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SLIT UNIVALENT HARMONIC MAPPINGS
ARMEN GRIGORYAN

ABSTRACT. In this paper we consider the class of
complex-valued harmonic univalent functions that map the
unit disc onto the complex plane, half-plane or a strip slit
along finitely many horizontal half-lines.

1. Introduction. Denote by H(A) the linear topological space of
all complex harmonic mappings of the disc A = {z € C : || < 1}
into the complex plane C endowed with the topology of locally uniform
convergence, and let A(A) be the linear subspace of H(A) of all analytic
functions on A. If f € H(A) and functions F, G € A(A) are chosen so
that Re F = Re f, ReG =Im f, then f = h+ g, where h = (F +iG)/2
and g = (F' —iG)/2. Thus,

H(A)={h+G:h,ge A(A), g(0) =0}.

By a result of Lewy (see [11]), the function f € H(A) is locally
univalent if and only if its Jacobian

Jr(2) = |f> = |fz>#0 onA.

We will consider only orientation preserving harmonic mappings, i.e.,
those f € H(A) with J¢(z) > 0 on A.

For a given simply connected domain D g C with 0 € D, denote
by Si(A, D) the class of all functions f € H(A) which map A onto D
univalently, f(0) =0 < f,(0) and f,(0) > |fz(0)|, and let

SY(A, D) = {f € Su(A, D) : f(0) = 0}.

The class Sg (A, D) is very wide and, clearly, contains only one analytic
function called the conformal associate of the class. It appears that
the closure 8% (A, D) of the class 8% (A, D) consists of only univalent
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functions, see [9, Theorem 3]. However, in some cases when D is a
disc, a strip, a wedge, a half-plane and C \ (—o0,a] with a < 0 or
C\ ((—o0,a] U [b,+0)) with —oc0 < a < 0 < b < +00, collapsing
takes place, ie., Sy (A,D) # Sy(A,D) and f(A) & D for f €
S% (A, D)\ 8% (A, D) although the radial limits ]?(ew) of f belong to
0D for almost all real 6, see [2, 5, 8, 10, 12, 13]. Moreover, the set
S (A, D)\ Sg(A, D) may contain some nonunivalent members, and
this always happen when D is a bounded domain, see [9, Theorem 3].

This article contains results relating the classes Sy(A, D) and
8% (A, D), where the boundary D of the domain D is the union of
finitely many half-lines (slits). The case when D is the complex plane C
slit along one half-line has been studied in [12], two opposite half-lines
in [8, 13] (see also [3]), and the case of four horizontal slits symmetric
with respect to the real axis recently has been investigated by Dorff,
Nowak and Woloszkiewicz [3]. In this paper, we consider a much more
general case-the domain D will be the plane C, a half-plane, or a strip,
each slit along finitely many horizontal half-lines.

Let
c>c > >, d<dy <...<ds,

and for any ai,...,ar € R, by,...,bs € R, consider the following
domains with a finite number of horizontal slits directed to the left,
to the right or to both the directions:

k
(1) V((a)). (¢)) = 2\ Ulo +ics 2 < a),

(1.2) O ((b), (dyn)) = Q\ U {2+ idu s 2 > b},

m=1

and

(1.3) Q'((a5), (c;)) N Q" ((bm), (dm)),

whenever a,, < b, in any case when ¢, = d,,, where (2 is one of the sets:
the complex plane C, the lower half-plane

(1.4) L=L)={weC:Imw<c} ifds<e,
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the upper half-plane

(1.5) U=Ud)={weC:Imw>d} ifc >d,

the strip

(1.6) S=85(cd) ={weC:d<Imw<c} ifds<ec, ¢ >d.

We will assume that all the sets (1.1)—(1.3) with Q described above
contain the origin. For a short formulation, by (1.3) with & = 0 or
s =0, we will mean (1.2) or (1.1), respectively.

