,..., z, 0,...). It is easy to see that f(i) € X*, i € N.

Let vy = (f(l),f(?) ..). Before proving vy € vy (X™), we first claim
that Z‘]\-T/(X*) lN(X*) In fact, for v € lN(X ), there exists a A > 0

such that py(Av) < co. Then, for u € m(X) with par(u) < oo, we
have

> (@), o) < Y- ) (i)
= 5 3 @A)
< 5 (X mmon+ S voimen) <

whence, by the definition of l/];(X*), we know that v € l/];(X*) For
v € In(X*), v #0, from Lemma 3.1, we have 0 < ||v|| < co. Then,

HIUUHH = sup { i <u(i), m> : for all u€ iy (X) with pM(u)g1}

i=1

>/\>—‘

” ” sup{z sfor all u € [y (X ) with pas(u) Sl}

i=1
:M:

o]
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From Lemma 3.2, we know that py(v/|v||) < 1. From the definition
of lN( *), we have v € ZN(X*) Thus,

Iv(X7) = In(X7).
Second, for each u € I (X), if u, = (u(1),u(2),... 7u(n),O, ...) and
Up, :N(u(l) sgn(u(lLf(l)), ..,u(n)sgn{u(n), f(n)),0,...), we see that
Un, Un € har(X), [Jun|m < HunHM and

n

>0, 100 £ X 10, 1)

i=1

= Z )) sen(u(i), £(i))

= Z i) sgu(u(i), f(i)), f(2))
= If(un)l <Al ae

< A Mwnllar < flHlellar < oo.
Taking n — 0o, we obtain

(u(@), FE) < N Fllullar < o0

\'Dj

i=1
Therefore, vy € [(n)(X*).

For any u € hp(X), we have 6(u) = 0, and, from Lemma 2.1, we

have lim,, oo || — up | ar = 6(u) = 0. Therefore,

flw)= lim f(un) = lim Y (u(@), (D)) =Y _(uli), £(0)).
i=1 i=1
Thus, (has(X))* is isometrically isomorphic to I(n)(X™). O

Theorem 3.4. Given any u € S(Ip (X)), u is a uniformly non-square
point of Ipr(X) if and only if N € 02, and, for some iy € suppu := {i €
N : u(i) # 0}, the element u(ip)/||u(io)| is a uniformly non-square
point of X.
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Proof.

Necessity. First, suppose N ¢ J5. Then, by virtue of Lemma 2.7,
there exists a, N\, 0 such that N((1 + 1/n)a,) > 2""1N(a,) and
N(an) <1/2™ for all n € N.

For any n € N, take m,, € N such that

1

(3.1) i

<mpN(a,) < o

and, for u, from Lemma 2.5, we choose v,, € S(I(n)(X*)) such that

S @) llen(i) > 1~ -
=1

Then, take I,, € N such that

I
- . . 1
(3.2) D M@ llva @)l > 1 - -
=1
and In > In—l + Mmp_1.
Let
zn = (vn(1), ..., v, (1n),0,...),
N————
In,

choose z* € S(X*) and set
wy = (0,...,0,a,z",...,a,2",0,...),
—_——— ———
I, My
so that w, € h(y)(X*) and

Ly+my

. 1
py(wa)= Y Nllanz"|)) = maN(an) < 5,
i=I,+1
1 In+my, 1
v ((3)m) = 3 ([ ()]
" i=In41 n

> 2", N(a,) > 1.
Then,

1
1> ||lwy, > — .
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Let
_ 1
Uy = ————
1+1/n
We know from Lemma 2.3 that

iN(Hl/ fen?) > nan<1+1/n )

i=1,+1

Iy In+my,
1+1/n[;N||vn D+ > N(an)}

i=I,+1
<1 (142
“1+1/n 2

<1

(zn + wp).

From Theorem 3.3, there exists a {up }n C S(has(X)) such that

In+my, Ly+m,
(3.3) > Mun@lllwn@Il = D7 (un (), wa (i)
i=Ip+1 i=Ip+1

1
>(1=2)||w,
(1= 3wl
NN
- n/1l+1/n

Up = (0,...,0,un(In +1),...,un(In +my),0,...).
——

I, My,

where

From (3.1), (3.2), (3.3), Lemmas 2.3, 2.5 and Young’s inequality, we
have

et + ullar =l (8) + @)l ()]

=1

I,
= T L@ w1

Iy+my,

S ) + )] i >}

i=I,+1
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1 I, In+my
=3 1/n{ S @@l + S i @lhen(i
I,+my,
-y ||u<z'>|||wn<z'>||}
i=I,+1
1 1 1 1
= 1+1/n{1n+ <1n>1+1/n
I,+m
S [M<||u<z'>||>+N<||wn<i>>1}
i=I,+1
1 1 1 1
= 1+1/n{1_+ <1_>1+1/n
I,+my,
=Y M) - mnN<an>}
i=1,+1
1 1 1 1
= 1+1/n{1_+ (1 n)l-i—l/n
In+my, 1
=Y MO - g p 2 0o
i=I,+1

and

= ullar =Y un (@) — (@) [0 (0]
i=1

1+1/n —
I+my,
S ||un,<z'>u<z‘>||||wn<i>}
i=I,+1
1 I, In+my
> @ oa@l + 3 Nunl@)llwn ()]
I,+my,

