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TATE COHOMOLOGY OF
GORENSTEIN FLAT MODULES
WITH RESPECT TO SEMIDUALIZING MODULES

JIANGSHENG HU, YUXIAN GENG AND NANQING DING

ABSTRACT. We study Tate cohomology of modules over
a commutative Noetherian ring with respect to semidualizing
modules. First, we show that the class of modules admitting
a Tate Fe-resolution is exactly the class of modules in B¢
with finite GF c-projective dimension. Then, the interaction
between the corresponding relative and Tate cohomologies of
modules is given. Finally, we give some new characteriza-
tions of modules with finite Fo-projective dimension.

1. Introduction. Tate cohomology originated from the study of
representations of finite groups. It was created in the 1950s, based
on Tate’s observation that the ZG-module Z with trivial action admits
a complete projective resolution, and has recently been revitalized by
a number of authors (see, for example, [1, 2, 7, 23]).

Over a commutative Noetherian ring R, a finitely generated R-
module C' is semidualizing [12] if the natural homothety morphism
R — Hom(C,C) is an isomorphism and Ext”Z!'(C,C) = 0. Fur-
thermore, a semidualizing module C' is dualizing if it has finite in-
jective dimension. A semidualizing R-module C gives rise to several
distinguished classes of modules; for instance, one class Po (F¢) of
C-projective (C-flat) modules and another class GP¢c (GF¢) of C-
Gorenstein projective (C-Gorenstein flat) modules. Detailed definitions
can be found in Section 2.

In [23], Sather-Wagstaff, Sharif and White generalized the work of
Avramov and Martsinkovsky [2] to arbitrary abelian categories. As
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an application, they proved that an R-module M has a Tate Pco-
resolution if and only if M € Be with GPo-pd(M) < oo (see [23,
Theorem A, Lemma 2.9]). Based on Tate Pc-resolutions, one may
define the Tate cohomology of modules in B¢ with finite C'-Gorenstein
projective dimension. It is natural to consider the Tate cohomology of
modules in B¢ with finite C-Gorenstein flat dimension.

The first step in studying Tate cohomology of modules in Be with
finite C-Gorenstein flat dimensions is to give an appropriate resolution.
Let

Hoe={M|M=C®G with G € Ac NC},

where A¢ is the Auslander class and C is the class of cotorsion R-
modules. It is shown that every R-module M in B has a monic
Hc-envelope € : M — B with coker(e) € F¢ (see Proposition 3.4).
This fact lets us give the definition of Tate Fo-resolutions of M (see
Definition 3.5).

The next result characterizes the modules which admit Tate Fo-
resolutions. It is contained in Theorem 3.10.

Theorem 1.1. Let R be a ring. Then an R-module M has a Tate
Fo-resolution if and only if M € Bo with GFo-pd(M) < oo.

We have an R-module M with a Tate F¢-resolution
T—W-—B~<— M.

We use the complex W to define the relative cohomology functors
Extgz.(B,—) and Ext’s_(B,—). The complex T is used to define the

Tate cohomology functors E)?DZ_—C (M, —) (see Definition 4.2). These co-
homology functors are connected by the next result. See Theorem 4.6.

Theorem 1.2. Let M be any R-module in Be with GFo-pd(M) <
n < 0o. For each R-module N, there is a long exact sequence

¢'(B.N)
OHExtg}-C(B N)*>Ext]_-c(B N)*>Ext]_- (M,N)

E 2 5( N)
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"(B,N —n
Bt (B, N) “ M Bt (M, N) ——= Exty, (M, N)

— 0,

where € : M — B is an Hc-envelope of M.

The next result shows that vanishing of the Tate cohomology functor

E/)x\t;l-c(—, —) characterizes the finiteness of Fc-projective dimension.
See subsection 4.1 for the proof.

Theorem 1.3. Let M be an R-module in Be with GFc-pd(M) < oo
and e : M — B an Hg-envelope M. Then the following are equivalent:

(i) Fo-pd(M) < oo
—n
(ii) Extr, (M, N) =0 for each (or some) n € Z and each R-module

(iii) E/)x\t;l-c(M, N) =0 for somen € Z and any N € Hc;

(iv) E}RZ—C(N,B) = 0 for each (or some) n € Z and each N €
BeNGFe;
—0

(v) Extr, (M,B)=0.

As a consequence of Theorem 1.3, we give a necessary and suffi-
cient condition for an Artinian ring to be semisimple; moreover, we
prove that a local Gorenstein ring (R, m, k) is regular if and only if

_— 0
Extr(k,B) = 0, where ¢ : k — B is a cotorsion envelope of k, see
Corollaries 4.13 and 4.15.

We conclude this section by summarizing the contents of this paper.
Section 2 contains notation and definitions for use throughout this
paper. Section 3 focuses on the construction of Tate Fg-resolutions.
In Section 4, we consider Tate F¢-cohomology of modules in Bg with
finite C-Gorenstein flat dimension and prove Theorem 1.3.

2. Preliminaries. Throughout this paper, R is a commutative Noe-
therian ring and C is a semidualizing R-module. We write Mod(R)
for the class of R-modules and F, C and GF ¢ for the classes of flat,
cotorsion and C-Gorenstein flat R-modules, respectively. For any R-
module M, pd(M), {d(M) and id(M) stand for projective, flat and
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injective dimensions of M, respectively. Hom(M, N) (M ® N) means
Homp(M,N) (M ®pg N) for all R-modules M and N.

Next, we recall the basic definitions and properties needed in the
sequel. For more details, the reader may consult [2, 5, 8, 15].

In the following, we let X be a class of R-modules.

2.1. Covers and envelopes. Let M be an R-module. A homomor-
phism
¢o: M —C

with C' € X is called an X-preenvelope of M if, for any homomorphism
f: M — C" with C" € X, there is a homomorphism g : C — C’ such
that g¢ = f. Moreover, if the only such g are automorphisms of C
when C’' = C and f = ¢, the X-preenvelope ¢ is called an X -envelope
of M. The class X is called (pre)enveloping if every R-module has an
X-(pre)envelope. Dually, we have the definitions of an X-precover and
an X-cover.

2.2. Complexes. We let C(R) be the category of chain complexes of
R-modules, and we use subscripts [, 1 and U to denote boundedness
conditions. For example, CH(R) is the full subcategory of C(R) of
right-bounded complexes. If X; = 0 for ¢ # 0, we identify X with
the module in degree 0, and an R-module M is said to be a complex
0 — M — 0, with M in degree 0. To every complex

o X
1 '
X=-—Xn—X,—=X,-1—

in C(R), the nth homology module of X is the module

ker(9;%)
HalX) = im(ar)z(+1).

We also set Z,(X) = ker(9;), B,(X) = im(8;),;) and C,(X) =
coker(9:, ;). We write X5, for the subcomplex of X with ith compo-
nent equal to X; for ¢ > n and to 0 for i < n. We set X<, = X/ X5, 11
and X<, = X<n—1. The ith shift of X is the complex %'X with nth
component X,,_; and differential 95X = (—1)!9:X_,; we write ©X in-
stead of X1 X.



TATE COHOMOLOGY OF GORENSTEIN FLAT MODULES 209

A homomorphism ¢ : X — Y of degree n is a family of (¢;);ez of
homomorphisms of R-modules ¢; : X; — Y;4,. In this case, we set
|| = n. All such homomorphisms form an abelian group, denoted by
Hom(X,Y),; it is clearly isomorphic to

H Hom(X;, Yiin).
1€Z

We let Hom(X,Y") be the complex of Z-modules with nth component
Hom(X,Y),, and differential

A(p) =0V — (—1)l?lpoX.

