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TRANSITION FORMULAE FOR RANKS
OF ABELIAN VARIETIES

DANIEL DELBOURGO AND ANTONIO LEI

ABSTRACT. Let A/ denote an abelian variety defined
over a number field k with good ordinary reduction at
all primes above p, and let Koo = U, >, Kn be a p-adic
Lie extension of k containing the cyclotomic Zp-extension.
We use K-theory to find recurrence relations for the A-
invariant at each o-component of the Selmer group over
Koo, where o : G, — GL (V). This provides upper bounds
on the Mordell-Weil rank for A(K,) as n — oo whenever
Goo = Gal (K /k) has dimension at most 3.

1. Introduction. Let E be an elliptic curve defined over a number
field k, and suppose that E has good ordinary reduction at all places
lying above a prime p # 2. Assuming E has no complex multiplication
(and under extra hypotheses), Coates and Howson [3, Proposition 6.9]
showed

rankz (E(K,)) < ¢ x p*  for some constant ¢ = c(E,p) > 0,

where K,, = K(E[p"]) are the fields generated by p™-division points on
E. In this article, we address the following

Question 1.1. If one replaces the GL(2,Z,)-extension above by an
arbitrary Lie extension Koo = |J,,»; Kn, and the elliptic curve by a
g-dimensional abelian variety A defined over k, then can one obtain
similar bounds?

Conjecture 1.2. If k(ppe) C Koo, the rank of A(K,,) is O(p=(d=1),
where d = dim (Gal(K s /k)).
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We shall prove a stronger form of this conjecture in the special case
where our p-adic Lie extension K., of k is of dimension < 3, and
satisfies:

(a) Ko contains the cyclotomic Z,-extension ko, of k;
(b) H := Gal(K/ks) is a pro-p group with no p-torsion.

In particular, we remark that the group G, := Gal( 0o/ k) must be
without any p-torsion, so its Iwasawa algebra A(G L Zp[Go /U]
contains no zero-divisors. Let O be the ring of mtegerb of a finite
extension of Q,, and set I'y = G /H = Z,. Given a compact finitely-
generated O[I'x]-torsion module J, we shall write Aoyr,j(J) for its
cyclotomic A-invariant, which equals the number of zeros of a generator
for the characteristic ideal charpp,;(J) for J.

Theorem 1.3. Suppose that M = Selg__(A)V is a A(Gs)-torsion
module which belongs to the category My (Go). Then for every p-adic
Artin representation o : Goo — GL0o(V,), one has a transition formula

/\o[[pk]] tws (M Z n;(o) x /\Oﬂpk]] (thM)

where the sum runs over a finite set of irreducible representations of
Goo, and the constants n;(o) are defined via the decomposition

Yp o Tr(o an -Tr(ps)

under the action of the pth Adams operator .

We refer the reader to Section 2 for full notation. The proof of
this theorem is based upon a series of Kj-congruences derived by
Ritter and Weiss [14] which relate Akashi series of big Selmer groups,
specialized at those Artin characters factoring through K. /k. In
particular, these allow us to find recurrence relations for their -
invariants. Because the growth rate of these A-invariants at the trace
of the regular representation for K, /k is O(p®™) where d = dim(Gx),
we obtain the following as a consequence.

Corollary 1.4. Under the same hypotheses and assuming d = dim(G )
< 3, there exists a filtration k C K1 C --- C K,, C -+ C Ko with
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[K, : k] = p™ and a natural number ng < 2, such that
ranky, (A(Kn)) <Cac.,, X pld=bn 4 (29)%  for all n > ny,

> 0.

where CA,G'OO = p_(d—l)no X )‘Zp[[FK,,,O]](SelKoo (A)}/-IﬂGal(Koc/Kno)) >

Let Goo = X9 D X1 D -+ D X, D --- be a filtration of normal
subgroups such that [G : ¥,] = p?", and set K,, to be the fixed field
of ¥,. We apply our main theorem to the regular representation on
Goo /X, and deduce a sufficient condition for the asymptotic formula
(in the corollary) to hold is
(1.1) =3P .,
for all n > ng+ 1. We then construct such a filtration using the theory
of Gonzélez-Sénchez and Klopsch [8], which classifies all analytic pro-p
groups of dimension smaller than or equal to 3.

The two-dimensional cases are easily disposed of (one need only
study subgroups of Zf, or Zy, X Z;). For the three-dimensional case,
note G, is isomorphic to (z,y1,y2)/R where x, y1, y2 are distinguished
generators for G, and R is a set of relations involving commutators
of these generators. We define ¥,, to be the subgroup generated by
xpn,yfn and yé’", and establish that (1.1) holds for n > 3 through a
detailed study of commutators.

Remarks. (i) It should be mentioned that the techniques in this
paper do not yield any lower bounds on the growth of ranky (A(Kn))
as n increases. To obtain such lower bounds, one should input parity
information over K, in the manner of Harris, Matsuno, Mazur-Rubin,
Coates et al., and others; see also [5].

(ii) Whenever the constant term Cy4 ., is zero, one immediately
deduces from the corollary that A(K ) has finite Z-rank, bounded
above by (2g)2.

(iii) Provided one has a concrete realization of the Galois group
in terms of an explicit tower of numbers fields, in many cases it is
possible to sharpen the upper bounds considerably; for example, if
dim (G ) = 2, then the (2g)%-term above may be removed altogether
(see Theorem 3.5).
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(iv) As John Coates pointed out to us, there is a quicker way to
obtain the asymptotic bound in the above corollary (if one does not
care too much about the precise constants Ca ¢, and ng); one instead
directly studies the growth of the H N X, -coinvariants for the large
Selmer group. We refer the reader to [1] for a more succinct argument
when dim (G ) = 2.

(v) In the first appendix we show that (1.1) holds for n > 1 in a
large number of cases. We include in the second appendix alternative
proofs of our main result for both the Heisenberg and false-Tate curve
extensions; whilst these are undoubtedly lengthier, they nicely illustrate
the scaling effect which the pth Adams operator induces on the regular
representations.

2. Generalities on M-invariants. We begin by explaining how the
Ritter-Weiss K;-congruences can be used to derive some explicit upper
bounds on the Mordell-Weil rank; in essence, we need to gain control
over the cyclotomic A-invariant over K, as n — oco.