S ||u<z'>|||wn<z'>||}

i=I,+1
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># 1 l_|_ 1 l ;
“1+1/n n n)l+1/n

In+my
= > M (u@)) + N(Ilwn(i))]}

i=I,+1

> 1 1 l—|— 1 l 1
“1+1/n n n)l+1/n

In,+my,
S M<||u<z'>|>—mnN<an>}

i=I,+1

> 1 1 l-i— 1 l !
“1+1/n n)l+1/n

Ly+ms,
= > M(Ju@l) - } n — co.

i=I,+1

This is a contradiction to u being a uniformly non-square point.

Second, suppose that, for any ¢ € suppu, u(i)/||u(i)| is not a uni-
formly non-square point. Then, for all n,i € N, there is a v, (i) € S(X)
such that [Ju(i)/[[u(i)|| + vn(d)[| = 2 —1/n and [Ju(i)/[lu(@)]| = vn(i)]| =
2 — 1/n. Equivalently, ||u(?) + ||u(@)|lva ()] > (2 = 1/n)||u(é)|| and
[u(@) = [[u(@on (D] = (2 = 1/n)[u(@)]

Set up = (lu(1)[vn(1), [u(2)]vn(2), .. .). Then, [[un|lar = [lullar = 1

since ||||u(@)||vn(9)|| = ||u(?)|| for all n, i € N. From Lemma 2.5, we have
l[un + ullar = Sup_ Z ([l[u(@)[[on (@) + u(@)][[lw(i)
pn (w)

%

ap 3 (2- 3 I

pN(w)<15 5

1 1
- (2—)u||M _o_ L
n n

l[un — ullar = Sup_ ZHIIU Mvn (i) = u(@) || [w()]

pn(w)<

> sup Z(2—)|u M@l = (2= 1)l =2~

pn(w)<15 5

and
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Taking n — oo gives |lu, + u|lpm — 2 and |lu, — ullps — 2. This is a
contradiction to u being a uniformly non-square point.

Sufficiency. From Lemma 2.6, we know that there exists a b > 0
such that sup{h € K(v) : ||v|]lss = 1} < b. For any v € S(I5;(X)) and
h € K(v), we have h > 1. Thus, for u and, any v € S(I3;(X)), and, for
any k € K(u), h € K(v), we have k,h € (1,b).

For v € S(Ip (X)), from Lemma 2.3, we know that 322, M (||v(4)]|)
< 1. Thus, we have

—1
Joti)] < p1() = M0

for all 7 € N.

Since u(ig)/||u(ip)|| is a uniformly non-square point of X, we know
from Lemma 2.10 that there exists an r € (0, 1) such that the inequality

futio) + o)) + 81 (5 i) ~ oCiol

(3.4) M(k:lilh

< Qr[k f_ 7 M (K |Ju(io)]) + k’th(mv(z'o)M

holds for all v € S(Ip (X)), where k € K(u) and h € K(v). Then, for
every v € S(I)(X)) and k € K(u), h € K(v), from Lemma 2.2 and
inequality (3.4), we have

lw +vllar + [ = vl[m

gkl;h{ur M(klfh( +v )>}+kkhh{1+ M(kk_fh( v))}

2 2 k+4h kh kh

PR T {pM(k+h(“+“)) +'0M(k+h(”_“)>}
2 2 k+h
"k h ' kh

AT (a0 + o) + X1 (i - i)

1740 i#i0

+ M(/ﬂﬁflh llu(io) + v(io)||> + M(,ﬁlh [|u(io) — v(l’o)ll)}
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< % N % n kl;h{z > []HhhM(lﬂu(i)I) 4 kf_hM(hlv(i))]

110
+or | M) + MO otio)])
= O + MGl
— 20 - T M) + i Moo}

<4201 = r) - M(k[luio)l) < 4= 2(1 = r)M([Ju(io)])

=2{2— (1 —r)M(|lu(io))}-

Let 0 = (1—r)M (||u(io)]||). Then, é € (0, 1) since M (||u(io)||),r € (0, 1).
Thus,
min{||u + v|| s, |lu —v|lar} <2 =06.

Hence, u is a uniformly non-square point of {5, (X). |
When X = R, if u € S(lp), then for ig € suppu, we have
u(ip)/||u(ip)]] = 1 or —1, which is a uniformly non-square point of R.

Thus, we obtain

Corollary 3.5. For u € S(lyr), u is a uniformly non-square point if
and only if N € do.

Theorem 3.6. The space Iy (X) is locally uniformly non-square if and
only if N € éo and X is locally uniformly non-square.
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Proof.