For any i € Z, the cycles in Hom(X,Y); are the chain maps X — Y of
degree i. A chain map of degree 0 is called a morphism. Two morphisms
B and B’ in Hom(X,Y)o are called homotopic, denoted by 5 ~ 3, if
there exists a degree 1 homomorphism v such that d(v) = 8 —f'. A
homotopy equivalence is a morphism ¢ : X — Y for which there exists
a morphism ¢ : Y — X such that ¢ ~ idy and ¢ ~idx.

A quasi-isomorphism ¢ : X — Y is a morphism such that the
induced map

is an isomorphism for all n € Z. The complexes X and Y are equivalent
[5, page 164, A.1.11] and denoted by X ~ Y, if they can be linked
by a sequence of quasi-isomorphisms with arrows in the alternating
directions.

A complex M is Hom(X,—) ezact if the complex Hom(X, M) is
exact for each X € X. Dually, the complex M is Hom(—, X') exact if
Hom(M, X) is exact for each X € X.

Definition 2.1 ([24]). Let X be a complex. When X_,, = 0 = H,(X)
for all n > 0, the natural morphism X — Hy(X) = M is a quasi-
isomorphism. In this event, X is an X' -resolution of M if each X,, € X,
and the associated exact sequence

Xt=. 25X, — - —X; —Xg—M-—0

is the augmented X -resolution of M associated to X. An X-resolution
is proper if Xt is Hom(X, —) exact.
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The X -projective dimension of M is the quantity
X-pd(M) = inf{sup{n > 0 | X,, # 0} | X is an X-resolution of M}.

We let X be the subcategory of module M with X-pd(M) < co. For
a non-negative integer n, we set res XS as the class of R-modules M
with X-pd(M) < n. Note that the modules of X-projective dimension 0
are exactly the modules of X.

Definition 2.2 ([14]). Let M be an R-module. If M has a proper
X-resolution X — M, then, for each integer n and each R-module N,
the nth relative cohomology group Exty (M, N) is

Ext? (M, N) = H_, (Hom(X, N)).

If we choose X to be the class P of projective R-modules, then
Ext’n (M, N) defined here is exactly the classical cohomology group
Extk (M, N).

For an object M € Mod(R), write M € +X if Extil(M, X) =0 for
each X € X. Dually, we can define M € X'+,

Definition 2.3 ([5, 10]). Let C be a semidualizing module.

The Auslander class Ac with respect to C' consists of R-modules M
satisfying:

(i) Torgl(C, M) =0 = Ext7!(C,CoM), and

(ii) the natural map pupr : M — Hom(C,C®M) is an isomorphism of
R-modules.

The Bass class Bc with respect to C' consists of R-modules N
satisfying

(i) Extz'(C,N) = 0= Tor%,(C,Hom(C, N)),
(ii) the natural map vy : C® Hom(C, N) — N is an isomorphism of
R-modules.

Fact 2.4.

(i) The classes A¢ and Be are closed under extensions, kernels of
epimorphisms, cokernels of monomorphisms and summands, see
[17, Proposition 4.2, Corollary 6.3].
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(ii) An R-module M € Ac¢ if and only C® M € Bc, see [10,
Proposition 2.1].

(iii) An R-module N € B¢ if and only Hom(C, N) € A¢, see [10,
Proposition 2.1].

Definition 2.5 ([15, 17, 24]). Let C be a semidualizing module.
Then:

(i) the class of C-projective (respectively, C-injective, C-flat and
C-flat C-cotorsion) R-modules, denoted by P¢ (respectively, Z¢, Fe,
FE&), consists of those R-modules of the form C'® P (respectively,
Hom(C, I), C®F, C®Q) for some projective R-module P (respectively,
injective R-module I, flat R-module F, flat and cotorsion R-module G).
According to [24, Lemma 4.3],

F&' = FenFot.

(ii) A complete FFc-resolution is an exact sequence
X:o.—F —F—CF —wC®F'— ...

of R-modules with each Fj, F* flat, and Hom(C,I) ® X is an ex-
act sequence for any injective R-module I. An R-module M is C-
Gorenstein flat if there exists a complete FJF-resolution as above
with M 2 coker(F; — Fp).

(iii) A complete PP c-resolution is an exact sequence
X:--—P —P—CP" —=CeP' — ...

of R-modules with each P;, P? projective, and Hom(X,C ® P) is an
exact sequence for any projective R-module P. An R-module M is
C-Gorenstein projective if there exists a complete PP c-resolution as
above with M 2 coker(P; — P).

For convenience, we write GPo and GF¢ for the classes of C-
Gorenstein projective and C-Gorenstein flat R-modules, respectively.

Remark 2.6. We note that augmented proper left GF c-resolutions
are exact since every projective R-module is in GF ¢.
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3. Constructions of Tate Fo-resolutions.

Lemma 3.1. The class
He={M|M=C®G with G € AcNC}

is closed under direct summands, extensions and cokernels of monomor-
phisms.

Proof. To prove that He is closed under direct summands, we
consider any split exact sequence

0—M —CoG—M"—0

of R-modules with G € Ac NC. Since G € A¢, we have G =
Hom(C,C ® G) and C ® G € B¢ by [10, Proposition 2.1]. Thus,
both M’ and M" are in B¢ by [17, Proposition 4.2 (a)], and hence,
M’ = C ®Hom(C, M) and M" = C @ Hom(C, M"). So, Hom(C, M)
and Hom(C, M"") are in Ac by [10, Proposition 2.1].

Applying Hom(C, —) to the exact sequence 0 - M' - C® G —
M" — 0 above, we have a split exact sequence

0 — Hom(C, M') — G — Hom(C, M") — 0.

Note that G is cotorsion by hypothesis. Then, Hom(C,M') and
Hom(C, M") are cotorsion. Hence, M’ and M" are in He. Thus,
Hce is closed under direct summands.

It remains to show that H¢ is closed extensions and cokernels of
monomorphisms. Let

0—CQ®L— M, — My —0

be an exact sequence of R-modules with L € Ac NC. Then L =
Hom(C,C ® L). Assume that Ms € He. It follows that My = C ® Lo
for some Ly € AcNC. Thus, Ly =2 Hom(C,C ® Ly) = Hom(C, M3).
Applying Hom(C, —) to the above exact sequence 0 - C ® L — M; —
Ms — 0, we obtain an exact sequence

0 — L — Hom(C, M;) — Hom(C, My) — 0.

Since C is closed under extension by [27, Proposition 3.1.2], Hom(C, M)
is cotorsion. Note that Hom(C, M) € Ac by the above proof. Then
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Hom(C, M;) € Ac by [17, Theorem 6.2]. Thus, M; € B¢c by [10,
Proposition 2.1], and hence,

M1 ~C & HOHI(C, Ml)

So M; € He and He is closed under extensions. Similarly, we can
prove H¢ is closed under cokernels of monomorphisms by noting that
C is closed under cokernels of monomorphisms. O

Lemma 3.2. Let R be a ring. Then Ho = Be N Fot.

Proof. Let M be an R-module in He. Then M =2 C ® G for some
G € AcNC. Tt follows that M € Be by [10, Proposition 2.1]. For any
flat R-module F, we have Ext'(C® F,C®G) = Ext*(F,G) = 0 by [17,
Theorem 6.4 (1)]. Thus, M € Fot. So M € BenFeot.

