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PROGRESS CONCERNING THE LOCAL-GLOBAL
PRINCIPLE FOR ZERO-CYCLES ON ALGEBRAIC

VARIETIES

YONGQI LIANG

ABSTRACT. We consider zero-cycles on algebraic vari-
eties de�ned over number �elds. The Hasse principle and
weak approximation property are obstructed by the Brauer
group of the variety and it is conjectured to be the only ob-
struction for all proper smooth varieties by Colliot-Thélène,
Sansuc, Kato and Saito. We summarize the progress related
to this conjecture, particularly for higher dimensional vari-
eties such as �brations and homogeneous varieties.

1. Introduction. Let k be a number �eld, and let Ω be the set
of places of k. In the present paper, the main consideration is the
local-global principle for 0-cycles on algebraic varieties X, which are
proper smooth and geometrically integral over k. We simply write
Xv = X ⊗k kv for all v ∈ Ω, and we denote the cohomological Brauer
group of X by

Br(X) = H2
ét
(X,Gm).

For any abelian group M , denote Coker(M
n→ M) by M/n, for any

non zero integer n.

In the 1970's, Manin de�ned the following pairing between the local
points of X and the Brauer group of X, cf., [33].
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∏
v∈Ω

X(kv)× Br(X) −→ Q/Z

({xv}v∈Ω, b) 7−→
∑
v∈Ω

invv(b(xv)),

where invv : Br(kv) → Q/Z is the local invariant. Denote the set of
families of local points that are orthogonal to the subset B of Br(X)
by [ ∏

v∈Ω

X(kv)

]B
.

It is a closed subset of ∏
v∈Ω

X(kv),

by the continuity in the �rst component of the pairing. According to
the global class �eld theory,

Br(k) −→
⊕
v∈Ω

Br(kv) −→ Q/Z

is a complex, the diagonal image of the set of rational points X(k), as
well as its closure, and is contained in the Brauer and Manin set[ ∏

v∈Ω

X(kv)

]Br(X)

.

Hence, the Brauer group gives an obstruction to the Hasse principle
and to the weak approximation for rational points.

Terminology. For a family of algebraic varieties, we say that the
Brauer and Manin obstruction is the only obstruction to the Hasse
principle for rational points if,[ ∏

v∈Ω

X(kv)

]Br(X)

̸= ∅

implies that X(k) ̸= ∅.
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We say that the Brauer and Manin obstruction is the only obstruc-
tion to weak approximation for rational points if X(k) is dense in[ ∏

v∈Ω

X(kv)

]Br(X)

.

The Brauer and Manin obstruction explains the failure of the Hasse
principle and weak approximation for rational points on several families
of algebraic varieties. However, examples constructed by Skoroboga-
tov [39], by Poonen [35], and by Harpaz and Skorobogatov [23], show
that this is not always the case. All of these examples are at least
dimension 2, and they are not (geometrically) rationally connected va-
rieties. It is believed that for smooth projective curves [38], and for
rationally connected varieties [10], the Brauer and Manin obstruction
is the only obstruction, for more information we refer to the Bourbaki
exposé by Peyre [34].

By taking a linear combination of corestrictions

coreskv(P )|kv
: Br(kv(P )) −→ Br(kv),

of evaluations b(P ) of b ∈ Br(X) at closed points P of Xv, we de�ne the
evaluation of b at local 0-cycles. The Manin pairing is then extended
to local 0-cycles, and it factorizes through the Chow groups of 0-cycles,
cf., Colliot-Thélène [4].∏

v∈Ω

CH0(Xv)× Br(X) −→ Q/Z.

Terminology. For a family of algebraic varieties, we say that the
Brauer and Manin obstruction is the only obstruction to the Hasse
principle for 0-cycles of degree 1 if the existence of families of local 0-
cycles of degree 1 orthogonal to Br(X) implies the existence of a global
0-cycle of degree 1.

We say that the Brauer and Manin obstruction is the only obstruc-
tion to weak approximation for 0-cycles of degree δ, if the following
statement is satis�ed. Given a family of local 0-cycles {zv}v∈Ω of de-

gree δ orthogonal to Br(X), for any positive integer m and for any

�nite subset S of Ω, there exists a global 0-cycle z = zm,S of degree δ,
such that z and zv have the same image in CH0(Xv)/m, for all v ∈ S.
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It is conjectured that the Brauer and Manin obstruction explains the
failure of the Hasse principle and weak approximation for 0-cycles on
all proper smooth algebraic varieties, even though it is not the case for
rational points. This is the main topic of this survey. We will state this
main conjecture in a more elegant manner after reviewing the recent
reformulation of the question presented in Section 2.

