ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 46, Number 6, 2016

SMOOTH CENTER MANIFOLDS
FOR RANDOM DYNAMICAL SYSTEMS

PENG GUO AND JUN SHEN

ABSTRACT. In this paper, we will prove the existence
and Holder continuity of smooth center-unstable and center-
stable manifolds for random dynamical systems based on
their Lyapunov exponents. Furthermore, we obtain the
existence and Holder continuity of smooth center manifolds.

1. Introduction. The theory of invariant manifolds is a fundamen-
tal tool for describing and understanding nonlinear dynamical systems.
They are widely used to investigate the qualitative behavior of flows,
bifurcation characteristics and linearization, etc. The study of invari-
ant manifolds dates back to the paper of Hadamard [16]. His method
is based on graph transform. Later, Lyapunov [24] and Perron [26]
used analytic method to study invariant manifolds. Since then, there
has been some literature regarding invariant manifolds, including the
stable, unstable, center, center-stable and center-unstable manifolds for
finite- or infinite-deterministic dynamical systems, see Pliss [27], Kel-
ley [19], Hale [17], Henry [18], Carr [6], Vanderbauwhede and van
Gils [29], Chow and Lu [12, 13], Bates and Jones [2], Chow, Lin and
Lu [9], Chow, Li and Wang [8], Chow, Liu and Yi [10, 11], Bates, Lu
and Zeng [3, 5], etc.

Recently, there has been some work done on invariant manifolds for
stochastic and random dynamical systems by Wanner [30], Arnold [1],
Mohammed and Scheutzow [25], Schmalfuf§ [28], Duan, Lu and
Schmalfufl [14], etc. Wanner’s method, which is based on the Ba-
nach fixed point theorem, is essentially the Lyapunov-Perron approach.
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Later, Arnold used a similar technique for studying this problem. In
contrast to this method, Mohammed and Scheutzow applied the tech-
nique of semimartingales to study invariant manifolds for stochastic
differential equations.

Assume that p(n,w,0) =0 for all n € Z and w € , where (Q, F,P)
is a probability space. Then ¢(n,w,x) can be rewritten as

p(n,w,z) = ®(n,w)r + f(n,w, ),

where ®(n,w) = Dp(n,w,0) and f(n,w,z) is the higher order term.
When ®(n,w) is non-uniform pseudo hyperbolic, Li and Lu [20] and
Lian and Lu [21] studied the existence and smoothness of stable and
unstable manifolds in R? and Banach space, respectively. When ®(n, w)
has zero Lyapunov exponents, Arnold [1] used the Lyapunov norm to
investigate the existence and smoothness of global center manifolds. In
this paper, we will use a cut-off procedure and the Lyapunov-Perron
technique to prove existence and the Holder continuity of local smooth
center-unstable, center-stable and center manifolds for a nonlinear
random dynamical systems o(n,w,z) in R? and give the tempered-
from-above estimations on the derivatives of all orders. The basic ideas
of our approach are to convert non-uniform exponential trichotomy
into non-uniform exponential dichotomy and then use the results of
center-unstable and center-stable manifolds to derive the results of
center manifolds. Moreover, although the coefficient in non-uniform
exponential dichotomy is a tempered random variable with the growth
rate of sub-exponent, we consider a proper spectral gap and a smaller
neighborhood tempered from below to ensure that existence and the
Holder continuity of smooth local invariant manifolds above without
the nonlinear term having a sufficiently small Lipschitz constant.

The paper is organized as follows. In Section 2, we recall some
basic concepts of random dynamical systems, the multiplicative ergodic
theorem and relevant results, and then we use the cut-off function to
modify the high order. In Section 3, we will successively investigate
the existence, smoothness and Holder continuity of the center-unstable,
center-stable and center manifolds.

2. Random dynamical systems. In this section, we first intro-
duce some basic concepts of random dynamical systems, the multi-
plicative ergodic theorem and relevant results. Then, we make some
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essential assumptions. In the end, we use the standard cut-off function
to modify the nonlinear term.

Let T = R or Z. We denote the Borel o-algebra on R and T by
B(R?) and B(T), respectively.

Definition 2.1. (Q, F,P, (6%);c1) is called a metric dynamical system
if:

(i) the mapping 6: T x Q — Q is (B(T) ® F, F)-measurable;
(i) 6° =idg, the identity on Q, '+ = ' 0 6% for all t, s € T;
(iii) O'P =P for all ¢t € T.

Definition 2.2. A mapping

©:Tx QxR —RY,  (tw,z) — ot,w,z)

is called a random dynamical system over a metric dynamical system
(Q,.F7 ]Pv (et)tGT) if:
(i) ¢ is (B(T) ® F @ B(R?), B(R?))-measurable;
(i) the mapping ¢(t,w) := ¢(t,w, ) : R — R? forms a cocycle over
ot
»(0,w) =id for all w € Q,
p(s+t,w) =p(t,0°w)op(s,w) forall s,t €T and for all w € Q.

If ¢ is a random dynamical system and, for every (t,w) € T x €, the
mapping
o(t,w) :RY — Rz o(t,w)z

is C* and ¢ is called a C* smooth random dynamical system.

In this paper, we consider time-discrete C™V, N > 2 random dynami-
cal systems. For every n € Z and w € Q) we suppose that ¢(n,w,0) = 0.
Then we rewrite p(n,w,x) as

(2.1) p(n,w,z) = P(n,w)z + f(n,w,z),

where D,p(n,w,0) := ®(n,w) € Gl(d;R) and the nonlinear term
f(n,w,-) and its derivative vanish at x = 0. By the cocycle property of
, ®(n,w) is a linear cocycle with two-sided time over (Q, F, P, (™) ,cz)-
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Let A(w) := ®(1,w) and F(w,z) := f(1l,w,z). Then the time-one
map ¢(1,w)z can be written as

o(l,w)r = A(w)z + F(w,x),

where F'(w,0) = 0 and D, F(w,0) = 0. In addition, ®(n,w) is generated
by A(w):

A0 W) - Aw), n >0,
D(n,w) =<1, n =0,
A7 Ow) - A7H07w), n<O.

Let {2, }nez be an orbit of ¢(n,w, ) with initial value zg, i.e., z, :=
o(n,w, zg). Then, {z,},cz satisfies the equation

Tny1 = A0 W)z, + F(0"w, x,,).

Next we give a discrete variation of constants formula.

Lemma 2.3 (Discrete variations of constant formula). Assume that
{Tn}nez+ s a positive orbit of (n,w,x). Then {x,},cz+ satisfies
(2.2)

n—1
Ty = ®(n,w)zo + Z O(n—1—14,0 W) F (0w, x;) for allm > 1.
i=0

Let {xp}tnez- be a negative orbit of p(n,w,x). For every k < n,
{zn }nez— satisfies

n—1
(23)  an=0(n—k 0wz, + Y O(n—1—i, 0" w)F (0w, x;).
i=k

This lemma is from [20]. The details are omitted here for brevity.

