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ON CHARACTERIZATIONS OF HOPF
HYPERSURFACES IN A NONFLAT COMPLEX
SPACE FORM WITH COMMUTING OPERATORS

IN-BAE KIM, DONG HO LIM AND HYUNJUNG SONG

ABSTRACT. Let M be a real hypersurface in a complex
space form My(c), ¢ # 0. In this paper we prove that if
Re¢L¢ = L¢Re holds on M, then M is a Hopf hypersurface,
where R¢ and L¢ denote the structure Jacobi operator and
the induced operator from the Lie derivative with respect
to the structure vector field &, respectively. We characterize
such Hopf hypersurfaces of Mpy/(c).

1. Introduction. A complex n-dimensional Kaeherian manifold of
constant holomorphic sectional curvature c is called a complex space
form, which is denoted by M, (c). As is well known, a complete and
simply connected complex space form is complex analytically isometric
to a complex projective space P, (C), a complex Euclidean space C" or
a complex hyperbolic space H,(C), according to ¢ > 0, ¢ =0 or ¢ < 0.

We consider a real hypersurface M in a complex space form M, (c),
¢ # 0. Then M has an almost contact metric structure (¢, g,&,n)
induced from the Kaehler metric and complex structure J on M, (c).
The structure vector field £ is said to be principal if AS = o€ is satisfied,
where A is the shape operator of M and a = n(A¢£). In this case, it
is known that « is locally constant ([4]) and that M is called a Hopf
hypersurface.

Typical examples of Hopf hypersurfaces in P, (C) are homogeneous
ones, namely, those real hypersurfaces are given as orbits under a
subgroup of the projective unitary group PU(n + 1). Takagi [10]
completely classified such hypersurfaces as six model spaces which
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are said to be Ay, Ay, B, C, D and E. On the other hand, real
hypersurfaces in H,,(C) have been investigated by Berndt [1], Montiel
and Romero [5], and so on. Berndt [1] classified all homogeneous Hopf
hyersurfaces in H,,(C) as four model spaces which are said to be Ao,
Ai, Ay and B. If M is a real hypersurface of type A; or As in P,(C)
or type Ag, A1 or Ay in H,(C), then M is said to be of type A for
simplicity.

The induced operator L¢ on a real hypersurface M from the 2-form
Leg is defined by (Leg)(X,Y) = g(LeX,Y) for any vector fields X
and Y on M, where L, denotes the operator of the Lie derivative with
respect to the structure vector field {. This operator L¢ is given by
L = ¢A — A¢p on M, and the structure vector field ¢ is Killing if
L¢ = 0. As a typical characterization of real hypersurfaces of type A,
the following is due to Okumura [7] for ¢ > 0, and Montiel and Romero
[5] for ¢ < 0.

Theorem A ([5, 7]). Let M be a real hypersurface of M,(c), ¢ # 0.
1t satisfies Le = 0 on M if and only if M is locally congruent to one of
the model spaces of type A.

For the curvature tensor field R on a real hypersurface M, we de-
fine the Jacobi operator Rx by Rx = R(-, X)X with respect to a unit
vector field X. Then we see that Ry is self-adjoint endomorphism
of the tangent space. It is related with (the Jacobi vector equation)
V4(V5Y) + R(Y,%)¥ = 0 along a geodesic v on M, where % denotes
the velocity vector field of v. We will call the Jacobi operator R¢ with
respect to the structure vector field £ a structure Jacobi operator on
M. Recently, it has been shown that there are no real hypersurfaces
in My(c) with parallel structure Jacobi operator R¢ (see [8]). Some
authors have also studied several conditions on the structured Jacobi
operator ¢ and given some results on the classification of real hyper-
surfaces of type A in M, (c) ([2, 3, 6, 8, 9], etc). As for the structure
Jacobi operator R¢ and the operator L¢, Ki and two of the present
authors [3] have proved the following.

Theorem B ([3]). Let M be a real hypersurface of My(c), ¢ # 0.
1t satisfies ReLe = 0 if and only if M is locally congruent to one of the
model spaces of type A.
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In this paper, we shall study a real hypersurface in a nonflat complex
space form M, (¢) with commuting operators Re and L¢. Namely, we
shall prove:

Theorem 1. Let M be a real hypersurface satisfying R¢Le = LeRe
in a complex space form M, (c), ¢ #0. Then M is a Hopf hypersurface
in My(c).