In this way, we may consider 12 families of horizontally slit domains
that have their slits on the same levels and just the same direction.
Since f is a harmonic normalized homeomorphism together with the
functions L

z— f(Z) and z+— —f(—2),
we may consider only six kinds of the classes Sy (A, D), namely, when
D is a member of the set families

(1.7) Cler,. .. er), Ler,. .. er), Sle, ... er),

consisting of all sets of the type (1.1) with Q = C, Q = L = L(c¢) and
0 =8 = S(e,d), respectively, and arbitrary aq,...,a; € R, or

(1.8) C((¢s), (dm)), L((¢;), (dm)), and  S((c;), (dm)),

consisting of all sets of the type (1.3) with @ = C, Q@ = L = L(c)
and Q@ = S = S(c¢,d), respectively, and arbitrary aj,...,ar € R,
bi,...,bs € R, where, like before, a, < b, whenever ¢, = d,.

Let us now consider the function

(1.9) A>z+—k(z,F,q) =Re /z F'(t)q(t)dt +iIm F(z)
0

for F, g € A(A), and let
(1.10) P={peA(A):Rep(z) >0 on A, p(0)=1},

the known Carathéodory class. Clearly, if f = h+7 € H(A) is
locally univalent, Re h(0) = 0 = ¢’(0) < |A/(0)|, then we have a simple
representation f = k(-, F,p) with a locally univalent F = h — g and
p= (A +4g)/(W —g') e P. Conversely, for every p € P and a locally
univalent F' € A(A) with Im F'(0) = 0, the functions f = k(-, F,p) and
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more general
f)\7l/ = k(7F7)‘p+ZV)

with A > 0 and v € R are harmonic locally univalent on A:
[(Fa):? = 1(Fa,)zl® = AF'(2)]* Rep(2) > 0,
P(0)=0# 1+ A+iv)F'(0)/2 = (fx,v):(0)

and
(fr,0)2(0) = (A +iv —1)F'(0)/2.

Let F € A(A), p € P and A > 0, v € R. The following important
fact, known as the “shear construction” method of producing univalent
harmonic mappings, comes from [2]: k(-,F,Ap + iv) is harmonic
univalent convex in the direction of the real axis if and only if F
is analytic univalent convex in the direction of the real axis. If, for
instance, the ranges of the above considered univalent functions are in
any of the set families (1.7)—(1.8), then they are convex in the direction
of the real axis.

In this paper, we prove two theorems.

Theorem 1.1. Let A be one of the set families (1.7)=(1.8), p € P and
F € A(A) univalent with F(0) = 0 < F’'(0). Denote by p,(z) = p(rz)
for z € A and f, = k(-, F,p,), where r € [0,1]. If F(A) € A, then the
range fr(A) € A for all v € [0,1).

Under the assumptions and the notations of Theorem 1.1 in general
f1(A) ¢ A (see for example [3, 8, 10, 12, 13]), it may happen that
fr(A) € A for all r € [0,1]. In the opposite direction of Theorem 1.1,
we prove

Theorem 1.2. Suppose A is any of the set families (1.7)—(1.8) with
{cla'~-ack}m{d1...’ds} :@7

D € A and f € S4(A,D). Then there is a p € P and a univalent
F e A(A) such that F(0) =0 < F'(0), F(A) € A and

(1.11) f(z) =k(z, F,p) forzeA.
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The case {c1,...,cgt N{dy...,ds} # @ of Theorem 1.2 remains
open. One can prove that, for any family A of the form (1.7)—(1.8)
and a univalent F' € H(A) with F(0) =0 < F’(0) and F(A) € A, the
ranges k(A, F, A\p) belong to the same family A whenever A > 0 and the
function p € P is chosen that, for every n € OA with F(n) = oo, the
function p is analytic at  and Re p(n) > 0, see the proof of Theorem 1.1.

2. Auxiliary lemmas and remarks. In the next lemmas and
remarks we consider a slit domain D of the form (1.1) or (1.3) with Q
being C, (1.4) or (1.6), under the assumption that 0 € D and a,, < b,
whenever ¢, = d,. The unique F' € A(A) which maps univalently
the disc A onto D with F(0) = 0 < F'(0) is given by the Schwarz-
Christoffel transformation (for the Schwarz-Christoffel mappings see,

g., [1, 4]). We start with the following technical lemma.

