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WEIERSTRASS EQUATIONS FOR ALL ELLIPTIC
FIBRATIONS ON THE MODULAR K3 SURFACE
ASSOCIATED TO T'y(7)

ODILE LECACHEUX

ABSTRACT. We show that there are 20 elliptic fibra-
tions, up to isomorphism, on the modular K3 surface associ-
ated to the modular group I'1 (7).

1. Introduction. The aim of this paper is to determine all the
elliptic fibrations with section up to isomorphism, on the modular
surface S associated to I'; (7) and give for each fibration a Weierstrass
model.

We prove the following theorem:

Theorem 1.1. There are 20 elliptic fibrations with section up to
isomorphism, on the ellipic modular surface associated to the modular
group T'1(7).

They are listed in Table 2 with the rank and torsion of their Mordell-
Weil group. The list consists of 1 fibration of rank 0, 18 fibrations of
rank 1 and 1 fibration of rank 2. Among them, five are semi-stable with
seven singular fibers, and two of them have the same type of singular
fibers but are not isomorphic.

Starting from the elliptic fibration with base curve the modular curve
X1(7), we gave, in a previous paper [8], ten elliptic fibrations with
elliptic parameters belonging to a multiplicative group.

In this paper, using the lattice-theoretic description of the elliptic
fibrations, (Kneser-Nishiyama method) we prove the theorem in the
first part (Sections 1-7). Nishiyama’s results provide the type of
singular fibers, the rank and torsion. In the second part of the paper we
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1482 ODILE LECACHEUX

will give explicit elliptic parameters and Weierstrass equations for the
remaining fibrations, using explicit computation of divisors of functions
and Elkies’s 2 and 3-neighbor method [9, 17].

In [5], Elkies gave a list of negative integers for which there is a
unique K3 surface X over Q with Néron-Severi group of rank 20 and
discriminant —D consisting entirely of classes of divisors defined over
Q. For D = —7, he gave the explicit model of an elliptic fibration

y? = 2% — T5x — (64t + 378 + 64/1)

with Eg(= IT*) fibers at t = 0 and t = oo and an A;(= I,) fiber at
t = —1. For this fibration, the Mordell-Weil group has rank 1 and no
torsion. We recover Elkies’s result, (parameter i from Table 3).

2. Elliptic fibrations. Let k& be an algebraically closed field, and
let C' be a smooth curve over k. An elliptic surface S over C is a smooth
projective surface S with an elliptic fibration over C' means that we have
a surjective morphism f : S — C such that all but finitely many fibers
are smooth curves of genus 1 and no fiber contains an exceptional curve
of the first kind (that is, S — C' is relatively minimal). Moreover, we
will assume f has a section, that is, a smooth morphism s : C' — S such
that fos =id¢. Let E be the generic fiber; then E can be regarded as
an elliptic curve over K := k(C), the section s corresponding to the O
of the elliptic curve. The group E(K) of K rational points of E can be
identified with the group of sections of f. We also require that S have
at least one singular fiber, so, by the Mordell-Weil theorem, E(K) is
finitely generated. If S is a K3 surface, then the base curve C is P!
and K = k(t).

The Néron-Severi group N.S(S) of S, the group of divisors modulo
algebraic equivalence, becomes an integral lattice of finite rank p(S)
with respect to the intersection pairing (p(S) is called the Picard
number of S). Let T' denote the sublattice (the trivial lattice) of N.S(S)
generated by the zero section (O) and the irreducible components of
fibers. More precisely, the trivial lattice is the orthogonal sum

T= <O7F> @’UEU Tva

where O denotes the zero section, F' the general fiber, o the points
of C' corresponding to the reducible singular fibers and T, the lattice
generated by the fiber components except the zero component.
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The map P — (P)mod T induces a group isomorphism:

E(K) ~ NS(S)/T.

3. Lattices and root lattices. For general definitions concerning
lattices, we refer to [4, 11].

A lattice is a free abelian group L of finite rank with a non-degenerate
symmetric bilinear pairing b : L x L — Z. The lattice is even if
b(xz,z) € 2Z. The pairing b extends to a symmetric bilinear form b on
L®Q. The signature of b is defined to be that of b. For every integer m,
we denote by L[m] the lattice obtained from a lattice L by multiplying
the values of its bilinear form by m.

If S is a subset of L we call the orthogonal complement of S the
sublattice St = {z € L,b(x,v) =0, forallv € S}. A submodule S C L
is called primitive if the quotient L/S is torsion free. The primitive

closure of S in L, denoted §L, is defined by {v € L | there exists k #
0 € Z, kv € S}. A homomorphism of lattices f : S — S is a
homomorphism of abelian groups such that V'(f(x), f(y)) = b(z,y)
for all z,y € S. An injective homomorphism of lattices is called an
embedding; an embedding i is called primitive if the quotient S’/i(.S)
is torsion free.

The dual lattice of L is defined by
L* =Hom (L,Z) ={z € L®Q|Yv € L,b(v,x) € Z}

and the discriminant group Gp is the finite group L*/L. If L* = L
the lattice is called unimodular. The bilinear form on L induces a
symmetric bilinear form called the discriminant bilinear form by :
G x G, — Q/Z.

If L is even, then by is the symmetric bilinear form associated to
qr : G, — Q/2Z, with qr(z + L) = b(x, ) + 2Z. Then gy, is called the
discriminant quadratic form.

Let L be a negative-definite lattice (respectively positive-definite),
a root a is an element of L satisfying b(a,a) = —2 (respectively
b(a,a) = 2). The sublattice of L generated by the roots is called the
root type of L and denoted by L,.ot. If a is a root, the isometry
Ru.(z) = z + b(x,a)a is called the reflection associated to a. The
subgroup of reflections associated to roots is the Weyl group of L.
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Notation 3.1. If L is a lattice, and x € L*, we denote by T the element
x+Lin L*/L.

