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ON THE DIOPHANTINE EQUATION F? 4 F* , = FY,

m

NORIKO HIRATA-KOHNO AND FLORIAN LUCA

ABSTRACT. Here, we find all the solutions of the
title Diophantine equation in positive integer variables
(m,n,z,y), where Fy is the k-th term of the Fibonacci se-
quence.

1. Introduction. Let (F),),>¢ be the Fibonacci sequence given by
Fy=0,Fy =1and F,42 = Fj,41 + F,, for all n > 0. The Diophantine
equation

(1) o+ Ep = Fo

in positive integers (m,n,z) was studied in [5]. There, it was shown
that no solution other than (m,n) = (3, 1) exists for which 1¥ + 1% = 2
(valid for all positive integers x), and the solutions for x = 1 and = = 2
arising via the formulas F}, + F,,41 = F, 12 and Fﬁ + Fﬁﬂ = Fopt1.
Here, we revisit equation (1) under the more general form

(2) Fy + Fo = Fy

m

in positive integers (m,n,z,y). The solution with n = 1 arising from
1 + 1% = 2 for any positive integer x with m = 3 and y = 1 will
be called trivial. So, we shall assume that n > 2. The solutions with
(LL', y) = (17 1), (27 1) given by Fn+Fn+1 = Fn+2 and F3+F3+1 = F2n+1
will also be called trivial. In the case x = 1, there is a nontrivial solution
arising from Fy + Fy = Fg = F3; therefore, (m,n,x,y) = (3,4,1,3).
It is the only solution with y > 1 when « = 1 or x = 2 because 8 is
the only Fibonacci number larger than 1 which is a perfect power of
another Fibonacci number (see [2]). In the case n = 2, we get the
equation 14+2% = FY. When y = 1, there is no solution (see [1]), while
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for y > 2, this is Catalan’s equation whose only solution 1 + 23 = 32
yields (m,n,z,y) = (4,2,3,2) as a solution to our original equation.

Our main result shows that no other solution exists.

Theorem 1.1. All positive integer solutions (m,n,x,y) of equation (2)
are (37 ]'7 x’ 1)7 (n + 27 n? 1’ 1)’ (3’ 4’ 17 3)’ (2n + ]'7 n? 1’ 1)’ (4’ 2’ 3’ 2)'

Before getting to the proof, we mention that similar looking equa-
tions have already been studied. For example, in [3], it was shown that
the only solution in positive integers (k, ¢, n,r) of the equation

FY+Fy+. . +FF  =F'  + --+F,,

is (k,4,n,r) = (8,2,4,3), while in [7], Miyazaki showed that the only
positive integer solutions (z,y, z,n) of the equation

qu"‘FgH :Fézn+1
are for (z,y,z) = (2,2,1) (and for all positive integers n).
2. The proof of Theorem 1.1.
2.1. An inequality among the variables m,n,z,y. We write

(o, B) = ((14++/5)/2, (1 — +/5)/2) and use the Binet formula

an_ﬂn
a—p

We also use the inequality

(3) F, = valid for all n > 0.

(4) a" 2 < F,<a™! valid for all n > 1.

We may assume that n > 3, x > 3 and y > 2 in (2) because the case
y = 1 was treated in [5]. Further, by Fermat’s last theorem, it follows
that d = ged(z,y) € {1,2}, for if d > 3 divides both z and y, then the
triple (X,Y,Z2) = (Fff/d,FZJ/riF#/d) is a positive integer solution to
the Fermat equation X¢ 4+ Y? = Z% with integer exponent d > 3 and
coprime positive integers X and Y, which we know does not exist. In
particular, since x > 3, it follows that x # y. It is clear that m > 3,
but observe that in fact the inequality m > 4 holds, for if m = 3, then
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with (a,b) = (Fp, Fr+1) we are led to a solution of the equation
a® + b =2V

in coprime integers 1 < a < b, and integers x > 3 and y > 2. Since a
and b are coprime, they are both odd, so when x is even, the left-hand
side above is congruent to 2 modulo 8, which is impossible for y > 1,
while if z is odd, then the number (a” +b%)/(a + b) is odd, larger than
1, and divides the left-hand side of the above equation but not the
right-hand side of it, which is again impossible.

Equation (2) and inequalities (4) imply the following inequalities:
(@)Y < By = Fy 4 Fpy < (B + Fp)® = Fip < (@17,
(@ > FY = Fy + Frpy > Fiy > (@)%,
leading to
—2y<(n+lz—my and my— (n+1lx>—-2x+y,
S0
(5) [(n 4+ 1a —my| < 2max{z,y}.

We record this as a lemma.

Lemma 2.1. If (m,n,z,y) is a solution of (2) withn >3, x > 3 and
y > 2, then inequality (5) holds.

From now on, we put
(6) M =min{m,n+1} and N = max{m,n+ 1}.
2.2. Bounds on z and y in terms of N. Since n > 3, we have that
F,/Fn+1 <2/3. Equation (2) implies that
Y= F}f+1 = Fy;

hence,

F, * 1
FYF. " —1= = < .
(7) m= n+1l <Fn+1) = 1.5

We shall use several times a result of Matveev (see [6], or [2, Theorem
9.4]), which asserts that if aj,as,...,ax are positive real algebraic
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numbers in an algebraic number field K of degree D, by,bs, ..., bk are
rational integers, and

A:ag1a32~--al}§‘—1

is not zero, then

(8)
|A|>exp (—1.4x 3053 K*®D?(14log D)(1+log B)A1 Az -+ - Ak ),

where

B Z max{|b1|, |b2|, ey |bK|},
and
9) A; > max{Dh(w;), |log a;|,0.16},

foralli=1,2,..., K.