Lemma 2.1. Let P,Q,R,S € C. If there exists a finite limit

lim [P In 22 £/2 + Q(cot % + cot g) + R(CSC ; csc? 5)] =G5,

e+ sind /2 2
5§—07T

then P=Q=R=5=0.

Proof. Taking e = 8§ — 07, we get Q = 0 (because the limit is finite)
and S = 0. Next if § = 2¢ — 0%, then R = 0, and hence, finally
P =0. ([l

In this paper, log means the principal branch of the logarithm.

Lemma 2.2. Let F € A(A) be univalent, F(0) = 0 < F'(0) and
F(A) = CY(ay),(c;)) N C"((bm), (dm)) (see (1.3)). Then there are
the unique 2k + 2s points n; = el € OA, j = 1,...,2k + 2s, where
01 <0y <+ < Ogppos—1 < bOopyas <01+ 27, such that

z k+s
(2.1) / + —Thaj-1t dt
1 =7yt (1 - Tt) (1 - Tok+2st)

for some A > 0,
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(2.2)
k+s . iBNakt2s% .
cj — ¢ QMg 2 = ifs>1,
)= 3 S0 gty + {20 TR Y
=7 Tt g e=0
where cx4s41 = c1 and either s > 1, cpy1 = dy,...,Chkrs = ds,

a<0<pB,ors=0,a€eR, >0 Moreover, the points F(nz;_1)
are the slit ends: a; + ic; or bj_i +id;_y depending on 1 < j <k or
k+1<j<k+s.

Bs. = o0

Ay = ay +ic
T Baa_1 = ba +ickia
A= oo
Az = az +ica By .2 =0
E—]
Ag = o0 Bay—s = bei + kst
—_—e
As = ag +ics Bau_4 =00
0
By = o0

By = bz +icki2
B

2 = 00

By = by +ickin
Asko1 = ai + ek
A =00

FIGURE 1. The function F.

Proof. Let Agj = By, = o0, Agjfl = aj +iCj, Boy—1 = by, +
idp, 1 < j <k 1 < m < s. The univalent F € A(A) with
F(0) =0 < F’(0) that maps A onto the unbounded polygon F(A) =
A1 As -+ Aok B1 By - - - Bog has the form (2.1) by the Schwarz-Christoffel
formula (see Figure 1). Partial fraction decomposition and integration
of formula (2.1) gives

k+s

_ M1z
(2.3) F(z) =) (=Ajmey)log(l = Mp;2) + ———
= L =792
{IW for s > 1,
+ *7L2k+zsz
22 —
(1-13,,2)? for s =0,
where A\;, j = 1,...,k + s, and p1, o are some complex numbers

which we determine will prove (2.2). By the Schwarz reflection princi-
ple, the function F' can be analytically reflected about any open arc
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(njsmj+1) = {€?:0; < 0 < 041}, 7 = 1,...,2k + 2s.  Actually,
the Schwarz reflection principle was invented for the purpose of the
Schwarz-Christoffel formula (see [4]). We denote by maki2s+1 = M
and fOa;492s41 = 601 for short notation. Because the slits are paral-
lel we note two facts. First, Im F' is constant on each arc (n;,nj4+1),
j=1,...,2k + 2s. Second, for each j = 1,...,2k + 2s, the tangent
vector of the curve (6;,6,41) > t — F(e'), i.e., the vector ie® F'(e'),
is parallel to the real axis at each point ¢ € (0;,0,41). We will need the
following obvious formula:

i(|0] — ) sgn 6

(2.4) log(1 — €y = In (2 sin ?) + 5

for 0 < |6] < .