3.1. Lattices A,. If (ep,e1,...,e,) is the canonical basis of R"*1, we
can represent A,, as the lattice

A, = {(zO,xL...,xn) ezt ’ Zzi = O}.
i=0

We take {e; = ¢; —e;—1]i = 1,2,...,n} as a basis of the lattice A,,.
The roots of A,, are then the n(n + 1) vectors e, —e; k # j.

Let

n—1
_ e neq
ar= go n+l n+1
Then
AY /A, = (a7) ~Z/(n+ 1)Z.
3.2. Lattices D,,. If (e1,...,e,) is the canonical basis in R™, we can

represent ID,, as the lattice

n
D, = { (21,22, ,%n) € Z"H,in =0 m0d2}.

i=1

The lattice ID,, is an even lattice. We will use the basis

01 = —e1 —e2,00 =e1 —€2,...,0n = €1 — €.
The roots are the 2n(n — 1) vectors +e; + e.
Let 6; = (1/2) Y27, e;. Then 0, is in D

If n is even, then 251 € D,; for all k&, we have e, € D; and
ex — 01 ¢ Dy,. Then we have

D}, /Dy = (2/22)° = {061,761 + e |

If n is odd, then 20, ¢ D, and

DY /D, ~ Z/AZ = {5,).
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3.3. Lattice Eg. We can represent Eg as a lattice in R® generated by
the six vectors ~;

7
1 1
7125(614-68)—5;% Yo =e€1+e2, Vi =e€-1— €2,

3<i<6.
If ng = —(1/3)(271 + 3v2 + 473 + 674 + 575 + 476), then
Eg/Ee = () ~ Z/3Z.

3.4. Lattice E;. We can represent E; as a lattice in R® generated by
the six vectors v;, 1 <1 < 6, and v7 = eg — es5.

If n7 = (3/2)(ne + 77), then
E% /By — (77) = Z/27.

3.5. Lattice Eg. The lattice Eg is the unimodular lattice represented
in R® by points with coordinates z; satisfying

8
> @ €22, =z —x; €L, 2u; €L
=1

4. Nishiyama and Nikulin’s results. Nishiyama [14] has classi-
fied all possible Jacobian fibrations (fibrations with a section) on some
singular K3 surface, i.e., K3 surface of Picard number 20. We summa-
rize the main points of Nishiyama’s construction.

Denote by T(S) the transcendental lattice of S, i.e., the orthogonal
complement of NS(S) in the unimodular lattice H?(S,Z) with respect
to the cup-product,

T(S) = NS(S)* ¢ H*(S,Z).

Since p(S) = 20, T(S) is an even lattice of rank 22 — p(S) = 2 and
signature (2,0) and T(S)[—1] is an even negative-definite lattice.

By Nikulin’s result ([13, Theorem 1.12.4]), T(S)[—1] admits a
primitive embedding into the unimodular lattice Eg[—1].

We define M as the orthogonal complement of T(S)[—1] in Eg[—1].
By construction, M is a negative-definite lattice of rank 6. By Nikulin’s
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result ([13, Proposition 1.5.1]) the discriminant forms satisfy

qr(s) = —4Ns(s), M = —qT(S)[-1]-

For each elliptic fibration f : S — P! of S with a section O, we
define an even unimodular lattice of signature (1,1) generated by the
zero section O and the general fiber F', called the hyperbolic lattice
U. The orthogonal complement lattice of U in the Néron-Severi group
NS(S) is called the frame and is denoted W (S). Since U is unimodular,
we have NS(S) = U @ W(S). The frame is a negative definite even
lattice of rank p(S) — 2 = 18. From Nishiyama’s result [14, Lemma
6.3], the discriminant groups Gr(s) and Gy (g) are isomorphic and
aqw (s) = —41(s)-

From Nikulin’s result ([13, Corollary 1.6.2]) there exists a unimod-
ular overlattice L of M @& W (S) such that the embeddings of M and
W(S) in L are primitive, and M7 = W(S) and W(S): = M. In our
case, L is a unimodular lattice of rank 24. Such a lattice is called a
Niemeier lattice, and there are only 24 different Niemeier lattices up
to isometry ([12]). A Niemeier lattice L is determined by its root type
Lyoot- They are listed in Table 4.

Conversely, if there is a primitive embedding of M in a Niemeier
lattice, there is an elliptic fibration whose properties will be specified
in the following paragraphs.

From now on, we are interested in the K3 elliptic modular surface
with base curve the modular curve X;(7) (for equations, see (9.1)
below).

The Gram matrix of T(S) is ([6, Table 1])

2 1
1 4 )"
From Nishiyama’s computations [14, page 311], we get
So M = M,..., and we can apply Nishiyama’s result: M is primitively

embedded in L if and only if M is primitively embedded in Lot [14,
page 344].



ELLIPTIC FIBRATIONS

5. Primitive embeddings of Ag.
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Lemma 5.1. Up to the action of the Weyl group, there is at most one
primitive embedding i of Ag into A, Dy, Eg.

(i) The primitive embeddings i(Ag) of Ag into A, and n > 6, up to

the action of group W(A,,), are uniquely given as

Z(Aﬁ) = <€1,€2, ..

.,€6>.

Moreover, the root lattice of i(Ag)* in A, is isometric to A, 7,
forn>7and0 ifn <T.
(ii) The primitive embeddings i(Ag) of Ag into Dy, and m > 7, up to

the action of group W(D,,), is uniquely given as
i(Ag) = (02,03, ..

D7, form>7and 0 if m < 7.
(iii) The primitive embeddings i(Ag) of Ag into E = (n;,i =1,...,k)
and k > 7, up to the action of group W (Ey), is uniquely given as

Z(A6) = <772a n3s---

., 67).