For the reverse containment, let M € Be N Fet. Then M =2 C ®
Hom(C, M). Tt follows from [10, Proposition 2.1] that Hom(C, M) €
Ac. By [13, Theorem 4.1.1 (a)], there is an exact sequence

0 — Hom(C,M) — G — L —0

of R-modules with G cotorsion and L flat. Hence, G € A¢ by [17,
Theorem 6.2]. Applying C ® — to the exact sequence above, we have
an exact sequence

0—M—>CG—C®L—0

with C ® G € He. Note that M € Fot by hypothesis. Then the
previous exact sequence is split. Thus, M € Hc by Lemma 3.1. O

Remark 3.3. It follows from Lemma 3.2 that F&' C He. However,
F&' # He in general. For instance, let k& be a field and R =
k[[z®, 2%, 25)]. By [10, Example 3.3], the R-submodule C' of k[[x]]
generated by z and z? is semidualizing with id(C) = 1. We claim
that F&' # He. Indeed, if FE' = He, then RT € FEP' by noting
that every injective R-module is in H¢. Thus, R is C-injective by [24,
Lemma 4.1 (a)], and hence, C is injective by [25, Lemma 2.11 (b)].
This yields the desired contradiction.
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Proposition 3.4. Let M be an R-module in Bo. Then M has a monic
Hc-envelope
e:M — B

with coker(g) € Fo.

Proof. The proof is modeled on that of [17, Proposition 5.3 (a)].
Note that M € Bo. Then

vy : C @ Hom(C, M) — M

is an isomorphism. It follows from [10, Proposition 2.1] that Hom(C, M)
€ Ac. By [13, Theorem 4.1.1 (a)], Hom(C, M) has a cotorsion enve-
lope

8 :Hom(C,M) — G

with coker(8) flat. Thus, G € A¢ by [17, Theorem 6.2]. Set
B = C®G. Then B € H¢. Define € to be the composition
homomorphism

Vfl
M 2y ¢ @ Hom(C, M) °25 B.
Note that

0 — Hom(C, M) 26— coker(8) — 0

is an exact sequence of R-modules with coker(5) flat. Then C ® 3 :
C ® Hom(C,M) — B is monic with coker(C ® ) € Fc. Thus,
€ : M — B is a monomorphism with coker(¢) € F¢. It remains to
show that ¢ is an H¢-envelope.

First, we show that ¢ is an Ho-preenvelope. Let f : M — U be
a homomorphism with U € H¢. Note that Ext!(coker(e),U) = 0 by
Lemma 3.2. Then the sequence,

0 — Hom(coker(e),U) — Hom(B,U) — Hom(M,U) — 0,
is exact. Thus,
Hom(e,U) : Hom(B,U) — Hom(M, U)

is epic. Therefore, there is a homomorphism ¢ : B — U such that
f=goe.
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Next we let U = B, f =¢ and ¢ = p oe. By [17, Observation 4.1],
we have the following identity:

HOHI(C, VM) o lu’Hom(C.,M) = idHom(C,M)~

Then we obtain the commutative diagram:

Hom(C, M) d G

Hom(C,uMl)\L uluc

Hom(C, C @ Hom(C, M)) Hom(@O95) Hom(C,C ® G).

Note that pug is an isomorphism. Thus, we have:

8= pg' o Hom(C,C @ ) o Hom(C, vy
— g o Hom(C, (C ® B) o vy;))

= pg' o Hom(C,e)

= pug' o Hom(C, ¢) o Hom(C, )

= pug" o Hom(C, ¢) o Hom(C, C ® B) o Hom(C, v};")

= uél o Hom(C, ) o pug o B.
Since (3 is a cotorsion envelope, uél o Hom(C, ¢) o ug is an automor-
phism. Hence, Hom(C, ¢) is an isomorphism. Applying Hom(C, —) to
the exact sequence 0 — ker(p) — B % B of R-modules, we obtain an
exact sequence:

Hom(C <p)

0 —— Hom(C, ker(p)) — Hom(C, B) —— Hom(C, B).

Note that Hom(C, ker(¢)) = 0 since Hom(C, ¢) is an isomorphism. It
follows from [17, Proposition 3.1] that ker(¢) = 0. Thus, ¢ : B — B
is a monomorphism. Applying Hom(C, —) to the exact sequence,

0 — B 5 B — coker(p) — 0

of R-modules, we have an exact sequence:

Hom(C,¢)
—_—

0 —— Hom(C, B) Hom(C, B) — Hom(C, coker(y)) —— 0.
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Since Hom(C, ) is an isomorphism, Hom(C,coker(¢)) = 0. Thus,
coker(¢) = 0 by [17, Proposition 3.1], and so ¢ is an isomorphism.
This completes the proof. O

Definition 3.5. Let M be an R-module. A Tate Fg-resolution of M
is a diagram

T-5>W-3%B<M
of morphisms of complexes satisfying:

(i) € : M — B is a monic Hc-envelope of M such that coker(e) € Fe;

(i) o: W — B is an F&*-resolution of B such that C;(W) € H¢ for
every 1 =0,1,...;

(iii) T is an exact complex with each entry in F&* and Z;(T) € GF¢
for all ¢ € Z;

(iv) 7 : T — W is a morphism such that 7; is bijective for all ¢ > 0.
A Tate Fg-resolution is split if 7; is a split epimorphism for all
1€ Z.

Recall that an R-module M is called Gorenstein flat [9] if there is
an exact sequence

F:--.—F —F—F —F —..

of flat R-modules with M 2 im(F, — F°) such that I ®p F is exact
for every injective R-module I. Denote by GF the class of Gorenstein
flat R-modules.

Remark 3.6. Let C' = R in Definition 3.5. We have the notion of a
Tate F-resolution of an R-module M, that is, a Tate F-resolution of
M is a diagram
T-5>W-3%B< M

of morphisms of complexes, where € : M — B is a cotorsion envelope
of M, « : W — B is an F N C-resolution of B such that C;(W) is
cotorsion for every ¢ = 0,1,..., T is an exact complex with each entry
in FNC and Z;(T) € GF for alli € Z and 7 : T — W is a morphism
such that 7; is bijective for all i > 0.

Lemma 3.7. Let R be an R-module. Then the following are equivalent:
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(i) M € Bc NGF¢;
(i) There exists a Hompg(Pc,—) ezact and Homp(—, F&') ezact
exact sequence

e — T — Ty —T 1 — T g —---

with T; € Fe for all i € Z such that M = im(Ty — T-1);
(iil) M € Bec NLFEY, and there exists a Hom(—, FEY) exact exact
sequence
0—M-—A)— A1 — -

with A; € FE' for all i < 0.

Proof.

(i) < (ii) holds by [24, Definition 3.12, Proposition 6.4].

(i) = (iii) follows from [24, Lemmas 5.1 and 5.6].

(iii) = (i). By (iii), there is a Hom(—, F&*) exact exact sequence
X:o-—F —F—CF  —-CoF' — ...

of R-modules with each F;, F* flat and M 2 coker(F} — Fp). Let
E be any C-injective R-module. Then Homyz(E, Q/Z) € F&* by [24,
Lemma 4.1(d)]. Note that

Homz(E ® X, Q/Z) = Hom(X, Homz(E, Q/Z)).
Since Hom(X, Homy(E,Q/Z)) is exact by hypothesis, £ ® X is exact.
Thus, M is C-Gorenstein flat. This completes the proof. O

Remark 3.8. We note that the class of R-modules satisfying Lemma
3.7 (ii) was denoted by Hco(Fe) [24, Definition 3.12].