2.1. Preliminary results on p-adic Lie extensions. Let G, and
H be p-adic Lie groups as in the introduction. Let M denote a compact,
finitely-generated torsion A(G«,)-module; henceforth, we shall impose:

Hypothesis (¢ = 0). The module M is in the My (G )-category, i.e.,
the quotient M/M[p®] is of finite-type over A(H).

This is equivalent to assuming the total vanishing of the u-invariants
for M, over each of the finite normal extensions of k inside K.

Let O be the ring of integers of a finite extension of Q,,, and fix a uni-
formizer m of O. Let o : A(G4) — Mat,,x,(O) be the ring homomor-
phism induced from an Artin representation o : Goo — GL (n,0). The
continuous group homomorphism Go, — Mat, x,(O[[k]) that sends
g € G to 0f(g) ® (g mod H) extends to a (localized) algebra homo-
morphism

<I>g : A(Goo)s* — Matan(QO(rk))a

where S* is an Ore set, and Qo (T'x) is the skew-field of quotients of
O[l'k] (see [2, Lemma 3.3] for details).
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For a ring R, let K;(R) denote its jth K-group; then on the level of
K-groups, we have

(I)/U : K1 (A(GOO)S*) — K1 (Matnxn<QO(Fk))> = QO(Fk)Xa

where the last isomorphism arises by Morita invariance. Return-
ing to our module M, its class [M] inside the Grothendieck group
KoMy (Goo)) lifts to an element &y under the connecting homomor-
phism Jdg_ : Ki(A(Gxo)s<) = Ko(Mpy(Go))—the surjectivity of 0
follows directly from [2, Proposition 3.4], provided the group G has
no element of order p. Any such lift £, is referred to as a characteristic
element for M.

In preparation for the main result of this section we shall first
introduce some common notation and then prove an elementary but
useful lemma.

Notation. (i) For a topological group G, let R,(G) indicate the
additive group generated by the @p—valued characters x with open
kernel; we also write Irr (G) for the subset of characters from irreducible
G-representations.

(ii) Recall that, at each prime number p, the pth Adams operator
1p acts on x € R,y(G) by sending it to the virtual character ¥,x : g —
x(g").

(iii) On choosing a topological generator, we may identify O[]
with the power series ring O[X]. We define ¢ : O[I't](x) — O[Tx](x)
to be the map extending X — (1 4+ X)? — 1 linearly and continuously.

(iv) For a non-zero element F € O[I'k](x), we write A(F) for the
A-invariant of F, which is the number of zeros minus the number of
poles (counted with multiplicity) that F has as a function on the open
unit disk. Similarly, we write u(F) for the p-invariant of F, which is
the unique integer n satisfying

T "F € OﬂFk]](,r) \WO[[F]C]](W)
Lemma 2.1. Let F; and F, be non-zero elements of O[U'y](xy such
that both p(F1) = u(Fz) =0 and
]:1 = ]:2 mod FO[[Fk]](ﬂ)
Then \(Fy) = A(Fa).
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Proof. For each i = 1,2, we can express J; as a power series
quotient f;/g; where f;,g; € O[T'x] and u(f;) = w(g;) = 0. Then
AF:) = A(fi) — Mgi), and, from the above congruence,

(2.1) f192 = fog1 mod O[]

In general, if F € O[] \ 7O[T'k], then
A(F) = dimo, (OITH]/{m, F)).

However, equation (2.1) implies (m, f1g2) and (m, fag1) represent the
same ideal, in which case A(f1g2) equals A(f291); as a direct conse-
quence,

A(F1) = A(f1) = AMgr) = A(f2) — Ag2) = AM(F2),
and the required equality is proved. (|

Theorem 2.2. If &y € K1(A(Go)s+) denotes a characteristic element
for M and o : Goo — Auto(V,) is any Artin representation which
satisfies the condition ®,(§ar) € O[Tk](r), then

MNP, (Em)) = Z ni(o) x M@, (Em)),

i €lT (Goo)

where the constants n;(c) are defined by the decomposition

dpoTr(o) = Y nmi(o)-xi

i €lrr (Goo)

with each x; = Tr (p;). (See also [15, Theorem 4.1.6].)

Proof. The congruences of Ritter and Weiss are derived in terms of
p-adic Lie groups of dimension 1; therefore, we must first explain how
to descend from G4 to a suitable one-dimensional quotient G&),g as
follows.

K
Let Koo =Q er i), kso be the compositum of the field cut out by
Ker (o) together with the cyclotomic Z,-extension of k. In particular,
one can decompose

Gy, = Gal(Kw,o/k) 2T) x HY,
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where HC(,I) is obtained as a quotient of H. Furthermore, H,gl) must be
a finite p-group because Im (o) is finite, so dim (Gg}})a) =1.

We now recall the definition of the Det-homomorphism from [13].
Let z € Q(Géé),g)>< and x € Rp(Gggg). The action of z gives rise to
an automorphism on the Q@p (T'k)-vector space Hom@p ()] (Va, @p ®q,

Q(Gg),a)). If one writes Det, () € Qg (I'x)* for the determinant of
this action, this allows us to define a map

Q(GY,)" — Hom (R, (GY,),Qg, (T%)*)
x — [x — Det, (z)].
From [13, Section 3], the map defined in this way is a group ho-

momorphism, and it factors through the projection Q(Gg,i,),g)X —»

Kl(Q(G(oizg)). Its image lies inside a certain subgroup Hom® C Hom,
which is described explicitly in [13, Theorem 8]. We shall write

Det : K1 (Q(GY),)) — Hom* (R, (GL,), Qg (T)*)

for the Det-homomorphism given above. Note that, if z € A(G&),g)(p)

and y € Rp(G&),U) take values in O, the determinant (Detz)(x) will in
fact belong to O[I't]() by [14, Proof of Lemma 2].