Moreover, the root lattice of i(Ag)* in D, is isometric to

7777>'

TABLE 1. Niemeier lattices.

Name Lroots L/Lroots Name Lroots L/Lroots

a Doy 7.)27 v Ao D¢ | Z/2Z x Z/10Z
B D6 © Eg Z)27 3 D (Z.)27.)*

y E3 0 0 A3 (Z/32.)3

5 Agy Z]57 7 AZ2o D2 | Z/4Z x Z/8Z
: D% ZPRD” [p | Al (Z[TL)

¢ A7 @Er Z7/6Z o Az ®Dy | Z/2Zx(Z/6Z)?
7 Dy @ Ez7 (Z)22.)* | T D§ (Z)27.)°

0 A1 ® Dy Z/8Z v Ag (Z/5Z)3

. |D3 Z/2Z)7 ¢ | A (Z/AZ)"

K A7, Z/13Z X Al? (Z/37)°

A ALoD;®Eg | Z/12Z |9 AP (Z.)27,)'?

I Eg (Z/37)? | w Leech Aoy
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Moreover, the root lattice of i(Ag)* in By is 0 for k = 7, isometric
to Ay for k=28.

In other cases, Ag cannot be embedded.

Proof. We use Nishiyama’s results [14, Lemmas 4.1, 4.2 and 4.3] to
give the embeddings. Then, using the roots of each of lattices A,, and
D,,, we can compute which roots are in i(Ag)*. For Ey, see Nishiyama
[14, Corollary 4.4]. O

6. All the fibrations. All the fibrations are obtained in embedding
Ag in one factor of L,,ot. The results are gathered in the Table 2. In
each case Ag is embedded in the factor of L, listed first. This first
factors are successively A, D,, and Ey.

The following results [14, Lemma 6.1 and definitions] allow us
to obtain some properties of the fibration derived from a primitive
embedding of Ag in L.

Lemma 6.1.

(i) The type ByeoT, of a fibration is isomorphic to the type W(S)ro0t-
(ii) The Mordell-Weil group of a fibration is isomorphic to
W(S)
W(S>root '

(iii) The torsion in the Mordell-Weil group is isomorphic to

(W(S)root)
W(S)root

where (W(S)root) is the primitive closure of W (S)ro0t in W(S).

In all cases of Table 2, the rank of the Mordell-Weil group is > 0
except for Lioor = Ag. Moreover, the rank is one except for Lyoor = D3
(parameter t) for which the rank is 2. Finally the second column of
Table 2 returns to equations of Tables 3 and 4.
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TABLE 2. All the elliptic fibrations.
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First case of Lemma 1 | parameter | Singular fibers | Torsion
p: Aé d 317,311 (z/77)
7: A2 D3 u Ig, 217,21, | (Z/AZ)
[ Ag r 12,219,411 (Z/?)Z)
v:AZ®Dg k I3, Lo, 13,30 | (Z/27)
A D7 @ Eg ] Is, I3, IV*, 2 0
X : A%Q w [67]133511 0
0: A5 Dy P Iy, I, 414 0
§ZA17@}E7 a 1117111*7411 0
Aoy g I1s,614 0
Second case
ZD7@A11 @EG m Ilg,IV*,411 (Z/?)Z)
L ]D)g t 217,45 (2/27)
0 ZDQ@A15 b 21271167411 (Z/4Z)
n:]D)lo@]Eg n 1,,2111%,21, | (Z/27)
€: ]D%2 q 17, 15,30 (2.)27)
B :Dig @ Eg l Iz, I11%,31; 0
D24 € Iik3,511 0
Third Case
<2E7@A17 f 1187611 (Z/BZ)
n:E%@]D)m c IIT*, 1,35 (z/27)
B:ES@DIG o IQ,IT2,411 (Z/ZZ)
v Eg h 15, 211*, 214 0

7. Torsion.

7.1. Methods. Let M be a primitive embedding of Ag in Lyoot, M
the orthogonal complement of M in L,qt, and let W be the orthogonal
complement of M in L.

From elementary algebra, we have the following properties

(1) M = Lroot NW so W/M = W/Lroot N W’
(ii) from the canonical surjection L — L/L,o0t we get the injection

W/M < L/Lyoot,
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(iii) since L/Lyoot is finite, W/M is also finite of order iy, 5 and
i%MN det W = det M,
(iv) from the canonical surjection W — W/M we have the injection
Wroot/Wroot N M < W/M.

From definitions we have Moot = Wieot, and from Nishiyama’s
results

(a) det W =det M =7,
(b) M /Moot is torsion free, so MrootM = M:oot-

Finally, we have the equality Wioot N M = Moot N M = MrootM
So, we have an injection

Wroot/Wroot — W/M

7.2. Computations. Let L.,o; = A @ B with a primitive embedding
of Ag in an indecomposable root lattice A, and let B be a direct sum
of the root lattices. If M; is the orthogonal complement of Ag in A,
then M = My & B and Myo0t = (M1)root € B.

Since W/M is a finite group, we have r := rank W — rank Wyt =
rank My —rank (M7 )ro0t- We use the generators of L/ Lyoot given in [4]
as elements of LY, . /Lyoot-

7.3. A=A,. If n > 7, we have rank (M7) — rank (M7 )00t = (n —6) —
(n—=7)=1and Wyt = A,,_7 @ B.

Since Wioot is an overlattice of Wigt, it can be viewed as a subgroup
of WX . /Wioot = A¥_7/A,_7 ® B*/B. Moreover, using the injection

O

Wroot/Wroot — L* /Lroot — A:L/An EB B*/B,

root

we see that the first component of © € Wigot/Wioot is of order dividing
n—06 and n+1, so dividing 7. In all cases, treated n+1 is never divided
by 7, so we have an injection

Wroot/Wroot — B*/B

Conversely, if x € L/L,oot, represented by (u,v) with u € A*/A,v €
B*/B, then (u,v) € Wyoot/Wiroot if and only if u = 0.