The following concept plays an important role in the study of random
dynamical systems.
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Definition 2.4.
(i) A random variable R : (Q,F) — (RT\ {0}, B(R* \ {0})) is called
tempered with respect to a metric dynamical system 6™ if

1
lim —log R(0"w) = 0P-almost surely.

n—+oco n
(ii) A random variable R : (2, F) — (R™,B(R")) is called tempered
from above if

1
lim —logt R(0"w) = 0P-almost surely.

n—+oco n

(ili) A random variable R : (2, F) — ((0,+o0], B(0,+0o0]) is called
tempered from below if 1/R is tempered from above.

Moreover, we recall that a multifunction W = {W(w)}weq of
nonempty closed sets W (w), w € , contained in R? is called a random
set if

wr— inf |z —y

yeEW (w)
is a random variable for every = € R,
Definition 2.5. A random set W(w) is called an invariant set for a

random dynamical system p(n,w,x) if

on,w, W(w)) =W (0"w) forall n € Z.

The following theorem is the multiplicative ergodic theorem [1,
pages 134, 153].

Theorem 2.6 (Multiplicative ergodic theorem). Let ® be a linear
random dynamical system over the metric dynamical system (2, F,P,
(0™)nez). Assume that

log™ |A()|| € LY, F,P),  log" [AT'()] € LY(Q, F,P).

Then there exists an invariant subset QcQ of full measure such that
for each w € Q1 the following hold:

(1) the limy,_s 4 o0 (®(n,w)*®(n,w)) /2" =: W(w) > 0 exists.
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(ii) Let eMr@ @) < ... < M) be the different eigenvalues of ¥(w),
and let Up(y(w), ..., Ui(w) be the corresponding eigenspaces with
multiplicities d;(w) := dim U;(w). Then:

p(fw) = p(w),
Ai(fw) = Ni(w)  forallie{l,...,p(w)},
d;i(0w) = d;(w) forallie {1,...,p(w)},
R =Up(w) @+ @ Up(u) (w).
(iii) If (9, F,P,(0™)nez) is ergodic, the functions p(w), Ai(w) and
d;(w) are constant on .
(iv) For each w € Q), there exists a splitting

Rd — El(w) PP Ep(w)(w)

of R? into random subspaces E;(w) with dimension d;(w). More-
over, if P'(w) : R — E;(w) denotes the corresponding projection
onto E;(w), then

A(w) P (w) = P (Aw)A(w),
equivalently,
A(w)E;(w) = E;(fw).
(v) We have

lim %log |P(n,w)z| = \i(w) <=z € E;j(w) \ {0}

n— oo

(vi) The functions w — p(w) € {1,...,d}, w = \(w) € R, w —
di(w) € {1,...,d}, wr E;(w) and w — P*(w) are measurable.

Here \;(w) and E;(w) are so-called Lyapunov exponents and Ose-
ledet spaces, respectively.

In the remainder of this paper, we denote Q by Q2 and assume that
all statements are true for w € €.

From now on, we always assume the following.

Hypothesis 2.7. ®(n,w) = D,¢(n,w,0) satisfies the multiplicative
ergodic theorem.
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We divide the Lyapunov exponents into three groups based on their
signs. Let

S

ou(w) == { X (w) > 0},
0s(w) = {Ai(w) <0},
oc(w) = {\i(w) =0},

(S

and denote

E'w)= P Ei),

Ai(w)egu(w)
Ew)= & Eiw),
Ai(w)€Eos(w)

E(w) := E;(w),

Ai(w)€oe(w)
with corresponding projections
P%(w) : R — E%(w),
P*(w) : R — E*(w),
P¢(w) : R — E¢(w).

Then
RY = E%(w) ® E*(w) @ E(w).

We call E%(w) the unstable Oseledets subspace, E*(w) the stable Ose-
ledets subspace and E°(w) the center Oseledets subspace. Let d,(w),
ds(w) and d.(w) denote the dimensions of E%(w), E*(w) and E¢(w),
respectively. From Theorem 2.6, d,(w), ds(w) and d.(w) are measur-
able functions from  to {1,...,d}, and P*(w), P*(w) and P¢(w) are
measurable projections. Thus, 2 can be decomposed into a union of [
disjoint f-invariant measurable sets:

where, on each Q;, d,(w), ds(w) and d.(w) are constant. We will build
the center-unstable manifold, the center-stable manifold and the center
manifold over €2;. Then we may patch them together to get dimension-
varying invariant manifolds on the whole . In particular, when
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(Q, F,P,(0™)nez) is ergodic, dy(w),ds(w) and d.(w) are all constant
over ().

To assure the existence of center manifolds, we need to assume that

Hypothesis 2.8. o.(w) # 0, i.e., ®(n,w) has zero Lyapunov expo-
nents.

The next lemma is a consequence of the multiplicative ergodic
Theorem 2.6.

Lemma 2.9. There exist 0-invariant random variable B(w) > 0,
constant k and tempered random variable K(w) : Q@ — [1,400) such
that

[@(n,w) P (w)|| < K (w)e@n for allm <0,
[®(n,w)P*(w)]|| < K (w)e™A)n for allm >0,
@ (n,w)PE(w)|| < K (w)e"! for alln € 7.

Proof. We choose
B(w) = min{|\;(w)] : \j(w) € oy(w) Uos(w), i =1,...,p(w)} — &,

where x is small such that S(w) > 0. By [1, Corollary 4.3.5],
there exists a tempered random variable K'(w) such that, for each
i=1,...,p(w), as ¢ € E;(w),

1
T T el < |2 w)e] < K (@)t el
Taking K(w) := dK'(w), we complete the proof. O

As w varies, f(w) may be arbitrarily small and K(w) may be
arbitrarily large. However, along each orbit 0"w, S(w) is a constant
and K (w) can increase only at a subexponential rate.

Although the invariant splitting of RY = Ey(w) @ ... & Ey)(w)
depends on the sample point, by [1, Corollary 4.3.12], we can choose a
new coordinate system so that the corresponding Oseledet spaces are
deterministic. We restate the facts as follows.
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Lemma 2.10. There exists a measurable map
P:Q— GI(d,R)
such that:

(i) ®(n,w) is conjugate to a block diagonal random dynamical system,
i.e.,

P(0"w)®(n,w) P~ (w) =V (n,w)=diag(¥1(n,w),. .., ¥y (n,w)),

where U;(n,w) are cocycles of size d;(w).
(ii) The transformation P preserves the Lyapunov spectrum

{(Ai(w), di(w)) [1 <i < p(w)}
and the corresponding Oseledet spaces
Ei(w) = {0} x -+ x {0} x R%) » {0} x --- x {0} c R?
(iii) |[P(w) and [P~ (w)|| are tempered.

From Lemma 2.10, we know that the unstable, stable and center
Oseledet subspaces for ¥ are:

E'w) = P Eiw),
Ai(w)Eoyu(w)
Ew = P EWw),
Ai(w)Eos(w)
Ew):= P Eiw).
Ai (w)Eoe(w)
Then R? has orthogonal decomposition:

R? = E%(w) ® E*(w) ® E°(w).

