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NORM ESTIMATES FOR FUNCTIONS OF TWO
NON-COMMUTING OPERATORS

MICHAEL GIL’

ABSTRACT. Analytic functions of two non-commuting
bounded operators in a Banach space are considered. Sharp
norm estimates are established. Applications to operator
equations and differential equations in a Banach space are
discussed.

1. Introduction and statement of the main result. In the book
[9], Gel'fand and Shilov have established an estimate for the norm of a
regular matrix-valued function in connection with their investigations
of partial differential equations. However, that estimate is not sharp,
and it is not attained for any matrix. The problem of obtaining a sharp
estimate for the norm of a matrix-valued function has been repeatedly
discussed in the literature, cf., [3]. In the paper [10] (see also [11])
the author has derived an estimate for regular matrix-valued functions,
which is attained in the case of normal matrices. In [16], the results
of the paper [10] were extended to functions of two noncommuting
matrices. The aim of this paper is to generalize the main result from
[16] to some classes of functions of two noncommuting operators in a
Banach space. It should be noted that functions of many operators were
investigated by many mathematicians, (cf., [1, 21, 24] and references
therein) however the norm estimates were not considered, but as
it is well-known, operator valued functions give us representations
of solutions of various differential, difference equations and operator
equations. This fact allows us to investigate stability, well-posedness
and perturbations of these equations by norm estimates for operator
valued functions, cf., [3].

Let X be a complex Banach space with a Schauder basis {dy}, the
identity operator I and a norm |.||. For a linear operator A, || A]| is the

2010 AMS Mathematics subject classification. Primary 47A56, 47A60, 47A62,
47G10.

Keywords and phrases. Functions of non-commuting operators; norm estimate;
operator equation.

Received by the editors on April 9, 2013.

DOI:10.1216/RMJ-2015-45-3-927 Copyright ©2015 Rocky Mountain Mathematics Consortium

927



928 MICHAEL GIL’

operator norm, o(A) is the spectrum, R,(A) = (A — zI)~! (z ¢ 0(A))
is the resolvent, r5(A) denotes the spectral radius.

Everywhere below, A, A and K are bounded linear operators in X.
Let Q4 and € ;5 be open simple connected supersets of o(A) and O’(Av),
respectively, and f be a scalar function analytic on €24 X € ;. We define
the operator valued function

(1.1) F(f, A K,A) 471_2/ CAf 2, w)R.(A)K Ry (A) dw dz,

where Cy C Q4,C; C Qj are closed contours surrounding o(A) and
o(A), respectively.

Such functions play an essential role in the theory of operator
equations. More specifically, consider the operator equation

mi Mz

(1.2) ZZCjkAjZAVk =K (ml,mg < OO)7

§=0 k=0
where Z should be found and cj;, are complex numbers. Put

mi1 ma

w) = Z chkzj@

§=0 k=0

Then by Theorem 3.1 from [3, Chapter 1] a unique solution of equa-
tion (1.2) is given by the formula

(1.3) ZF<p(17

z,w)

AK, Z)7

provided p(z,w) # 0 (z € 0(A),w € o(B)). Equations of the type (1.2)
naturally arose in various applications, cf., [3, 19, 20], for example,
the Lyapunov equation A*Z + ZA = K, cf., [3], and the Lyapunov
type equation

(1.4) Z-AZA=K

play important roles in the theories of differential and difference equa-
tions, respectively, cf., [13]. These equations recently attracted the
attention of many mathematicians. Mainly numerical methods for the
solutions of operator and matrix equations were developed, cf., [27].
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In the paper [4], reflexive and anti-reflexive solutions of a linear
equation were explored. Furthermore, suppose that

(1.5) = - 47r2/ /CA G+ R (A)K Ry (A) dw dz.

Take into account that zR,(A) = AR,(A)—I. Then simple calculations
show that

T'(t) = - 42// (z+w)e'*T) R (A)K R, (A) dw dz
v Ca

T /c /c e CTIAR.(A)K Ry (4)
A A

+ R.(A)K R, (A)A] dw dz.
So
(1.6) T'(t) = AT(t) + T(t)A.

Such equations arise in numerous applications, in particular, in the
theory of vector differential equations, cf., [18, page 509], [3, Section
V1.4, equation (4.15) and Section VI.2], [8, Section XV.10]. The
literature on operator equations is rather rich. In particular, the paper
[23] deals with necessary and sufficient conditions for the existence of
solutions to systems of the general solution to a system of adjointable
operator equations over Hilbert C* modules.