The crux of our argument is that, for x and x as above, and enlarging
the scalars O if necessary, one has the modulo p congruence

(Detx)(x)? = ¢(Det(Frobyz)) (¢ 0 x) mod p- O[] (),
which was proven by Ritter and Weiss [14, Proposition 8].
Remarks. (i) If we take F; = (Det z)(x)? and F» = ¢(Det (Frob,z))
(¥px) with p(F1) = p(Fz) = 0, then Lemma 2.1 implies
p x A((Detz)(x)) = A(p(Det (Frob,z)) (¢ © x))
= p x A(Det 2)(¢ 0 X)),

since the effect of the map ¢ is to multiply the A-invariant by p, whilst
the Frobenius action on the coefficients does not change the A-invariant.

(i) Moreover, if x = Tr(o) and ¢p o x = >°  rr(g..) ™i(0) - Xi
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then by explicit Brauer induction

)\((Det x)(p o X)) = )\( H (Det x)(Xi)m(g)>‘

i €lrr (Goo)

(iii) Combining the previous two comments, we immediately see that
both A((Det z)(x)) and A(J] (Det ) (x;)™(?)) are equal.

To complete the proof of the theorem, we must connect the Hom-
description with the characteristic element of M. From the definition
of the map ®,, clearly it factorizes through the first K-group for the

xi €T (Goo)

localization of A(Gé?,g). In fact, there is a commutative diagram

(o)’

K (AGw)g. ) 25 Ka(A(GE)g) - Qg (T

L* Thﬁ n(Tr(o))

K1(Q(GR,)) 2% Hom” Ry (GL),), Qg (1)),

where ¢+ denotes the mapping of an algebra A into its skew-field of
quotients; the homomorphism &4 : A(G&),g)g* — Mat,xn(Qo(Tk)) is
constructed in an identical way to ®,, with the Lie group G, replaced
by its one-dimensional quotient.

Let us now take z = t.(pr,&nr). Applying this factorization to z
yields

@, (6n) = (267) o pr. () = (Deta)| 1. = (Det)(x)
and, by similar reasoning,
@, (€ar) = (24) o pr. () = Deta)| . = (Det)(xa).

Finally, our hypothesis on the p-invariants of M ensures the vanishing
condition in remark (i) is satisfied; hence, we obtain

A((I)iy(fM)) = )\((Det [L’)(X)) by:(iii) )\< H (Det x)(xi)m(a)>

i €lrr (Goo)

= an ((Det z)( an ' (Em)),
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and the desired equality follows. O

2.2. Bounding Mordell-Weil ranks. Let K, /k denote a p-adic Lie
extension given as in the introduction, and write k,, for the nth layer in
the Z,-extension ko, of degree [k, : k] = p". Suppose A is an abelian
variety of dimension g defined over k, such that:

(A) A has good ordinary reduction at all the primes of k lying above

p;

(B) Selk_ (A)Y := Homeopt (Selx_ (A),Qp/Zy) is a torsion A(G o )-
module;

(C) As a Zy[X]-module, Selg, .k (A)Y has trivial y-invariant for
alln > 1.

The second condition is now a standard conjecture in the non-
commutative Iwasawa theory of abelian varieties.

Lemma 2.3. Assume that G, has dimension < 3 (as a p-adic Lie
group). Then, H;(H',Selkx_ (A)Y) =0 for i > 1 where H' is any open
subgroup of H.

Proof. By Pontryagin duality, it is equivalent to show the statement
that H'(H',Sely_(A)) =0 for i > 1.

By assumption, H' is of dimension < 2, so the assertion is clear for
i > 3. Likewise, the statement for ¢ = 2 follows from that for i = 1 by
the same argument as [4, Proposition 2.9]. For ¢ = 1, it is enough to
show that

(a) The maps Yy, : Jy(koo) = Juw (Koo )™ are surjective for allv € S,
w|v, where the set S includes the primes at which A has bad
reduction, and also the primes above p;

(b) H™(Gs(Koso), HY(Goo, A[p™])) = 0 for m > 1.

Here J, (ko) = H'(koov, A)(p), with a similar definition for J,, (K ).
We first prove (a). As in [4, Proof of Lemma 2.3], we have

coker(yy,) = HQ(Dw/va A[p™]) =0,
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by Tate local duality when v { p, where D, /, is the decomposition
group of w over v. For finite places v | p,

coker(yw) = H*(Dyy o, Aulp™));

with A, indicating the reduction of the abelian variety at w. If A
denotes the formal group associated to A at w, there is an exact
sequence

T H2(Dw/va[poo]) — Hz(Dw/vagw[pOOD
— H3(Dyy o A[p™]) — -+,
and HQ(Dw/v, Alp™]) = H3(Dw/v,;1\[p°°]); however, H3(Dw/v,g[p°°]) =
0 as D, /, has p-cohomological dimension < 2, thence (a) follows.

We may prove (b) in the same way as [4, Lemma 2.4]. O

Lemma 2.4. Let M = Selk__(A)Y, and let K be a finite subextension
of Keo/k with Galois group G = Gal(K/k). If Mg denotes the
Gal(K /K - koo )-coinvariants of M, then

Mz, 1] (Preg,, (€ar)) = [K Moo : k] X Az, r) (M)
where regq 1s the reqular representation of G, and I'k indicates the
Galois group Gal(K - ke /K).
Proof. Recall, from [2, Lemma 3.7], there is a commutative diagram

K1 (A(Goo)s) 25 Ko(Mp(Goo))

l‘I’L lAko otw,

Qo(Tr)* =  Qo(lk)*/O[lW]*.

Here p : Goo — Auto (V) denotes any fixed Artin representation. The
Akashi series is given by the alternating product

(-1’
Ako(P) i= ] charao, (Hi(H,P)) mod O[3,
i>0

while tw; @ My (G) = Mu(Goo) is the (contragredient) p-twist
operator.
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Let us now take p to be reg, (with O =Z,), and set
H =HnNGal(Ky/K) = Gal(Ky/K - koo).

By Lemma 2.3, we have, for all ¢ > 1, that H;(H',Selx__(A4)Y) = 0,
which implies H;(H',tw;(M)) = 0. Therefore, H;(H,twz(M)) is a p-
group of exponent dividing [H : H'], and its characteristic power series
must be of the form p** x (a unit of A(T'y)) with u; € Z>¢. Thus,

O (¢rr) = Akg, (twp(M))
= pzi(—l)im

x charg, v, (Ho(H, tw;(M))) mod Z,[T'x]*.