We remark that stronger obstructions exist for rational points, e.g.,
non-abelian descent obstructions or equivalently Brauer and Manin
obstructions applied to étale covers, but they cannot be extended
directly to 0-cycles.

2. Reformulation of the question and the main conjecture.
Note that the Manin pairing for 0-cycles factorizes through the product
of modi�ed local Chow groups:∏

v∈Ω

CH′
0(Xv)× Br(X) −→ Q/Z,

where

CH′
0(Xv) =


CH0(Xv), if v is a non-archimedean place,

Coker(NC|R :CH0(XC)→CH0(XR)), if v is a real place,

0, if v is a complex place.

Given the complex

Br(k) −→
⊕
v∈Ω

Br(kv) −→ Q/Z,

global 0-cycles are annihilated under the pairing, and the image of
Br(k)→ Br(X), paired with families of local 0-cycles of the same degree
give 0 as well. We obtain a complex of local-global type

CH0(X) −→
∏
v∈Ω

CH′
0(Xv) −→ Hom(Br(X),Q/Z).

As the variety X is supposed to be smooth, its Brauer group is torsion.
One deduces the complex

(E) lim←−
n

CH0(X)/n −→
∏
v∈Ω

lim←−
n

CH′
0(Xv)/n −→ Hom(Br(X),Q/Z).
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Similarly, one can obtain a complex concerning 0-cycles of degree 0:

(E0) lim←−
n

A0(X)/n −→
∏
v∈Ω

lim←−
n

A0(Xv)/n

−→ Hom(Br(X)/Br(k),Q/Z),

where A0(−) = Ker[deg : CH0(−) → Z], and by abuse of notation, we
denote the cokernel Coker(Br(k)→ Br(X)) by Br(X)/Br(k).

We remark that the exactness of (E) and (E0) is a birational invariant
for proper smooth geometrically integral varieties de�ned over number
�elds. This is deduced from the birational invariance of Chow groups
of 0-cycles [8, Proposition 6.3] and of Brauer groups [19, subsection
3.7].

The sequence (E) concerns both the Hasse principle and weak
approximation, it also contains information of 0-cycles of any degree.
Its exactness implies that

(i) the sequence (E0) is exact [44, Remark 1.1 (ii)];
(ii) the Brauer and Manin obstruction is the only obstruction to the

Hasse principle for 0-cycles of degree 1 [44, Remark 1.1 (iii)];
(iii) the Brauer and Manin obstruction is the only obstruction to weak

approximation for 0-cycles of degree 1 [30, Proposition 2.2.1];
(iv) for any integer δ, the Brauer and Manin obstruction is the only

obstruction to weak approximation for 0-cycles of degree δ, assum-
ing the existence of a global 0-cycle of degree 1 [30, Proposition
2.2.1].

The reformulation above dates back to van Hamel [41]. Our main
conjecture has been stated by several authors in various forms in the
literature, cf., [4, Section 1], [5, Section 1], [11, Section 4], [26,
Section 7].

Main conjecture. The sequence (E) is exact for all proper smooth

geometrically integral algebraic varieties.

3. Classical results for varieties of dimensions 0 and 1.

3.1. Dimension 0. Let k be a number �eld and let X = Spec(k),
then the complex (E) is exact for X. In fact, it is the Pontryagin dual
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of the exact sequence coming from the global class �eld theory

Br(k) −→
⊕
v∈Ω

Br(kv) −→ Q/Z.

This explains why one should modify local Chow groups at archimedean
places in the sequence (E). This also shows the exactness of (E) for all
k-rational varieties as well since, the degree map

deg : CH0(Pn) −→ CH0(k) = Z

is an isomorphism.

3.2. Dimension 1. Let X be a smooth projective geometrically in-
tegral curve de�ned over a number �eld k. Its Jacobian JacX is an
abelian variety de�ned over k. Assuming the conjectural �niteness of
the Tate and Shafarevich group

X(k, JacX) = Ker
[
H1(k, JacX) −→

∏
v∈Ω

H1(kv, JacX)
]
,

the statement that the Brauer and Manin obstruction is the only
obstruction to the Hasse principle for 0-cycles of degree 1 has been
proved originally by Saito [36, Corollary 8.5]. A simpli�ed alternative
proof was given by Colliot-Thélène [5, Proposition 3.7]; moreover, a
statement concerning weak approximation of 0-cycles of degree 1 was
also proved in [5, Proposition 3.3]. Summarized by van Hamel, the
exactness of (E) for curves was stated in [41].