Proposition 3.9. Let M be an R-module. Then the following are
equivalent for any non-negative integer n:

(i) M € Be and GFc-pd(M) < n;
(ii) for any exact sequence

i — A — Ay — M —0

of R-modules with each A; in F¢, the cokernel
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L, = coker(Ap,11 — 4,)

belongs to GF ¢ N Be;
(iii) M € Be and GFc-pd(e(M)) < n, where e : M — (M) is an
Hce-envelope of M.

Proof.

(i) = (ii). Let --- - A1 — Ag — M — 0 be an exact sequence of R-
modules with each A; in F¢. Since M is in B¢, L; = coker(A;+1 — A;)
isin F¢ for any i =0,1,2,.... Thus,

-+ — Hom(C, A;) — Hom(C, Ag) — Hom(C, M) — 0
is an exact sequence with each Hom(C, A;) flat. Since GF-pd(Hom(C,
M)) < n by (i) and [15, Theorem 4.4], coker(Hom(C,A,1+1) —

Hom(C, A,,)) is Gorenstein flat by [6, Theorem 3.5]. Thus, Hom(C, L,,)
is Gorenstein flat by noting that

Hom(C, L,,) = coker(Hom(C, A,,+1) — Hom(C, A,)),
and so L,, is C-Gorenstein flat by [15, Theorem 4.4], as desired.
(ii) = (i) is trivial.
(i) = (iii). Let ¢ : M — &(M) be an Hc-envelope of M. By
Proposition 3.4, the sequence

0— M — (M) — coker(e) — 0

of R-modules is exact with coker(¢) € Fe. Thus, (iii) holds by [3,
Theorem 2.11] and [15, Theorem 2.16], as desired.

(iii) = (i). The proof is similar to that of (i) = (iii). O

We are now in a position to state and prove the next result which
contains Theorem 1.1 from the introduction.

Theorem 3.10. Let M be an R-module. Then the following are
equivalent for any non-negative integer n:

(i) M € Be and GFc-pd(M) < n;
(ii) M has a Tate Fe-resolution

T-5>W-3%B<M
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such that T; is bijective for all i > n;
(iii) M has a split Tate Fe-resolution
T-5>W-3%B<M

such that ; is bijective for all i > n.

Proof.

(i) = (ii). Since M € Bo, M has a monic Hc-envelope € : M — B
such that coker(e) € F¢ by Proposition 3.4. By Lemma 3.2 and
[24, Lemma 4.5], B has an Fg&*-resolution o : W — B such that
C;(W) € H¢ for every i = 0,1,.... Thus, C,(W) € BcNGF¢ by
Proposition 3.9, and hence, there exists a Hompg(—, F&') exact exact
sequence

0 —C,(W)—Ag— A1 —> -+

with A; € F&* for all ¢ < 0. Let X = Y ~1X, where X is the complex
0—Ag—A_1— .

Thus, there exists a morphism ~ : X - W<, such that the diagram:

OHCn(W) )?nfl )?an -

l’Ynl anz

0—— CTL(W) — Wy —— W,y —— -

commutes. Let T' be the complex obtained by splicing Ws,, and X
along C,(W). It may easily be checked that T is an exact complex
with each entry in F&** and Z;(T') € GF¢ for each i € Z. Set

Yi for i < n,
Ti =
! idw, fori>n.

Thus, 7: T'— A is a morphism, and so the diagram
T->W-%B<-M

is a Tate Fg-resolution.
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(ii) = (iii). The proof is modeled on that of [23, Lemma 3.4 (1)].
By (ii), there exists a Tate Fc-resolution

e

TOT =W 2% B<M

such that Ti(l) is bijective for all i > n. Let T?) = X~! Cone(idy <, ).
Then T® is contractible and Ti(z) = 0 for each i > n. Thus, T is
an exact complex with each entry in F&* and Z;(T) € F&* for all
i € Z by [24, Lemma 4.4]. Let f : T®) — W denote the composition
of the natural morphisms

7@ — »-1 Cone(idw <) — Wep — WL

Note that f; is a split epimorphism for each i < n, and f; = 0 for each
i > n. Let

T=7WL g1®
and

Ti = (Ti(l) fi)-

One easily checks that 7 is a morphism such that each 7; is a
split epimorphism and 7; is bijective for all ¢ > mn. Therefore,

T -5>W % B<-— M is a split Tate Fc-resolution, as desired.
(iii) = (i). By (iii), M has a split Tate Fc-resolution
T-5>W-3%B<M

such that 7 is bijective for all ¢ > n. Then GFc-pd(B) < n by
Proposition 3.9. Note that € : M — B is a monic Hg-envelope of
M such that coker(e) € Fo. Then M € Be. So GFo-pd(M) < n by
Proposition 3.9. This completes the proof. O

Corollary 3.11. Let R be a ring. Then an R-module M has finite
Gorenstein flat dimension if and only if M has a Tate F-resolution

T—W-—DB<—M.
Proof. The result holds by Remark 3.6 and Theorem 3.10. (]

We end this section with the next remark.
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Remark 3.12. It would be interesting to compare the results of Corol-
lary 3.11, [1, Theorem 3.7] and [2, Theorem 3.1]. More specifically, an
R-module M has finite Gorenstein flat dimension if and only if M has
a Tate F-resolution

T—W-—-=B~<—M

by Corollary 3.11; M has finite Gorenstein projective dimension if and
only if M has a Tate projective resolution (or complete resolution)
T — P — M by [2, Theorem 3.1]; M has finite Gorenstein injective
dimension if and only if M has a Tate injective resolution (or complete
coresolution) M — E — T by [1, Theorem 3.7]. Motivated by the fact
that Tate projective resolutions can be used to define Tate cohomology
based on projective modules, one can define Tate cohomology based
on flat modules by using Tate F-resolutions. This observation may be
viewed as an illustration of the usefulness of Tate F-resolutions.

4. Tate Fc-cohomology. We begin with the next lemma.

Lemma 4.1. Let
T-5>W3B<E M
and
T 1>W/ g-B/éM/
be Tate Fc-resolutions of M and M', respectively. For each morphism

of modules pn : M — M’ there exists a morphism 1 making the right-
hand square of the diagram

T—>W-—2sB<° M

Pk

T W B <= M

commute; for each choice of 1, there exists a morphism i, unique up
to homotopy, making the middle square commute; for each choice of Tt
there exists a morphism [i, unique up to homotopy, making the left-hand
square commute up to homotopy.

If p=1idyy, then @ and @ are homotopy equivalences.
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Proof. Since € : M — B is an Hc-envelope and B’ € H¢, there
is a homomorphism g : B — B’ such that ¢’ oy = i oe. Note that
o W' — B is an F&'-resolution of B’ such that C;(W’) € H¢ for
every ¢ =0,1,2,.... Then

’
«

0 — ker(a/) — W' = B' — 0
is exact in C(R) with ker(a’) € Co(R) such that ker(a’) is Hom(F¢, —)
exact. Thus, Hom(W, ker(a')) is exact by [6, Lemma 2.4], and hence,

Hom (W, ') : Hom(W, W') — Hom(W, B’)

is an epic quasi-isomorphism. It follows from [2, 1.1 (1)] that there is
a unique, up to homotopy, morphism 7 such that o’ ot = j1 o .