If I' = Gal(K N ko /k), then since Goo = I'y X H, one has G =
I" x H/H'. Using Frobenius reciprocity and Shapiro’s lemma:

Ho (H, M ®regs) = Hy (H, M © Ind%, (regr,))
~ H, (H, Ind®, (M ® regr/))
=~ Ho(H', M) ® regp:.

Therefore, one can deduce
Az, ) (Ho (H, twp(M)) = #T7 X Az, o, ) (M),
and it follows that

Az, 1041 (€ (6n1)) = #I' X A o) (M),

as required. O

We now assume that there exists a filtration of normal subgroups
(2.2) Go=2pDX1D--DX, D

such that #G,, = p? and K, N ke = k,, for all n > 0, where G,, and
K, are defined as G /¥, and K2~ respectively.

Lemma 2.5. If 3, =X | for somen > 1, then

Yp o Tr(regg, ) = pd x Tr(regg, ,)-
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Proof. Recall that, if G is a finite group, then

0 ifg#1

Tr(regg)(9) = {#G o= 1.

In particular, for g € G,

0 ifgp ¢ %,

by 0 Tr(rege, )(9) = Tr(regg,, )(9°) = {#Gn if g7 € S,

whereas
0 ifgeg X,
Tr(regg, ,)(9) = 9§ B
#Gn—l if g < Y_1-
The result follows from the fact p? x #Gp,_1 = #G,,. ]

Theorem 2.6. Assume that G is a p-adic Lie group of dimension
d < 3 with no p-torsion, and that the filtration (2.2) exists. If K, is
as above and there exists an integer ng such that ¥, = XP | for all
n>mng+ 1, then

ranky, (A(K,)) < Ca,g,. % pl=tn 4 0A,Guos
where CA,GOC — pf(dfl)no X AZPIIFKnO]](SelKOO (A)Emzno) and 5A,Goo g

(29)? are both constants independent of n.

Proof. Let M = Selg_(A)Y, and write M,, = Mpny,. From
Theorem 2.2 and Lemma 2.5, it follows that

Az, 104 (Phee, (€a1)) = P* % Mz, e (Pheg,, (€0))-

Now, taking K to be K, and K,_; in Lemma 2.4 respectively, one
deduces

P X Az e, 1 (Ma) = p X p" 7 X Mg e 1(Maa);
thence, for n > ng,
A2y, 1 (M) = p77H X Az prye (M)
As a direct corollary, we obtain the upper bound

)\ZPHFK-,L]](MH) S CAvcoo X p(dfl)n'
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The kernel of the natural restriction map

HY (K - ooy Ap™]) -2 1 (Ko, Alpee]) G210/ k)

is equal to H (Koo/Ky + koos A(Kso)[p™]). We claim that its Z,-
corank is bounded by some constant §4.¢., < (2¢)?, independent of
n. (This follows from the fact that Gal(Koo /K, - koo) is either abelian
or isomorphic to a subgroup of (z,y : [z,y] = y?") where s € N by [8,
Proposition 7.1]; hence, it contains a normal subgroup of dimension 1;
also, the Zy-corank of A(K)[p™] is at most 2g.) Therefore, the Z,-
corank of the kernel of the homomorphism

Seli, k. (A) 295 el (A)GAl(Kao/Knhc)
is also bounded by d4 ¢ . Moreover, by Mazur’s control theorem [12],
coranky,, Selg, (A4) = corankz,, Selg, .k (A) <
<Az, 1rs,1(Selk, k.. (A))
so one can deduce
corankz, Selg, (A) < Ca .. X p(d_l)" +da,c..-

Lastly if II(A/K,) denotes the Tate-Shafarevich group of A over K,,,
then

rankz, (A(K,,)) < ranky (A(K,)) + corankz, (]]I(A/Kn)[pw])

= corankgz, Selg, (A)

(d—1)n

<Caqg. XD +04,60s

as required. O

3. The two-dimensional case. Let A/k be an abelian variety
satisfying conditions (A)—(C) in subsection 2.2, with the dimension of
G equal to 2. We shall show that the filtration as specified in (2.2),
with the property that ¥, = XP | for all n > 1, exists. We recall
that one has the following result from [8, Proposition 7.1] and [10,
subsection 7.3].
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Theorem 3.1. If G is two-dimensional, then Go 1s isomorphic
either to Zy X Zy, or instead to

J— 1 ZP
Gls) = (0 1 +pszp) ’

for some integer s € N.

When Go = Z2, we may simply take ¥, to be the subgroup
corresponding to (p"Z,)? for n > 0. We shall therefore concentrate
on the non-abelian case. Note that G(s) is an open subgroup of G(1)
for all s € N. Therefore, without loss of generality, we may assume that
Goo = G(1); in this case, one may realize K, as a Lie subextension
of the false-Tate curve extension k(gpe-, m'/P™) where m > 0 is some
p-power-free integer.

Remark 3.2. A bound on the Mordell-Weil rank for the false-Tate
extension (when A is an elliptic curve) was first obtained by Hachimori
and Venjakob [9, Corollary 2.9] who applied results of Matsuno [11]
on finite A-submodules in Selmer groups, albeit without explicitly
determining C4, i, below. The proof we present here is based purely
on the ‘algebraic shape’ of K;(A(Gw)s+), and instead uses the finite-
dimensional representation theory of the underlying Galois group.

We now identify Go, with G(1), and define

5w 1 D" Ly
"m\0 1+4p"tiZ,

at each n > 0. Then [X,_1 : ,] = p? for every n > 1, and it can be
checked that ¥, is a normal subgroup of G .

Lemma 3.3. Forn > 1, we have ¥, =3P _|.

Proof. Writing g = (1

0 Z) € G, One computes

o (1 (@ '+ F+a+1)b
9= \o aP :
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If g€ ¥,,_1, then a € 1 + p"Z, and b € p"~'Z,. In particular, a = 1
mod p, so a? ' +---4+a+1=0 mod p; therefore, g? € %,,.

Conversely, if g € ¥, we have a € 1+ p"T'Z,, and we may find
ag € 14 p"Z, such that af = a. Moreover, af ™" +---+1=p mod p?,
so we may find by € p"~'Z, such that (a5~' +--- + 1)by = b. In other
words,

1 b
go = <O Ubo) €¥,1 and g} =y

O

Recall from the previous section that K, is the fixed field of K,
under X,,.