(1)

(i)

(iii)

7.4.

ELLIPTIC FIBRATIONS 1491

If n = 6, then Lyoot = Aé; thus, the rank is 0 and det M = 73.
Since det W = 7 then |W/M|? = det M /det W = 72. Then the
torsion group is cyclic of order 7.

If n = 7 and Lyt = AZ @ D2, then the group L/Lyoot is
of order 32 isomorphic to Z/8Z x Z/4Z, with two generators
chosen as (a7, aq,01,2 61) and (2a7,4a7,01,61). Enumerating
all the elements, we see that only 4 elements have 0 as the first
component: 0,z = (0,4a7,201,261), y = (0,6ar,d1,361), —y.
Since 2y = x, the torsion group is cyclic of order 4.

If n =8 and Lyoot = Ag, then the group L/L,o0t is isomorphic
to Z/9Z x Z/3Z generated by the three elements: (at,a7,4aq),
(a1, 4aq,aq), and (4ag, a7, @7). Enumerating all the elements, we
see that only three elements have the first component equal to 0.
So the torsion group is cyclic of order 3.

If n=9and Lot = Ag @ Dy, then the group L/L,oot is of order
20 generated by (2a7,4a7,0), (5071,0,5'1), (07571,51 + e2). Only
two elements have a first component equal to 0 so the torsion
group is cyclic of order 2.

For n = 11,12,15,17,24, only one element has a first component
equal to 0, so the torsion group is trivial.

A = D,,. For m > 9, we have (M1)r00t = Dy—7, and we can

see (M1)root/(Mi)root @s a subgroup of D _-/D,,_7. Since m and
m — 7 do not have the same parity, the first component of elements of
Wioot/Wroot I L/ Lyoot is in a fixed group of order 2.

(i)

If m =7and Lyoot = D7 ® A1 ®Eg, we have (M),00t = 0, and so
the rank is 1 and the first component of elements of Wioot /Wioot
in L/i/root is 0. Moreover, L/Lyoet is cyclic of order 12 generated

by (gl,ch, 76). Since 5~1 is of order 4, there are three elements
with first component equal to 0. Thus, the torsion group is equal
to Z/3Z.

If m = 8 and Lyoo = D3, the lattice M; is of rank 2 and
(M1)root = 0, so the rank is 2. As for m = 7, we have to
consider elements with first component equal to 0. The group

L/Loot 27(Z/QZ)3 is of order 8 generated by r = ((5~1,52,52),
1o = (82,0105) and 73 = (d2,02,01) with &; = (1/2) 325, e; and
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0o = es. Only ro 4+ r3 has the desired property, so the torsion
group is equal to Z/27Z.

(111) For m = 9 and L,oot = Dg @ A5, we have (Ml)root = A%, SO
the rank is 1. The first factor of Wioot/Wioot iS & subgroup of
Dj/ Dy; this last group is cyclic of order 4. It can also be viewed
as a subgroup of the order 4 cyclic group D§/Dg. Since L/Lyoot
is cyclic of order 8 generated by (d1,2ay) with &§; of order 4,
Wioot/Wioot is cyclic of order 4 generated by 2(y, 2a7).

(iv) For the remaining cases m = 10,12, 16, 24, we have to consider the

quotient D /D, = {0,51,67,51 +e;}. We know that 2e; € D,,.
Moreover, if we consider the primitive embedding of Ag in D,,,
Z(AG) = <62,(53,. .. ,(57> with (5¢+1 = €; — €j41, then (Ml)root =
(eg+e€9,d9,...,0m). If we choose i = 8, we can see that 2eg € D,
and, for all k, k5~1 ¢ (M1)root and k(5~1 +e;) ¢ (M1)root- So, for
these four cases, an element of L/L,o0t belongs to Wioot /Wioot if
and only if the first component is 0 or &;. After examination of
each case m = 10,12, 16, 24 we can complete the table.

7.5. A=E.

(i) Lyoot = E7 ® Aj7. In that case L/L,o0t is cyclic of order 6
generated by (77,3a7). Since (Mi)root = 0, the elements of
Wioot / Wroot have their first component equal to 0, 50 Wioot/Wioot
is of order 2.

(i) Lyoot = E2 @ Dyg. The group L/Lyoor previously described is,
after permutation, isomorphic to (Z/27)%. The non zero elements
are (77,0,u),(0,77,u') and (77,77, u”). Since (Mi)rot = 0,
only (0,77,u") belongs to Wioot/Wioot, S0 the torsion group is
of order 2.

(iii) Lyoot = Eg @ D1g. The group L/Lyoet is isomorphic to Z/27Z,

generated by v = (0, (i) and 2v € Wioot, so the torsion group is
of order 2.
(iv) Lyoot = E3. Then L/Lyo0r = 0, so the torsion group is 0.

8. Computations of Weierstrass models. We will use the fol-
lowing proposition ([15, pages 559-560] or [16, Proposition 12.10]).

Proposition 8.1. Let S be a K3 surface and D an effective divisor
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on S that has the same type as a singular fiber of an elliptic fibration.
Then S admits a unique elliptic fibration with D as a singular fiber.
Moreover, any irreducible curve C' on S with D.C' = 1 induces a section
of the elliptic fibration.

If S is a K3 surface, an elliptic fibration f : S — P! with a section 0
defines a non constant function ¢, with ¢ = f(z) for z € S; the function
t is called the elliptic parameter. Then the generic fiber £ has a
Weierstrass equation on k(t). The parameter ¢ is unique only up to
linear fractional transformations. From Proposition 1, to construct a
fibration, we need one effective divisor D. We call such a divisor an
elliptic divisor. In practice, however, we need two divisors Dy and Do,
one for ¢ = 0 and the other for ¢ = oo, as in the next proposition.