First, we assume that each 7/ is a split epimorphism. Then there
exists an exact sequence

’
T

0 — ker(7) — T — W' —0
in C(R) with ker(7') € C(R) such that each entry of ker(7’) belongs
to F&t. Applying Hom(T, —) to the above exact sequence, we get that
the sequence

0 — Hom(T, ker(7")) — Hom(T,T") — Hom(T,W') — 0

of complexes is exact in C(R). Note that Hom(7T, ker(7')) is an exact
complex by [6, Lemma 2.5]. It follows that

Hom(T,7') : Hom(T, T") — Hom(T, W)

is an epic quasi-isomorphism. By [2, 1.1 (1)], there exists a unique, up
to homotopy, morphism f such that 7/ ot = o 7.

In general, factor 7/ as T” B oy , with a homotopy equivalence
£ and a morphism 7" with each 7" a split epimorphism by the proof
of Theorem 3.10 (ii) = (iii). Thus, Hom(T, 8) is a quasi-isomorphism.
Note that Hom(7,7") is a quasi-isomorphism by the proof above, it
follows that

Hom(T, ") = Hom(T,7") o Hom(T, B3)

is also a quasi-isomorphism. Applying [2, 1.1 (1)] again, there exists a
unique, up to homotopy, morphism i such that 7’ opi ~ o 7.
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If © = idps, then g is an isomorphism by noting that € is an Ho-
envelope. Thus, reversing the roles of M and M’, we get a morphism
W : W' — W such that oo’ = ' oa/. Thus, @ ot ~ idy. By
symmetry, o @’ ~ idy-. Similarly, we have that & is a homotopy
equivalence. O

Definition 4.2. Let M be an R-module. If M admits a Tate Fo-
resolution
T—W —B<+— M,

define the nth Tate Fc-cohomology group @;C(M, N) as
Exty, (M, N) = H_, (Hom(T, N))

for each integer n.

Remark 4.3.

(i) According to Lemma 4.1, one can see that E}?ﬁ?—c (M,—) is a
cohomological functor for each integer n, independent of the choice of
the Tate Fo-resolution of M.

(ii) If M has a Tate Fe-resolution
T %W % B <5 M,
then
T >W-%B<B
is a Tate F¢-resolution of B. So E/b?c;c (B,N) = Eﬁ}c (M, N) for each
1 € Z and any R-module N.

Lemma 4.4. Let
T-5W-5B+«—M

be a split Tate Fc-resolution of an R-module M. Then there exists a
degreewise split exact sequence of complexes

0—Y X ST W -0

with T = (Ts0)™ such that X is a proper GF c-resolution of B.



224 JIANGSHENG HU, YUXIAN GENG AND NANQING DING

Proof. By hypothesis, there is a non-negative integer n such that 7;
is bijective for all ¢ > n. We set T' = (T0) ™, that is,

T; if i > 0;
T, =< Co(T) ifi=-1;
0 ifn < —1,
and
~ or ifi > 0;
of =¢n  ifi=0;
0 if n < —t,

where 7 : Ty — Co(T) is the natural map. Let 3 : T — W be a
morphism such that BZ = 7; for all ¢ > 0 and Bz = 0 for all 4 < 0,
and let X = X ker(5). It follows from [24, Lemma 4.4] that ker(7) is a
complex with each entry in F&*t. Thus, Xo = Co(T) € GF ¢, X; € F&*
forl<i<n—1land X; =0fori>n+1and i< —1. Thus, we have
the following exact sequence of complexes:

0—Y X T W -—0

with 7' = (T'>o)™ such that X is a proper GFc-resolution of B. This
completes the proof. O

Fact 4.5. Note that both GF¢ and F¢ are covered by [16, Theorem
3.3(a)] and [17, Proposition 5.3(a)]. Let M be an R-module and
X — M a proper GFc-resolution. Choose a proper Fe-resolution
W — M and a morphism ~ : W — X lifting the identity on M. For
each R-module N, the morphism of complexes

Hom(y, N) : Hom(X, N) — Hom(W, N)
induces a natural homomorphism of abelian groups
e"(M,N) : Extgz_ (M, N) — Ext’z_ (M, N)

for every n € Z. The groups and maps defined above do not depend
on the choices of resolutions and liftings by [14, Proposition 2.2].
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Now we can prove the next theorem, which is Theorem 1.2 from the
introduction.

Theorem 4.6. Let M be any R-module in Bo with GFc-pd(M) <
n < oo. For each R-module N, there is a long exact sequence

1 ¢'(B,N) 1 —1
0 —— Extgr (B, N) —— Extz_ (B, N) — Extz_(M,N)

9 e*(B,N) 9 2
—Extgz (B, N) —— Extx_ (M, N) —— Extr_(M,N)

n e"(B,N) n —_—n
—— Extgz (B, N) — Ext’x (M, N) —— Extz_(M, N)

4>07

where € : M — B is an Hc-envelope of M.

Proof. Let M be an R-module in Bg with GFo-pd(M) < n < oo.
By Theorem 3.10 and Lemma 4.4, there exists a degreewise split exact
sequence of complexes

0—Y X ST W -0

with T = (T0)* such that X is a proper GFc-resolution of B.
Let N be an R-module. Applying Hom(—, N) to the exact sequence
052X 5T > W —0of complexes above, we obtain an exact
sequence of complexes

0 — Hom(W, N) — Hom(T', N) — Hom(X ' X, N) — 0.
Its long cohomology sequence induces the following exact sequence

-« — H;(Hom(W, N')) — H,(Hom(T, N)) — H,;(Hom(X~'X, N))
—> e

Since X is a proper GF ¢-resolution of B, we have

H_;(Hom(X, N)) = Ext§ (B, N)
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for all i > 1 and H_;(Hom(X~1X, N)) = 0 for all i < n. Moreover,
H_;(Hom(T, N)) = Extr, (M, N) foralli> 1,
and
Hy(Hom(T, N)) = 0.
By Fact 4.5, we get the desired long exact sequence. (]

To prove Theorem 1.3, we need some preparation.

Lemma 4.7. Let
0—B-—B —B"—0
be an exact sequence of R-modules with B and B" in He. If
sup{GFc-pd(B),GFc-pd(B")} < oo,
then there exists a commutative diagram with exact rows

~/

m

0 T T’ T 0

0 W 0
N .y o

0 B—'.p_ ", pr 0
id id id

0 B—'-p . pr 0

whose columns are Tate Fo-resolutions. Moreover, for any R-module
N, there is a long exact sequence

.. — Exty(B", N) — BExtr, (B, N) — Extr, (B, N)
—i+1 —i+1 —i+1
— Bxtn, (B",N) — Bxto (B',N) — Exto, (B,N) — -+ .
Proof. Note that sup{GFc-pd(B),GFc-pd(B”)} < oo. Then

GFc-pd(B’) < oo by [3, Theorem 2.11] and [15, Theorem 2.16].
Moreover, B’ is in H¢ by hypothesis and Lemma 3.1. Hence, B’ has
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a Tate Feo-resolution by Theorem 3.10. As in the proof of [2, Lemma
5.5] or [23, Lemma 3.9], we obtain the desired commutative diagram.

Let N be an R-module. Applying Hom(—, V) to the exact sequence
0—T- L1 o,
we have the following exact sequence of complexes
0 — Hom(T",N) — Hom(T", N) — Hom(T, N) — 0.

Its long cohomology sequence induces the desired long exact sequence
of the lemma. O

Lemma 4.8. The following are true for any R-module M:

(i) Fe-pd(M) = Fe — pd(B), where M € Be and e : M — B is an
He-envelope.
(ii) There is an inequality:

GFc-pd(M) < Fo — pd(M),
and the equality holds if Fo-pd(M) < oo.

Proof.