Lemma 3.4. For alln > 0, one has K, Nks = ky,.

Proof. Via the semi-direct product G, = 'y, X H, we can identify
T’y as a subgroup of G,. The assertion in the lemma is then equivalent
to the equality [['y : Ty NX,,] = p™. By Lemma 3.3, one has ¥,, = Gg:;
therefore,

r,Ns, =T,

which clearly has index p™ in I'j. |

Theorem 3.5. There is an asymptotic bound
ranky, (A(Kn)) <Car, xp" atall integersn >0,

for the given constant Ca i, = Az, r,](Selx . (A)¥;)-

Proof. By Lemmas 3.3 and 3.4, it is enough to show the term 64 ¢
in Theorem 2.6 vanishes in this setting. Recall, from the proof of the
theorem, that 04 ¢ is the Z,-corank of HY( K /keo, A(Kso)[p™]), and
the latter group turns out to be finite by a natural generalization of [9,
Lemma 3.3]. |

4. The three-dimensional case. Let A/k be an abelian variety
satisfying conditions (A)—(C) in subsection 2.2, with the dimension of
G equaling 3. We remark that G is soluble (because Go/H = T" and
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H is of dimension 2, which is soluble using Theorem 3.1); in particular,
this excludes SL(2,Z,) and SL(1,D,) from appearing.

Let us review the classification of such soluble groups, as is discussed
at length in [8, Theorem 7.4]. We shall write Ny for the set of non-
negative integers Z>g.

Theorem 4.1. If G, is soluble and torsion-free, then G, is isomor-
phic to one of the following groups:

(i) the abelian group Zf);
(ii) an open subgroup of the Heisenberg group, i.e., a group represented

by (91,92 ¢ lyiye] = Llysal = Llye.a] = o) for some
s € Ny;

(i) (z, 91,92 : [y, 92l = L[y, ] = o, [y2, 2] =45 ) for some s € N;

. s st+rg s+r s
(IV) <xay17y2 : [9172/2} = 1’ [y17$(5] = yf yg 7[y2aw] = yf yg > for
some 5,7 € N and d € Zy;
s s s+r
(V) <xuy17y2 : [fl/l»y2] = 17[y17£d = yg d?[y27x] = yi) yg > where
s,r € Ng and d € Zp, such that either s > 1, orr > 1 and

d € pZy;
: . s+ s
(vi) either one of (x,y1,y2 : [Y1,y2] = L, [y1, 2] = v§ [y, 2] =y} )
s+ s
or (z,y1,y2 : [y, p2] = Ly,a] = v ' lye.x] = of ) where

s,r € No with s +r > 1 and t € Z; is not a square modulo p.

As an illustration, in case (3), if k contains the pth roots of unity,
then K., may be realized as an extension of the type

k‘(,upoo 7 m}/p“’ 7 mé/p“’)7

where p,mi1, my are pairwise coprime as integers. Since the abelian
case is well understood, we only consider cases (2)—(6) here. Let

En: <xp 7yf ayg >

Our main goal is to show that these subgroups satisfy the condition
given by Lemma 2.5, namely,

Theorem 4.2. Forn >3, we have ¥¥_| =%, and [S,-1 : £,] = p>.
Moreover, K, Nks = ky,.
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In particular, this would give us the required asymptotic bounds on
the Z-rank of A(K,) by Theorem 2.6:
Theorem 4.3. There is an asymptotic bound
rankz, (A(Kn)) <Caq. X P2+ da,Gg.. ot all integers n > 2,

where 64,6, < (29)? and Ca ., > 0.

4.1. Preliminary results on commutators. We write Y = (y1,y2) &
ZP? (since [y1,y2] = 1), so that

(4.1) [z,y;] €Y ateachi=1,2.

Lemma 4.4. Fori=1,2 and o € Z,, we have [z, y;] € Y. Moreover,

[2%,y)] = [z%,5:)®  for all B € Z,,.

Proof. By (4.1), we have xYx~! = Y. This implies 2"Yz™ =Y
for all n € Z; hence, the first statement follows by continuity.

Let z%y;2=* =y € Y. Then [z%,y;] = yyi_1 €Y, but Y is abelian

SO
«

eylr™ =P and  [2%y)] = Py " = (2, ui)?,

and the second statement is true. (|
In particular, we see that Y?" is a normal subgroup of G for all

n > 0. For a € Z,, there exist an,by,cn,d, € Z, (depending on «)
such that

An Cn

bn _ dn
(2" ] =y, [y =iy

for all integers n € N. We have the following recurrence relations.

Lemma 4.5. For all integers n > 1,
apt1 = (a1 + 1)an, + c1by, + aq; bny1 = (di +1)b,, + bran + by;
Cny1 = (CLl + l)Cn + cid,, + C1; dn+1 = (dl + l)dn + bicy, + dy.

Proof. One computes, via Lemma 4.4,

[x(n-ﬁ—l)a’ yl] = x(n-&-l)aylx—(nﬁ-l)ay;l = ir[xnav yl]x_1[$7 yl]
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An

= ayimysr e o, ] = [z, 91 |y

= [LC, yl]a”y?n [CL’, yQ]b" yg” [$, yl]a

[, 5"y [, 1]

which implies the first two equations. The last two can be obtained
similarly. O

Corollary 4.6. For alln € N, an,b,,d, = 0 mod p and ¢, = ncy
mod p.

Proof. By definition, ai,b;,d; = 0 mod p. Thus, we deduce by
induction that ay,,b,,d, =0 and ¢,+1 = ¢, + ¢ mod p. O

Lemma 4.7. If a € pZ,, then [z*,y;] € YP at each i =1,2.