The paper [6] should be mentioned. In that paper, nonlinear
operator equations of the form ABA = A% and BAB = B? are
considered. For other recent results on operator equations see [2, 5].
Certainly, we could not survey the whole object here. In the above-
mentioned papers, no estimates were established for solutions of the
equations considered above. In the present paper, sharp norm estimates
for functions of the type (1.1) are established. They give us estimates
for solutions of equations (1.2) and (1.6).

Let A and A be represented in basis {dj,} by matrices (ajk)5%=1 and
(?ijk)szl, respectively. So A = S+ W where S = diag|ai1, ass,.. .|
and W := A — S is the off diagonal matrix. That is, the entries w;
of W are wj;, = @jk (j # k) and wj; =0 (4,k =1,2,...). Slmllarly,
A=S+ W where S W are the diagonal and off-diagonal parts of A
respectively. We put |A| = (Ja;x|)35-;, Le., [A] is the matrix whose
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entries are absolute values of A in basis {d}}. We also write C' > 0 if
all the entries of a matrix C' are nonnegative. In the same vein, we have
the symbols |h|, h > 0 and h < g for vectors h, g € X. Denote by co (5)

and co (S) the closed convex hulls of the diagonal entries aj1,ass,. ..

and a1, ass, . . ., respectively, and let
1 OIHE f (2, w)
k= —_— i k=0,1,2,...).
n]JC k']' ZGSCL‘}I()S) 8z38w’f (.]a 9 Ly 4y )
weeo (3)

Finally, put Q(r) := {z € C: |z] < r} for an r > 0. Now we are in a
position to formulate our main result.

Theorem 1.1. Let f(z,w) be holomorphic on a neighborhood of
Qra) xQ(rz) for somera > rg(S)+rs(|W]) andrz > r4(S)+rs(|W]).
Then

(1.7) [F(A, K, A) < Y i WP KW,
3,k=0

The proof of this theorem is presented in the next section. Below
we check that the series in (1.7) really strongly converges. Note
that estimates for functions of two commuting infinite matrices were
established in [15].

Theorem 1.1 supplements the recent results on matrix valued func-
tions [7, 14, 25]. About the recent results on infinite matrices and
their applications, see the interesting paper [26].

2. Proof of Theorem 1.1.

Lemma 2.1. Under the hypothesis of Theorem 1.1, let A and A have
n-dimensional ranges (n < o0). Then inequality (1.7) is valid.

Proof. We have Ry(A) = (S + W — IXN)7t = (I + Ry(S)W)RA(S).
Consequently,

Ri(A) = i(_l)k(R)\(S)W)kRA(S)7
k=0
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provided the spectral radius 7s(Rx(S)W) of the matrix Ry (S)W is less
than one. The entries of this matrix are

(A#ajj, j#k)

ajj - A
and the diagonal entries are zero. Clearly,

(W
R Wi < .
[BA(S)W] < miny |a1€k — )\|
But |arr — Al > |A| — |akk| > |\ — rs(S), provided |A| > r5(S). So in

this case
L4

Al =74(S)

Therefore, if |A| > rs(J]W]) + 75(S), then

|[RA(S)W] <

rs((W1)
< ST U
rs(RA(SYW) < N = ra(S) <1
and the series -
D (RA(S)W)F(=1)*
k=0
converges. Similarly,
=> (-1 W)FRA(S),
k=0

provided |A| > r,(|W]) + r4(S). So by (1.1) we have

(2.1) F(A K, A) Z o
m,k=0

where

1
Cr = (-1 k+m+1 /
|w|

% (Ru(S)W)* Ry (S) dA dw.