Here, for an algebraic number 7, we write h(n) for its logarithmic
absolute height whose formula is

d
(10) o) = 5 (towan + 3 togma(lo 1 1}

i=1
with d being the degree of 7 over Q and

d

(1) §X) = a0 [](X = 1%) € ZIX]

being the minimal primitive polynomial over the integers having posi-
tive leading coefficient ag and 7 as a root. In particular, for a positive
integer 7, we have h(n) = log.

In a first application of Matveev’s theorem, we take K = 2, ay = Fy,,
ag = Fj11. We also take by =y, and by = —z. Thus,
(12) A =FYF [ —1

m

is the expression appearing on the left-hand side of inequality (7).
Clearly, A1y = (F,,/Fnt1)* > 0, so, in particular, it is nonzero.

We take B = max{z,y}. Since oy and «ay are integers, it follows
that we can take D = 1. We can take A; = mloga and Ay = nloga,
then by (4), inequalities (9) hold for both i = 1,2. Now Matveev’s
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theorem tells us that

(13) |A1| > exp (—C1 x mloga x nloga x (1 + log B)),
where
(14) Cy = 1.4 x 30° x 25 < 8 x 10°.

513

Taking logarithms in inequality (7) and comparing the resulting in-

equality with (13), we get
—C1(log a)?mn(1 +log B) < log |A;| < —zlog(1.5),

so
Cr(loga)’
1 —_— 1+logB
which leads to
(16) x <5 x 10®mn(1 + log B) < 10°mn log B,

because log B > log3 > 1.
If x > y, then B = x and the above inequality gives

(17) r < 10%mnlog .

If y > z, then B = y. Further, by Lemma 2.1, we have that
Imy — (n + 1)a| < 2y;

therefore,

(18) y<(m-2)y<(n+1lz< Nz

(because m > 4), so inequality (16) shows that

(19) z < 10%mnlog(Nz).
If
(20) z <N,

we already have a sharp bound on z by definition of N. Otherwise,

2 > N and inequality (19) shows that

(21) z < 10%mnlog(Nz) < 2 x 10%mnlogz.
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Comparing (17), (20) and (21), we conclude that inequality (21) holds
in all cases.

It is well-known and easy to prove that, if A > 3 and z/logz < A,
then z < 2Alog A. Thus, taking A = 2 x 109mn, inequality (21) gives
us

(22) x < 4 x 10%mnlog(2 x 10°N?)
< 4 x 10°mn(log(2 x 10°) + 2log N)
< 4 x 10°mn(22 4 2log N)
< 10" mnlog N.

In the above chain of inequalities, we used that fact that N > 4, which
implies that 22 4+ 2log N < 24log N. From estimate (18), we also
deduce that

(23) y < Nz < 10" MN?log N.
We record what we have just proved.
Lemma 2.2. If (n,m,x,y) is a solution in positive integers of equation
(2) withn >3, © > 3 and y > 2, then both inequalities
x < 10" MNlog N, y < 10" MN?log N
hold.

2.3. Solutions with N < 1000. Assume that N < 1000. By Lemma
2.2, we have

z < 10M x (10%)%log(10%) < 10'8,
y < 10 x (10%)%1og(10%) < 10%'.

Put I'y = ylog F},, — xlog Fi,+1, and observe I'y > 0 and A; +1 = el
Hence, from (7), we get

T _
0<Iy1<e 1—17/\1<1.5%.

Dividing the last inequality above by x log F;,,, we get

y log Fiiq 1
24 0< =~ .
(24) z  log Fp, xlog F,(1.5)®
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Observe that
(log F},,)(1.5)% > (log 3)(1.5)® > 2z for all > 6.

In fact, the inequality log F;,,(1.5)" > 2z fails only when x € {3,4,5}
and m € {4,5}. For such values of x and m, with (a,b) = (F,, Frt1),
we are led to solutions of one the equations

a®+b"=3Y or a®+b*=5Y,

but none of these equations has any solutions in positive coprime
integers 1 < a < b, x € {3,4,5} and y > 2. Hence, (log F},)(1.5)* > 2x;
therefore, inequality (24) becomes
y log Frt1 1

25 0<==——— < —5,

(25) T log F,, 212

which, by a known criterion of Legendre, implies that y/z is a conver-
gent to the continued fraction of log F,,+1/log F,,,, and it is in fact a
convergent with an odd index. Recall also that d = ged(z,y) € {1,2}.

We ran a computer code that tested all possibilities (m,n) with
N < 1000. Since the convergents py/qr of any irrational number ~y
satisfy pp > Fj, and since Figs > 102!, we generated, for each pair
(m,n) withm >4, n > 3, and m ¢ {n,n+1}, the first 105 convergents
pr/qr of log Fy1/log F,, to see whether one of the pairs (y,z) =
(Prs k), (2D, 2qy) for which x > 3, the congruence F7 + F7, | = FY,
(mod 10%°) holds. That is, we only tested equation (2) modulo 101°.
This computation took about six hours with Mathematica, and no
solution to the above congruence was found. We record our conclusion

as follows.

Lemma 2.3. If (m,n,x,y) is a solution of equation (2) with n > 3,
x >3, andy > 2, then N > 1000.

2.4. Bounds for z, y and N in terms of M. By Lemmas 2.2 and
2.3, we have

(26) max{z,y} < 10" N3log N < o™V.