Let us first compute A; for j = 1,...,k+s—1, j # k. Fix
j=12...,k+s—1, j # k. For each sufficiently small £ > 0 and
0 > 0 we have

¢j — cjr1 = Im F(ngje™ ") — Tm F(n,€%).
Hence there exists the finite limit
lim, (Tm F(nzje™") = Im F(ng;e)) = ¢; — ¢j41.
§—0t

On the other hand, by (2.3) and (2.4), we have
lim (Tm F (95~ %) — Im F(1p;¢"))

e—07T
§—07T
= lim Im [(—)\jngj)(log(l —e7) — log(1 — ei‘s))}
e—0T
5—0T
= lim [Re(—\;n2;) Im(log(1 — e™*) — log(1 — "))
e—0T
§—07"
+ Im(—A;72;) Re(log(1 — e7*) — log(1 — ¢”))]
. sine/2
= Re(=Ajm;) - m+ lim )\ Im(=A;rpz;) - In noj3|
§—0t
By Lemma 2.1, we get Im(—X\;n2;) = 0, and so
cj—cip1= lim  (ImF(nye ) —Im F(ng;e)) = —\jmp; - € R.

e—0ts—0t
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Now we compute Agr and Aggios, provided that s > 1. For each
sufficiently small € > 0 and § > 0, we again have

Ck — Cp+1 = Im F(T]le_ie) —Im F(ngkei‘s).
Hence, there exists the finite limit

Cr — Cpy1 = lim Im(F(ngke_iE) — F(ngkei‘s))
e—0t

5—07T
Re(—Aoxrpor) + lim | To(—Aogrpp) In S2E/2
= — im | Im(— n———
™ he 2kT12k et 2kT2k sin 5/2
5§—07T
fimere " pamae’
I — — .
+m<le’5 1 — et )]
sing/2
=mRe(—A\ li Im(—\ In ——
m Re(—Aarm2k) -Fsirom+ { m(—Aoxn2r) nsin5/2
5071
1 1)
~5 Re(p1m2k) (cot % + cot 2)} )
Again, by Lemma 2.1, we get
(2.5) Im(—Agxn2r) = 0, Re(pimer) =0
and
Ck — Ch1 = —AokT2k * 7.
In a similar way, we show that
(2.6) Im(—Agky2sm2kt2s) =0,  Re(panoryas) =0
and
Chts — Chtst+1 = Chts — C1 = —A2k425M2k+2s * T+

It remains to determine Ao for the case s = 0. As before, we consider
the finite limit

Cp — Cpy1 = lim Im(F(ane*iE) - F(nzkei‘s))
e—07T
5§07t

sine/2

=7mRe(—=\ li Im(—X\ In ——

7 Re( 21c772k)+€£%1+ m(—Aaxn2k) nsin6/2
§—07T
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1 )
~5 Re(,umgk)(cot < + cot )

2 2
4 Tm pamare”" e pomake’
lI—e )2 (1—ed)2
— rRe(—Aopne) + lim | Tm(—Aggnae) In 22572
= 2k72k et 2kT12k sind/2
§—ot
1 0
~3 Re(,umgk)<cot g + cot 2)
1 )
~1 Im(ponak) (CSC2 g — csc? 2)] .

By Lemma 2.1, in this case, we have

(2.7) Im(—A2xn2r) = 0, Re(p1m2) =0, Im(pamn2r) =0

and
Ck — Ck41 = —A2kN2k * T.

Before we compute pq and pe, note that

|1 — e i if6— 0T,
2.8 _— —
(2:8) 1—e —i if6—0".

Let us start with the case s > 1. We have already proved that,
in this case, Re(u1m2r) = Re(uanakr2s) = 0 (see (2.5) and (2.6)). The
tangent vector ie®® F'(e™) < 0 for all t € (fax_1, O21) (see also Figure 1).
Hence, by (2.3) and (2.8), we have

0> lim (|1 — 7y ie" F'(e))

t—0,,
- Aopiett - piiett
== hrn 1-6 €Zt2ﬁ+ 1—ﬁ ethf
t—05, (' 2" 1 —Mype™ | e (1 — 7gpe)?
= —il172k-
Denote this by a = —ip1m2,. Hence, p1 = ian,,. The tangent vector

ie F'(e') > 0 for all t € (fap42s—1,026125)- In the same manner, we
obtain

0< lim (|1 = Topyaee|? - ie™ F'(e")) = —ipanzeias = B.

t=051 425
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As py - po # 0, we have a < 0 < 3.