If X = E is an elliptic curve, then assuming the �niteness of
X(k,E), the exact sequence (E0) is part of the well-known Cassels
and Tate dual exact sequence:

0 −→ E(k) −→
∏
v∈Ω

E(kv)
′ −→ Hom(H1(k,E),Q/Z)

−→ Hom(X(k,E),Q/Z) −→ 0,

where E(kv)
′ is de�ned to be E(kv), for non-archimedean places, and

otherwise the group of connected components π0(E(kv)). Considering
only the Hasse principle for 0-cycles of degree 1 on curves, a sharper
result was proved recently. De�ne the subquotient consisting of every-
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where locally constant elements in the Brauer group

B(X) = Ker

(
Br(X)

Br(k)
−→

∏
v∈Ω

Br(Xv)

Br(kv)

)
.

The �niteness of X(k, JacX) implies the �niteness of B(X). Eriksson
and Scharaschkin [17] proved that the B(X)-obstruction is the only
obstruction to the Hasse principle for 0-cycles of degree 1 on curves
under the �niteness assumption of X(k, JacX), i.e., the existence of
local 0-cycles of degree 1 orthogonal to B(X) implies the existence of
a global 0-cycle of degree 1.

In the next section, we summarize recent progress on the main
conjecture.

4. Recent progress on the conjecture for higher dimensional
varieties. Several families of higher dimensional varieties have been
proved to satisfy the main conjecture, most of them are:

(i) (smooth compacti�cations of) homogeneous varieties;
(ii) �brations over curves and projective spaces.

Moreover, a general relation has been found between the arithmetic
(Brauer and Manin obstruction to the Hasse principle and to weak
approximation) of rational points and the arithmetic of 0-cycles.

4.1. A relation between rational points and 0-cycles. The fol-
lowing theorem permits us to deduce results on 0-cycles from those on
rational points.

Theorem 4.1. [30, Theorems A, B], [31, Theorem 2.1]. Let L | k
be a �nite extension of number �elds and let KL be the set of �nite

extensions K | k that are linearly disjoint from L.

Consider proper smooth geometrically rationally connected k-varieties
X. Assume that the Brauer and Manin obstruction is the only obstruc-

tion to weak approximation (respectively to the Hasse principle) for

K-rational points on XK for any K ∈ KL. Then, the sequence (E) is

exact for X (respectively the Brauer and Manin obstruction is the only

obstruction to the Hasse principle for 0-cycles of degree 1 on X).
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It has been conjectured that the Brauer and Manin obstruction is
the only obstruction to the Hasse principle and to weak approximation,
for rational points on geometrically rationally connected varieties.

A similar result is available concerning only the Hasse principle for
all proper smooth varieties.

Theorem 4.2. [30, Proposition 4.6.1]. Let L | k be a �nite extension

of number �elds and let KL be the set of �nite extensions K | k that

are linearly disjoint from L. Consider smooth proper k-varieties X such

that X(K,Pic0X) is �nite for any K ∈ KL.

Assume that the B(XK)-obstruction is the only obstruction to the

Hasse principle for K-rational points on XK for any K ∈ KL. Then,

the B(X)-obstruction is the only obstruction to the Hasse principle for

0-cycles of degree 1 on X.

4.2. Homogeneous varieties. Results for 0-cycles on homogeneous
varieties are all deduced via theorems in subsection 4.1 from known
results for rational points. Until now, no direct argument for 0-cycles
had been available. Theorem 4.3 is deduced from Theorem 4.1 and
Borovoi's result for rational points [1, Theorem 2.3].

Theorem 4.3. Let Y be a homogeneous space of a connected linear

algebraic group G de�ned over a number �eld, and let X be a smooth

compacti�cation of Y . Suppose that the geometric stabilizer of Y is

connected (or abelian if G is supposed semisimple simply connected).
Then, the sequence (E) is exact for X.

In regards to the Hasse principle, Theorem 4.4 provides a sharper
result for a broader range of homogeneous varieties. Theorem 4.4 is
a consequence of Theorem 4.2, combined with the results on rational
points in [1, Theorem 2.2], [2, Theorem 3.14] and [24, Theorem 1.1].

Theorem 4.4. Let Y be a homogeneous space of a connected alge-

braic group G de�ned over a number �eld k, and let X be a smooth

compacti�cation of Y . Suppose one of the following hypotheses holds:

• G is linear and the geometric stabilizer of Y is connected ;
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• G is linear and semisimple simply connected, and the geometric

stabilizer of Y is abelian;
• G is a semi-abelian variety (i.e., a commutative algebraic group

which is an extension of an abelian variety by Gr
m) and Y is

a principal homogeneous space, assuming the �niteness of the

Tate and Shafarevich group of abelian varieties over number

�elds;
• the geometric stabilizer of Y is connected and k is totally

imaginary, assuming the �niteness of the Tate and Shafarevich

group of abelian varieties over number �elds.