Proof. By Corollary 4.6,
[", 1] € YP and  [2",y2] € (¥, y5) =YP at every n € pN.
Hence, using continuity arguments again, one obtains
%yl €YP and [z%y2] € Y7,

for all o € pZy; the result now follows. O

Lemma 4.8. If o, 3,y € Zy and n € N, then
n n—1 ) )
(soulvd)" =iy H (I 2" 2]
(viw3a)" H( ° 1l 3]) ol s

Proof. One calculates that

ey yga™® = 2%yl z"yg [y, T, 2"
= 2oy Py P Ty [y, 7 2.
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Therefore, upon applying Lemma 4.4,
n—1
CR Rl | (R R}
i=1

n+1 n+1 — g _ .
— x(n+1)o¢y§ + )ﬁyé +1)y H ([yl 5,.1‘ za][y2 Tz zoe}) :
i=1

and the first equation follows inductively. The second one can be proved
similarly. O

Lemma 4.9. Let n > 0 be an integer. If o € p"Zy, then
[z, ;] € y?" for both 1 =1,2.

Proof. We prove this by induction. When n = 0, there is nothing to
prove and the case n =1 is given by Lemma 4.7.

Assume that the statement is true for n — 1 where n > 2, and let
o € p"Z,. From the inductive hypothesis, there exists y = y’f Yy €
Y?""? such that [P, y;] = P, so yi_lx“/pyi = yPx®/P. As a straight
consequence,

_ p
y ety = (g ee )
p—1

_ ([xnoz/p, y€5][mna/p7 ygv]) y{,Z,Byg?vxa

n=1

upon using Lemmas 4.8 and 4.4. Furthermore, the inductive hypothesis
implies
n—1
[2"/P yf], [P 3] € YP for all n € Z;
therefore, there exists y' € Y?" ™" such that
_ 2
yi ey = (y'y)”

One concludes [2%,y;] € Y?", so the statement of the lemma is true. [

Corollary 4.10. For alln >0, ¥, is a normal subgroup of G .
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Proof. Let i € {1,2}. Lemma 4.4 tells us that acyfnm_l € X,
whereas Lemma 4.9 implies yimpny; ! ¢ %,, from which the result
follows. |

4.2. Proof of Theorem 4.2. Let us first give an explicit description
for the elements of X,,.

Lemma 4.11. For all integers n > 0, the group X, coincides with the
set

{m”‘yfyg to, B,y € p”Zp} .

Proof. Let o, € p"Z, and i € {1,2}. Then, by Lemma 4.4, we
have

Jam = a2ty e ] e 2ty

%

Yl = a%ylly

Thus, every word in zP" and yr " can be written as %y, for some
a€pZyand y € y?", a

This clearly implies [¥, 1 : X,] = p3. It remains to show that
P, =%, Let apBn~y € p”lep; using Lemmas 4.4 and 4.8 in
tandem,

(@ y3 )" = 2Py (yih)? (usys)
for some a,b,c,d € Z,, which only depend on «. From Lemma 4.9,
if @ € p?Z,, then a,b,c,d € p?Zy; furthermore, X¥ | C %, for every
n > 3 upon applying Lemma 4.11.

Let g = xayfy;’ € X, with o, 8,7 € p"Z,, and set oy = a/p €
p"’lzp. We may then associate to g these constants a,b,c,d as
described above. Consider the simultaneous equations

)

a C
Bo+ —=Bo+ = =
p p

VIR T

b d
Yo+ —Bo+—v=—.
p p

Since n > 3, we have a,b,c,d € p*Z,. Therefore, all coefficients above
are in Zj,, and the determinant of the equations is congruent to 1
modulo p. Therefore, we may solve By,7 € p"~'Z,. In other words,
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if go = xo‘oylﬁoy;", then go € 3,1 and g = g; hence, ¥,, C XV _, as
required.
Finally, the proof for the statement k. N K, = k, follows from

the same argument as that for Lemma 3.4 on replacing Lemma 3.3 by
Lemma 4.11.

Remarks. (i) Recall that a pro-p group G is powerful if G/GP? is
abelian. In particular, as G is finitely generated, GP coincides with
its Frattini subgroup. Note further that G, always contains an open
subgroup which is powerful (see [6, Corollary 4.3]); therefore, after a
finite base-change of k, one may assume that G, is powerful.

(ii) If we take X,, = P, (G ) to be the lower p-series of G, i.€.,

and

Pii1(Goo) = Pi(Goo)P[Pi(Goo), Goa]  for i > 1,

then ¥ | = %, (from [6, Theorem 3.6]) and [X,_; : ¥,] = p? if
n > 1, since ¥,, is uniform whenever n > 1 (see [6, Theorem 4.2]). In
particular, this yields an alternative method to obtain the asymptotic
bound on rankyz(A(K,)).

APPENDIX

A. An improvement on Theorem 4.2. In this appendix, we
show that Theorem 4.2 in fact holds for n > 1 if the constants a1, by, dq
are congruent to 0 modulo p?. Under this additional assumption, one
has the following:

Lemma A.1. Let o € Zy, then

p—1

p—l
) 2
I I [xna’yl] cyr and | | [x"o‘,yg] S <y{)ayg >
n=1

n=1

Proof. Upon replacing p by p?, the proof of Corollary 4.6 implies

[z",11] € v?*  and [z™,y2] =y mod v’
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at each n € N. By continuity, one knows that
[z%, 1] € Y?"  and [%, y2] = yI'" mod yr’

for all a € Z,,, which gives the first part of the lemma. For the second

part,
p—1

H 7y2 H ynacl _ p 1acy/2 mod YPQ,

n=1

as required. O

Proposition A.2. Foralln>1,%" |, =%,.

Proof. As in subsection 4.2, for n > 1 and o, 3, € p"~'Z,, we have
(@ y)? = 2Py (yius)” (yiys)”

for some a, b, c,d € Z,. But Lemma 4.2 implies that a,b,d =0 mod p?
and ¢ =0 mod p; therefore, X2 | C 3P,

Let g = xo‘ylﬂy; € ¥, with «, 8,7 € p"Z,; as in subsection 4.2, we
need to solve

a c
Bo+ —=Po+ —v =
p p

b d
Yo + 5o+ ’Yo—

@\Q ’B\Q

where a,b, ¢, d are constants associated to a9 = a/p. But a,b,d =0
mod p? and ¢ =0 mod p. By Lemma 4.2, all coefficients above are in
Z,, and the determinant of the equations is congruent to 1 modulo p.
Therefore, we may solve for 8y and 9 and proceed as before. O

Remark. One can give a more explicit proof for Proposition 4.2 when
G is the full Heisenberg group (namely for case (ii) of Theorem 4.1,

with s = 0). In this situation, G will be isomorphic to the matrix

1Zy Zy 1 p"Zyp p"Z
group [ 0 1 z, |; hence, 3,, may be identified with 1 p"Z, |-
00 1 0 0o 1
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Let g = (égg) € G, so that
1 pa pc+ (§)ab
gd=10 1 pb
0 0 1

As a corollary, g € ¥,,_1 implies that gP € ¥,, as p # 2.