Finally, we consider the case s = 0. We have already proved that, in
this case, Re(u1n2r) = Im(ug nor) = 0 (see (2.7)). So o = —iuinei € R.
Moreover,

0> lim (|1 —%ye|? - ie"F'(e))

t—0,,

) ) 1 = it
= lim <|1—772k62t|3.ie”u2( * Mare ))

05, (1 —Ngpe™)?
= —2pone, = —20.
As ps # 0, we have 8 = ponar > 0. ]

Lemma 2.3. Let ¢y > cg > -+ > ¢, Cits+1 = €1, and either s > 1,
Chy1 = di < Cggo = do < -+ < Cpgs = ds, a <0< B ors =0,
a € R, B> 0. Choose arbitrary ny; = e c OA, j =1,...,k +s,
with O3 < 04 < -+ < Ogp425 < 0242w, and consider F defined by (2.2).
Then F is analytic on A\ {ng; : j = 1,...,k + s} and F’' vanishes
there only at points ngj_1 = ef2i-1 ¢ A, j =1,...,k + s, such that
01 <0y <3<+ <Oq05-1 < Opt2s < 01+ 2m. Moreover,

(i) F is univalent on A if Re F'(n2j-1) < Re F(na(k4m)—1) each time
as ¢j = dpy, .

(i) F(A) = CY(aj),(¢;)) N C"((bm), (dm)) if Re F(nej—1) = a; for
j S k, ReF(ngj_l) =05k fOT:ZC+ 1 S] S k+8 andImF(m) =
Ct.

Proof. The tangent vector
f’—>l§F’(§), §€8A\{n2jj:1,,k+s}

is a continuous real function. Indeed, by (2.2), we have

R o Az Cj — Cj41 *iﬁ2jf B
Im (i¢F'(€)) =) - .Iml_%5 =0
J

j=1
for every £ € 0A\{ma;: j =1,...,k+s}. Calculations of the one-sided
limits at each point 79, = €2 give
+oo for j=1,...,k—1,
Foo for j=k+1,...,k+s—1,

e—0%

lim [iei((’?"”“) . F'(ei((’?"”“))} :{



SLIT UNIVALENT HARMONIC MAPPINGS 179

lim [iei(e%“) . F’(ei(92k+€))_ =—00
e—0 ] ’
lim [iei(e"’(ﬂsﬁe) . F/(ei(92(k+s)+5)) = 400,
e—0 |
if s > 1, and
lim [iei(92j+5) ~F'(ei(92j+5))_ =400 forj=1,...,k,
e—0+% ]

if s = 0. Hence, by the Darboux property for real continuous functions,
the tangent vector OA \ {nq;: j =1,...,k+ s} > & iF'(§) is a real
function vanishing at not less than k + s distinct points on dA. Since
the (k + s + 1)th coefficient of the polynomial

k+s

z— F'(2) H(l = T2 2)(1 = Mo 2)(1 = Mapqas 2)

j=1

vanishes, the function F’ has no more zeros on A.

Note also that

lim Re[F(e!(%2i%9))] =

e—0

—o00 forj=1,...,k—1,
4o forj=k+1,....k+s—1,

lim Re[F(e%2:+9))] = +oo,
e—0*t
lim Re[F(e'%20+979))] = o0,

e—0+

in the case s > 1, and

lim Re[F(e%2%9))) = —00 for j=1,...,k,

e—0
in the case s = 0. Hence, the image of each arc (12, 72(;+1)) under the
mapping F' is a horizontal half-line with the tip F'(n2;41).

(i) Since Re F(n2;—1) < Re F(n2g+2m—1) whenever ¢; = d,,, the
finite values of Flga, except slit ends, cover every slit exactly
twice, i.e., F' is univalent.