In Section 5, we shall give another characterization of such a real
hypersurface in M,,(¢). All manifolds in the present paper are assumed
to be connected and of class C*° and the real hypersurfaces supposed
to be orientable.

2. Preliminaries. Let M be a real hypersurface immersed in a
complex space form M, (c) and N a unit normal vector field of M. By v
we denote the Levi-Civita connection with respect to the Fubini-Study
metric tensor g of M, (c). Then the Gauss and Weingarten formulas
are given respectively by

VxY =VxY +g(AX,Y)N, VxN=—-AX

for any vector fields X and Y on M, where g denotes the Riemannian
metric tensor of M induced from g, and A is the shape operator of M
in M, (c). For any vector field X on M we put

JX =¢X +n(X)N,  JN=-¢,

where J is the almost complex structure of M, (c). Then we see that
M induces an almost contact metric structure (¢, g,&,7), that is,

9(¢X,9Y) = g(X,Y) = n(X)n(Y),  n(X)=g(X,¢)
for any vector fields X and Y on M.

Since the almost complex structure J is parallel, we can verify from
the Gauss and Weingarten formulas that

(2.1) Vx§=0AX,  (Vx9)Y =n(Y)AX — g(AX,Y)E.

Since the ambient manifold is of constant holomorphic sectional
curvature ¢, we have the following Gauss and Codazzi equations,
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respectively:
(2.2)
R(X,Y)Z = {g(Y. 2)X — g(X, 2)Y +g(6Y. 2)6X — g(¢X, Z)oY
—29(¢p X, Y)pZ} + g(AY, 2)AX — g(AX, Z)AY,

c

(23) (VxA)Y = (VyA)X = - {n(X)oY —n(Y)X —2g(¢X,Y)E}
for any vector fields X, Y and Z on M, where R denotes the Riemann-
ian curvature tensor of M.

From the Gauss equation (2.2), the structure Jacobi operator Re is
given by

c

(24)  ReX = R(X, ¢ = {X = n(X)&} + aAX —n(AX) AL

for any vector field X on M.

By use of (2.1), we have (L¢g)(X,Y) = ((¢pA — Ap)X,Y) for any
vector fields X and Y on M, and hence the induced operator L¢ from
Le¢g is given by

(2.5) LeX = (A — Ap)X.
Let W be a unit vector field on M with the same direction of the
vector field —¢V¢&, and let 1 be the length of the vector field —¢pV¢£

if it does not vanish, and zero (constant function) if it vanishes. Then
it follows immediately from (2.1) that

(2.6) AL = af + pW,
where a = n(A). We notice here that W is orthogonal to £. We put
(2.7) Q={peM]|up)#0}

Then €2 is an open subset of M.

3. Real hypersurfaces satisfying R¢L¢ = L¢Re. Let M be a
real hypersurface in a complex space form M,(c), ¢ # 0, satisfying
R¢L¢ = L¢Re. In this section, we assume that the open subset 2 given
in (2.7) is not empty. Then the above condition together with (2.4),
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(2.5) and (2.6) implies that

(3.1)

a(§A® + A% — 249 A)X =u{<a2 + Z)wa) — aw((pA — Aqs)X)}s
+i{aw(6X) — w((pA — Ap) X)W

{<2+ )>n X) + apa( )}¢>W

+u{an(X) + pw(X)}(9AW — ApW)

e

for any vector field X on 2, where w is the dual 1-form of the unit
vector field W. If we put X = ¢ into (3.1) and make use of (2.6), then
we have a # 0 on {2, and hence

C
(3.2) AGW = — —oW.

Putting X = W into (3.1) and taking account of (2.6) and (3.2) yields

(3.3) apA?W — 20 AQAW — j2pAW = {u (a + C) - C2}¢W,

and by putting X = ¢W into (3.1), we obtain

2
(3.4) aA2W+ AW = u<a +ay+= >£—|—{ <a+fy+46a>—c}l/v’

where the smooth function 7 is defined by v = g(AW,W). If we
substitute (3.4) into (3.3), then we have

(3.5) 2Q0AGAW + (;ﬁ + g) GAW = 12rGW.