Then, the B(X)-obstruction is the only obstruction to the Hasse prin-

ciple for 0-cycles of degree 1 on X.

4.3. Fibrations over projective spaces and curves. The exact-
ness of (E) is known for projective spaces and curves. The �bration
method allows one to deduce results for �brations over such bases.
However, lack of a suitable moving lemma for 0-cycles on varieties other
than curves prevents us from proving results for �brations over more
general bases.

4.3.1. Fibrations over projective spaces. Varieties considered
here are often geometrically rationally connected, in most cases, similar
results on rational points are also (sometimes conditionally) available.

Regarding the geometrical and arithmetical conditions supposed on
�bres, two types of results have been established as follows:

(Type 1) Codimension 1 �bres are geometrically integral and the
Brauer and Manin obstruction is the only obstruction to the
Hasse principle and to weak approximation for almost all
closed �bres;

(Type 2) Codimension 1 �bres are abelian-split and almost all closed
�bres satisfy the Hasse principle and weak approximation.

Results of (Type 1) [28, Theorem A] are analogs of the work of
Harari [20, 21, 22] for rational points on �brations over projective
spaces. It began with proving the result on �brations over the projective
line, followed by the induction argument which allows one to deal
with the general higher dimensional cases. We require the notion of
a generalized hilbertian subset which plays a key role in the proof that
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one can compare Brauer groups of the �bres over such subsets of closed
points.

De�nition 4.5. Let V be an integral k-variety. A subset Hil of closed
points of V is called a generalized hilbertian subset of V , if there exist
a �nite étale morphism ρ : Z → U from an integral k-variety Z onto a
non-empty open subset U of V such that

Hil={θ ∈ U ; θ is a closed point of V and the �bre ρ−1(θ) is connected}.

Theorem 4.6. Let X → Pn be a dominant proper morphism with

integral geometric generic �bre Xη̄ = Xη ⊗ k(Pn) such that Br(Xη̄) is

�nite and Pic(Xη̄) is torsion-free (these are automatically satis�ed if

Xη̄ is rationally connected). Suppose that :

(i) all 1-codimensional �bres are geometrically integral;

(ii) there exist a generalized hilbertian subset Hil of Pn such that

the Brauer and Manin obstruction is the only obstruction to

weak approximation (respectively the Hasse principle) for rational
points or for 0-cycles of degree 1 on the �bres Xθ for all θ ∈ Hil.

Then, the Brauer and Manin obstruction is the only obstruction to

weak approximation (respectively to the Hasse principle) for 0-cycles
of degree 1 on X. If Xη̄ is furthermore supposed rationally connected,

then (E) is exact for X.

Results of (Type 2) date back to Salberger's devices for 0-cycles
on conic bundle surfaces [37]. Parallel discussions for rational points
and for 0-cycles on more general �brations over the projective line have
been provided in [15], and subsequently in [14], where Brauer elements
coming from the function �eld of the base variety are used as key
ingredients. The following result was initially announced (parallel with
a statement for rational points) by Wittenberg in [43], and a complete
proof was presented in [31] involving Theorem 4.6 with n = 1 for the
induction argument.

Theorem 4.7. Let X → Pn be a dominant proper morphism with

integral geometric generic �bre Xη̄ = Xη ⊗ k(Pn). Suppose that :
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• every 1-codimensional �bre Xθ contains an irreducible compo-

nent Y of multiplicity 1, such that the algebraic closure of k(θ)
in the function �eld k(θ)(Y ) is an abelian extension of k(θ),
• there exist a generalized hilbertian subset Hil of Pn such that for

all θ ∈ Hil the �bres Xθ satisfy weak approximation (respectively
the Hasse principle) for rational points or for 0-cycles of de-

gree 1.

Then, the Brauer and Manin obstruction is the only obstruction to weak

approximation (respectively the Hasse principle) for 0-cycles of degree 1
on X. If Xη̄ is furthermore supposed rationally connected, then (E) is
exact for X.

For rational points, results similar to those of (Type 2) are con-
ditional, and rely on Schinzel's hypothesis of rational prime numbers
(this condition has been recently removed by analytic method in sev-
eral cases, mostly over k = Q). While in the argument for 0-cycles,
Schinzel's hypothesis is replaced by Salberger's device.