Conversely if g € ¥, there exist ag, by € p"~'Z, such that pay = a
and pby = b. As p # 2, we have ¢ — (§)agby € p"Z,; consequently, there
exists ¢o € p"~'Z, such that pco + (’2)) agbg = c¢. Then

1 ap Co
go:=[0 1 by|€eX,-1 and ¢f =gy,
0 0 1

and the proposition follows.

B. Explicit calculations of representations. The proofs of
both Theorems 3.5 and 4.3 rely on constructing a filtration as given by
(2.2) with the property that ¥,, = ¥¥ | when n is large enough, which
is sufficient because of Lemma 2.5. In this appendix, we show that the
conclusion on traces of regular representations given in Lemma 2.5 may
be obtained directly, when G, is either non-abelian of dimension 2 or
a Heisenberg group; this involves us undertaking a low-brow study of
the Adams operator v, acting on the regular representation.

B.1. Representations of the false-Tate curve tower. We
first study how the ,-operator acts on R,(G,,), where the group

1+ pZ,

G, = H, x 7Y, suchthat H, = Z,/p"Z, and T, = A x —L=p_
X such tha /D" Ly an ><1+an1)

with A <« Hp—1 C Z;;

For each positive integer m < n, we shall write n,, : Z,/p"Z, — tipm
for the multiplicative character sending x — exp(2miz/p™) at every
x € H, (clearly one can equally well view 7, as a character of Hy, if
m < k <n). By [7, Lemma 15], the irreducible representations of G,
of dimension > 1 are of the form

Indfﬁ: (nm) ®pB wherem<n,and 8:71, — @: multiplicatively.
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N.B. Any representation of G,, for m < n is automatically a rep-
resentation of the larger group G,, courtesy of the projection maps
G, — G

Proposition B.1. If the additive character x("#) = Tr (Indg: (M) ®
B), then one has an equality

Uy o X" = p T (Tnd§r (1) @ B7)

inside the virtual ring R,(Gy).

Proof. We begin by making two simplifying assumptions:

e The group G, = Z/p"Z x (Z/p"Z)*, i.e., A is the whole of F,;
e The character 3 is trivial on Y,, = (Z/p"Z)*.

Therefore, our task is to show for all g € G,,,

Tr (Tndg; (4,)(9")) = p x Tr (Indy " (a1 (9))-

We again proceed by undertaking a low-brow computation. Observe
that

TTL Hn 7
Gn%< o ><GL(27Zp/p Z,).

and let us write g, = ( sg (1) ) at each z € T, O

Remarks. (a) If g = ( 8 11) ) € Gn, then g, -g-g;' =
hence,

Tr (d§y () (9)) = > ( o ) :

ceGn/Hy With
9o9-95 " €Hp

(b) Certainly, when a # 1 the sum is empty, thus Tr (Indfl’z (nn)(9)) =
0.
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(c) Alternatively, if a = 1, then

Tr (Indg: (nn) (g)) = Z exp (2mizb/p")
€Y,
pn_pn—l lfpn|b
— 7pn71 if pnfl Hb
0 otherwise.

Recall that g = ( ); it is then an easy exercise to show

a b
0 1
o If g =1, then a? = 1 and p"!|b;

/
(1) bl ) with pn_1|b/’ then a? = 1 and p"_2|b.

o If g = (

As an immediate consequence,

pt—p"t ifa? =1 and p" b
Tr(Ind$” (,)(g%)) = § —p"~1 ifa? = 1 and p"~2|p

0 otherwise.
On the other hand, putting W,, = Ker (G,, - G,,—1), one calculates

Gp—
Tr (Ind" ) (7a-1)(9))
pnfl 7pn72 if ge Wn

1 b
={ —pn2 if gW,, = ( 0 1 > with p”_Q”b
0 otherwise;

this is numerically equal to the previous trace divided by p, so we are
done.

Remarks. (i) The general case where A C F) can be treated
as follows. Using the notation G;A) = H, x T%A) with T%A) =
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A x (1+9pZ,)/(1+p"Z,), the square

Rep (G4Y) "5 Rep (67)

I b

Indmi’() X

(A) ( N Fy)

Ry(Gn’) — — 77 Ryp(Gn™)

. . . (Aa) . . F) . . ~
is commutative, since G, ° is normal inside G, with quotient =

Fy /A.

. G(]F;;) Fy a®)

(ii) However, Indg™ (nm) = Indy (Indg™ (1)) for m = n and
m = n — 1; thus, the assertion in R, (G%A)) can be deduced from its
cousin in Rp(GSF” )).

(iii) Finally, if 8 is a non-trivial character on T, then, amongst
the virtual characters, one has 1, o Tr (o ® £)(g9) = Tr (o ® B)(¢?) =
B(g)? x1poTr (0)(g); in particular, this allows us to incorporate 5 into
our previous formulae.