Putting X = AW into (3.1) and using (2.6) and (3.2) yields

apAPW + aA2pAW — 20 APA*W — p? (o + 7)o AW

3.6

(3.6) :/ﬂ(az oyt o+ c*y>¢W.
2 M«

If we substitute (3.4) and (3.5) into (3.6) and make use of (2.6) and
(3.2), then we obtain AW = v¢W, or equivalently,

(3.7 AW = p&+~yW
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on Q. It follows immediately from (3.4) and (3.7) that

(3.8) <Z+o¢’y>< fay— >

Differentiating the smooth function pu = g(A&, W) along any vector
field X on Q and using (2.1), (2.3), (2. ) (3.2) and (3.7), we have

Xp= g((VsA)W + iww X)-

Since we have (V:A)W = Ve(ué +YW) — AV W, we see from the
equation above that the gradient vector field Vu of p is given by

B9 Vi=—(A=DTeW + (66 + @ + (12 + 50 ) o

on (), where I indicates the identity transformation. If we differentiate
a = g(Ag, ¢) along any vector field X and take account of (2.1), (2.3),
(2.6), (3.2) and (3.7), then we obtain Va = (V¢ A){+ (¢/2a) W, and

hence
3
(310)  Va = Vel + (€a)é+ (€W + u(;y ¥ a) o
By a similar argument as the above, we can verify that the gradient

vector fields of the smooth functions v = g(AW, W) and —c¢/(4a) =
g(APW, W) are given respectively by

(3.11) Vy=—(A—~yD)VuW + W)+ W~)W + ,LL<7 - 2Ca>¢VV,

c c c
(3.12) @Va =—a (A + 4(1]) dVew W + E((¢W)OJ)¢W

Taking the inner product of (3.12) with £ and W respectively and using
(2.6) and (3.7), and comparing the resultant equations, we have

(3.13) apWa = <Z + a’y>§a.
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By means of (2.1), (2.6), (3.2) and (3.7), we can verify that
(Vew A)§ = uVow W

+ {(¢>W)a - 42#}5 + {(qbwm +5- ;v}w,

(Ve = - (4+ r)ovew +u( £ +a)e

+ W+ é(gamw.

Therefore, it follows from equation (2.3) of Codazzi that
c c
nwVewW + <A + 4041) PV W = {((f)W)Oé - M(Qoz + a> }f

(3.14) - {((bW)u -y’ - fav}W

+ 1z (€a)oW.

By a similar argument as the above, we can also verify from (V¢ A)W —
(Vw A) that

uNVwW + (A — ’}/I)ng

c

= (p—Wa)é+ (&y - W)W + (u2 - 2 —ay - 4a7) PW.

If we take the inner product of this equation with £ and W, respectively,
then we have

(3.15) Eu=Wa and &y=Wpu

on €2, and hence the initial equation is reduced to

(& &
B10) WV 4 (A=A DVW = (4 = § = oy oW

Let D be the distribution spanned by the unit vector fields £, W and
oW on Q, that is, D, = span {£, W, ¢W},, for any point p of Q. Then
we see from (2.6), (3.2) and (3.7) that D is invariant under the shape
operator A and the structure tensor field ¢.
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If we eliminate the term (A —~I)V¢W from (3.9) and (3.16), then
we obtain

(3.17) Vi — puVwW = 0(mod D).

Applying the operators pf to (3.11) and A—~I to (3.17) and eliminating
the term VW from them, we have

(3.18) (A=~I)Vp+ pVy =0 (mod D).
By a similar argument as the above, we see from (3.9) and (3.10) that
(3.19) (A—=~I)Va+ pVu =0 (mod D).

Since D is invariant under the operator A¢+(c/4)¢, substituting (3.14)
into (3.12) yields
(3.20)

EMVOL - {a2A¢A¢ + Ea(bA(b — Z(aA + ZI) }VgW =0 (mod D)

by the use of n(VeW) = 0. If we apply the operator A —~I to (3.14),
then we can find

(3.21) (A — 1)V W + (A —~I) <A¢ + 42(;5) VeW =0 (mod D).