(i) Note that M € B¢ and € : M — B is an H-envelope. Then the
sequence
0 — M — B — coker(e) — 0

of R-modules is exact with B € Hc¢ and coker(e) € F¢ by Proposi-
tion 3.4. So Fo-pd(M) = Fo — pd(B) by [22, Corollary 5.7].

(ii) Let Fo-pd(M) = n. There is nothing to prove if n = oo or n = 0.
We may assume that n > 1 is an integer. It follows from [22, Lemma
5.1] that M € Be. Hence, GFc-pd(M) < n by Proposition 3.9.

Suppose GFc-pd(M) < n. Since Fe-pd(M) = n, we have an exact
sequence

0Oo—WwW, —-W, .y —- —Wy—M—0

of R-modules with each W; € F¢ such that K,,_ is not in F¢, where
Ki = ker(Wi_l — Wi—2) for 4 > 2, Ko = M and Kl = ker(WO — M)
Note that GFc-pd(M) < n. Then K,,_1 € GF¢ by Proposition 3.9.
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Since
0O—WwW, —mW,-1 —K,,_1 —0

—~<1
is exact, K,,—1 € GFcNres Fc . Hence, K,,_1 € F¢ by [24, Lemma
5.12], a contradiction. So GF c-pd(M) = n, as desired. O

Lemma 4.9. If M is an R-module with Fc-pd(M) = n < oo, then
E/]x\t;-c (M,N) =0 for any i € Z and any R-module N.

Proof. Let M be an R-module with Fo-pd(M) = n < co. Then
M € Be by [22, Lemma 5.1]. It follows from Proposition 3.4 that M
has an Hc-envelope € : M — B. Thus, GF c-pd(B) = Fe-pd(B) < oo
by Lemma 4.8 (ii). By the proof of (i) = (ii) in Theorem 3.10, M has
a Tate Fo-resolution

0—>W-%B<M.
So E/b?cl]_-c (M,N) = 0 for any ¢ € Z and any R-module N. This

completes the proof. O

The next result parallels [2, Propositions 5.4, 5.6] and [23, Lemmas
4.6, 4.7).

Proposition 4.10. Let M be an R-module. Consider an exact se-
quence of complexes

X:0— N—N —N'—0.

(i) If X is Hom(F&*, —) exact and M is in Be with GF c-pd(M) <
00, then there is a long eract sequence

o — Bxty_ (M, N) — Extz, (M, N') — Exty_ (M, N")
—n+1 —n+1 —n—+1
— Extz, (M,N) — Extz, (M,N') — Extz, (M,N") —---.

(ii) If X is an exact sequence of modules of finite GFc-projective
dimensions with N' and N" in Hc, then there is a long exact
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sequence
- — Bxty, (N", M) —s Extr_ (N', M) — Extr_ (N, M)

——n+1 ——nt1 nt1
— Extz, (N, M) — Extz, (N',M) — Extz, (N,M)—---.

Proof.

(1) Since M is an R-module in B¢ with GFc-pd(M) < oo, it has a
Tate Fc-resolution

T-5>W-3%B< M
by Theorem 3.10. Thus, we get the following exact sequence of
complexes
0 — Hom(T, N) — Hom(7, N') — Hom(T', N") — 0.

Its long cohomology sequence induces the desired long exact sequence,
as desired.

(ii) Note that N” and N” are in H¢. It follows that N € B¢ by [17,
Theorem 6.2]. Thus, N has a Tate F-resolution

T-5>W3%B<EN
by Theorem 3.10. Hence, there is an exact sequence

0—N-3B—L-—0

with L € F¢ such that € is an Hg-envelope of N by Proposition 3.4.
By [3, Theorem 2.11] and [15, Theorem 2.16], it follows that GF -
pd(B) < oo. Consider the following pushout diagram:

0 0
o
00— N-—-=N —=N'"—0

0— ‘>[\L]‘>N”‘>O
!
— L
!
0

b
;
;
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Note that B and N’ are in Hco. It follows from Lemma 3.1 that U
and L are in H¢. Applying Lemma 4.7 to the middle row in the above
diagram yields the following long exact sequence

- — Bxty (N”, M) — BExtr_ (U, M) — Extz_(B, M)
—itl, i1 i1
— Extz, (N",M) — Extg, (U, M) — Extz, (B,M) —---.
To complete the proof, it suffices to show that
Extr, (B, M) = Extr, (N, M)
and
Extr, (U, M) = Extr, (N', M)
for each ¢ € Z. Note that

Exty, (B, M) = Extr_ (N, M)

holds by Remark 4.3 (ii). It remains to show that E-x\tz}-c(U,M) &
Ext, (N, M) for each i € Z.

Note that L € Fo N He by the above proof. Then L € F&' by
Lemma 3.2 and [24, Lemma 4.3]. Applying Lemma 4.7 again to the
middle column in the above diagram, we obtain the following long exact
sequence

.o — Exty, (L, M) — Extz_ (U, M) — Extz_ (N', M)
1+1
Fo

——it1 i1 —

— Extz, (L,M) — Extz_ (U,M) — Extz (N, M) — ---.

Note that E;cl}-c(L, M) =0 for each i € Z by Lemma 4.9. Then
Extr, (U, M) = Extr, (N, M) for each i € Z.

This completes the proof. O

Remark 4.11. We do not know whether the long exact sequence in
Proposition 4.10 (ii) holds when we drop the conditions “N’ and N”
in Hc.”
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Now we can give the proof of Theorem 1.3.

4.1. Proof of Theorem 1.3.
(i) = (ii) holds by Lemma 4.9.
(ii) = (iii) is trivial.
(i) = (i). Assume that n is an integer such that E}?c;C(M, N)=0
for any N € He. Choose a Tate Fo-resolution
T-5>W-33B< M

of M. Tt follows that C;(T) = C;(W) for ¢ > 0. Since C;(W) € He
by Definition 3.5, C;(T") € B¢ for i > 0. Hence, C;(T) € B¢ for each
i € Z by [17, Corollary 6.3]. Set G = C,,(T), and let | : G — T,,_1
be the canonical injection. Let N be any R-module in He. Then,
H_,,(Hom(T,N)) = 0 by hypothesis, and so we have the following
exact sequence:

Hom (9! ,N Hom(dX, | ,N)
Hom @) Hom(Tp, N) — ) Hom(Ty 1, N).

Hom(7T,—1,N)
It is easy to check that
Hom(I, N) : Hom(T},—1, N) — Hom(G, N)
is epic. Note that
0—G-5T 1 — Cnh1(T)—0

is an exact sequence of R-modules. Then we have an exact sequence
Hom(T},,_1, N) — Hom(G, N) — Ext" (C,,_1(T), N) — Ext" (T},_1, N) =0.

Thus, Ext'(C,,_1(T),N) = 0 for any N € H¢. Note that C,,_(T) €
Be by the above proof. As in the proof of [17, Proposition 5.3 (a)],
there exists an exact sequence

0—U—V-—C,1(T)—0

of R-modules with U € Fo* and V € Fe. It follows from Lemma 3.2
that U € H¢e. Thus, the exact sequence

0—U—>V-—C,1(T)—0

of R-modules is split, and hence, C,,_1(T") € F¢ by [17, Proposition
5.1 (a)]. Consequently, C,(T) € F¢ for all s > n. Let s be an integer
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such that s > max{n,GFc-pd(M)}. Then C4(T) € Fc. So, Fc-
pd(M) < oo, as desired.