We still denote P*(w) and P?(w) by the corresponding projections.
The next lemma is a direct result of Lemmas 2.9 and 2.10.

Lemma 2.11. Assume that Hypotheses 2.7 and 2.8 hold. There exist
random variables B : Q — (0,400) and constant a > 0 satisfying o <
B(w)/[2(N +1)2] and a tempered random variable K (w) : Q — [1,+00)
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such that:
W (n,w) P (w)]| < K (w)eln for alln <0,
| W (n,w)P*(w)|| < K(w)e P for alln >0,
W (n,w)Pe(w)]| < K (w)e!"! for alln € Z.

Denote

P(w) = P(w) + P*(w),  P%(w)=P(w)+ P*(w),
E%w) = E°(w) ® E*(w), E¥(w) = E%w) ® E*°(w).
We call E“*(w) center-unstable Oseledet subspaces and E°(w) center-
stable Oseledet subspaces. On §2;, by Lemma 2.10, R? has an invariant
splitting RY = E* @ E* (RY = E°® @ E") independent of w. Surely,
the projection operators P P® (P, P%) are also independent of w
on €);. For each € R%, we can decompose it to

x =z + 2° for some £ € E* and 2° € E*,
x = z% + 2" for some z¢° € E°° and 2" € E".
To simplify the notation, we will use €2 to denote §2;. By Lemma 2.11,

we obtain the next corollary.

Corollary 2.12. Assume that Hypotheses 2.7 and 2.8 hold. There exist
random variables o, B : Q — (0,+00) satisfying a(w) < B(w)/[2(N +
1)?] and a tempered random variable K (w) : Q — [1,+00) such that:

| W (n,w) P (w)]| < K(w)e™ ™" for alln <0,
19(n, ) P*(@)]| < K(@)e " for all n >0,

and
@ (n,w) P (w)|| < K(w)eP@™  for alln <0,
W (n,w) P (w)|| < K(w)e®“)™  for alln > 0.

The random linear transformation P(w) transforms the random
dynamical system ¢(n,w,x) to

2(n,w,z) = P(0"w)p(n,w, P~ Hw)z) = ¥(n,w)z + f(n,w,z),
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where f(n,w,z) = P(0"w)f(n,w, P~ (w)z). Without loss of general-
ity, under Hypotheses 2.7 and 2.8, we always obtain that the linear part
®(n,w) of random dynamical system @(n,w,z) satisfies Lemma 2.11
and Corollary 2.12. Moreover, we fix the #-invariant random variable
O(w) : & — (0,400), which will be determined later. By [20, Lemma
2.7], we can choose K (w) such that

(2.4) e PN K (W) < K(0"w) < eP@IM K (w).

Moreover, now we need to generalize the results in [20, Lemma 2.7]
for the following case.

Lemma 2.13. Let f : Q — (0,400) be tempered from above and
o: Q — (0,400) a O-invariant random wvariable. Then there erists
a random variable tempered from above R(w) such that:

(i) f(w) < R(w),
(ii) R(0"w) < e?@IMR(w).
Proof. Since f is tempered from above, there is for each ¢ a C. with
f(0"w) < Ce(w)es™.
Set

Re(w) = sup{1, f(6"w)e "I},
neZ

Clearly, 1 < R.(w) < co. Then,
f(6"w) < Re(w)esI™.

It is obvious that R, satisfies (i). Next, we prove that R.(w) is tempered
from above. Note that, for all n,m € Z,

f(enerw) < Rg(w)edm\ee\m

and
FOMTMw) = f(0™(0™w)) < Ro(0™w)esm.

So, for all m € Z, we get that
R.(0"w) < Re(w)eglm‘,
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which yields
1
lim sup — log R (§"w) < €.

m—s4o0 m|
Following R.(w) > 1, we have

1 1
limsup — log™ R.(A™w) = limsup —

m—+oo m| m—4oo m|

log R.(0™w) =0,
where the second equality is a consequence of [1, Proposition 4.1.3].
Then R.(w) is tempered from above. For k € N, let

1

By the above analysis, on each (NZk, there exists a random variable
tempered from above R, such that

F(0"w) < Ry jp(w)el™F < Ry jp(w)e@nl,
Define a random variable R : Q@ — (0,4+00) by R(w) = Ry /i(w) for
w € (NZk. Hence, Lemma 2.13 is established. |

For the nonlinear term f(1,w, ), we suppose that:

Hypothesis 2.14. There exists a ball
U(w) = B(0, po(w)) = {x € R? | x| < po(w)},
where pg : 2 — (0, +00) is tempered from below such that

sup 1D5 f (1w, 2) | L (e ey < Bi(w)
xeU(w

foral0< k<N < +o00, we,

where the Ek are tempered from above and the L*¥(R? R?) are the
Banach space of all k-linear maps from R? to R? with the norm

I s e Ry

In addition, to investigate the Holder continuity of smooth invariant
manifolds, we also assume that:
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Hypothesis 2.15. There are tempered-from-above random A:Q—
(0, +00) and #-invariant random variables 7 :  — (0, 1] such that, for
each w € (Q,

||Divf(1aw7x) - Divf(vay)”LN(Rd,Rd) < Z(w”x - y|T(W)
for all z,y € U(w).

Then, we introduce the cut-off function to modify the nonlinear term
f(1,w,x). Let o(s) be a C* function from (—oo, +00) to [0,1] with
o(s)=1 for|s| <1,
o(s) =0 for|s| > 2,
sup |0’ (s)| < 2.
seR

Assume that p : Q@ — (0,+00) is a random variable tempered from
below such that 2p(w) < po(w). We modify f(1,w,x) as follows.

Fo(w.) =  CU/p@)f(w2) - al < 2p(w),
o 0 |z > 2p(w).

Then f(l,w,-) is extended to the outside of U(w). By a simple
calculation, we obtain the following.

Lemma 2.16.

(1) Fp(wvx) = f(l,w,x) for all |$‘ < p(w);

(i) |D2F,(w, )| Lra re) < 10By(w)p(w) for all w € Q and = € RY;

(iii) sup,ega [|[DEF,(w, )| prrarey < Br(w) for all 2 < k < N and
w € Q, where each Bi(w) is a random wvariable tempered from
above.

(iv) [IDEFy(w,2) — DyFy(w. y)llor@a ey < Ax(w)lz —y[7) for all
0< k<N and x,y € Rd, where each Ay(w) is random variable
tempered from above.