By virtue of (2.1), (2.3), (3.2) and (3.7), it follows from (Vyy A)pW —
(Vew A)W that (A—~I)Vew W — (A + ¢/(4a)¢p)Viw W = 0(mod D),
from which together with (3.16), we find

(3.22) u(A—~I)VyewW + (Agb + ;gb) (A—~I)VeW =0 (mod D).
Comparing (3.21) with (3.22), we can verify that

(3.23) {Aqu — ApA — i(qﬁA - A¢)}V5W =0 (modD).

It follows from (3.1) that (¢pA% + A%2¢ — 24¢A)X = 0 (mod D) for
any vector field X on €, since by use of (3.2) and (3.7) the vector field
on the right side of (3.1) belongs to D. Putting X = ¢V W into this
relation above yields

(A% — $pA%p + 249 Ap)VeW =0 (mod D).
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Since we have ¢(¢pA%*+A%p—2A¢pA)V:W = 0 (mod D) and n(A?V W) =
0, we obtain

(A% — $pA%p + 20 ApA)VW =0 (mod D).
From the above two relations, we have

(3.24) (ApAd — pAGA)VW =0 (mod D).

Combining (3.23) with the relation (¢pA? + A%¢p — 24pA)V:W =
0 (mod D), we get

{¢A2 ~AA + i(qu - A¢)}V5W =0 (mod D).

If we apply ¢ to this relation and take account of n(AV W) = 0 and
n(A2VW) = 0, then we have

(3.25) <A2 FOAGA + £¢A¢ + 400;4) VeW =0 (mod D).

By virtue of (3.24), it follows from (3.20) and (3.25) that

C

4>2I}V5W =0 (mod D).

“uva + {aA2 +Sad+ (
4 2
Since we have Va—pVeW = 0 (mod D) from (3.10), the above relation
is rewritten as

(3.26) {a2A2 + gaA + Z(uz + Z)I}Va =0 (mod D).

4. Some lemmas. In this section we assume that M is a real
hypersurface satisfying ReLe = L¢Re in a complex space form M, (c),
¢ # 0, and the open subset {2 given in (2.7) is not empty. Then we may
consider from (3.8) that we have either ay +c¢/4 = 0 or ay + ¢/4 = p?
on . The distribution D is given by D = span {&, W, W} as before.
We shall prove some Lemmas, which will be used later.

Lemma 4.1. Let M be a real hypersurface in a complex space form
My(c), ¢ # 0, satisfying ReLe = L¢Re. If the open subset § is not
empty, then the vector fields Va, Vu, Vv, VW, VW and Vgw W
are expressed in terms of the vector fields &, W and ¢W only on €.



1932 IN-BAE KIM, DONG HO LIM AND HYUNJUNG SONG

Proof. In the case where ay + ¢/4 = p? on Q, we have
(4.1) aVy+yVa =2uVu.

If we substitute (4.1) into (3.18) and make use of ay + ¢/4 = 2, then
we obtain

(4.2) {aA+ (;ﬁ + Z)I}V7+7(A7[)Va =0 (mod D).
Substituting (4.1) into (3.19), we also obtain
(4.3) (2A —~vI)Va + aVy = 0(mod D).

If we apply the operators ol to (4.2) and oA+ (u? +¢/4)I to (4.3),
and eliminate the term V+ from them, then we have

(4.4) {a2A2 + gaA - Z(uz - Z)I}Va =0 (mod D).

By subtracting (4.4) from (3.26), we see that Va is expressed in terms
of &, W and ¢W only. Since D is invariant under the operator 24 —~I,
similar expressions as that of Va hold for Vu and Vv by (4.1) and
(4.3).

In the case where ay + ¢/4 = 0 on 2, we have
(4.5) YVa+aVy =0.

It is easily seen from (3.18) and (4.5) that
(4.6) (aA + ZI) Viu—pyVa =0 (mod D).

Applying oA + (¢/4)I to (3.19) and p to (4.6), and eliminating the
term Vu from them, we can verify that

(4.7) {a2A2 + gaA - Z(;ﬂ - Z)I}Va =0 (mod D).