(ii) By (2.2) and (2.4), we have

T F(12j-1) = Im F (11 = lim [Im F(nzje” ") = Im F(nz;e')]

=6 — G+
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for all j =1,...,k+s. Hence, if Im F (1) = ¢, then all the
remaining slits will lie at the prechosen heights of co, cs, .. ., Cks-
U

Remark 2.4. Generally, it is very hard to determine all the k£ + s+ 2
parameters 7a,74, . .., Nok+2s, @, [ for the Riemann mapping (2.2)
whose range is C'((a;), (¢;)) N C"((bm), (dm)). From Lemma 2.3, it
follows that the points 71,73, .. ., M2(k+s)—1 are uniquely determined by
the unknown points 72, 14, - . . , N2k+2s, &, B, so we have for them exactly
k + s+ 2 equations: to those of Lemma 2.3 (ii), add F’(0) > 0. Let us
consider the following examples of univalent functions F' € A(A).

(i)
1+72z  2i(tan~y) 2

F(z)zlogliﬁz e

with n = e, v € (0,7/2). The function has the form (2.2)
(k =s =11 = —-n, n = nand § = —a = tan~v).
By Lemma 2.3, there exist exactly two points 77; and 72 such
that F'(m1) = 0 and F'(n3) = 0. Computing F’, we see that
F'(—=n*) = F'(n?) = 0. Hence, n; = n* and 13 = —n?. Moreover,
F(0) =0 < F'(0), F(n?) = a(y)+in/2 and F(—n?) = b(y)—in /2,
where a(y) = In(cot(v/2)) — sec, b(y) = —a(y). By Lemma 2.3,
the function F' is univalent and

F(A)=C\({Fn*) —z:2 > 0} U{F(-1°) +z: 2 > 0}).
Observe that, in the limit case v — 07, we get the strip mapping

142

’
—z

A >z log

which maps A onto the strip {w € C: |Im 2| < 7/2}.

. 142 9 Y z .
In this case, k =2, s =0, 73 = —1, ny = 1 and § = 2tan?(vy/2)
in (2.2). Clearly, F'(0) = 0 < F'(0), F'(e*™) = 0 (so n; = €',
ng = e~ "), F(e*") = a(y) +in/2, where a(7y) = In(cot(y/2)) —
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sec?(v/2)/2 and
F(A)=C\{zxin/2: 2 <a(v)}.
In the limit case v — 0T, we again get the strip mapping

1
A9z|—>log1+z.

(iii)
2 .
F(z)Elog <1+(1_ZZ)2> +2ﬁTZZQ Wlthﬂ>0.

Inthiscase, k=1,s=2, 9 =—i,ny=1,m6 =% and a = —f in

(2.2). Clearly, F(0) =0 < F'(0) and F'(¢) = F'(-1) = F'(§) =

0, where
_ BHiV/1+203

¢ 115

(SO m = 713 13 :Ea 5 = E)a and
F() =1+p8+InB+mi,
F(-1)=-In2-p,
F(&) = F().
Hence,
OF(A) ={z+mi:z>1+3+Ins}
U (=00, —In2 — g U {oo}.

In the limit case, as 8 — 0", we get the univalent function
2z
A — 1 1+ ——
>z og( +(1—z)2)

which maps A onto the slit strip {w € C: |[Imw| < 7} \
(—o0, —In2].

Remark 2.5. Since every slit half-plane and slit strip of the set families
(1.7)—(1.8) can be obtained by passing in the kernel convergence sense
(with respect to zero) to the limit with a suitable sequence of above
considered slit planes, some similar results for other domains hold (for
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the kernel convergence and the Carathéodory theorem, see e.g., [6,
pages 76-78], [14, pages 13-15]).

For instance, if F' € H(A) is univalent, F'(0) = 0 < F’(0) and
F(A) = L'((a;), () N L ((bm), (i),

then there are the unique 2k + 2s + 1 points 7; = el € 0A,
J=0,...,2k+ 25, 0p < 01 < -+ < bopyas—1 < Oapqas < b + 2m,
such that

k+s —
# 1 -7, 4t dt
@1)  F(s)= )\/ | =L — —
o = L=t (1 —=Tgt)(1 —7gt)

for some A > 0,

k+s P
- Cci — Ci _ 1QT9 2
2.9/ F(z) = ST S oe(1 — 7 2k~
22)  FG)= Y ST g1 - mye) 4
Jj=0

where o < 0, ¢cp = ¢ = cpys41 for s > 1, and like before, cx41 =
di,...,crys = ds. Clearly, the points F'(n2;_1) are the slit ends: a;+ic;
if1 <j<kandbj_p+idj_pif k+1<j <k+s. Toobtain (2.1),
consider the sequence of the domains

D, =F(A)U{z+icy: xz € (n,+0)}U{ze€C: Imz > ¢p}.