Set
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We choose p(w) such that

p(w) < mm{ Ll(a,ﬁ)*i L =
- 30K (w) K (w)Ba(w) 10K (dw)K (w)By(w)’

1
20 By (w) K (fw)elB )] }
The choice of numbers here is not optimal but is for convenience. Let
Bi(w) := (K(8w)K (w))~!. The condition
1
[ D Fy(w, z)|| < 2K (0 el
implies that
Y(1,w,z) == 0(l,w)z + F,(w, z)
is a OV diffeomorphism on R?. Then 1 (1,w,z) generates a CV
modified random dynamical system.
Recall that {z, }nez is an orbit of ¢(n,w, zg) if and only if
Tpt1 = (1, 0"w)x, + f(1,0"w, x,) for all n € Z.
Then by Lemma 2.16 (i), we obtain that, for every sequence x, €
B(0, p(0"w)), x, = p(n,w,x) if and only if
(2.5) Tnt1 = (1, 0"w)a, + F,(0"w, z,) for all n € Z.

From now on, we consider modified equation (2.5). To simplify the
notation, the modified random dynamical system is still denoted by

o(n,w,z).
Let v : @ — R~ be a f-invariant random variable. We define the
Banach spaces

C+ = {X = {xn}nezJr | Tp € Rda sup ‘xn|e’y(w)n < +OO}
v(w) nezZt

with the norm
+ L y(w)n
be = sup |z,le ,
| ‘fy(w) neZp+| 7l|

C’;(w) = {x = {zn}nez- | 20 € RY, sup |xn\677(”)” < —l—oo}
nez-
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with the norm

= sup |zple 7@
ner=

%5 ¢

and

Cow) = {X = {zn}nez | Tn € Rd,iléglwnle”(“)'"‘ < +00}

with the norm
|X|y(w) := sup |xn|67(“)‘"‘.
nez

For the modified random dynamical system ¢, we define the center-
stable set as

We (@) = {m0 € R | x = {wn}nezs € O},
the center-unstable set as
W w) :={zo € R | x = {@n}nez- € Clnt
and the center set as
We(w) :=={zg € R? | x = {zn}nez € Cryu) }-

Obviously, W (w), W (w) and W¢(w) are invariant for the random
dynamical system ¢(n,w,x).

3. Center-unstable, center-stable and center manifolds. In
this section, we will show the existence and smoothness of center-
unstable, center-stable and center manifolds for the modified random
dynamical system ¢(n,w,z) under certain conditions.

Before giving the center-unstable manifold theorem, we introduce
two important lemmas as follows.

Lemma 3.1. Assume that Hypotheses 2.7 and 2.8 hold. Let v(w) be a
O-invariant random variable satisfying 0 > v(w) > —f(w). Then, x =
{Tn}nez- € C (o 18 an orbit of p(n,w, x) if and only if x = {Zn}tnez-
satisfies the following equations:
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—1
Tp = P (n,w)€ — Z@C“(n -1- i,9i+1w)Fgu(9iw,xi)

i=n

(3.1) + Z P°(n—1-— i,&”lw)Fj(Giw,xi) for alln < —1,
-1

x0 =&+ Z O3 (—1— 1, 9i+1w)Fj(0iw,xi),

where § = xf§" = Pz, ®7(n,w) = ®(n,w)P" and F;(w,z) =
PTF,(w,x) for 7 = cu and s.

Proof. Assume that x = {2y },ez- € C_ ) is the orbit of (n, w, z).
By equation (2.3), we have, for every k < n <0,

n—1
Ty = O(n —k,0Fw)xy, + Z d(n—1—i,0" W) F,(0'w, z;).
i=k

Let n = 0. Then ®(—k,0*w) = ®~1(k,w) yields
xp = ®(k,w)zo — ZCD —1— 0,0 W) F, (0w, z;).

Switching index k back to n, we obtain
(3.2) Xy = ®(n,w)zo — Z d(n—1—1i,0"W)F,(0'w, z;)

for all n < —1.

Using projection P°* in equation (3.2), we find that x,’s center-
unstable component satisfies

(3.3) zt =0%(n,w) Zfl)c“ —1- i,9i+1w)FpC“(9iw,:ci).

Applying the stable projection P* to equation (2.3), we get
n—1

= ®%(n — k, 0Fw)a; + Z °(n —1—1, 9i+1w)F§(9iw, x;).
i=k

(34) «

n
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Since {Zn }nez- € C(w)» it then follows from Lemma 2.12 that
|®% (n—k, 0Fw)zg| < K(ka)efﬁ(‘”)("fk)6V(“’)k|x|;(w) — 0 as k — —o0,
where the fact that K(w) is tempered is used. Thus, letting k& — —oo

in equation (3.4), we obtain

n—1
(3.5) zh= Y (n—1-i,0w)F (0w, ).

1=—00

In particular, when n = 0,

-1
(3.6) x5 = Z (-1 — 1, 91+1w)F5(9iw,xi).
i=—00
By equations (3.3), (3.5) and (3.6), equation (3.1) is established. The
converse direction follows from straightforward computation. Thus, the
proof is complete. O

Lemma 3.2. Assume that Hypotheses 2.7-2.14 hold. For each

Bw) Bw)
7(“’)6[_ 2 ’_2(N+1)2}’

equation (3.1) has a unique solution x(§,w) € Cwy with 5" = & for
all € € E°*, and

(i) the solution x(§,w) is independent of

Yw) € [_ 6(2@’_2(]6(?1)2}

(i) x(&,w) is B(E™) ® F-measurable and x(&,w) is Lipschitz contin-
uwous in & with

3K (w)

Furthermore, for any
Blw)  Bw)
2(N+1)" 2(N+1)2]
(iii) x(-,w) is CN from E" to CNw)
Dexn(0,w) = @ (n,w);

YE |~

with x(0,w) = 0 and
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(iv) for each 1 <1i < N, there exists a O-invariant random variable
((w) = ¢y (w) > 0 such that

< Ki(OJ),

Di i mew
|| EX(&-?w)”L(E ’Ci—y(w)+4(w)) -

where each K;(w) is random variable tempered from above;
(v) in addition, if Hypothesis 2.15 holds, x(-,w) is CN'™“) from

B 10 Cin i)

Proof. First, we will prove that equation (3.1) has a unique solution
x = x(&,w) which is Lipschitz continuous with £ € E<.

Let T°"(x,&,w) denote the right hand side of equation (3.1). Set
Y = {Yntnez- = T(x, £, w). Multiplying both sides of equation (3.1)
by e~ 7" by virtue of Lemma 2.16, we get that

(B7) e y] < K@E + 3 La(s 6) 7 Eles B 1)l

for all n < —1,

()

where
e~V (w) eBw)

@)+ (@) @) + Aw)

L = —
(a, 8,7) -
Similarly, we have

1 1 6’8(“)) _
lyo| < [€] + ng(a,ﬂ) mb“ww)'

Thus, 7°%(+,&,w) is a self-map on C’,Y_(w).

For every x,X € Cv(w)7 we obtain

—1
Un = Tl < 107 (n — 1 — i, 0" w)]|
B n—1
X | (0w, ) = FS(0°w, Ti) | + Y @ (n—1—i,6" )|

X |F3 (0w, x;) — F3(0'w, ;)| for all n < —1,
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where ¥ = {y,, }nez- := T(X, &, w), which implies

[9n — Tale 7" < 2L, 87 L0, B,7) x — X
Similarly,
oB(w)

0

x—X|_

|yO _?0| < y(w)"

3
Then, we obtain that

1
|7‘cu(X7§,w) 77#6”(?’67 )| y(w) < Ll( ﬁ)ilL(OZ,ﬁ,’Y”X*i‘;(w).