Therefore, it follows from (3.26) and (4.7) that Va is given by a
linear combination of £, W and ¢W only, and hence from (3.19) and
(4.5) that Vi and V- have similar expressions as that of Va.
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Since Va is expressed in terms of £, W and ¢W only, so is VW by
(3.10). For the vector fields V4w W and VW, the similar expressions
as that of VW are given by (3.14) and (3.16), respectively. O

Lemma 4.2. Under the assumptions of Lemma 4.1, if c/4+ary = p?
holds on 2, then we have

aVa = (ca)ae -3 (a? - £ o
A’V = ap(éa)é + (u2 + Z) ()W

feliw)-

VeW = —4adW,  uVowW = ——p + 5 (E0)oW.

(4.8)

Proof. At first, we see from (3.13) and (3.15) that
(4.9) gu=Wa="Lea, &=

If we substitute (3.9), (3.11) and (3.12) into (4.1), then we have

4 2
2(A — AI)VeW — a(A — AI)Vy W — %y (A + 40&1> OV o W

= (2uép — aWp)é + (2uéy — aWy)W

—3((@W)a) = 2 ( 12+ ) +ap(y — o ) oW
{ (o 5e) ron(050)}

Taking the inner product of this equation with £ and W, respectively,
we obtain

dap (u - 4) (Vow W, oW) = c(2ufp — aW p),
ap? (u - 4> (Vow W, oW) = c(2u§y — aWy)

by making use of (2.6), (3.7) and the relations n(V:W) = (VW) =0
and ¢/4 + ay = p?. From the above two equations, we have

1
(4.10) r=Wp=— (u2 + Z)éa
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by virtue of (4.9) and the equation aW~y = 2uWpy — yWa.

Substituting (3.9), (3.10) and (3.11) into (4.1) and using (4.1) and
(4.9), we have

C C
1(2A = YD)V eW — (A — D)V W = W“(W e 4)¢W

If we take the inner product of the above equation with ¢W and use
(3.2), then we get

(410)  — (s + Da(VeW.0W) + apg(Viw W, 617)

C &
_ 42_ 2 b
4a(0‘ ’“‘+4>

On the other hand, taking the inner product of (3.16) with ¢W, we
can easily find that

4o 4

It follows from (4.11) and (4.12) that g(VW,¢W) = —4a, and
hence from Lemma 4.1 that the third equation of (4.8) holds on €.
Substituting the third of (4.8) into (3.14) and taking the inner product
of it with ¢W, we obtain pug(VewW,¢W) = c/(4a?)éa. Since we
have g(Vyow W, &) = —c/(4ar), we get the fourth equation of (4.8) by
Lemma 4.1.

Using (4.9), we can verify from (3.10) and the third of (4.8) that the
first equation of (4.8) holds on 2. By substituting the third of (4.8)
into (3.9) and making use of (4.9) and (4.10), we obtain the second
equation of (4.8). O

(112)  p2g(VeW, W) — apg(Vw W, o) = (ﬁ - )
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Lemma 4.3. Under the assumptions of Lemma 4.1, if c/44+ay =0
holds on 2, then we have

Va = (£a)é - 3audlW,

3
(4.13) VeW = — <4a + 46> W,
Vow W = —*5 + 4@2 ()W

Proof. 1t follows from (3.13) and (3.15) that

(4.14) Wa=£&u=0, =W
on Q. Using (4.5) and (4.14), we have
(4.15) aly+véa =0, W~ = 0.

If we substitute (3.10) and (3.11) into (4.5) and use (4.14) and (4.15),
then we obtain

(4.16) ZuV5W+a<aA+ ZI>VWW = —cu<1:; +oz)¢>W

Taking the inner product of (4.16) with ¢W and using (3.2), we get
g(VeW, W) = —(4a+ (3¢)/(4er)). Therefore, we see from Lemma 4.1
that the second equation of (4.13) holds on . Moreover, if we
substitute the second of (4.13) into (3.14) and take the inner product
of it with ¢W, then we obtain ug(Vew W, ¢W) = ¢/(4a?)(éa). Thus,
the third equation of (4.13) follows immediately from Lemma 4.1. By
comparing (3.10) with the second equation of (4.13) and using (4.14)
and Lemma 4.1, we have the first equation of (4.13). O

5. Characterizations of real hypersurfaces. At first, we shall
prove Theorem 1 given in the Introduction.

Proof of Theorem 1. Assume that the open set Q = {p € M |
u(p) # 0} is not empty. Then we can consider from (3.8) that either
c/4+ ay = p? or ¢/4+ ay =0 hold on .