Proposition 8.2. Let S be a K3 surface and f : X — P! an elliptic
fibration of elliptic parameter t. Let A be a set of components of
singular fibers included in f~Y(W) where W is a finite subset of P!
and § a finite set of sections. Suppose D1 and Do are two elliptic
divisors of the same new fibration with supports contained in AUSG. If
we write D; = §; + A; with &; the sum of sections and A; the sum of
components of singular fibers, then 61 — d2 is the divisor of a function
ug on the generic fiber E(k(t)) and a parameter of the new fibration
can be chosen as the function u = uo [[;, oy (t — t:)*" where a; € Z.

Proof. In the new fibration, there is a function u with divisor D1 — Do
so Dy and Dy belong to the same class in NS(S). As the class of
Ay — Ay is in T, then 6; and d2 are in the same class in NS(S)/T.
Using the isomorphism between N.S(S)/T and E(k(t)), it follows that
01 — 02 is the divisor of a function ug on E(k(t)). O

9. Equations.

9.1. Previous results. We recall some notation and results from [8].
We start with the elliptic modular surface
9.1) Y+ (Q+d—d)XY+ (d®—d*)Y =%+ (d* — d*)A?
and the elliptic fibration
(X, Y, d) — d,



1494 ODILE LECACHEUX

where A = (0,0) is a 7-torsion point. Moreover, at d = 1,0, oo, we have
singular fibers of type I;. The components of singular fibers of type
I7 at d € 0,1, 00 are denoted by Oq4,;, j = 0,1,...,6, and the Coxeter
graph of sections and ©4 ; components can be drawn as below.

O1 2

Using the birational transformation

N R
=37 = S
with inverse
-1 2 _12
Y d(d )7 V- ud?(d—1) ’
u+v—uv (u+v— uv)?

we obtain the equation

(9.2) d(d — 1uv = (uv — u —v)(1 + d(uv — u — v))
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or

(9.3) (wv —u—v)(dv—1)(du — 1) = d(d — Duv(u — 1)(v — 1).

In [8], we give fibrations with elliptic parameter in the multiplicative
group generated by [[ = {u,v,u—1,v—1,ud — 1,vd — 1,d,d — 1}. Let
us recall the divisors of functions of [],

div(u) =
(0) 4+ (5A) = 2(6A) —O©16 —Op4 — 2005 — O 6
+2050,0 + Oco,1 — Ooo,3 + Oco 5 + 206

div(v) =
(0) =2(A) +(24) —©11 —Og,1 —2092 — Op 3
+2@oo,O + 2600,1 + @oo,Z - 900,4 + 600,6

div(u — 1) =
(A)+ (44) —2(6A) + 011+ 012+ 013+ 014 — 016
+60,1 + 002 —Op4 —20¢5 — Op s — Ou 3

diviv — 1) =
(3A4) 4+ (64) —2(A) =011 +013+014+015+ 015
+0O0,5 +©p6 — Op,1 — 26002 — Op3 — O 4

div(du — 1) =
(24) + (34) —2(6A4) +O11+2012+201 3+ 014 —O1 6
—00,5 — Ooo,2 — 20503 — O s

div(dv — 1) =
(4A)+ (5A) —2(A)+O13+2014+20,5+016— 011
—002 =03 =204 — O 5

We show in [8] that k = (d — 1)/(u — 1) is an elliptic parameter for
an elliptic fibration with reducible fibers of types Iio, I5 and I3 at,
respectively, k = 00,0, —1 represented in Figure 1. The reducible fiber
of type I3 has three components: ©12, ©13 and I'. More precisely,
from k = —1, we have the parametrization of I"

v(2v —1) o v—2

AUl P e S
112—11~G—1’U7 v2—v+41
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So we can say the divisor of k + 1 is equal to:

- (A)_(4A)_@0,1_60,2_900,0_eoo,l_@m,2_®m,4_6m,5_em,6
+012+613+T

and also compute the divisor of d +u —2 = (k+ 1)(u —1).

We add the function k& + 1 to the set of functions [] and compute
new fibrations as in [8] using Proposition 2, with parameters in the
multiplicative group generated by [[U{k + 1}. In this section, hori-
zontal and vertical divisors always refer to the fibration of parameter
k.

We start from the fibration of parameter k with the three Weierstrass
equations
Y24 (k+1)(k—2)(X +E)Y = (X +E2)(X + k2 - 1)(X + k2 +E%),
Y24+ (k+1)(k—2)Yz=a(x—1)(z+k),
2+ k(k+ Dyz = z(z + k) (z — k?)

where z = X + k> and y =Y — (k + 1)a.

For this calculation, we choose

(v—1)d 5 vl +duv—u—v))

(k+1) u—1" Tk u(u —1) ’
9 _ vd — 1
X+Ek +k—(k+1)7u_1,

d(vd — 1)v

Y+ (k- Dr=(k+1)———F.

R = D= (4 DS

The zero section Oy corresponds to the component O ;, the section
(24) gives a two-torsion section T' = (X = —k?,Y = 0), the section
(5A) corresponds to P, = (X =Y = —k — k?).

We draw graphs (Figure 1) of reducible fibers of type I10, /5 and I3
at k = 00,0, —1; we also draw on the graphs some sections (0, T, P)
from the fibration of parameter k.



ELLIPTIC FIBRATIONS 1497

O15 Oip (6A4) 99,5 0,6
K k=0
\\\ Ol.0 O).4

P = (54)\ 2

-

- < k=00
Oc04 Oso5 Oo6 Oco,0 OO0l Oo2 (4A) Op1 Opp

FIGURE 1. Fibration of parameter k.