[ oSy AR

=rz
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Since S, S are diagonal matrices with respect to basis {dy}, we can
write out

RS =3 -4 RE-=-1 %
j=1

where Q;h = h;d; for a

k=1
Consequently,
n n n n n
Conk= g QW g QiW .- W g Qim+1KE QjIWE QW -
=1 ig=1 imp1=1 ji=1 ja=1
n
w E Qjrsr Lirsin,esimi
Jrr1=1 J1J2---Jk+1
Here
. (—1)k+m+1
i1yinimit = T
J1J2---Jk+1 4m

/w|

As it is proved in [12],

F(Aw) dA
=r; ‘)\|:TA (ailil—)\)...(aim+1im+1—)\)(ajljl—w)...(ajk+1jk+1_w) .

|Ii1_77;2_7"'57;7n+1| < Nm.k-
J1J2---Jk+1

Hence,

|Conte| < e > Qi IWI Y Q[ W] -+

Jji=1 J2=1
WIS QKD QuIW|... W > Q.
Ge=1 =1 lo=1

Thus, |Chil < nmk|VV|m|KHW|’C Now (2.1) implies the required

result. O
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Proof of Theorem 1.1. Passing to the limit as n — oo in the previous
lemma we get required result due to the Banach-Steinhaus theorem. [J

3. Norm estimates. In this section the norm ||.|| in X is a lattice
norm. That is, || f]| < ||h]| whenever |f| < |h| and || Al < |||4]|.
Theorem 1.1 implies

Corollary 3.1. Under the hypothesis of Theorem 1.1, we have

(3.1) 1P (A, K, A < K> misl WP IR
3,k=0

If A and A are diagonal: W = W = 0, inequality (3.1) takes the
form B
I1F(A, KA < [IK|] sup [f(z,w)].
z€CO (S)
weco (S)

Furthermore, since |W| < |4], from (3.1), it follows

(3.2) I1F A KA < KNS naelW I T
3,k=0

(3.3) < KN nisllANIALE
3,k=0

For instance, let X = [P for some integer p > 2, and let W and W be
Hille-Tamarkin matrices, cf., [22]. Namely,
(3.4)

M,(W) := (i[ i |ajk|qr/q)l/p<oo and M, (W) < 0o

j=1 k=1, k#j

with 1/p+1/g = 1. So, under (3.4), A = (a;x) and A= (@) represent
bounded linear operators in [P, provided S and S are bounded. As it
is well-known, ||[|W]|| < M,(|W]) = M,(W), cf., [22]. Now (3.2) yields
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Corollary 3.2. Under the hypothesis of Theorem 1.1, let X = [P,2 <
p < 00, and conditions (3.4) hold. Then

1P (A, KA < 1K1 Ny, M2 (W) ME(W),
§,k=0

provided the series converges.

4. Functions of operators in a Hilbert space. Let X = H be
a separable Hilbert space with a scalar product (.,.) and the norm
I = +/(.,.). In this section we improve Theorem 1.1 in the case of
so-called triagonalizable operators acting in H.

Let SN, be the Schatten-von Neumann ideal of operators K in H
with the finite norm N,,(K) := [Trace (K K*)P/2]'/P (1 < p < 00). So
SN, is the ideal of Hilbert-Schmidt operators, and SNy is the ideal of
nuclear operators.

Recall that a linear operator V is called quasinilpotent if o(V') = {0}.
A compact quasinilpotent operator will be called a Volterra operator.
Let E(t) be an orthogonal resolution of the identity in H, defined on
a real segment [a,b]. F is called a maximal resolution of the identity
(m.r.i.), if its every gap E(to + 0) — E(to — 0) (if it exists) is one-
dimensional, cf., [11]. We will say that a bounded linear operator A is
triangularizable, if there are an m.r.i. E(t), a normal operator D and a
Volterra one V', such that

(4.1) A=D+YV,

and

(4.2) E#)VE({t)=VE(@{) and DE()=E(t)D (t € [a,b]).
A triangularizable operator A has the property

(4.3) o(4) = o(D),

cf., [11, Lemma 7.5.1]. Each compact operator is triangularizable, and
each operator having the Schatten-von Neumann Hermitian component
is triangularizable; for more details, see [11, Chapter 7]. We will call
D and V the diagonal part and nilpotent part of A, respectively. We
have V' € SNs, provided A; = (A — A*)/2i € SNy or AA* — I € SN;.
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Indeed, due to [11, Lemma 7.7.2], we have
(4.4) Na(V) = x(4),

where

0 1/2
(A = {QNQQ(AI) ~2% | )\k(A)|2] . if A7 € SN
k=1

Due to [11, Lemma 7.15.2],

(4.5) Na(V) = 6(A)

where
00 1/2

0(A) := | Trace (AA* — 1) = (|Ax(A —1] , if AA*—T e SN,.
k=1

Moreover, due to [11, Lemmas 6.3.6 and 2.3.2], we can write
(4.6)

o 1/2
No(V) = g(A), where g(A) := {NQQ(A)—Z |)\;€(A)|2} ,if A€ SN,.