In the case where ¢/4 + ay = p? holds on €, it follows from the first
equation of (4.8) in Lemma 4.2 that Xa? = 2(¢a)n(AX) — 6u(a® —
¢/4)v(X), where v is the dual 1-form of the unit vector field pW, that
is, v(X) = g(¢W, X). From the identity [X,Y]a? = XYa? — Y Xa?,
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we can verify that
(Xéa)n(AY) — (YEa)n(AX)
+ 2(6a)g(AGAX.Y) — 3 (€)g(#X.Y)
5.1) =3(? = £ X))
— Gap{(Xa)u(Y) — (Ya)u(X)}

— 6y <a2 - Z) do(X,Y) =0

by virtue of equations (2.1) and (2.3), where
2dv(X,Y) = Xv(Y) = Yu(X) —v([X,Y])

for any vector fields X and Y on Q. Since we have dv(&,¢W) = 0 by
(2.1) and (3.2), putting X = ¢W and Y = £ into (5.1) and using (3.2),
(3.7) and (4.9) yields

(5.2) (6W)éar = u<4;2 - 9) ¢

By virtue of the fourth equation of (4.8), we obtain dv(¢W,W) =
—c/(8a”p)€a. If we put X = ¢W and Y = W into (5.1) and make use
of (3.2), (3.7), (4.9), (4.10) and (5.2), then we have (a? — ¢/4)éa = 0,
from which £ = 0 on €.

By use of (3.7) and the third equation of (4.8), we obtain

1
(5.3) 20(E, W) = 4o+ = <4a2 s Z)

on . If we put X = ¢ and Y = W into (5.1) and use (5.3) and £« = 0,
then we have

(5.4) <a2 - Z) <4a2 2 - Z) —0.

The second equation of (4.8) is rewritten as Xu = (1/a?){u?(c/4 —
3a?) — (c?/16)}v(X). From the identity [X,Y]|u = XY — Y Xpu, we
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have

c

(1 = § ) {(xa)u(y) - (vay(x))

tan(§ = 302} (CXRUY) - (Vo))

c c?
- 4a{u2 <4 - 3a2> - 16} dv(X,Y)=0

for any vector fields X and Y on Q. Putting X = ¢ and Y = W into
the above equation and using (5.3), we obtain

(5.5) {,ﬁ(z —3a2) - ij}(m%;ﬂ— Z) —0.

It follows from (5.4) and (5.5) that 4a? + u?> = ¢/4 holds on .
Substituting the first and second equations into 4aVa + uVu = 0
and using 402 + p? = ¢/4, we have ¢ = 0, and hence a contradiction.

Therefore, ¢/4 + ay = 0 holds on Q. It follows from véa + afy =0
and (4.14) that

(5.6) Wa=0, o2Wu= Eﬁa.

Since we have [X,Y]a = XYa — Y Xa, we can verify from the first
equation of (4.13) in Lemma 4.3 that

(XEa)n(Y) = (YEa)n(X) + (§a)g((9A + AP) X, Y)
(5.7) = 3p{(Xa)u(Y) = (Ya)u(X)} = 3e{(Xp)o(Y) — (Yu)v(X)}
—6apdv(X,Y)=0

for any vector fields X and Y on ). Making use of the third equation
of (4.13), we get dv(W,¢oW) = c¢/(8c2u)éa. If we put X = W and
Y = ¢W into (5.7) and use (5.6), then we can find o = 0 on .
Putting X = £ and Y = W into (5.7) and using (o = 0 yields
dv(&, W) = 0, from which together with the second equation of (4.13),
we get 40 + ¢/2 = 0 by use of (2.1) and (3.7). Since we have
Va = 0, the first equation of (4.13) turns to ap = 0 on €, and it
is a contradiction.

Thus, the set € is empty, and hence M is a Hopf hypersurface. [

As a characterization of the Hopf hypersurface, we can state:
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Theorem 2. Let M be a real hypersurface in a complex space form
M, (c), ¢ # 0. Then it satisfies ReLe = L¢Re on M if and only if M
is locally congruent to:

(1) a Hopf hypersurface with A =0, or

(2) one of the model spaces of type A.

Proof. By Theorem 1, the real hypersurface M satisfying R¢L¢ =
L¢Re is a Hopf hypersurface in M,,(c), that is, A = af.