(i) = (iv). Let N be an R-module in B¢ NGFc. Then N has a Tate
Fe-resolution
T—W-—=B<—N
by Theorem 3.10. Note that Feo-pd(B) < oo by (i) and Lemma

— <s
4.8 (i). Then, B € res F&'  for some non-negative integer s by [24,
Proposition 4.6]. Hence, there exists an exact sequence

0— Wy — Wy —-- — Wy — B —0

with coker(W; — W;_1) € He for 1 < i < s and W; € F&* for
0 < 7 < s. Thus, we obtain the following exact sequence of complexes:

0— Hom(T', W,) —Hom(T, Ws_1) —- - -
— Hom(T', Wo) — Hom(T', B) — 0.

Since Hom(T, W;) is exact for 0 < i < s, Hom(T, B) is exact. Thus,
Ext;_-c (N, B) =0 for each n € Z, as desired.

(iv) = (v). Assume that E/)E;C (N, B) =0 for some n € Z and each
N € Bc NGF¢e. By Theorem 3.10, there exists a Tate Fo-resolution

T-5W-3%B< M
of M. Note that ¢ : M — B is an Hg-envelope of M. If follows that
GFc-pd(B) < oo by Proposition 3.9.
Case 1. n =0. Condition (v) holds immediately.
Case 2. n > 0. Note that there exists an exact sequence

0—B—Ay—L_1—0

of R-modules with F&**-pd(Ap) < co and L_; € GF¢ by [24, Corollary
5.10 (c)]. It follows that Ag and L_; belong to H¢ by Lemma 3.1.
According to Proposition 4.10 (ii), there exists a long exact sequence

... — Extx (Ao, B) — Extx(B, B)

——i+1 ——1+1
— BExtz, (L_1,B) — Extz, (4¢,B) — ---
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It follows from Lemma 4.9 that E/‘J;‘B;C(AO,B) = 0 for each ¢ € Z.
—0 —1

Hence, Ext r_ (B, B) = Extz_(L_1, B). According to Lemma 3.7, there

exist exact sequences

0— L_; —>A_i —L_;,_ 1 —0

of R-modules with A_; € F& and L_;_1 € GF¢ for i > 1. Repeated
application of Proposition 4.10 (ii) gives rise to the following isomor-
phisms

—0 —1 —n
EXt]:c(B,B) = EXt]:C(L_l,B) =...= EXt]:C(L_n,B).

—n —0

Note that Extz_(L_,, B) = 0 by hypothesis, and so Extz_ (B, B) = 0.
—0

Thus, Extz_ (M, B) = 0 by Remark 4.3 (ii), as desired.

Case 3. n < 0. Note that o : W — B is an Fg&'-resolution
of B such that C;(W) € H¢ for every i = 0,1,..., by hypothesis.
Then we have exact sequences 0 — C1(W) — Wy —» B — 0 and
0 — CZ(W) - Wi_1 — Cl_l(W) — 0 for ¢+ > 2. It follows

from Lemma 4.9 that E/)-X\t;_-c (W;,B) = 0 for each i € Z. Repeated
application of Proposition 4.10 (ii) yields the isomorphisms:

Bxty, (B, B) = Extr. (Cy(W), B) 2 - = Exty, (C_n(W), B).

Note that E\X‘C;C(C_n(W), B) = 0 by hypothesis. It follows that
E/)x\tg-c (B,B)=0. So E/lx\to}-c (M, B) = 0 by Remark 4.3 (ii), as desired.
(v) = (i). Note that there exists a Tate F¢-resolution
T-5>W-33B< M
of M by Theorem 3.10. Then
0 — ker(a) — W - B — 0

is an exact sequence of complexes such that ker(a) is exact in Co(R)
with Z;(ker(«)) € He for i > 1. Thus Hom(X, ker(«x)) is exact for any
X € Fe. It follows from [6, Lemma 2.4] that Hom(7T', ker(«)) is exact.
Hence, we obtain the exact sequence of complexes

0 — Hom(T, ker(a)) — Hom(T, W) — Hom(T, B) — 0.
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Thus, we have an exact sequence
0 = Ho(Hom(T', ker(a))) — Ho(Hom(T, W)) — Ho(Hom(T', B)).

Since Ho(Hom(T, B)) = 0, by hypothesis, it follows that Ho(Hom (7', W))
= 0. Thus, 7 € Bo(Hom(7T,W)), and hence, there exists a ¢ €
Hom(T, W), such that 0(p) = 7. Since 7; is bijective for ¢ > 0, we
have that

@i,laiT + (93;1901 =idg, for i> 0.

Note that T is an exact complex. Let ¢ be an integer such that
©i—10] + 0L 1¢; = idg,. Choose z € im(9}, ;). Then z = 9} ¢;(x).
Thus, the map T;41 — im(9}, ) is split, and hence, im(8}, ;) € Fc. So
Fo-pd(M) < oo. This completes the proof.

We end this paper with the following corollaries.

Corollary 4.12. Let M be an R-module in Be with GF ¢-pd(M) < oo
and € : M — B an Hcg-envelope of M. Then the following are
equivalent:

() Fo-pd(M) < oo
(ii) e"(B,N) : Extgz_ (B, N) — Ext’z_ (B, N) is an isomorphism for
each n € Z and any R-module N € Hc;
(iii) e™(B, B) : Ext{x (B, B) — Ext%_ (B, B) is an isomorphism for
each n € Z.

Proof.

(i) = (ii). Note that Fo-pd(B) = n < oo by (i) and Lemma 4.8 (i).
There is nothing to prove if n < 0. For n > 0, it follows from [24,
Proposition 4.6] that there exists an exact sequence

X:0—W, —W,.q4——Wyg—B—0

—— <n
of R-modules with each W; € F&' and Z;(X) € He Nres FE' .
Thus, X is Hom(F¢, —) exact. According to [24, Lemma 5.1], X is
Hom(GF ¢, —) exact. Thus, (ii) holds by Fact 4.5.

(i) = (iii) is trivial.
(iii) = (i) holds by Theorems 1.2 and 1.3. O
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Let R be an Artinian ring. Then R has a dualizing module D by
[18, proof of Lemma 3.8]. Note that Mod(R) = C by [27, Proposition
3.3.1]. Tt follows that Hp = Bp. Thus, we have the following.

Corollary 4.13. Let R be an Artinian ring with a dualizing module
D and Max(R) the set of maximal ideals of R. Then the following are
equivalent:

(i) R is semisimple;
(ii) Max(R) C Ap, and there exists an integer n such that

Extr, (C®m,N)=0
for any m € Max(R) and any N € Bp;
—0
(iii) Max(R) € Ap and Extz, (C ® m,C ®@ m) = 0 for any m €
Max(R);

(iv) Max(R) € Ap and E}RZL_D (N,C @ m) = 0 for each (or some)
n € Z, each N € Bp and each m € Max(R).

Proof. Note that D is a dualizing module over an Artinian ring R. It
follows from [18, Theorem 3.11, Proposition 4.6] that Mod(R) = GF p.

(i) = (ii) = (iii) = (iv) follow from Theorem 1.3 and Fact 2.4.