The right-most inequality above holds in fact for all N > 84. Say
z € {x,y} is such that (z, N) is one of the two pairs (z,n + 1), (y,m).



516 NORIKO HIRATA-KOHNO AND FLORIAN LUCA

Then inequality (26) implies that

z 1

By the Binet formula (3) and the fact that 8 = —a ™!, we have

; OéNZ (71)N z OéNZ (71)N
Fy = /2 <1 2N > = exp (zlog(l 2N )>

We use the fact that the inequalities

(28) l+t<e <142t

and
l—t<et<l1-t/2

hold for all ¢ € (0,1/2), as well as their logarithmic versions
(29) t/2 < log(l +1t) < t
and

—2t <log(l—t) < —t forallte (0,1/2),

and (27), to deduce that if N is odd, then
LAY LY
(30) 1<(1— 2N = 1+Cv27N
1
= exp (zlog (1 + 2))
a

z 1 2
<eXp 0427]\/ <eXp -~ <1+(X7N’

while, if NV is even, then

(31) 1> (1—(;21])VN)Z:(1—Q21N)2
1
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Thus, from the two inequalities (30) and (31) above, we deduce that if

we put N
N = (1 — (;;I)V ) -1,
then
alVz 2
(32) F§ = w7 (14+enz), and |en.| < E

Since > 3 and N > 1000, we deduce easily from (7) and (32) that

FY F*% 1
33 m_ N _—c(=,2).
(33) Fry’ alNz/52/2 (2 )

Suppose now that N =n + 1. Then z = x and

a(n+1)x a(n+1)a:
x x x
FrZrJL:Fn+1+Fn: 5x/2 +( 5a/2 )€ﬂ+1;$+Fn7
SO

(34) |Fya~(mtDz5e/2 1) =

En+l,z T+ 70[(”“)”593/2

Fn § F;f—{—l
< |5n+1796| + <Fn+1> <a(n+1)m/5$/2

< 2 + 2 4
antl 1.5 = 1587

where
(35) A = min{z, N}.

Here we used, in addition to (33), the fact that @ > 1.5. The same
inequality is obtained when N = m, because in this case z = y and

n+1 :F#L_Fn = (5y/2) + (Sy/2)€m7y_Fna
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SO

(36) |FZ, 05 — 1] =

Fm
on = (o)

F., \"(Fr, FY
<lemal ¥ <Fn+1> ( Fy ) \amv/5v
2

< 4
aN 157 7 15N

To summarize, from (34) and (36), we get that if we put {w, z} = {z, y}
such that (w, M), (z, N) are the two pairs (z,n + 1), (y,m), then the
inequality

w  —Nzrgz/2
(37) |Foa~N25%/ ~1 <1

holds, where A is given by formula (35). We shall use (37) and
Matveev’s theorem to get an upper bound on x and N in terms of
M.

We continue by getting a lower bound on the left-hand side of
inequality (37). For this, we take K = 3, a1 = Fiyy, as = o, a3 = V5.
We also take by = w, by = —Nz, bg = z. Hence,

Ay = alflagzags —1=Fla~N57/2 _1

is the expression which appears under the absolute value in the left-
hand side of inequality (37). It is easy to see that Ag # 0, for if Ay =0,
we then get that o?V* = F2#5% € 7, which is impossible since no power
of a of positive integer exponent can be an integer. Observe next that
a1, s, az are all real and belong to the field K = Q(v/5), so we can
take D = 2. Next, since Fyy < o™ (see (4)), it follows that we can
take
Ay =2Mloga > Dlog Fiy = Dh(ay).

Next, since h(az) = (loga)/2 = 0.240606. . ., it follows that we can
take Ay = 0.5 > Dh(asg). Since h(as) = (logh)/2 = 0.804719.. ., it
follows that we can take A3 = 1.61 > Dh(ag). Finally, Lemma 2.2,



ON THE DIOPHANTINE EQUATION F7 + FZ¥ | = Fjj, 519

and the fact that N > 1000, tell us that we can take
B=N%=N*xNx N*> (10* xlogN x MN? x N
> (10" M N?log N) x N > max{Nz, z,w}
= max{|b1], |bz], |bs]}-

Matveev’s theorem tells us that

(38) [Az| > exp(—Ca(1 + log B)A1 A2 A3),
where

(39) Cy = 1.4 x 30 x 3% x 22(1 + log 2) < 10'2.
Thus,

(40) Co(1 + log B)A1 Ay Ay

< 10" x (2loga) x 0.5 x 1.61 x (1 4 log(N?))M
<8 x 10" M (1 +9log N)
< 8 x 10" M log N.

Comparing (40) with (37), we get that

log 10 1 12 13
41) A 1022 M log N < 2 x 10'3 M log N.
M) A<iTs T <10g1.5)8 X 107 Mlog IV < 2> 107M log

Before proceeding further, for reasons that will become clear later,
we make one comment about Mw and Nz. If z > w, we then have by
inequality (5), that

Mw < (N +2)z < 2Nz,
while if z < w, then, again by (5) and the fact that M > 3, we have

M
Tw < (M —-2)w < Nz, therefore Mw < 3Nz.