9.2. A first set.

9.2.1. Fibration of parameter w. Let w™ and w™ be the two divisors
of types I3 and Ig

w™ =(A)+011+010+016+ (64) + O3
+ 004+ (2A) + Occ1 + O 2 + (4A) + 0,1 + Op 2
wh = (54) + Qo6+ Ooos + (34) + O, 3 + T

The horizontal divisor of wt — w™ is (5A) + (34) — (24) — ©1,1
= Py, + (3A) — T — Oy, and corresponds to the horizontal divisor of the

function
Y + (k* — 1)z
wyg = ——————.
x
Considering the previous list of divisors and the divisor of k+1, we can
choose w = (wp)/k. Using the transformation Z = (x — k?)/z, we get
an equation of bidegree 2 in Z and k. After transformation, we obtain
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the following Weierstrass equation
(9.4) Y2+ (W —w+ D)y —wy =2 (2 —w).

9.2.2. Fibration of parameter a. We consider the two divisors of types
111 and II11*

at =T+ @1,3 + (3A) + 60,6 + @0,5 + @0,4 + (QA) + 90071 + @oo,o
+ 60076 + (5A)
a = (4A) + 2@0,1 + 3@0’2 +4 (A) + 3@1’1 + 2@150 + @1,6 + 2@0074

The horizontal divisor of a™ is §; = (34) + T + Py, the horizontal
divisor of a™ is 2 = 30; 1 and §; — J2 is the horizontal divisor of the
function ag equal to Y — (k+ 1)z = y. From the equation in k, z, y, we
can calculate the divisor of ag, then, choosing a = (ag/k?), we obtain
a function with divisor at — a~ and

(du—l)(dv—l)(d—?—i—u).

(9.5) a=

(u— 1) (d—1)°

Oses Onos Oo0,1 Oo2 (44) ©O01 ©Oop

) )

FIGURE 2. Fibration of parameter w.
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s - 3 k=00
O a Oo0,6 Oco,0 Oco,1 (44) ©¢1 ©Oo,2

FIGURE 3. Fibration of parameter a.

Then, we have the equation
ag + k(k + Dagr = z(z + k) (z — k7).

Setting k?z = x and k = 1/(2Q) follows an equation of bidegree 2 in z
and Q. After classical transformations

+k) (x +k)a
X' = L y/ = > 17
k2 kx
then, we obtain
1
Y/2 4 a—+ Y'X'’ +Y/ — X/(X/2 - X’ 701)7
a

or also, with 3/ = (Y’ /a?), 2/ = (X' /a?),
(9.6) Y2+ (a+1)ys' +a’y =z (2 —a’z —d®).

oreover, we can compute the divisors o an since we have the
M , pute the d f X’ and Y’ h th
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formulas
,_ (d—2+u)(dv—1)
(9.7) X' = T
(9-8) V= (d—2+u)’ (dv— 1) u(v— 1

(d—1)%v(u—1)

So we can deduce that the 0 section (= 0,) of the fibration of parameter
a is (6A4) and that ©7 4 corresponds to P, = (' = 0,y = 0) and
—P, = (0,—a?).

9.3. An elliptic divisor and a part of another elliptic divisor.
In the following example, to determine the elliptic parameter, we use
the fact that an elliptic curve has no function with a single simple pole.

9.3.1. Fibration of parameter b. Let b~ be the effective divisor

00,1+ (44) + O 2+ 0501 + 0000+ O 6+ O 5 + Occ s
+ (A) + @1,1 + @1,0 + @1,6 + (6A) + @0,5 + @0,6 + @0,0,

which represents a singular fiber of type I4 of a fibration of parame-
ter b. The horizontal divisor of b~ is ©1 1400 = 0+ (Py+T). We see
on the graph that ©g3-b~ =0, so the component Oy 3 = (—2P;, + T)
is part of another singular fiber of this new fibration. There is a
unique function (up to constant in C(k)) on E(C(k)) with divisor
0, — (P +T)+ (=2P, + T) + (3P;). This function by is equal to
(Y + (k—1)X +k* —k?)/X, and so b is equal to bok". At k = oo,
we have a singular fiber of type I1o. Let K = 1/k, Y = (Y;/K®%) and
X = (Xl/K4) Then bo = (Y1 - Xl(K - KQ) + K2 - K4)/(K2X1)
We must have a simple pole at O, 4; the component is obtained after
blowing X1 = K X5, Y1 = KY5,s0b=0byK, r=—1 and

Y4+ (k-1)X+ kP — K2
= < .

We eliminate Y between the Weierstrass equation in Y, X and the
definition of b. Setting X = k2U, we get an equation in k and U
of bidegree 2. After transformation, we obtain a Weierstrass form

b

Y2 —b(b-3)YX =X(X—1)>2
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We see that there is a singular fiber at b = 0 of type I with components
the two sections (—2Py, +T') and (3F;), since the two sections (—2P, +
T) and (3Py) are intersecting in k = 1/2.

We also find
(du—1)(dv—1)(uv —u—v+d)(—u—v+2uv)

b= 2 2
(u—1D"dw-1)"(d-1)uwv

9.3.2. Fibration of parameter p. Let us define the divisor p~ corre-
sponding to a singular fiber of type I
p = @175 + @170 + 2@1,6 + 2(6A) + 2@0,5 + 260,6 + 2(3A) + 290075
+ 900,4 + @oo,6~

The divisor
Ry =012+ (24) + 05,1 + Ouc 2 + (44) + O0,1 + Op 2 + O 3

is orthogonal to p~ and is a part of another singular fiber.