Since

_Bw)  Bw)
2 7 (N +1)2

(3.8) Lo, B,7) < Li(a,B) forallye

it then follows that 7<*(-,£,w) is a uniform contraction with respect
to the parameter £&. By the contraction mapping principle, we have
that, for each £ € E, T¢(-,{,w) has a unique fixed point x(§,w).
Obviously, x(0,w) = 0. Moreover, for every &, &y € E°“ and n < —1,
we have

|0 (€, w) — 2n (&0, w)|e” 7™ < K ()€ — &

+ 3 Lo B) 7 L B )e(6,) = x(E0 @)l

Hence,

3K(w)
2

(3.9) (€, w) — x(€0, )50y < o 21 — ol

Since x(£,w) is the w-wise limit of iteration of contraction mapping
T starting at 0 and 7°* maps a F-measurable function to a measur-
able function, x(§,w) is F-measurable. Besides, equation (3.9) shows
that, for any w € Q, x(-,w) is Lipschitz continuous. By [7, Lemma
II1.14], x(§,w) is B(E“*) ® F-measurable.

Noting that
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we have that C’;,,(w) C C;,( Then, a fixed point in C_,
in C,;, ()" This implies that x(§ ,w) is independent of

Bw) Bw)
7(‘”)6[_ 2 ’_2(N+1)2}

(@) must be

For each

e [ 2 B ]

2(N+1)" 2(N+1)?
we choose a f-invariant random variable {(w) > 0 such that

B9 ) + ¢w) < 1) + 20 (w) < ‘2(]6(:5)1)2

2
forall {=1,...,N.

Next we prove that x(-,w) € CV by induction. In order to fulfill this

goal, we first prove that x(-,w) is differentiable from E* to C’W(w ()

and then show that D¢x(-,w) : E“* — L(E™, Cf(w)) is continuous.

Define the linear operator G : C_ (@) te(w) O?w)+<( ) by
-1
(GU)n Z@‘“ (n—1—14,0"'w)D, Fr(0" ‘w, 5 (€0, w) ) Vs
(3.10) + Y (n—1-i,0 W) DL F (0'w, 2i(&,w))vi

for all n < —1,
-1

(Gv)o = Z (-1 — i,9i+1w)DIFps(9iw,mi(fo,w))vi

i=—00

It is clear that G is a bounded linear operator on C;(w) (W) with the
norm

161 < La(, ) L, B,y +0).

By equation (3.8), we see that Id — G has a bounded inverse in
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-

(@) +¢(w) Lt

-1

I, = _Z e (n_ 1—1, 9i+16«J) <chu(91w’ Ty (5; W)) _F;fu (eiw’ T (507 w))

i=n

- DL 0360, a(6.) — () )

n—1
+ | Z P (n—1—1,0"1w) (Fj(ﬁiw, x; (&, w)) —F;(@iw, x; (&0, w))

- Dij(Hiw,xi(§07w))(:ri(§7w) - xi(&),w))) for all n < —1,

-1

=Y ®(-1- i,9i+1w)(F5(9iw7$i(f’w)) — F3(0'w, (&, w))

i=—00

— Do F3(0'w, (&0, w)) (i (&, w) — xi(£07w)))'

We denote the bounded operator L7 : B — C |\ ) by (LE)y :=
O (n,w)€. Set I := {I,},cz-. Next, we prove the claim |I|;(w)+<(w) =

o(|¢ = &l). Divide e=(r@H@hny by a sum of four terms, ie.,
e Oy, — [ 4+ I} + I + 1", where

n

I =— w)+C(w)n Z U (n—1—1i,0 W)

x (F;“(eiw,xi@w)) EE (B, 2(60,w))
- DIF;u(ozw’ xi(an w))(xl(é.a w) - xi(SOa w)))

forn<N<-land I, =0for0>n >N,

-1
I,;L/ = —e_(’Y(W)"‘C(UJ))” Z (Pcu(n — 1= ’L'7 9i+1w)
i=N

x (F,f"(mw, £i(E.w)) — F (0,460, )
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- DL B ) (6, ) — 1 (60) )

forn<N§—1andchangeﬁtonif—1ZnZNandI{{:Oif
n =20,

N-1
I" = ¢~ (V@) H(@)n Z O (n—1— 14,0 w)

i=—00

< (F;(eiw,mi(é,w» — F3 (0w, 7160, w))
- DL (0160, (06 0) — o)

forﬁ<n§0&ndchangeﬁfltonflforﬁzn,and

n—1
" = e~ (VW)H(W)n Z P (n —1—1,0"w)
i=N

X <F§(9iw,xi(§,w)) - Fj(ﬁiw,xi(€o7W))
- DL ) a(6,) — (60 )

for N < n < 0 and I = 0 for N > n. Here, —N and ~N are
large positive numbers to be chosen later. We first observe that, for
n<N< -1,

1Il| < (W)t (—a(w)=y(w)={(w)n

N-1
+ D 20K (07 w) By (0'w)p(0'w)e V() T el
|x(& w) = %0, W) ()26 ()
2Ly (e, B)7"

~ =3(a(w) +y(w) + 274(00))

y ef'y(w)fQC(w)+C(W)N|X(£’w) _ X(anw)|;(w)+2<(w)
< 2L1(Oé7 ﬁ)71
T =3(a(w) +y(w) +2¢(w))




SMOOTH CENTER MANIFOLDS 1947

o= (@) =2 (@) (@) | 3K( 3K(@) e gl

where the last inequality follows from equation (3.9). Choose —N large
enough so that

(3.11) sup |I;,| < |£—£o|-
nezL-

Fix N. We have that, for every n € Z~,
122 < [x(&,w) — x(60,0)]
-1
« (ea(w)Jr(a(w)v(w)C(w))n Z K(giJrlw)e(v(w)Jra(w))i
i=N
1 .
x / | Do FE (0w, si(E,w) + (1 — 5)34(€0,w)
0

— D F" (0w, z; (&0, W)l ds) .

Since F,(w,z) € CN N > 2, for each ¢ > 0, there exists §; = §;(w)
such that, if | — &| < d;,

||DwFff“(9iw, szi(§,w) 4+ (1 — s)zi(&o,w))

D, F5* (0w, (&0, w)) |
13

< —
T —6NK(w)K (fitlw)e(r(@) taw)igaw)
fori=N,...,—1.