So, it is always the case that Mw < 3Nz. A similar argument shows
that Nz < 2Mw; therefore,

(42) N (;2>

Next, we distinguish several cases.
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Case 1. A = N. Then, by (41), we get

(43) N < 2x10"M1logN.
Hence,
(44) N <2 x2x 10" Mlog(2 x 103 M)

=4 x 10" M (log(2 x 10'®) + log M)
<4 x 10 M (31 + log M)
<4 x32x 10 Mlog M
< 1.5 x 10" M log M.
From Lemma 2.2, we get
(45) r < 10" M N log N
< 10M (1.5 x 10" M log M) M log(1.5 x 10'° M log M)
< 1.5 x 10%M?(log M)(35 + 21og M)
< 1.5 x 37 x 10°°M?(log M)?
< 10*M?(log M ).
Thus, if w = x, then
(46) Mw = Mz < 10**M?(log M)?,
while if w = y, then z = x and
(47) Nz = Nz < (1.5 x 10" M log M)(10** M?(log M)?)
< 1.5 x 103 M3 (log M)3.

Using containment (42), we deduce from estimates (46) and (47)

(48) max{Nz, Mw} < 5 x 10 M?>(log M)>?.
Since My < max{Mw, Nz}, we get from (48),
(49) y < 5x 10" M?(log M)3.

Case 2. A = z. In this case, from inequality (41), we have

(50) r=A<2x10"MlogN.

We now distinguish two subcases.
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Case 2.1. m = N. Then n+ 1 = M. Further, if x > y, then by
inequality (5), the fact that y > 2 and (50), we have
3
(51) N:m§%<7(n—; o
=Mz < 2x103M?log N,

<(n+1)x

while if z < y, then by inequality (5), the fact that y > 4 in this case
and (50), we have

(52) N=m<m(y—2)<(n+1l)z<Mz<2x10"M?*logN.

So, comparing (51) and (52), we conclude that in this case we always
have

(53) N < 2 x 10" M?1og N.

Case 2.2. n+1 = N. First, note that if y > x, then, by (5), we have
y<(m-2)y<(n+1l)xz=Nuz,
while if z > y, then

3
my _ (n+3)z

S5 2 <(n+1)xz = Nzx.

Hence, the inequality
(54) y< Nz

holds in this case.

Further, observe that = z. Thus, we also have

T a™ (_l)n !
Fn = 5z/2 (1_ a2n ) '

Further, by (27), we have

T T 042

— = < —-
a2n  q2N-2 T N

The argument from inequalities (30) and (31) now shows that

an® 2042
Fr = 7 (14 ¢nz), where |Gl < N
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We thus get
. . anz(ax + 1) a(nJrl)x o
F% :Fn+1+Fn = 5x/2 + < 5%/2 5n+1,m+ W En,xy
SO
5%/2 a’®
55 FYaq™"" -1 itz ——
) [mre(257) 1) < ol (757
Flenal(—=) < 2
En xT BENE)
T\ ot 41 alV
where we used the facts that
| < len.z| < 207 o <1
En xT N En,x N )
+1, alVv ’ alVv at +1
and
1 - i
a®+1 o2’

and the right-most inequality above holds because x > 3.

We continue by getting a lower bound on the left-hand side of
inequality (55) using again Matveev’s theorem. For this, we take
K =3 a1 = F,, ag = a, azg = (a® + 1)/5%/2. We also take
b1 =y, by = —nzx, b3 = —1. Hence,

A3=ab1ab2ab3—1:Fyofm 5°/* -1
1 Qo Qg m o 11

is the expression which appears under the absolute value in the left-
hand side of inequality (55). We first check that Az # 0. If Ag = 0,
then

" (® +1)? = F2Y5% ¢ 7.

Conjugating the above expression in Q(v/5), we get that
a2nx(ax + 1)2 _ 62nx(/8x + 1)27

which is impossible because the left-hand side of it is very large (at
least a?°%%), while the right-hand side of it is smaller than 2 for
x > 3. Observe next that aj,as,as are all real and belong to the
field K = Q(v/5), so we can take D = 2. Next, since F,, = Fyy < o™,
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it follows that we can take
A1 =2Mloga > Dlog Fiy = Dh(ay).

Next, since h(az) = (log o) /2 = 0.240606 . . ., it follows that we can take
Ay = 0.5 > Dh(as). For ag, its conjugate in K is (—1)*(5* +1)/5%/2,
so its minimal polynomial over the integers is a divisor of

. o 41 LB 1
o (x-TH) (x - ap )
:591X2_5w/2(aa:+(_1)xﬁw+l+(_l)I)X
+ (D" + 57+ 14 (-1)") € Z[X].

Thus, with the notations from (11) for n = a3, we have ag < 5%,
18] = |a |:&<2 @ z<1
3 3 5z/2 \/5
(because x > 3), and

@), _ 1B +1] 2
| 3 | = 5z/2 < 5x/2

Hence, h(as) = (logag)/2, so we can take

Dlog5* S Dlogag

Az =1.61 logh =
3 T > xlog 9 > 9

= Dh(Otg)

Finally, inequality (50), the fact that N > 1000 as well as inequality
(54), tell us that we can take
B=N7"=N*xN xN%> (10%)?*
x 20log N x M N
> (2 x 10" M log N)
X N > Nz =max{Nz,y,1}
= max{[by|, [bal, [b3]}-

In the above, we used the fact that the inequality NV > 20log N holds
for all N > 1000. We thus get that

(56) |A3| > exp(—C’g(l + log B’)z‘h/lgAg)7



524 NORIKO HIRATA-KOHNO AND FLORIAN LUCA

where Cy < 102 (see inequality (39)). Thus,

(57) Ca(1 +1log B)A; Ay Az
< 10" x (2loga) x 0.5 x 1.61 x (1 +log N") Mz
<8 x 10" Mxz(1+ Tlog N)
< 7x102MzlogN.