The horizontal divisor of —p~ + Ry is —2(34) +(24) +©g 3 and thus
is equal to —2(= Py +T)+ T+ (=2P; +T). It is the horizontal divisor
of the function
(—kY + (X + k2 + k) (k* + X))

X2
We can choose p = pok"(k + 1)°. As for b at k = oo, we get r = —1,
and p must have a zero on ©; 5 so s = 1. Therefore,

(k+ 1)(=k>Y + (X + k% + &%) (k* + X))
kX?

is a parameter of a new fibration with a singular fiber of type I7 and
another of type Io.

Po =

We obtain the following Weierstrass equation
2 1 1 2
Y1t 1+§ ylxl—];:%(a?l*‘(p—l))-

Note that

(dv—1) (du — 1)* (—u — v + 2uv)
(u—12d-1d?@w-1)>uw
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9.4. Fibrations in families of K3 surfaces. Our K3 surface is also
obtained by specializing the parameter of two families of K3 surfaces.
Each of these families has an elliptic fibration valid for all members of
the family (see also [2, 3, 7]). Let K be a parameter.

We start with the first family
1
(Sk) Y=ottt S+ K2+

with singular fibers in general of type 21}, 417, a two-torsion point and
two points of abscissae (z = —t3,x = —t). We can verify that n = x/t
is an elliptic parameter of a new fibration with singular fibers 2111*, I,
a two-torsion section and equation

(n+1)>°

Y2 =X3+KX?%+ X.

From [8], the case we are interested in is K = 9/4 (see also Table 3).

From Sk, we can recover the fibration of parameter b with b’ = y/x
and b = b — 3/2. The two singular fibers of type I}, the 0-section and
the two-torsion section give in the new fibration a singular fiber of type
I1g. A Weierstrass equation for this fibration is

y/2 + (b/2 _ K)y/I/ — J}/(.’E, _ 1)2

If K is a square, K = j2, we can recover a fibration with one fiber of
type IV* and one of type I15. The Weierstrass equation of the fibration
of parameter n can be transformed in

y//2 _ any//x// — x//:} _ (n + 1)2713.1’”,
and then with a new parameter equal to y” /(2" (n + 1)) we can recover
for K = 9/4 the fibration of parameter m of [8].
9.4.1. Fibration of parameter ¢q. From the fibration of parameter n
and the Weierstrass equation

(n+1)?

Y2 =X34+ XK + X,

define X = ¢ as a new parameter. This corresponds to an elliptic
fibration with two singular fibers of type I3, I and equation

y? =23+ q(Kq+ 2+ ¢»)2® + ¢’
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For K = 9/4, we obtain the result for our modular surface.

9.4.2. Fibration of parameter [. From the fibration of parameter n
and Weierstrass equation

Y? = X%+ X°K +

12
(n+1)?
n

let I = X/n be a new parameter. Then we have an elliptic fibration
with two singular fibers of types I¢ and IT* of equation

1
yr=a%+ <Z+K)x2+2x+l.
For K =9/4, we obtain the result for our modular surface.

9.4.3. Fibration of parameter o. Let K’ be a parameter, we look at
the second family of elliptic K3 surfaces

2
(S%) YZ=X3+K'X?+ %

Our K3 surface corresponds to K’ = —15/4 (cf., Table 3). This
elliptic surface has two singular fibers of type II*, at h = 0, h =
and a singular fiber of type I5. Taking X to be a new parameter, we
get an elliptic fibration with two singular fibers of types I7,, I» and
equation

y? =13+ (0° + K'0* — 2)2? + .

For K’ = —(15)/4, we have a new fibration of our modular surface.
9.4.4. Fibration of parameter f. Starting with the fibration of param-

eter o
y? =13+ (0° + K'0* — 2)2? +

we take f = y/xo as a new parameter. Using the transformations

1-Y
x=Y’, 0=~

we obtain a new fibration with Weierstrass equation

Y/2 + (_K/ +f2)lel _V' = XS.
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For K’ = —15/4, we have a new fibration of our modular surface with
one singular fiber of type I;g and six singular fibers of type I;.

9.5. The two last fibrations. From now on, the terms ‘horizontal’
and ‘vertical’ refer to the fibration of parameter a.

(4) O1,1 O1,0 O16
0 |— OQ
404 = (64)
613,3 T (5A) Oo6 O0.0 Oco1 (24) Opa O s

9,6

)

FIGURE 4. From fibration of parameter a to fibration of parameter g.

9.5.1. Fibration of parameter g. Let

g = (4A) + @0,1 + 9072 + (A) + @171 + @170 + 61,6 + (GA)
+ 90,5 + 9074 + (QA) + 900,1 + @0070 + 900,6 + (5A)
+I'+0:3+014.

This divisor corresponds to a singular fiber of type I15. The horizontal
divisor of ¢~ is equal to (6A) + ©14 = 0, + P,. No component of the
Coxeter graph is in the orthogonal of g~. From previous computations
and equation (9.6) we see we can choose as parameter for this new
fibration g = (v + a3)/(ax’) + sa+r/a, with (r,s) € C2. First we look
at the singular fiber of type I1; at a = 0 to determine r
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/

Using the three blow ups 2/ = aXj, v = aYi; 2/ = a®Xy,
Yy = a?Yy and ' = a®(—1+ X3) , ¥ = a®Y3 in the equation (9.6),
we determine that the section —F, intersects © 1. So, the component
Ooo,1 corresponds to Y3 + X3 =0 mod a.

The component ©g ¢ corresponds to &’ = aX; and y' = aY; with
Y: =0 mod a, so (y' + a®)/(2'a) has no pole on this component and
then r = 0.

We look now at the singular fiber of type I11* at a = oo to determine
s. Let a =1/a, 2’ = z/a*, y' = y/a®. The equation becomes

(9.9) v +a(@+1)yz+a‘y = (2® —a*z —a°).