Families of varieties de�ned by explicit equations (such as normic
bundles over projective spaces) can also be dealt with in a similar
manner. To de�ne a (locally) closed subvariety ofRK|kA1×Am = Ad+m

naturally �bred over Am via the parameters t, consider a�ne equations
of the form

NK|k(x) = P (t1, . . . , tm),

where K | k is a �nite extension of number �elds of degree d and where
P (t) is a non-zero polynomial (or a rational function) in m variables
t = t1, . . . , tm. Consider smooth compacti�cations of smooth loci of
such varieties, they are (birationally) �brations over Pm. If K | k
is a cyclic extension, then the exactness of (E) has been assured by
Theorem 4.7. The exactness of (E) for Châtelet surfaces are therefore
included, it can also be deduced from Theorem 4.1 and the works
[12, 13].

In the following cases, the exactness of (E) has been proved.

(i) m = 1, the polynomial P (t) = ctn1(1 − t)n2 with c ∈ k∗, follows
from Theorem 4.1 as well as the results on rational points given
in [9, 25, 40];
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(ii) m = 1, the extension K | k is a Galois extension with

Gal(K | k) = Z/nZ⊕ Z/nZ.

The polynomial P (t) is irreducible over k, and assuming L =
k[t]/(P (t)) contains a cyclic degree n sub�eld of K, cf., [32,
Corollary 2.3] and [42, Theorem 4.1], where the result was stated
in a more general setting;

(iii) m = 1, the extensionK | k is of degree 4 (not necessarily abelian),
the polynomial P (t) is of degree 2, irreducible over k but split over
K. This is deduced from Theorem 4.1, along with the results on
rational points in [16, Theorem 1].

(iv) the extension K | k is of prime degree (not necessarily cyclic),
cf., [27, Example 3.1] and [42, Theorem 4.3];

(v) K = k( n
√
a) with a ∈ k∗ such that a /∈ k∗q, for all integer q

dividing n, assuming that n is coprime to φ(n), where φ(·) is
the Euler function. This is deduced by a restriction-corestriction
argument [27, Example 3.3];

(vi) K is the compositum of extensions K1, . . . ,Kn of distinct prime
degrees, speci�cally ifK | k is a Galois extension of the degree of a
product of two distinct primes. This is deduced from a restriction-
corestriction argument [27, Example 3.5, Remark 3.6];

(vii) the extension K | k is a biquadratic extension, i.e., Gal(K |
k) = Z/2Z ⊕ Z/2Z, and the rational function P (t) = Q(t)2 is
a complete square in k(t1, . . . , tm), cf., [3];

4.3.2. Fibrations over curves. In general, the varieties considered
here are no longer geometrically rationally connected. As mentioned
in subsection 3.2, here we still assume the �niteness of the Tate and
Shafarevich group X(k, JacC) of the Jacobian of the base curve C.
There are two related clues towards this direction. The �rst dates back
to an argument by Colliot-Thélène for 0-cycles on �brations over curves
of arbitrary genus [6]. Subsequent progress was made by Frossard [18]
on �brations in Severi-Brauer varieties with the work by van Hamel
[41] removing a restriction on the base �eld. Finally, in order to
remove a subtle restriction on such �brations, Wittenberg obtained a
general result by reducing the question to �brations over the projective
line via the Weil restriction with respect to �nite morphisms between
curves [44].
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The second clue began with three-folds constructed by Poonen [35]
showing that the Brauer and Manin obstruction (even applied to étale
covers) cannot explain the failure of the Hasse principle for rational
points, these three-folds are �brations over curves (of positive genus)
in Châtelet surfaces. Though Poonen's three-folds cannot be covered
by [44], Colliot-Thélène [7] showed that there exist global 0-cycles of
degree 1, and the author showed in [29] the exactness of (E) on such
three-folds. Combining the known arguments, the main result in [31]
generalizes [29] and [44] at the same time. In summary, we state the
following theorem.

Theorem 4.8. Let X → C be a dominant proper morphism to

a smooth projective curve C with geometrically rationally connected

generic �bre. Assume the �niteness of the Tate and Shafarevich group

X(k, JacC). Suppose that :

(i) every closed �bre Xθ contains an irreducible component Y of

multiplicity 1 such that the algebraic closure of k(θ) in the function

�eld k(θ)(Y ) is an abelian extension of k(θ);
(ii) there exist a generalized hilbertian subset Hil of C such that for

all θ ∈ Hil the �bre Xθ satis�es weak approximation (respectively
the Hasse principle) for rational points or for 0-cycles of degree 1.

Then, (E) is exact for X (respectively the Brauer and Manin obstruc-

tion is the only obstruction to the Hasse principle for 0-cycles of de-

gree 1 on X).
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