Inserting (50) into (57), we get that

(58) CQ(l + IOg B)A1A2A3
<7 x102M(2 x 10"* M log N) log N
< 1.5 x 10%*M?(log N)?.

From inequalities (55), (56) and (58), we get that

log 4
(59) N < %

1
+ 1.5 x 1026 M2 (log N)?
log « log v

< 4 x 10*M?(log N)?.
Taking the worst possibility between (53) and (59), we get that
N < 4 x 10*M?(log N)%.

We now use the fact that, if A > 100, then the inequality

4
—— < A implies t < 4A(log A)?
logt

(see [3]) with A =4 x 102°M?2, to get that

(60) N < 4 x 10*°M?(log(4 x 10%M?)?
=4 x 10*° M?(log(4 x 10%%) + 21og M)?
<4 x 10*M?(62 + 2log M)?
<4 x 10°M? x 642 (log M)?
<2 x 10%°M?(log M)?.



ON THE DIOPHANTINE EQUATION F7 + F7,; = FY,

Using also inequality (50), we get

(61) x <2 x 108 Mlog N
<2 x 10" M log(2 x 10*° M?(log M)?)
< 2 x 10 M (log(2 x 10°°) + 4log M)
<2 x 10" M(70 4 41log M)
<2 %74 x 10 M log M
< 1.5 x 10" M log M.

So, as in Case 1, we deduce that if w = x, then
(62) Mw = Mz < 2 x 10" M?log M,
while if w =y, then z = z and

(63) Nz= Nz
< (2 x 10%°M?(log M)?)(1.5 x 10'° M (log M))
< 3 x 10" M3 (log M)3.

Using containment (42), we deduce from estimates (62) and (63)

(64) max{Nz, Mw} < 10*M3(log M)3.
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In particular, since My < max{Nz, Mw}, we also get from (64) that

(65) y < 10* M2 (log M)3.

From (44), (45), (48), (49), (60), (61), (64) and (65), we record what

we have just proved in the following way.

Lemma 2.4. If (m,n,z,y) is a solution to equation (2) with n >

3, x >3 and y > 2, then
N <2 x 10%°M?(log M)?,
z < 102 M?(log M)?,
y < 10*°M?(log M )3,
max{Mw, Nz} < 10*M3(log M)3.



526 NORIKO HIRATA-KOHNO AND FLORIAN LUCA

2.5. The case when M < 1000. Here, we go back to the inequality
(37), which is

w  —Nzgz/2
(66) |FiaN25%/2 _ 1| < S
Since M < 1000, we have, by Lemma 2.4, that

max{w, Nz, z} < (10%9)(10%)3(log(10%))? < 10°¢.

Assume that A > 8. Then the right-hand side of (66) is at most 1/2,
so by a classical argument it follows that

20
(67) |wlogFM—Nzloga+zlog\/gl<m.
However, the minimum of the expression appearing on the left-hand
side of inequality (67) over all possible indices M < 3000 and integer
exponents w, Nz, z of maximal absolute values at most 5 x 105° (hence,
which includes our current range) was bounded from below using LLL in
[3, Section 6]. The lower bound there is 100/1.57%°. This immediately
implies that A < 750.

If z > N, we then get N = X\ < 750, a contradiction with the results
obtained at subsection 2.3.

Thus, * < N and * = A < 750. Hence, we are in Case 2
of the analysis from subsection 2.4. We treat the two cases from
subsection 2.4.

Case 2.1. m = N. In this case, by inequality (5), we have
(M—-1Dz=nx>m-2)y=(N-2)y>(M-1)y,

where the last inequality holds because otherwise m = N = M = n+1,
which is false since F), and F,, ;1 are coprime. Hence, y < z; therefore,
y < z. Let

(68) A1 = min{M, x}.

Assume that A; > 20. Then A > 20, and inequality (67) becomes

20
(69) |z log Fiy1 — myloga + ylog V5| < 1o
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With the Binet formula (3) and the fact that n+1 = M > 20, we have

(70) log ooy = log [ ) +10g (1- S
gl =log | wy5 | Tl08 o2n+2

= (n+1)loga —log V5 + Cp,

where

2
(71) |Cnl < Py

Inserting formula (70) with the bound (71) into (69), we get

20 2x
(72) |(x(n+1)fmy)logozf(a:fy)log\/a<F+W.
Since o™ > o > a?0 > 1500 > 2z, it follows that

2z < 1 < 1 < 1
a?M T QM T (1.5)M T (1.5)M

< 21 1
loga ) (1.5)M°

The first few convergents (py/qx)r>0 of logv/5/loga are

19 5 97 199 1888 2087
7737 58T 1197 11297 124877

Since 0 < x —y < 750 < 1129, it follows that a lower bound on the
expression appearing in the left-hand side of (73) is

logvs ps| 4
loga g5 107’
which together with (73) gives A\ < 45. So, y < < 45 if Ay = x,
whereas if Ay =n + 1, then
< Tn < 750 x 45 <
YSNZ2T 099

Thus, y € [2,44]. We covered the rest by brute force. That is, we
checked whether for some triple (n,z,y) with n € [3,1000], z € [3, 750]
satisfying min{n + 1,2} < 45 and for 2 < y < min{z, 45}, the number

Thus, estimate (72) implies

z(n+1)—my log v/5

73
(73) r—y log o

45.
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F7 + F7., is the yth power of some integer. This computation took
several hours, and no new solutions were found.