Letting § = miny<;<_,{d;} and recalling equation (3.9), we obtain as

|€_§0| <Sa

(3.12) sup |I;/] < |5*§0|-

nez-

Similarly, we choose -N large enough so that

(3.13) sup [I77] < S|¢ — &,
ner— 4
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and there exists 6 = g(w) such that, as | — & < 5,

(3.14) sup |12 < 2|€ — &o.
nez— 4

Taking 6 := min{9, g} and combining (3.11)—(3.14), we obtain that
1 )y S €IS — Sl for € —&of < 5.
Then the claim is true. Thus,
x(€ w) —x(&,w) = (Id — G) L€ — &) + o([€ — &l)-
This yields x(§,w) is differentiable in & and

Dgx(f, ) € L(E C»y_(w)+g(w))

By equation (3.1), we find Dex(-,w) : E* — L(E®, Cl
satisfies

W) +C(w)
Den(§,w) = @ (n,w)

- i O (n—1—14, 0" w) D FE* (0w, 2;(€, w) Des (€, w)
(3.15) + ) @ (n—1-i,0" W) Do Fj (0'w, 24(,w)) Dewi (€, w)

i=—00

for all n < —1,

Dexg(§,w)=1d + Z O* (10,0 W) D, F (0'w, (€, w)) Deay (€, w).

1=—00

Furthermore,

3K (w)
D = .
| Dex (&, w )||L(E 4O )4 (w)) 2

By the contraction mapping principle, D¢x(€,w) is a unique solution
of equation (3.15). Recalling that D, F(w,0) = 0 and x(0,w) = 0, we
have D¢z, (0,w) = ®°*(n,w).

To prove that D¢x(§,w) is continuous with respect to &, we define

the operator Gy : L(E* C’W(w)) — L(E C’W(w)) by the right hand side
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of equation (3.10) with £ in place of &. Let H := {H,},,cz-, where

—1
H, = — Z U (n — 1 —i,0" W) (D FE (0'w, (€, w))

— Do F§*(0'w, z:(&0,w))) Dewi(o, w)
n—1
+ Y @ (n—1—i, 0 W) (DS (0w, 7i(6, w))
- Dij(ﬂiw,xi(go,w)))DExi(go,w) for all n < —1,
-1
Hy = Z D°(—1 — 0,0 W) (Do F3 (0'w, (€, w))

- DxFS(eiM zi(§o,w)))Dexi(&o, w).
Then, we have
(3.16) Dex(§,w) — Dex(§p,w) = G1(Dex(€&,w) — Dex(&o,w)) + H.

Using the same procedure as for I, we get ”H”L(EC" Co) = o(1) as
& — &. On the other hand, it follows from equation (3.10) that

IGi]] < 3T1(0 )" Lo, B,7)-

Equation (3.8) implies Id — G; has a bounded inverse in L(E“", C;(w)).
In view of equation (3.16) we see that D¢x({,w) is continuous with
respect to &.

Now, we use inductive assumption to prove that x(-,w) is C7 from
E* to C’j_v(w) forall1 <j<m-—1,2<m< N. Assume that there

exist random variables tempered from above K;(w) such that

(3.17) HDgx(£7w)||Lg‘(Ecu)C_

j’v(w)+4(w))

< Kj(w)
and prove it for j = m. By simple computation, when m > 3,
D?71X(~7w) satisfies the following:

-1
Dgﬁbilxn(§7w) = Z q)Cu(n -1- ia ei+1w)Dszcu(9iw7$i(§7w))

i=n
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n—1
x DPay(gw) + Y 0% (=1 — 0,0 W) D F (0w, 2(¢,w))
(3.18)
1 )
% D;n_lxi(f,W) _ Z (I)Cu(’l’b —1- ’L'791+1w) frlzt—l,i(gaw)
n—1 - X
+ D @1 =i, 0T W) R,y (6 w)

for all n < —1,
-1
DY o6 w) = Y BH(-1 =i, 07 W) DL F (fw, i (€, )
X DPla(6w) + D0 (-1 =i 0T W) Ry (6 w),

1=—00

where

m—3
R =3 ("7 7) PP (DL E 0 () DL )
=0

for 7 = cu,s. In the case of m = 2, see equation (3.15). We only
prove m > 3 for brevity. The proof for m = 2 is similar. By the
chain rule, we obtain that each term in R}, ;(§,w) contains factors
D F7(0'w, x4(€,w)) for some 2 < I3 < m — 1, and at least two
derivatives D?wi(g,w) and Dif"wi({,w) for some lg,l3 € {1,...,m—2}.
Since Déx(f,w) €Cyforl=1,...,m—1and F'is CN, R | (- w) -
Ee — [mH(E, ) and RS,y (- w) 1 B — LM=Y(E®, E*) are
C'. Furthermore, we have

1De R (& )| < B (0°w) Ko (w)e ™ T2 for 7 = cu, s,

where B,,(w) = maxi<;<m Bi(w) and I?m (w) is the mth-order polyno-

mial of K;(w),..., K;—1(w) with positive integer coefficients that are
tempered from above. Let J(§,w) := {Jn(§,w)}nez-, where

-1
Tn(Gw) ==Y @ (n—1—i,0Mw)Ri_ | (¢,w)

i=n
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n—1
(3.19) + Z O (n—1—14,0MW)RS, 1i(§w) foralln < -1,
o
= Z CI)S(_ 01+1 ) m— 11(57("})'

Note that, for n <i < —1,

(320) [|(n —1—i,0" W) DR (€, w)
< ( (91+1 ) (91 ) (w)z)
X [?m(w)e—a(w)(n—1—i)e(m'y(w)+§(w))i,

and, fori <n—1< -1,

(321) [[@°(n—1—i,0" W) DR, ,(€ W)l
S( (9l+1 ) (91 )C(w)i)
X Ry (w)e—B@n=1=0) lmy (@)
Since K (60"'w)B,,(0'w)eS@) is bounded by a tempered-from-above

random variable K, (w) independent of i (see Lemma 2.13), by equa-
tions (3.19)—(3.21), we get that J,,(£,w) in € is C* for all n < 0 and

1D Jn (&, )|~ < K () Ko () L(a, 8, my + C).

We consider a linear operator G on L™~ Y(E, O ) that is

my(w)+¢(w)
defined by equation (3.10). Let I™ := {I"},,cz-, where

I:Ln = — _Z (PCU(TL —1- i, 9i+1(U) (Dwchu(ezwv xz(&, W))
- D FC“(Q%J,xi(io,w)))Dgnflxi(f»W)
+ Z (n—1—14,0"1w )(DwF:(oiwami(§7w))

1=—00

- DIF;(GZC‘J; xi(SOa w)))Dgn—lmi(g,w) + an



1952 PENG GUO AND JUN SHEN

for all n < —1,

-1
= 3" @ (=10, 0 W) (D F3 (0w, 246, w))

- DwFS(eiw7 mi(goﬁw)))Dénilxi(fvw) + R6n7

and
—1 ‘ )
Ry =3 0"(n—1-i,0"w)Dau " (0'w, 2:(60, w))

x (i(§,w) — @i, w)) D" (€, w)
- nf D*(n —1— 0,0 W) Dyu F3 (0w, (&0, w))
:Z(é,w) — zi(§0,w)) D" Mai(,w) forall n < —1,
o= — i D*(n—1— 0,0 W) Dyo F3 (0w, (&0, w))

X (i€, w) — i(€0,w)) DY i€, w).
Let R™ := {RI"},cz— . By equation (3.18), we have

(322) Dglilx(ng) - Dgnilx(&)aw)
gD (6 w) — DI x (6, w))
=J(&w)— J(,w)+I™ — R™.