Observe that D, —— F'(A) in the kernel convergence sense with

n—oo
respect to zero.

By the Riemann mapping theorem, to each domain D,, there cor-
responds a unique conformal mapping F), of the form (2.1) with the
points 7;, say 77§")7 7 =-1,0,1,...,2k+2s (Fn(ngnl)) =n). If one adds
the slit {z +ico: € (—o0,n]} in the right side of the Figure 1, then it
will demonstrate the function F,,.

By the Carathéodory theorem, F;, —— F' locally uniformly. Dur-

n—o0
ing this limiting process, the points 17(_"1) and 77;221-23 tend to the single
point, say 7ar42s, and we obtain (2.1’) from (2.1) by passing n — co.
Of course, there are many other ways of approximating the domain
F(A). For example, we could construct D,, by removing from the line
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{z +ico: x € R}, the segment {x +ico: z € (—1/n,1/n)}, and adding
FA)U{z€C: ITmz >cp}, neN.

Then D, —— F(A) in the kernel convergence sense with respect
n—oo

to zero and appropriate considerations lead to the formulas (2.1") and

(2.2".

Similarly, if F € H(A) is univalent, F(0) = 0 < F’(0) and F(A) =
S'((a;), (¢;)) N S"((bm), (dm)), then there are the unique 2k + 2s + 2
points & = €', n, = em € OA, j = 0,...,2k, m = 0,...,2s,
To< T < < Top <by <O <<l <719+ 2w, such that

(2.17)

k s S —
L&t L =951t dt
F(Z)E)\/H 21 H 1_7375 . _ -
0 1- §2jt m=1 M2; (1= &ot)(1 —mot)

for some A > 0 (without the second product if s = 0),
(2.2

k s
c; — ¢ — dm —d _
F(Z) = Z % log(l - §2jz) + Z s log(l - "727712)7
m=0

° s
j=0

where Co = ds+1 = cand do = Ck+1 = d. Obviously, F(ggj_l) = aj +’iCj
for 1 < j <k and F(nam-1) = by +id,, for 1 < m < s. By the way,
the formulas (2.1), (2.1”), (2.2') and (2.2") can be directly proved in
much the same manner as formulas (2.1) and (2.2). Also, the analog
of Lemma 2.3 for functions given by (2.2") and (2.2"”) holds.

3. Proofs of the main theorems. In this section, we use the
Landau symbols O and o for complex functions of complex variables.
In particular, O(1) as z — ¢ means that O(1) is a bounded function
in a punctured neighborhood of ¢, while o(1) as z — ¢ means that
lim,_,¢0(1) = 0.

Proof of Theorem 1.1. It is sufficient to consider the case
F(A) = C'((a5), (¢)) N C"((bm), (dm)),

so I’ has the form described in Lemma 2.2. Observe that, for every
0 < r < 1, the function p, is analytic on A, fo = F and, for n € JA,
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there exists the unrestricted limit

(3.1) lim (1-—-72)log(l—7z2)=0.

A>z—n

Denote G(z) = [, F'(t)p(t)dt, and suppose that the function p € P
is analytic at the point 79, for some u € {1,2...,k 4+ s}. We would
like to investigate the behavior of G near the point 7, using the power
series expansion of the function p around that point (this is possible as
we assumed p is analytic at 79, ). Consider the following cases.

Case . u # k and u # k + s. By (2.1) from Lemma 2.2, we have

: o )
6 = [P0 (plm) + 30 U - gy

3.2 : % o™ (N3
. = FE)plm) + [ )Y PO
n=1 :

= F(2)p(n2,) + O(1) as A3z — 1.