Case 2.2. n+1 = N. In this case, m < 1000. We next use some
elementary arguments to restrict the ranges of the variables x and m.
We first note that x is even, for if = is odd, then

FN+1:Fn+2:Fn+Fn+1|F5+Fg+1:F;TJL.

However, by the primitive divisor theorem, we know that Fy4; has a
primitive prime factor p, which is a prime factor that does not divide
Fy for any 1 < k < N. In particular, the primitive prime factor p of
Fny1 cannot divide F,,,. By the same argument, we get that in fact
4| z, since if 2||z, then

Fono1=Fop1 =F2+F2 | (F2)"/? + (F3+1)z/2 =Fy,
and the contradiction is again obtained by invoking the fact that Fon_1
possesses a primitive prime factor which cannot divide F,,,. Thus, 4 | z.
If both F,, and F,;; are odd, the left-hand side of equation (2) is
congruent to 2 modulo 4, implying that y = 1, which is false. Thus,
one of F}, and F, 1, is even and the other is odd, so the left-hand side of
equation (2) is congruent to 1 modulo 16. Since 4 | x, we conclude that

y is odd, for if not, then with X = Ff/47 Y = Frfﬁ and Z = F#L/Q, we
would get a solution to the equation X% +Y* = Z2 in positive integers
X, Y, Z, which we know does not exist. Since the left-hand side of the

expression

T T Yy Fgli]'

is a multiple of 16 and the second factor on the right-hand side above
is odd (because y is odd), we get that F,, =1 (mod 16). There are 123
values for m < 1000 such that F,,, =1 (mod 16). Further, observe that,
since 4 | z, it follows that every prime factor p of F),, must be congruent
to 1 modulo 8 (this is because the multiplicative order of F,i/F,
modulo each such prime p is a multiple of 8). The factorizations of all
Fibonacci numbers F,,, with m < 1000 are known. Testing by hand
each of the 123 candidates above against this last condition leaves only
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21 candidates, namely,

(74) m € {23,26,47,71,121,122,167, 191,193, 337, 359,
383,431, 433,601, 647, 649, 794, 866,911,913} .

By a standard argument, inequality (55) together with the fact that N
is very large implies that

8
(75) ’ylogFm —n:L‘loga—l—log(E)x/Q/(a’”+1))‘ < -

Assume, for example, that the expression under the absolute value in
above is positive. We then get that

log Fyy, log(5%/2/(a® + 1
(76) 0<y o8 —nz + og(5""/(a” +1)
log o log o
8 20

e < .
(loga)aN ~ ol

We now apply the Baker-Davenport reduction as presented in [4].
Namely, let m be in the list (74), and let < 750 be multiple of 4.
Put

_log Fp,  log(5%/2/(a® + 1))
~ loga’ N log «

, A=20, B=a.
Then inequality (76) is

A
(77) 0<U"}/71)+,M<BiN

in positive integers u and v. For the purposes here, (u,v) = (y,nz).
We first need a bound 7" on y. Since
Nz 750N

< —— < 4N < 4(2 x 10°° x (10*)?(log(10%))* < 10*2

V<2< 20

(where we used Lemma 2.4 for the bound on N), it follows that we can
take T' = 10*3. Now we need to take the denominator q of a convergent
to 7 such that ¢ > 107 and put € = ||ug| — 10T ||vq|| in such a way
that € > 0. It turns out that by choosing ¢ to be the denominator of
the 250th convergent of 7 leads to the conclusion that € > 3 x 10736
for all choices of m and z. Further, the maximal denominator of such
a convergent satisfies ¢ < 2 x 10'33, while the minimal one satisfies
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q > 7 x 10116, Then the theory says that

log(Aq/e) - log (20 x 2 x 10133 x 1036/3)

N <
log B log o

< 815,

a contradiction to the fact that N > 1000. A similar contradiction
is obtained if one assumes that the expression appearing under the
absolute value in (75) is negative, namely, we just change

(v, 1, A) to (1 log(5*”%/(a” +1)) 8 )
B o log F, " log Fy,

respectively. We give no further details. This completes the analysis
when M < 1000. We record what we have proved as follows.

Lemma 2.5. If (m,n,z,y) is a solution of equation (2) with x >
3, n>3andy > 2, then N > M > 1000.

2.6. An absolute bound on all the variables m,n,z,y. Since
N > M > 1000, it follows, from Lemma 2.4, that

max{z,y} < 10*M2(log M)* < o™ =2 < min{a™ !, a™}.

The middle inequality above holds for all M > 256. Hence, all three
inequalities
x 1 x 1 Y 1

—_— _— < —
a2n — an+1’ a2n+2 — an+1’ a2m - am

hold; therefore, as in subsection 2.4, we may write

nT

. Q
a(n+1)x
Fop = ez 1+ Cnt1,2) s
o™
Y= 5072 (1+Cmy) s

2 2
(79) max{[Cnzl, [Gnr1al} < =g [Gmal < 0
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We also have the analog of containment (33), namely,

Frgf Fﬁ-&-l Fm 1 )
anx/5z/2 ’ a(n+1)x/5x/2 ’ amy/5y/2 = 5’ :

Inserting approximations (78) into equation (2) and shuffling some
terms, we get

a™y a(n-i—l)m an® B a(n-i—l)a: an® a™y
5v/2  5z/2  Rz/2 5 /2 Cn+1a 5x/2 G 5y/2 Cmoy»

(80)

which, together with (80), implies the following inequalities:

(81) oMy~ (ntzg(z—y)/2 _ 1‘
1 1 ™y /5912
<=1 |Cnt1,2] + <a$) |G| + <a(n+1)m/51/2) |Cm.y

13 (amy/5v\ ([ Ry Fi,,
< a® + an+1 + < FY e a(n+)z /50/2 |Gy

n+1
1 3 16 20
Sar T o T oy S

where A; = min{x, M} has the same meaning as in (68), and
(82)
‘amy—n$5($—y)/2(a$ + 1)—1 N 1‘

a’ |§n,x| a” amy/5y/2
< (a"’” + 1) |<”+171'| + a® +1 + (Oﬂ + 1) (a(7z+1)x/5x/2 |Cm,y|

3 16 _ 20
il T ogm < ot

<

We apply Matveev’s theorem to the left-hand side of inequality (81)
with K =2, a1 = o, ag = V5, by = my — (n+ 1)z, by = x — y and
D = 2. Thus,

Ay = OZ?IQSQ 1= amy—(n+1)az5(m—1)/2 _1.
Observe that A4 # 0 since otherwise we would get that o2™v—2(n+1z —
5Y~% € Z, and this is possible only if my = (n + 1)z and y = z, but
this last equality is not allowed. We take as in prior applications of
this theorem A; = 0.5 > loga = Dh(a;) and Ay = 1.61 > logh =
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2Dh(as). Further, since x > 3, it follows that the right-hand side in
(81) is at most 20/a® < 5; therefore,

olmy—(n+1)z|

sz <6
S0
log (6 X 5|y*"”‘/2)
by = [my — (n+ 1

89 Il = = (0 D] < 2EEEE

log b log 6

= o8 |y—z|+£<2|y79:\+18
2log log v

< 20max{z,y}.
Thus, using Lemmas 2.4 and 2.5, we can take
(84) B =M%
=M x M? x M > (10%)'" x M? x (log M)?
> 20 x 10%M?(log M)?
> 20max{xz,y} > max{|b1],|b2|}.
Matveev’s theorem tells us that
(85) [Ad] > exp(~Ci (1 + log B) A1 Ay),
where 7 < 8 x 10® is given by (14). Thus,
(86)  Ci(1+log B)A; Ay < 8 x 10® x 0.5 x 1.61(1 + log(M*°))
< 8x0.5x1.61 x 10% x 21log M
< 2x10'"%%0g M.
Comparing estimates (81), (85) and (86), we get that

log 20 (2 x 1010

87 A1 <
(87) ! log «v

) log M < 5 x 10'%log M.
log v

We now distinguish two cases.
Case 1. A\; = M. In this case, from (86), we get
M < 5 x 109 1og M;
therefore,

(88) M < 2 x5x10"log(5 x 101%) < 3 x 102,
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Case 2. A\; = z. In this case, from (86), we get
(89) x < 5x 10" 1log M.

We apply Matveev’s theorem to the left-hand side of the inequality (82)
with K =3, a1 =, aa = V5, a3 = a®+ 1, by = my —nx, by = x — ),
b3 = —1 and D = 2. Thus,

As = a?lag"‘agi‘ —1= amy_"””5(“5_y)/2(ax + 1)_1 —1.
Let us check that A5 # 0. If A5 = 0, we then get that
(90) o 41 =5Ev/2gma—ny,
Conjugating the above relation in Q(v/5), we get
(91) BY + 1 = slemw)/2gme=ny,
Multiplying relations (90) and (91), we get

(92) a®+ 7+ (=) + 1= (" + 1(F" +1)

_ (71)my7n$5:1:7y.

Since the left-hand side of equation (92) above is larger than 1 for x > 3,
it follows that my —nx is even and « > y. If x is odd, the above relation
implies that L, = 5*~Y, where (Ly)x>o is the Lucas companion of the
Fibonacci sequence given by Ly = 2, L1 = 1 and Lg4o = Liy1 + Ly,
for all £ > 0. However, it is easy to check (by invoking the identity
L% — 5F¢ = 4(—1)*, for example), that 5 { Ly, for any positive integer
k. Thus, x is even and the equation becomes

a” + 4% +2=5""Y.

If 4 | z, the above equation gives Li, 2 = 577Y  which is again
impossible because Ly is never a multiple of 5. Finally, when 2|z,
we get {’)Ff/2 = 577Y; therefore, F,/, = 5@=y=1/2 Tt is well-known
that the only Fibonacci number larger than 1 which is a power of 5 is
F5 = 5. Thus, z = 10 and x — y — 1 = 2; therefore, y = 7. Thus,
equation (2) becomes

F710+F7}3-1 =Fy

m*
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Hence, Fony1 = F2 + F2,, | %+ F!%, = F7, and, by the primitive

divisor theorem, we conclude that 2n + 1 | m. However, this is
impossible since one can easily check that

7 10 10
F2n+1 > Fn +Fn+1

holds for all n > 1. Indeed, one checks that the above inequality holds
for n = 1, whereas for n > 2, we have

5 5 5 5 5n+5 14n—7 7
Fn+Fn+1<(Fn+Fn+1) = 7L+2<an+ <o " <F2n+1'

Thus, indeed A5 # 0.

We take, as in prior applications of Matveev’s theorem, A; = 0.5 >
loga = Dh(ay) and Ag = 1.61 > logh = 2Dh(ag). As for ag = o™ +1,
this is an algebraic integer whose conjugate is 8% + 1 whose absolute
value is smaller than 2. Thus,

Dh(as) <log(a® +1) +log2 < log(2a”) + log 2
2log2
3

=zxloga+ 2log2 < x<loga+
<z,

so we can take A3 = x. Finally, observe that by the calculation (83),
we have

|bi] = |my —nz| < |my — (n+ 1)z|+2 <20y —z| + 18+«
< 21 max{x,y}.