The function (3’ + a®)/(az’) + sa is then equal to (y + a*)/(ax) + s/a.
The components 01 g and (4A) obtained after blowing up x = ax1, y =
ayy correspond to Y2Z; =0 mod a with o1 = (X1/21), y1 = (Y1/Z1)
and are simple poles of the function (y + a®)/(ax).

We need to choose s such that the component © 4 is not a pole
for y + a%ax + s/a. An easy way is to calculate divisors of y/(az) and
a3/(ax) from X’ and Y’ using u,v (9.7) and (9.5). We can see that
O o4 is not a pole for y/(ax) and neither for a*/(ax), so s = 0 and

Cy+ad Yy +d

/

axr axr

If Y/ = X'a and X" = a, we have the Weierstrass equation for this
new fibration

(9.10) Y//2 _ (gz + g9+ 1)X//Yu . gY” — X//S _ (g + 1)X”2 + X"

9.5.2. Fibration of parameter e. In Figure 5, we surround a singular
fiber of type Ij; corresponding to a divisor e~.

e” =(34)+ 014+
2013+ + (5A) + BOuc 6+ Ooc 0+ Ooo1 + (24)
+ 004+ 6005+ (64)+016+010+6011+ (A))
+ 00,2 + O 4.
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We see the horizontal divisor of e~ is P, 4+ 20,, so we can choose a
parameter e of the type (v + a®)/(a%2’) + s(x/a?) + ma? +ta+1r/a® +
w/a.

As seen above, the two functions (y' + a®)/(a?2’) and x/a® have
simple poles on O g, so r = 0. On this component y' = a>X? mod a?
and ' = aX1, so w = 0 and s = —1. Using again the previous results
for O 4 obtained for g, we see that z/a? has a simple pole at O 4
and then m = 0.

Using (9.7) and the transformation (u,v) — (X,)), we can prove
the section (4A) is not a pole for [(y' + a3)/(a?2’)] —z/a?, so t = 0 and

_y'+a3 T

a’x’ a?

is a parameter for the last fibration. Notice that we also have e =
(Y" —g)/X". Letting X" = z+(g/e), we have an equation of bidegree

mo@,q
(45\4) . 604
\\\\a‘\Pa =014 ao = (6A)
(344) \(\:)3,3 I' (BA) O6 9,0 Oo,1 (24) Opy4 ;@ 5

\/

9,6

FIGURE 5. From fibration of parameter a to fibration of parameter e.
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2 in g, z. With usual transformation we obtain a Weierstrass equation
(9.11)

Y2+<(6+2)(:1)X+1)Y: (X+e 1

> (XQ—e (€2+€—|—1) X—eQ) .

e2

TABLE 3. Previous results from [8].

Weierstrass Equation Singular fibers | Torsion | tor. generator xz-coord
Rank inf. generator z-coord
v+ (1+d—d?)yz Z|7Z 0
+(d?—d3)y 317,31
= 23+ (d? —d?)z? 0 -
y2+oyr—(v—1)%v2%y 217, 18,21 Z/4AZ 0
=23 —(v—1)%vz? 1 —v(v—1)
y2+k(k+1)ym 110,15,13,311 Z/2Z 0
=z(z+k)(z—k2) 1 —k
y2 —m(m—3)yx L2, IV* 414 Z/37Z 0
+m2y=2a3 1 -m+1
y2+syx 0 -
+s3 (1 —3s)y IV*,Is,1%,21h
=a34s(1—s)a? 1 0
Y2+ (262 +1+2) yo 215,40 727 0
=z(x—1)(z—t*) 2 1, —t3
y2—(r?—r+1)yx 21y, I, 411 7/3Z 0
43y =g 1 r
y?=z3+Fn2a? 2I11%, 1y,2I1 | Z/2Z 0
+(n+1)2n3z 1 n3 (n + 1)
y? =25 — 2a2n? 2IT%, Iy, 21, 0 -
1 2
+(h —1)2n5 1 5 (h—1)% (h®=T7h+1)
y=ad+c(—Lct+1)a? | TII*,I},31 7/27, 0
—651’ 1 _c(2c71)2
(c+1)?

All the results are summarized in Tables 3 and 4. For each fibration,
z-coordinate of torsion points and generators of Mordell-Weil group
are given in the last column. Most of the points are obtained from
transformations giving the Weierstrass equations; the others follow
from a direct calculation. Using results of [18] or [16, Section 11],
we calculate the heights of these points and deduce they are generators
since the discriminant of N.S(S) is 7.
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TABLE 4. Other fibrations.
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Weierstrass Equation Singular fibers | Torsion | tor. generator z-coord
Rank inf. generator x-coord
y2+(w2—w+1)ym—wy I13, 16,511 0 -
=% — wa? 1 0
2+ (a + Dyz + a®y Iy, I1T*,414 0 —
= x(x? — a?x — a?) 1 0
y2 —b(b— 3)yx Ii6,212, 411 1
=z(x —1)2 YAZYA (b—1)2
y>+ (p+ Lyz —p’y I3, 19,411 0 -
=23+ p?(p — 1)z? 1 0
y? = 23 +q(¢>+ Jq+2)a? I3, 17,30 1 —q(g+1)?
+q*x
y? =23 +1(1 + Z1)a? IT*, 1,31 0 -
21t + 17 1 B3(1-1)
y? =23+ (05— 207 —2)a? Iy, I, 411 7.]27 0
+x 1 %(071)2(073)2
P+(R+yz—y =a° Iig, 61 Z/3Z 0
4f2—9)
1 4 B9
(452+3)?
y? + (9> + 9+ Dyz + gy s, 611 0 -
=x(x? - (g+ 1)z —1) 1 0
y2:$3—%(e+1) 0 -
(4e?—e+3)z? Its,50
+%(—462+6+1)£B+%—6 1 5;21
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