Since ||G|| < 1/3, the inverse operator (Id — G)~! exists in L™~ 1(E,

Cr?w(W)JrC(w))' Then equation (3.22) is equivalent to

DI 'x(6,w) — DY 'x(6,w) = (1d = G) " (DeJ (b0, w) (€ — &) — R™)
+Id = G) M (J(&w) — (&0, w)
— DeJ (6o, w)(€ — &) +1™).

Using the same method as for I, by inductive assumption we obtain

m — —
11 Hmel(Ecu,C;N(wHC(w))_O(|£ éol),

as & — &. Furthermore,
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||J(§,UJ) - J(SO?‘*}) - DgJ(é-Q,W)(S - 50) + ImHLm—l(Ecu)C*

oy (@) ¢ ()

= o([§ — &ol),

as £ — &o. Hence, D{"x(§,w) exists and

Dg"x(§,w) € L™(E™,C () 4c(w))-
From equation (3.18), we find D¢'x(-,w) : E< — L™(E,
-

m,Y(W)Jrc(w)) satisfies

-1
D¢'r, €, w)= —Z@C"(n— 1—1, 0i+1w)DmF,f“(Hiw, 2 (€, W)

i=n

-1
XDgxi(ng)Dgnilxi(ga w) _Z (I)cu(n_]-_z’a 0i+1w)D$F5u(0iwv 1’1(5, UJ))

n—1
XDgnxi(gaw) + Z Q)S(n—l_j’ 9i+1w)D1xF5(eiw7xi(€7w))
i=—00
n—1 .
XD&xi(f’w)D?_lxi(f’w)—l- Z q)s(n_l_i79i+1w)Dmes(91w7xi( 7w))
i1=—00
-1
(3.23) x Dzi(€,w Zcbw n—1-14,0" W) DR (€, w)
n—1 ‘
+ > (n—1-i,0" W) DR, (6 w)
for all n < —1,
Dy'zo(€,w Z % (—1—i,0"w) Dyp F3 (0'w, (€, w)

X Des(£,0) D L6, 0) + _Z B (1, 67 ) D, S (B, (6, )

1=—00
-1

XDgan(f,W)+ Z QS(_l_ivoiJrl )DﬁRm 11(530‘))'

1=—00
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L(a, B,my + QK™ (@) K1 (w) K —1(w) + K (w) Ko (w)]
1- (1/3)L1(O[,B)_1L(Oé7,87m’7+C) '

By simple computation, we have

K, (w) =

”D?X(&w)”Lm(Ecu,c* < K (w).

mv(w)+C(w)) -

Next we prove that Df'x(-,w) : E® — L™(E,C__ ) is contin-

uous. We change & to £ on the right hand side of equation (3.10) and

define the operator as Gy : L™ (E°Y, G w)) — L™(E C’;L,y(w)) Let
Q :={Qn}nez-, where
Qn=—> _ & (n—1-i,0""w) Doy F5"(0'w, 7;(£, w))
n—1 ) )
XDEmi(£7w)D?71xi(£u OJ) + Z (I)S(n_]-_i7 9z+1w)DzzF§(92wv 1'1(57(“1))

-1

Xngi(§7w)Dgl71xi(£7w) - Z q)cu(n -1- Z.v 9i+1w)D m—1 7,(57 )

i=n

n—1

+ ) @ (n—1-i,0" " w)DeRS, ,(€,W)

1=—00

for all n < —1,

-1

Qo= Y O(-1-i,0"w) Dy, F3(0'w, z5(&,w))

i=—00

—1

x Deai (&, w) D i€ w) + > @8 (—1—i,0" w) DRy, (6 w).

1=—00

From equations (3.23) and (3.10) we have

D™ (&, w) — Dg"x(o,w) = G1(Dg"x(&, w) — Dg"x(o,w)) + Q-
Obviously, ||G1]| < 1/3. This implies that Id —G; has a bounded inverse

in L™(E an(w)) By the same procedure as for H, we can prove
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that
||Q||Lm(Ecu_c* ) =o(1) as&—&.
+ oy ()

Then D?X(f,w) is continuous in Lm(Ec“,C;W(w)).

assumption, the results in Lemma 3.2 (iii)—(iv) are established.

By inductive

It remains to prove that x(-,w) € CN-7(@) - Clearly, for each

Blw) _ BWw)
2(N+1)" 2(N+1)2]°

TE |~

x(-,w) is C* from E to C(;JFT(W))V(W) for ¢ = 1,...,N. Following

equations (3.9), (3.15) and (3.17), Lemmas 2.13 and 2.16,
[Des(€,w) — Deay(o, w)[|e” M)
1 _ _
< ng(O‘aﬁ) 1L(aw8a (1+ T)’y)HDgX(f,w) - D§X(§0aw)||(1+7—(w))ry(w)

+ Vi (@)|€ = &|™,

where

N7
v = (2E) T a@m@e.s ot )

and A;(w) is the tempered-from-above random variable such that
K0 w) Ay (0'w)eS®) < A, (w). Then, by equation (3.8), we get that

[Dex (&, w) — Dex(§o,w) ||(_1+-r(w))»y(w)
Vi (w)

_ g |T(w)
(1/3)[,1(04’ﬁ)—l‘l}(a’ﬁ7 (1 + 7')7) 1€ — &ol .

<
=1C
Let
_ Vit (w)
1- (1/3)L1(a7ﬂ)71L(a757 (1 + T)’Y) .

We assume that, forall 1 < j <m—1,2 <m < N, there exist random
variables tempered from above K (w) such that

HDEX(&“’) - D§X(§07w)|‘(_j+r(w))7(w) < K (w)|¢ - &™)

and prove it for j = m. By inductive assumption, we obtain that, for
each £, &) € E° and 7 = s, u,

K{(w) :
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(324) ”DSRm 1, 2(5,&)) - DfR:nfl,i(&)vw)H

()
< |, (01w) R (w) el )t 20 (3K W)
2

B (070) o (1)l ()26 11} € — &),

where A,,(w ) = maxXo<i<m Ai(w), Bm(w) = maxi<;<m, Bi(w) and
Km( ) and K m(w) are, respectively, the mth-order polynomial of
Ki(w),...,Kmn_1(w) and the mth-order polynomial of K;(w), K{(w),
o K1 (w), K% 4 (w) with positive integer coefficients that are tem-
pered from above.