Hence, using Lemmas 2.4 and 2.5, we conclude, as at estimate (84),
that we can take

(93) B=M»*=M7"xM*xM
> (10%)17 x M? x (log M)3
> 21 x 10*6 M2 (log M)?
> 21 max{x,y} > max{|b1], |ba|}.

Matveev’s theorem now implies that

(94) |A5| > GXP(—CQ(I + IOg B)141/12143)7
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where Cy < 102 is given by (39). Note that

(95)  Ca(141logB)A;AsAs < 10" x 0.5 x 1.61 x (1 + log N?Y)
<102 x 0.5 x 1.61 x 21z log M
<2 x 108z log M.

From estimates (82), (94) and (95), we get that

log 2 2 x 1013
M o< (20820 | (2XA0TN oA < 5 x 10 log M.
log o log o

Thus,
(96) M < 5 x 10"z log M.
Inserting estimate (89) into (96), we get
M < 5x 10"3(5 x 10" log M) log M < 3 x 10**(log M)?.
Thus,
(97) M < 4 x 3 x 10**(log(3 x 10%*))? < 4 x 108,

Comparing the bounds (88) with (97) on M obtained in the two cases,
we conclude that the inequality (97) always holds. Inserting the above
bound for M into the inequalities of Lemma 2.4, we get

N <2 x 10%°(4 x 10*)?(log(4 x 10%®))? < 102,
x < 10®M?(log M)?

< 10%8(4 x 10%)?(log(4 x 10%%))? < 10%,
y < 10% M2 (log M)?

< 10%(4 x 10%)%(log(4 x 10?%))% < 10'°7.

We record the following conclusions.

Lemma 2.6. If (m,n,x,y) is a solution of equation (2) with n > 3,
x >3 andy > 2, then

max{z,y} < 107,

2.7. Reducing the bound. We work some more on inequality (81).
Assume that A; > 600. Then 20/a™ < 1/2, so by a classical argument
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we get that
40

‘(my— (n+1)x)loga — (y—x)log\/g‘ <
Thus,
(98) (my—(n+1z log V5 40

T—y log (log a)|x — ylaH
100
|z =yl

Since A\; > 600, we have, by Lemma 2.6, that
a™ > a%%0 > 10'2° > 200 max{z, y} > 200|z — y|,

showing that the expression appearing on the right-hand side of (98)
is smaller than 1/(2|z — y|?), so by Legendre’s result, (my — (n +
)2)/(x — y) equals some convergent py/qx of v = log+/5/loga for
some nonnegative integer k. If k < 100, then

1 D99 (my — (n+ Dz 100
_ i P PV S A Sl b/t .
10100 <‘7 g0 | = |7 T —y S o
therefore,
1 10102
A < % < 489,
log «v

which is false since we are assuming that A\; > 600. Thus, £ > 100,
and since the 214th convergent pa14/ga14 of 7 has ¢ > 10110 > |z — /|,
we conclude that k € [100,213]. Since

P24 1
q214 10222’
we get that
om0 10 _ 1
1022 = 77 g | S e —yla™ T quooa® 109

where we used the fact that |2 — y| > g100 > 10%8, giving

1 10176
< log(10°™)

< 843.
log o

A1

Hence, \;y < 843. If M < =z, we then have M = \; < 843, a
contradiction. Thus, x = Ay; therefore, x < 843. We now get a better
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bound for M. That is, using estimate (96) and comparing it also with
estimate (88) according to the two cases distinguished in subsection 2.6,
we conclude that

M < 5x108zlog M < 5 x 843 x 10 log M < 5 x 10'%1og M,
giving
M < 2x5x10%1og(5 x 10'%) < 4 x 10'®,
which, via Lemma 2.4, yields
(99) r < 10%(4 x 10'®)? log(4 x 10'®) < 2 x 10*®,
y < 10%°(4 x 10"®)? log(4 x 10'®) < 2 x 10°°,
Now the convergent pi34/q134 of v has qi34 > 4 x 1056 > |2 — y| and

1 .
10134 ’

_ D134
q134

therefore, by an argument previously used, we have

log(10134)

A<
log o

< 642.
Thus, € [3,641]. We now move on to inequality (82). Since
M > 1000, we get that

80

(100) |(z — y)log V5 — (nz — my) log a — log(a® + 1)| < AT

Here, we fix x and note that we are in a suitable position to apply the
Baker-Davenport reduction method as we did in Case 2.2 of subsec-
tion 2.5. Suppose that the expression appearing inside that logarithm
at (100) is positive. We then have

O<uy—v+pu<

BM”’
where we take
_ log /5 :_1og(o/’3+1) A 80 W
loga ’ logaw log o’ ’
and (u,v) = (Jz — yl|,|nz — my|). By estimates (99), we can take

T = 1057 as a bound on u. We choose the denominator g59 of the
250th convergent for . We have ¢ € [10*3!10!32]. We compute
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e = ||pgl] — 10T ||yq|| for all possible choices of x. The minimum value
satisfies

log(Ag/e) - log(170 x 10%32 x 1039)

810
log B log B <0

a contradiction.

A similar contradiction is obtained in the case when the expression
under the absolute value in (100) is negative.

The theorem is therefore proved. (Il
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