(iv) = (i). Note that Fp-pd(C ® m) < oo for any m € Max(R)
by (iv) and Theorem 1.3. Then fd(m) < oo for any m € Max(R) by
[26, Lemma 2.3 (1)]. Hence, pd(m) < oo for any m € Max(R). Note
that dim(R) = 0 by the above proof. Thus, R is semisimple by [21,
Theorem 5.84]. O

Let (R, m, k) be a local Cohen-Macaulay ring. It follows from [11]
that R has a dualizing module if and only if R is a homomorphic image
of a local Gorenstein ring ). Hence, every regular local ring has a
dualizing module D by [4, Proposition 3.1.20]. However, we have the
following:

Corollary 4.14. Let (R, m,k) be a local Cohen-Macaulay ring with a
dualizing module D. Then, the following are equivalent:

(i) R is regular;
(ii) k € Bp and Ext;:D(k:,N) =0 for somen € Z and any N € Hp;
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—0
(iii) k € Bp and Extx, (k, B) =0, where e : k — B is an H p-envelope
of k;
(iv) k€ Bp and Extx_ (N,B) =0 for each (or some) n € Z and each
N € Bp, where ¢ : k — B is an Hp-envelope of k.

Proof. Note that D is a dualizing module by hypothesis. It follows
from [19, Proposition 2.6] that Mod(R) = GF p.

(i) = (ii). Note that Fp-pd(k) < Pp-pd(k) < oo by (i) and [25,
Proposition 5.1]. So k € Bp and (ii) follows from Theorem 1.3.

(i) = (iii) = (iv) hold by Theorem 1.3.

(iv) = (i). Note that Fp-pd(k) < oo by (iv) and Theorem 1.3.
It follows that fd(Hom(D,k)) < oo by [26, Lemma 2.3 (2)]. Thus,
pd(Hom(D, k)) < oo by [6, page 237, 1.4] and [20, Proposition 6], and
hence, Pp-pd(k) < oo by [25, Theorem 2.11 (c)]. Thus, (i) holds by
[25, Proposition 5.1]. O

Recall that a ring R is called Gorenstein [8, Definition 9.1.1] if the
injective dimension of R is finite. Note that Agx = Br = Mod(R)
and Hr = C provided that R is a Gorenstein ring. Specializing
Corollary 4.14 to the case C' = R gives the following new criteria for a
local Gorenstein ring to be regular.

Corollary 4.15. Let (R, m, k) be a local Gorenstein ring ande : k — B
a cotorsion envelope of k. Then the following are equivalent:
(i) R is regular;
(i) E/b;c;(k,]\f) =0 for some n € Z and any N € C;
(iii) Exto(k, B) =0
(iv) Ex\t;(N, B) =0 for each (or some) n € Z and each N € C.

Acknowledgments. The authors would like to thank the referee for
helpful comments and suggestions.

REFERENCES

1. J. Asadollahi and Sh. Salarian, Cohomology theories based on Gorenstein
injective modules, Trans. Amer. Math. Soc. 358 (2005), 2183-2203.



TATE COHOMOLOGY OF GORENSTEIN FLAT MODULES 237

2. L.L. Avramov and A. Martsinkovsky, Absolute, relative, and Tate cohomology
of modules of finite Gorenstein dimension, Proc. Lond. Math. Soc. 85 (2002), 393—
440.

3. D. Bennis, Rings over which the class of Gorenstein flat modules is closed
under extensions, Comm. Alg. 37 (2009), 855-868.

4. W. Bruns and J. Herzog, Cohen-Macaulay rings, Stud. Adv. Math. 39,
Cambridge University Press, Cambridge, 1998.

5. L.W. Christensen, Gorenstein timensions, Lect. Notes Math. 1747, Springer-
Verlag, Berlin, 2000.

6. L.W. Christensen, A. Frankild and H. Holm, On Gorenstein projective,
injective and flat dimensions, A functorial description with applications, J. Alg.
302 (2006), 231-279.

7. E.E. Enochs, S. Estrada and J.R. Garcia-Rozas, Gorenstein categories and
Tate cohomology on projective schemes, Math. Nachr. 281 (2008), 525-540.

8. E.E. Enochs and O.M.G. Jenda, Relative homological algebra, Walter de
Gruyter, Berlin, 2000.

9. E.E. Enochs, O.M.G. Jenda and B. Torrecillas, Gorenstein flat modules,
Nanjing Daxue Xuebao Shuxue Bannian Kan 10 (1993), 1-9.

10. E.E. Enochs and S. Yassemi, Foxby equivalence and cotorsion theories
relative to semi-dualizing modules, Math. Scand. 95 (2004), 33-43.

11. R. Fossum, H.-B. Foxby, P. Griffith and I. Reiten, Minimal injective reso-
lutions with applications to dualizing modules and Gorenstein modules, Inst. Haut.
Etud. Sci. Publ. Math. 45 (1975), 193-215.

12. H.B. Foxby, Gorenstein modules and related modules, Math. Scand. 31
(1972), 267-284.

13. R. Gobel and J. Trlifaj, Approzimations and endomorphism algebras of
modules, Walter de Gruyter, Berlin, 2006.

14. H. Holm, Gorenstein derived functors, Proc. Amer. Math. Soc. 132 (2004),
1913-1923.

15. H. Holm and P. Jgrgensen, Semi-dualizing modules and related Gorenstein
homological dimensions, J. Pure Appl. Alg. 205 (2006), 423-445.

16.
621-633.

17. H. Holm and D. White, Fozby equivalence over associative rings, J. Math.
Kyoto Univ. 47 (2007), 781-808.

18. J.S. Hu, Y.X. Geng and N.Q. Ding, Duality pairs induced by Gorenstein
projective modules with respect to semidualizing modules, Alg. Rep. Th. 18 (2015),
989-1007.

19. J.S. Hu, D.D. Zhang and N.Q. Ding, Gorenstein right derived functors of
— ® — with respect to semidualizing modules, Comm. Alg. 42 (2014), 3205-3219.

, Cotorsion pairs induced by duality pairs, J. Comm. Alg. 1 (2009),

(4)
20. C.U. Jensen, On the vanishing of lim, J. Algebra 15 (1970), 151-166.
+—
21. T.Y. Lam, Lectures on modules and rings, Springer-Verlag, New York, 1999.



238 JIANGSHENG HU, YUXIAN GENG AND NANQING DING

22. M. Salimi, S. Sather-Wagstaff, E. Tavasoli and S. Yassemi, Relative Tor
functors with respect to a semidualizing module, Alg. Rep. Th. 17 (2014), 103-120.

23. S. Sather-Wagstaff, T. Sharif and D. White, Tate cohomology with respect
to semidualizing modules, J. Algeba 324 (2010), 2336—2368.

24. , AB-contexts and stability for Gorenstein flat modules with respect
to semidualizing modules, Alg. Rep. Th. 14 (2011), 403-428.

25. R. Takahashi and W. White, Homological aspects of semidualizing modules,
Math. Scand. 106 (2010), 5-22.

26. X. Tang, New characterizations of dualizing modules, Comm. Alg. 40 (2012),
845-861.

27. J. Xu, Flat covers of modules, Lect. Notes Math. 1634, Springer-Verlag,
Berlin, 1996.

NANJING NORMAL UNIVERSITY, SCHOOL OF MATHEMATICS SCIENCES, NANJING
210046, CHINA AND JIANGSU UNIVERSITY OF TECHNOLOGY, SCHOOL OF MATHE-
MATICS AND PHYSICS, CHANGZHOU 213001, CHINA

Email address: jiangshenghu@jsut.edu.cn

JIANGSU UNIVERSITY OF TECHNOLOGY, SCHOOL OF MATHEMATICS AND PHYSICS,
CHANGZHOU 213001, CHINA
Email address: yuxiangeng@126.com

NANJING UNIVERSITY, DEPARTMENT OF MATHEMATICS, NANJING 210093, CHINA
Email address: nqding@nju.edu.cn