Corollary B.2. For all n > 2, one has 1, o Tr (rean) =
p? x Tr (regg, _,)-

Proof. We show it first for G,, = Z,/p"Z, x (Z,/p"Z,)*, i.e., for
A =TFp. The regular representation on G,, decomposes into

k—1

n pk —p
regg, Zregr, o B (dff () @) :

k=1BeX(Y,/Tk)

where X(—) denotes the character group Hom.qpt(—, Gy ); it follows
that

Dlrege) = Yt Y )% Tr (Ind§s (m) @ )

a€X(Y,) k= 1563€(Tn/Tk)
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Upon applying the previous proposition, ¢,0Tr (regs, ) must then equal
_ Gr—
S et S F s T (A ) @ 67).
acx(Y,) k=18eX(Yn/Tk)

Clearly, 3 cxr,) & =P Xaex(r, ) @ =p Tr(regy ), whilst

> p-1)xpTr (Indgﬂ (10) ® B”) = (p* = p) x Tr(regy, ).
ﬁEx(T"/Tl)

As a direct consequence, plugging these numbers back into our formula:

Pp o Tr (rean) = p2 x Tr (reng_l)

3 @M =P T (nd T () @ 57)

k=2 BeX(Tn /Tk)

(Tr regy, —|—Z Z (p"—pF =) xTr (Ind F(ne) @ 5’”)).
k=1 BE%(T,L/TIHJ)
However,
Y. Tr(eep)= >, Tr(oep);
BEX(Yn/Trt1) BEX(Tn-1/Tk)

thence,

Pp o Tr (rean) = p2 (T‘r(regrwl) + - ) = p2 X Tr(reanfl). O

Remark. When A is a proper subgroup of F), we use the
commutativity of

I P

S Rep(Gl)
[ [

IndLFI>7< X
Ry (GIY) =22). R, (G

together with the fact reg o(&) occurs as a direct summand in reg X
n G7L
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B.2. Representations of the Heisenberg group. Consider

1 x =

the group H,, = GL (3,Z/p"Z)N | 0 1 x| of order #H,, = p*>". For
0 0 1

each integer m in the range 0 < m < n, one defines subgroups

1 x *
um = o 1 pmz/pm |,
0 0 1
1 0 pWLZ/pn
Vi = U™ ulfml =1 0 1 0
0 0 1

In particular, if we fix a character y : Z/ly(lm) — C*, then p%m’X) =

IndL{{Lm) (x) furnishes us with an H,-representation, of degree equal to

(M, : US™] = p™. Furthermore, assuming that
1 01

x:1 0 1 0 |+—¢,
0 01

where ¢ € ppm — pi,m—1 is a primitive p™th root of unity, it follows from
an application of Mackey’s irreducibility criterion for characters that

pSJ’W ) is irreducible.

Proposition B.3. If 0 < m < n and x : Z/Ir(lm) — C* is as above,
then

by o Tr (Ind?, (1)) = p- Tr (Tnd’02, (1))

n—1

inside the virtual ring R, (Hy,).

Proof. If
1 a c
g=1| 0 1 b
0 0 1

with a,b,c € Z/p"Z, we just write g = (a,b,c). The conjugacy classes
of H,, are given by (a,b,Z/p"Z) with a # 0 or b # 0, and also by
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(0,0,¢) for ¢ € Z/p™Z. The individual elements x; = (0,7,0) with

i€{0,1,...,p™ — 1} form a set of coset representatives for Hn/u,gm).

Sub-case (1). The element = € (a,b,Z/p"Z) is such that b ¢
PMZ)p L here ziwa;t ¢ US™ for all i, so Tr (pi™ ™ (z)) = 0.

Sub-case (ii). The element = € (a,b,Z/p"Z) is such that b €
P Z/p"Z but a ¢ p™Z/p"Z; if we write x = (a, b, c), then xi;mc;l =
(a,b,¢)(0,0,—ai) in which case

pm—1
Tr (p{™ () = x(a,b,¢) x Y x(0,0,4)* = 0.
1=0

Sub-case (iii). The element z € (a,b,Z/p"Z) with a,b € p™Z/p"Z;
if we again write z = (a,b, c), as before, x,wx;l = (a,b,¢)(0,0,—ai);
thence,

pm—1
Tr(p,(lm’X)(x)) = x(a, b, c) x Z x(0,0,4)* = p™ x x(a,b,c).
i=0

Sub-case (iv). The element x € Z(H,,) = (0,0,Z/p"Z), so x;xx; ' =
z, and consequently, Tr (pi™(z)) = p™ x x().

In summary, we have thus far established

0 if either a or b & p™Z/p"Z

p™x(a,b,c) otherwise.

Tr(p{™¥) (a,b,c)) = {
However, x? will determine a one-dimensional character on Z/[fff;l) / VT(LTI”,
and certainly x?(0,0,1) € ptym-1 — pi,m-2. By the previous discussion,

0 if either a or b ¢ p™~Z/p"Z

p"™xP(a,b,c) otherwise,

YpoTr (") (a, b, 0)) = {

and the result now follows. O

Corollary B.4. For all n > 2, one has 1, o Tr (rean) = p3 x
Tr (regy,, ,)-
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77(m

n,conj

Proof Let U be a set of representative characters x on the group
(m,x),

Z/{( , Wthh yield irreducible (pairwise) non-isomorphic py s. We

have #Z/ln oy = O(P"T™) x p™. Moreover, the map sending x +— X7,
7m) H(m_l)

n,conj n—1,conj

induces a degree p covering U
character sets.

on these representative

Since regy, = regyan @ b _. D e (Indzl{gn) ()", its trace

n,conj

equals

(B.1) Tr regH Z P+ Z Z p™ x Tr (Ind oy (X ))

wEH%b m=1 eu(m)

n,conj

Hitting this with the pth Adams operator, and applying Proposi-
tion 4.2,

Py oTr reng Z PP + Z Z p" xp-Tr (Indu(m b (x ))

TZJE’Hib m=1 €u(m)

n,conj

771
ab 7
= ##7? X Z Y+ p? x f;,; eonl Tr(regﬂilll)
n—1

w/ GHdb

n—1
£ n ().

m/=1 | gm’+D) Un=s

n,conj

The following identities are straightforward to derive:

o HH> = [Z/ly(LO) : Vr(LO)} = p* = p? x [Z/{,(Lo_)l : V,(LO_)l] =
P2><(# o
—(1
o #U s = Sp" ) X p" = (p— 1) x #HED:

(m’)

m +1
#ufl sconj - ¢)( nem _1) X p = p X #un 1,conj*

Substituting these back into our previous expression, one concludes
that

Pp o Tr (regﬂn)
=p? x Z ¥ +p°x (p—1) x Tr(regHthl)
weHs,
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n—1 #um"‘l)
m’+2 T ,conj n
DX g (i)
m/=1 M(m) # n— 1CODJ

n—1,conj

=p*x(1+(p-1)) > ¢+Z STy (Ind”("m,;( ))

TYL/
W X el

n—1,conj

which coincides with p? x Tr (regy, ) by (B.1). O
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