Applying Lemma 2.13 again, we directly see that K(#*"lw) x
Ax(0'w)e? @) K (071 w) A, (07w)e> @)1 K (07 1w)By(f'w)et @) and

K(O™w)B (9’ )e2¢(@)? are bounded by tempered-from-above random
variables A,(w), 4A,,(w), By(w) and B,,(w) independent of 7. Using

—=m

equations (3.23) and (3.24), by simple calculations we have
1Dg"2i(€, w) — Dg*wi(&o, w)le” TN
1
< ng(aa 5)71L(aa 57 (m + T)'Y)
X ||D2nx(§,w) - D?X(anw)H(ﬁmJﬂ(w))y(w) + K*(w)[§ — EO‘T(w)a

where

. w 7(w) ~
+Am<w>Km<w>(3K”) B (@)K ()
L{a, B, (m + 7).
Set (w) B Ka(w)
) = TR (@ B) L e B m )
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Then we obtain that
(3.25) HD?X(faw) - D?X(§O»W)|‘(m+7(w))7(w) < K7, (w)[§ - §O|T(w)~

It follows from inductive assumption that the proof of Lemma 3.2 is
complete. 0

Now we provide the center-unstable manifold theorem.

Theorem 3.3 (Center-unstable manifold theorem). Assume that Hy-
potheses 2.7-2.14 hold. Then the center-unstable set is a CN manifold,
which is given by

Wt (w) = {€ + h"(&,w) | € € B,
where " . E°* x Q — E* satisfies the following:
(1) hew(€,w) is B(E®) ® F-measurable and h**(&,w) is CN in & with
Lip h®(-,w) < 1, he(0,w) =0, Dch(0,w) = 0;
(i) ||D2hcu(§,w)|| < I/(\'Z(w) for all 0 < i < N < 400, where each

K;(w) is random variable tempered from above;
(i) Wit (w) = {x € W (w) | « € B(0,p(w))} is a local unstable-

loc
center manifold of the original system (2.1);

(iv) in addition, if Hypothesis 2.15 holds, h*(-,w) € CN™@)  and
there is a random variable tempered from above Kpyi1(w) such
that

DY 1t (€, w) — DY b (€0, w) || < K n1 (W)€~ &™) for all €, &9 € B

Proof. We define h** : E* x Q@ — E* by

h (& w) == a5(8,w)
-1
— _Z (=1 — i, 0" W) FS (0'w, (€, w)).

By Lemma 3.1, we see that

W (w) = {zo(§,w) | £ € B} = {{ + h™(§w) | £ € BT}
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Take B(w)
w
Y(w) = *mv
and let O(w) := —y(w) in equation (2.4). For every £,&, € E, we
have that

R (& w) = W (€0, W)

-1
< Y 10K (07 1w) By (0'w) p(0w)e P 1D ()

X |X(£7w) - X(&)vw”;(w)'

Since
3K (w)

2
together with K (w) < K(8'w)e~ 7@ we have

x(6,0) = x(60, )| < 5 21— o,

WL (o, B)7 1 ! ,
’ _ (2y(w)+B(w))
el 3 e,

1=—00

|h (& w) = h™ (&, w)| <

Thus, we obtain

A€, 0) = (6, )] < 5La(0,8)" Le, B,29)]€ — 6ol < 31E ol

It is clear that (i)—(ii) follow from Lemma 3.2 (ii)—(iv), and (iii) is true.
Moreover, measurability of W (w) is a consequence of the continuity
and measurability of h%(&,w).

To this end, we note inequality (3.25) and obtain
DR (&, w) — Dg'h (€0, w)|| = [|1P*(DE o (€, w) — DE o (&, )
< KR (w)[€ = &l ™).

Let KN+1(W) := K% (w). The proof is complete. O

The existence and Holder continuity of smooth center-stable mani-
folds of the random dynamical system ¢(n,w,x) are established in ex-
actly the same way. We summarize the center-stable manifold theorem
as follows.



SMOOTH CENTER MANIFOLDS 1959

Theorem 3.4 (Center-stable manifold theorem). Assume that Hy-
potheses 2.7-2.14 hold. Then the center-stable set is a CV manifold
which is given by

W (w) ={§+h (& w) | £ € E“Y,
where h®® . £ x Q — E" satisfies the following:
(i) hes(&,w) is B(E®®) ® F-measurable and h**(&,w) is CN in & with
Lip h**(-,w) < 1, h**(0,w) =0, D:h*(0,w) = 0;

(ii) for all0 < i < N < 400, we have that ||Déhcs(§,w)|| < Ki(w),
where each K;(w) is random variable tempered from above;

(iil) W (w) = {x € W*(w) | z € B(0,p(w))} is a local center-stable
manifold of the original system (2.1);

(iv) in addition, if Hypothesis 2.15 holds, h**(-,w) € CN'™) and there
is a random variable tempered from above K yy1(w) such that

IDY e (€, w)— DY b (€0, w) | K 41 (w)|E—&o| ™) for all €, &€ B,

Since the above preparations have been finished, we are now ready
to prove the center manifold theorem.

Theorem 3.5 (Center manifold theorem). Assume that Hypotheses
2.7-2.14 hold. Then the center set is a CN manifold, which is given by

Wew) ={¢+h(Cw) | ¢ € EY,
where h¢ : B¢ x QQ — E"* @ E° satisfies the following:

(i) he(¢,w) is B(E®) ® F-measurable and Lipschitz continuous with
respect to (;

(ii) he(¢,w) is CN in ¢ with h¢(0,w) = 0 and D¢he(0,w) = 0, and for
each 0 < i < N < 400, there exists a random variable tempered
from above Kj(w) such that | D{he(¢,w)| < Kj(w);

(ili) We.(w) = {z € Wew) | o € B(0,p(w))} is a local center
manifold of the original system (2.1);

(iv) in addition, if Hypothesis 2.15 holds, then he(-,w) € CN7)  and
there is a random wvariable tempered from above Kijy  (w) such
that

DY he (¢, w) = DY he(Co,w)l| < Ky g1 (W)[C—Co| ™) for all ¢, o€ B
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Proof. Obviously, (iii) is true. For any x € W¢w), we have
r=&+n+(, where £ € E%, 5 € Ef and ( € E°. Note that x € W<
and x € We. By Theorem 3.3, we have n = h®*(£ 4+ (,w). Similarly,
Theorem 3.4 implies £ = h®(n + (,w). Thus,

n=h(h(n+ ¢ w)+ (w).

For each fixed w € Q, by Theorems 3.3 (i) and 3.4 (i), Lip h®*(-,w) -
Lip h®*(-,w) < 1. Moreover, recall that h¢*(-,w), h°(-,w) € CN. Tt
then follows from the contraction mapping principle with a parameter
that there exists a C mapping h§{ : E° x Q@ — E® such that
n = h$(¢,w). Similarly, there exists a C mapping h§ : E¢ x 0 — E¥
such that & = h§(¢,w). Instead of h¢({,w), it is not difficult to see that
both h§({,w) and h§(¢,w) satisfy (i), and by the inductive approach
that they satisfy (ii) and (iv). Set

he(C,w) := hi(C,w) + h3(C,w).

The proof is complete. O
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