Obviously, x(A4) < V2Na(A;) and g*(A) < N3(A) — |Trace A%|. It is
not hard to show also that §(A) < 2y/|Trace (AA* —I)|.
By co (A4), we denote the closed convex hull of o(4). Let f(z,w)

be regular on a neighborhood of co (4) x co (g), and let the numbers
Vi = Yk(f, A, A) be defined by

Yoo = sup |f(z,w)l;

z€o(A)
wea(A)
b= g |2 2w
TG Leeoray | OFOw |
wECO(A)
1 & f(z,w)
o= e S | awr |

weCo (A)
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and
1 & f(z,w) ’ .
0= ——= Ssup |———> k> 1).
Yo (13/% Leco (a) 0z U )
weo(A)

Theorem 4.1. Let both A and A be triangularizable operators whose
nilpotent parts V' and V' are nonzero Hilbert-Schmidt operators. If, in
addition, f(z,w) is regular on a neighborhood of co (A) x co (A), then

|F(f, A, K, A)|| < No(K ZWNJ NE(V).
7,k=0

Ifv =0, 1% # 0 is in SNa, and f(z,w) is reqular on a neighborhood of
o(A) x co(A), then

|F(f, A K, A)|| < Nao(K ZwoJNz

If both A and A are normal and f(z,w) is regqular on a neighborhood

of 0(A) x o(A), then

IF(f, A, K, A)|| < No(K) sup | f(z,w)].

z€0(A)
weo(A)
For example, consider the equation
(4.7) AX - XA=K,

assuming that A;, A; = (A — A*)/(2i) and K are Hilbert-Schmidt
operators, and

4 := dist (co (A),co (4)) > 0.
Take f(z,w) = . Then

(k +j)!

dhk_m (j,k=0,1,...,n—1).
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Hence, by Theorem 4.1 and (4.4), a solution of (4.7) satisfies the
inequality
= (k+4)! : ~

k
[ X < N2(K) WXJ(A)X (A).
k=0

5. Proof of Theorem 4.1. First, let A and A have n-dimensional
ranges, n < co. Let e = {e;}}_, and € = {€,}}_, be the orthogonal
normal bases of the triangular representation (Schur’s bases) to A and
Z, respectively. So

k k
Aey, = E a;ie;, Aep, = E k€.
j=1 j=1

We can write

(5.1) A=D+V, A=D+V,

where D, D are the diagonal parts, V and V are the nilpotent parts of
A and A, respectively. Namely,

k—1
Dey, = M\peg; Ve = Zajkej (A\; € 0(A4)).

Jj=1

Similarly, D and V are defined. Furthermore, let |V, be the operator
whose entries in e = {e;} are the absolute values of the entries of the
matrix V. That is, (|V|cej,ex) = [(V}, ex)| and

n k—1

VIe=>>"lajl(ex)e;.

k=1j=1

Similarly |V|; is defined with respect to € = {é,}. In addition, |K| is
defined by

K le; =D [(Kej, en)lex.
k=1

We need the following result proved in [16, Lemma 2.2].
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Lemma 5.1. Let A and A have range n < oo, and let f(z,w) be regular
on a neighborhood of co (A) x co (A). Then

n—1
IFCf A KA < KIS VRV VIE

4, k=0

Theorem 2.5.1 from [11] implies

(5.2) |V* 5V)

||_\ﬁ

for any nilpotent matrix V. Take into account that Ny (|V].) = Na(V),
then

1
|||V|]e€||§ﬁN2(V) (k:17an_1)

A similar inequality holds for V. In addition,

K512 =ii| (K& e0)]?

j=1k=1

ZIIK%H2 = N3 (K).

M:

N3 (|K]) =

<.
Il
o

I
I M:

Now the previous lemma yields the inequality

(5-3) IF(f, A K, A)| < No(K Z NS (V)NE (V).
7,k=0

Proof of Theorem 4.1. We need the following result proved in [17,
Lemma 2.2].

Lemma 5.2. Let A be a triangularizable operator. Then there is
a sequence of m-dimensional operators B, (m = 1,2,...) strongly
converging to A, such that o(B,,) C o(A). Moreover, the nilpotent
parts of By, tend to the nilpotent part V' of A in the operator norm.

This lemma and (5.3) prove the theorem. O
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