In the case where the constant o does not vanish, the assumption
ReL¢ = L¢ R is equivalent to

(5.8) A% 4 A% —2A0A =0

by use of (2.1) and (3.7). On the other hand, if we differentiate A = af
covariantly and make use of equation (2.3) of Codazzi, then we have

(5.9) ApA — %(G;A + Ag) — Zg; =0.

For any vector field X on M such that AX = \X, it follows from (5.9)
that

(5.10) </\ - §‘>A¢X - ;( A+ ;>¢X.

We can choose an orthonormal frame field {Xo = &, X1, Xo, ...,
Xo(n—1)} on M such that AX; = \;X; for 1 <i<2(n—1). If \; # /2
for 1 < i <p <2(n—1), then we see from (5.10) that ¢X; is also a
principal direction, say A¢X; = p;¢X;. From (5.8), we have p; = \;,
and hence A¢X; = pAX, for 1 <i <p. If \; # a/2 and \; = a/2 for
1<i<pand p+1<j<2(n—1), respectively, then it follows from
(5.8) that

2
(5.11) A26X; — aAdX; + %ngj —0.

Taking the inner product of (5.11) with X;, we obtain g(¢X;,X;) =0
for 1 <4 < p. Thus, the vector field ¢p.X; is expressed by a linear
combination of X;’s only, which implies ApX; = (o/2)pX; = pAX;. If
Aj =a/2for1 < j <2(n—1), then it is easily seen that ApX; = pAX;
for all j. Therefore, we have Ly = A — Ap = 0 on M. Statement (2)
of Theorem 5.2 follows immediately from Theorem A or Theorem B.
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In the case where o = 0, we see from (2.4) that Re = (¢/4){X —
n(X)&}. Since we have R¢& = 0, it is easily seen that ReL¢ = L¢Re
holds on M. O

REFERENCES

1. J. Berndt, Real hypersurfaces with constant principal curvatures in complex
hyperbolic space, J. reine angew. Math. 395 (1989), 132-141.

2. J.T. Cho and U-H. Ki, Real hypersurfaces of a complex projective space in
terms of Jacobi operators, Acta Math. Hungar. 80 (1998), 155-167.

3. U-H. Ki, I.-B. Kim and D.H. Lim, Characterizations of real hypersurfaces of
type A in a complex space form, Bull. Korean Math. Soc. 47 (2010), 1-15.

4. U-H. Ki and Y.J. Suh, On real hypersurfaces of a complex space form, J.
Okayama Univ. 32 (1990), 207-221.

5. S. Montiel and A. Romero, On some real hypersurfaces of a complex hyper-
bolic space, Geom. Ded. 20 (1986), 245-261.

6. R. Niebergall and P.J. Ryan, Real hypersurfaces in complex space forms, in
Tight and taut submanifolds, Cambridge University Press, 1998.

7. M. Okumura, On some real hypersurfaces of a complex projective space,
Trans. Amer. Math. Soc. 212 (1975), 355-364.

8. M. Ortega, J.D. Pérez and F.G. Santos, Non-existence of real hypersurfaces
with parallel structure Jacobi operator in nonflat complex space forms, Rocky
Mountain J. Math. 36 (2006), 1603-1613.

9. J.D. Pérez and F.G. Santos, Real hypersurfaces in complex projective space
with recurrent structure Jacobi operator, Diff. Geom. Appl. 26 (2008), 218-223.

10. R. Takagi, On homogeneous real hypersurfaces in a complex projective space,
Osaka J. Math. 10 (1973), 495-506.

DEPARTMENT OF MATHEMATICS, HANKUK UNIVERSITY OF FOREIGN STUDIES, SEOUL
130-791, REPUBLIC OF KOREA
Email address: ibkim@hufs.ac.kr

DEPARTMENT OF MATHEMATICS, HANKUK UNIVERSITY OF FOREIGN STUDIES, SEOUL
130-791, REPUBLIC OF KOREA
Email address: dhlnys@hufs.ac.kr

DEPARTMENT OF MATHEMATICS, HANKUK UNIVERSITY OF FOREIGN STUDIES, SEOUL
130-791, REPUBLIC OF KOREA
Email address: hsong@hufs.ac.kr