CaseIl. s > 1 and u = k or u = k+s. We start with the case u = k,
and we use (2.2) instead of (2.1). We have

(3.3)
G(z) = F(2)p(n2k)

z k+s — - . H—
I / K Z Cj — Cjt1 T2 4 107y, n Zﬁnzk-s-zs >
0 ™ L=t (L=Tgxt)? (1 — Nogppast)?

i=1
x ) P (1) (t — 772k)n] dt

n=1

= F(2)p(nak) + iomarp’ (nor) log(1 — 7pp2)
+0(1) as A >z — 1.

In a similar way, we obtain

G(z) = F(2)p(nar+2s)

3.4 . _
3.4) - iBans2ep (ais2) 108(L — Tk 202) + O(L)

as A>z— 2k 425+
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Case 11I. s = 0 and u = k. Proceeding as before, by Lemma 2.2 (the

case s = 0), we get
G(z) = F(2)p(nar) — 289 (21)2/ (1 — 124.2)
(3.5) + (e = B)p' (2x) — Bn2rp” (N2r) 12k
x log(1 —75,2) + O(1),

as A >z — nog.

In any case, formulas (3.1)—(3.5) always lead to
(3.6) G(z) = F(2)[p(n2y) + o()] + O(1) as A >z — nay.
Obviously, we can write (3.6) for the function p, instead of p (p, is

analytic on the whole unit circle).

For v € R, denote by ¢, = {z € A: ImF(z) = v}, i.e., £, is the
preimage of the horizontal line {w € C: Imw = 7} under the univalent
function F. Observe that £,, N €., = @ for v1 # 72, 71,72 € R and

U =a
vER

Fix v € R. Note that a half-line of the horizontal line {w € C: Imw =
7} is included in F(A) if and only if there exists u € {1,2,...,k + s}
such that 79, € £,. Suppose 1z, € {,. Then, for z € £,, by (3.6), we
have

Refq« Re/ F/ t)pr
= Re(F(2)[pr(n24) + o(1)]) + O(1)

= Re F( )Re( r("72u) (1))
—Im F(2) Im(p,(124) + 0(1)) + O(1)

= Re F(z) Rep,(n24) + O(1)

ie., f(A) €A. O

as by 3 z — Moy,

In fact, we have proved a little stronger

Theorem 1.1°. Suppose A is any of the set families (1.7)-(1.8),
F € A(A) is univalent with F(0) = 0 < F'(0) and F(A) € A. If
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p € P is analytic at every point n € A such that Rep(n) > 0 and
F(n) = oo, then the range of the function k(-, F,p) is also in A.

Proof of Theorem 1.2. For a fixed set family A choose D € A, and let
f € 8% (A, D). Then there exists a univalent F' € A(A) convex in the
direction of the real axis such that F(0) = 0 < F’(0) and f = k(-, F, p).
For almost all real 6 the angular limits f(eie), F(e), p(e?) exist and
are finite. Since ImF = Imf almost everywhere there exists a set
family A consisting of such slit domains whose slits are on the same
heights as domains from A and F(A) € A (see also [9, Remark 3]).
Perhaps A # A, so on a suitable horizontal line {w € C : Imw = ~}

(i) F(A) has two slits,
(ii) f(A) and F(A) have only one slit, but each of them extends in
opposite directions.

Let p.(2) = p(rz), fr = k(-,F,p,) and 0 < r < 1. By Theorem 1.1,
fr(A) € A, and by Lemma 2.2, w, is an end of the slit {fweC:Imw =
v} \ fr(A) if and only if there exists the zero &; € A of F’ such that
fr(§;) = w,. Denote by Q the kernel of the sequence (f,/m+1)(4))
with respect to 0. Since f,,/(n41) — f locally uniformly on A, then
f(A) € Q, see [2, Theorem 3.5]. However,
F'(t&;)
,

1
(1+rt)dt<C/ (1+41)dt,
1—rt 0

1 1
[Rew < [ P&l < [

for some positive constant C. Hence, the possibilities (i)—(ii) fail, i.e.,
A=A. O
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