Necessity. If Ip(X) is uniformly non-square, that is, every u €
S(Ip(X)) is a uniformly non-square point, then from Theorem 3.4, we
know that N € ds.

Suppose that X is not locally uniformly non-square. Then, there
is an ¢ € S(X) which is not a uniformly non-square point of X.
Setting v = (2,0,0,...), we have u € [p(X) and suppu = {1}. If
ug = u/||ul|ar, then ug € S(ln(X)); however,

uo(1) a/|[ull s

Tuo T~ Ta/lfulladl ~

is not a uniformly non-square point of X. By Theorem 3.4, uq is not a
uniformly non-square point of {;(X), a contradiction.

Sufficiency. For u € S(lp(X)), we see that suppu # (). Since X is
locally uniformly non-square, then, for all ¢ € suppu, u(i)/||u(?)|| is a
uniformly non-square point of X. From N € §; and Theorem 3.4, we
know that w is a uniformly non-square point of I (X). O

Corollary 3.7. The space Ly is locally uniformly non-square if and
only if N € §s.

REFERENCES

1. G. Alherk and H. Hudzik, Uniformly non-lgll) Musielak-Orlicz spaces of
Bochner type, Forum Math. 1 (1989), 403—410.

2. S.T. Chen, Geometry of Orlicz space, Dissert. Math., Warsawa, 1992.

3. S.T. Chen and Y.W. Wang, The definition of normed linear spaces, Chinese
Ann. Math. 9 (1988), 330-334.

4. Y. Cui, H. Hudzik, M. Wista and K. Wlazlak, Non-squareness properties of
Orlicz spaces equipped with the p-Amemiya norm, Nonlin. Anal. 75 (2012), 3973~
3993.

5. P. Foralewski, H. Hudzik and P. Kolwicz, Non-squareness properties of Orlicz-
Lorentz sequence spaces, J. Funct. Anal. 264 (2013), 605-629.

6. J. Garcia-Falset, E. Llorens-Fuster and E.M. Mazcufia-Navarro, Uniformly
nonsquare Banach spaces have the fized point property for nonexpansive mappings,
J. Funct. Anal. 233 (2006), 494-514.

7. R. Grzaslewicz, H. Hudzik and W. Orlicz, Uniform non-l} property in some
normed spaces, Bull. Pol. Acad. Sci. Math. 34 (1986), 161-171.

8. H. Hudzik, Uniformly non-l} Orlicz space with Luzemburg norm, Stud. Math.
81 (1985), 271-284.



660 ZHONGRUI SHI AND YU WANG

9. H. Hudzik, Some class of uniformly non-square Orlicz-Bochner spaces, Com-
ment. Math. Univ. Carolin. 26 (1985), 269-274.

10. , Locally uniformly non-l} Orlicz space, Rend. Circ. Mat. Palermo
10 (1985), 49-56.

11. H. Hudzik, A. Kaminska and W. Kurc, Uniformly non-l}, Musielak-Orlicz
spaces, Bull. Pol. Acad. Sci. Math. 35 (1987), 441-448.

12. R.C. James, Uniformly nonsquare Banach spaces, Ann. Math. 80 (1964),
542-550.

13.
419.

14. A. Kamifiska and B. Turett, Uniformly non-l1'(n) Orlicz-Bochner space,
Bull. Pol. Acad. Sci. Math. 35 (1987), 211-218.

15. M.A. Krasnosel’skil and Y.B. Rutickii, Convezx functions and Orlicz spaces,
P. Noordhoff Ltd., Groningen, 1961.

16. H.L. Royden, Real analysis, Macmillan, New York, 1988.

17. S.Q. Shang and Y.A. Cui, Uniformly nonsquareness and locally uniform
nonsquareness in Orlicz-Bochner function spaces and applications, J. Funct. Anal.
267 (2014), 2056—2076.

18. Z.R. Shi and Y.J. Wang, The nonsquare point of Orlicz-Bochner squence
spaces, Southeast Asian Bull. Math. 41 (2017), 249-258.

19. , The locally uniformly non-square points of Orlicz-Bochner sequence
spaces, Math. Nachr. 290 (2017), 920-929.

20. K. Sundaresan, Uniformly non-square Orlicz spaces, Nieuw Arch. Wiskd.
14 (1966), 31-39.

21. T.F. Wang, Z.R. Shi and Y.H. Li, On uniformly nonsquare points and non-
square points of Orlicz spaces, Comment. Math. Univ. Carolin. 33 (1992), 477-484.

22. D.W. Zhang, Nonsquareness of Orlicz-Bochner spaces, Arch. Shanghai
University, Shanghai, 2009.

, Super-reflexive spaces with bases, Pacific J. Math. 41 (1972), 409-

SHANGHAI UNIVERSITY, DEPARTMENT OF MATHEMATICS, SHANGHAI 200444, CHINA
Email address: zshi@shu.edu.cn

SHANGHAI UNIVERSITY, DEPARTMENT OF MATHEMATICS, SHANGHAI 200444, CHINA
Email address: kdwangyul@126.com



