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SOME TRANSFORMATIONS ON THE
BILATERAL SERIES 59

ZHIZHENG ZHANG AND ZEYA JIA

ABSTRACT. The purpose of this paper is to derive sev-
eral new transformation formulas between bilateral and uni-
lateral basic hypergeometric series. From these transforma-
tions, some g-series identities are obtained.

1. Introduction. Let a and ¢ be complex numbers, with |¢| < 1
unless otherwise stated. Then

n—1
(@o=(a:0)0=1, (a)n=(a;iq)n=][](1-ag’), forneN,
=0
(al, ag,...,0k; q)n = (al; Q)n(QQ; Q)n ce (ak; Q)na
(a:q)oo = [J(1 = ag’),
=0
(a1,a2,...,01;q¢)cc = (a1;9)00 (a2} @)oo - * - (k3 @) oo-

In addition, we also use the following notation:

(~g/a)"q%)

W 0 = g fasa),
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Basic hypergeometric series and bilateral basic hypergeometric series
are defined by

ay, az, ey CLT_
T¢S< bl, b2’ e bs ’qﬂz>

_ e (Gl,ag,...7ar;q)n o lbs—r :
n> (q,b1,b2, ..., bs; @) {(—1) gl )} 2,

n=0

ai, as, ey af,«.
Tws(bl, by, ... b ’W)

_ Z (a]_,aQ’...aa/r;q)n [(_1)nq(g)}s—7'zn,
n=—oo

(blva27 < absaq)n

respectively. For more details, especially their convergence and the
definitions on well-poised and very-well-poised series, see [6].

One of the most important summation theorems for basic hyperge-
ometric series is the Heines g-analog of the Gauss summation theorem:

a, b ] _(c/a, ¢/b;iq)w
2¢)1 |: c q; ab] (07 C/G,b ,q)oo ’

(2)

where |c/ab|] < 1. See [6, (1.5.1)].

Another one of the most important summation theorems for basic
hypergeometric series is Ramanujan’s sum for 11;:

a . ((L b/a7 az, q/a‘Z7q)00
(3) 11/)1 |: b q; ] (b, q/a7 2, b/az ;q)oo’

where |b/a| < |z| < 1. See [6, (5.2.1)].

In [1], Bailey gave the following summation formula:

2%( ab Q> _ (g,9:b9/a,c/b;q)
¢,bg 'V a (¢/a,bq,q/b,¢; q)oc’

(4)

where max(|g/al,|c|) < 1.

In the theory of basic hypergeometric series, it is known that bilat-
eral series are important objects. Many authors showed some relations
between the bilateral series and the unilateral basic hypergeometric
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series. For example, in [1]-[5] and [7]-[12], some transformation for-
mulas had been obtained for the bilateral 51 series. The purpose of
this paper is to derive several new transformation formulas between
bilateral and unilateral basic hypergeometric series. From these trans-
formations, some ¢-series identities are obtained.

2. Several transformations between 51, and ,¢;. First of all,
we give a result to be used later.

Lemma 2.1. Let |c/ab| < 1. Then

0 [ o) g )

cq ab
Proof. We have

a, b > (a,b; @)k
Qd)l[ ] Zq,cqq (ab)

=0

(1— i (a, b3 @) < *
9 (¢, ¢ Q) r(1 —cgk) \ab

k=0
[eS) o k k
(1-e Zabq( cq +kcq)<c)
prs ¢ q)k(1 — cq®) ab
a, b a, b cq
—(1— ) . -~ ) . “4
( C) 2¢1 |: c’ q, ab] +c 2¢1 |: cq 5 4, ab]

O (1o llae/bide | (ca/a,cq/big)o
0 =0 eahg)on T € (ca,ca/abia)on
_ (ea/a,cq/big)os f(a=c)(b—¢) |

~ (cq,cq/ab; q)so { (ab—c) " }
_ (eq/a,cq/b;q) {ab(l +¢) —cla+b) }
(cq, cq/ab; q) oo ab—c¢ ’

where (k) follows from the ¢-Gaussian summation (2). The proof of
the lemma is complete. O
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Theorem 2.2. Let |d/(acq)| < 1, |b/a| < 1 and |bg| < 1. Then

a, ¢ d|_ (¢,b/a,d/c,d/a;q)
(6) 2v2 { b, d°? acq} ~ (acqg — d)(b,q/a,d/ac, d; q) oo

{a(cq—d)2¢1 [ a/b q;//cd ; q,qb/a}

+(a — 1)cdady { a/b, q;//d b/a] }

Proof. Let a — aq™, b — q/b and ¢ — ¢ ™" in ¢-Gaussian summa-
tion formula (2). Then

ag®, q/b . b| _ (q/a,bq";q)s
I A

Rewrite the equation as

(8) (0,6/03 )00 -~ (@/50)1(@3 Qs (b>k _ (@59)n

(¢/a,0; )00 = (¢ Dk(@; Dtk \@ (s @)n

Multiplying both sides by (¢; ). /(d; ¢)n(d/acq)™, we have the following
result after summing over all integers n.

a, ¢ &
(9) 2¢2 |: ’ d’ q, acq:|

Q7
(/abq

wor (o) S e (2)

k=0

n=—oo

Replacing n by n — k, the summation on the right-hand side of the
above equation equals

i q/bq (bcq> i (a,cq% @)n (d)"
prt O« \d /) = (¢dg " q)n\age)

=—00
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Hence,

d
(10) 2% { Z’ 2’ i 4, }

y aqgc
4,b/a; )00 i q/b q <bcq>
q/a b @)oo £ )—k d

a, ¢ —k
2¢)1 |: dgfk ; q7d/aq6:| .

With the help of (5), the second sum of the above formula equals

—k
(11) 2t { @ ;Z—k ;qu/aqc}
~ (dg7%/a,d/c;q) oo [ acq(1+dg %) — d(a + cq™%)
~ (dgF,d/ac; q) acqg —d '

Substituting (11) into (10) and then using (1), we get

a, ¢ d (q,0/0;9) 00 < q/bq bqc F
2%[5, d’q’aqc] (¢/a,b;q) Z ) (d; )—k d

k=0
o (da*/a,dfc;q)o facg(l+dg” ' ’“) —d(a+cq™")
(dg=*,d/ac; q) o acqg—d
_(g,b/a,d/c,d/a;q)o

a(eq — d) = (¢;q)—x(a/b; @) (beq "
g {(ach) kZ:O (d/a; @) -k (g @)k )
_ (g,b/a,d/c,d/a; q)
= (49/69)k

d
(@ = 1)de i & q)—z)«(Q/b; Q))k (?)k}
= (q/ab, dfac, d; q)n
e ()]

"~ (q/a,b,d/ac,d; q) oo
q
(acq — d) &= (d/a; q) (4 Ok
a(cq — d) = (a/b,aq/d; q)x. (bq )"
X{(acq—d)z : <a)
(a,9/¢; @)k
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__ (gb/a,d/c,d/a;q)o
(acq - d)(b7 Q/av d/acv d; Q)oo

X {a(ch)2¢1 { 4/b. qa/d ; q,qb/a]

q/c
b, d
+ (a = 1)cd 261 [ a/ qqa//c ;Qab/a:| }
The proof of the theorem is completed. O

This theorem includes several known and new ¢-series identities. We
tabulate the main cases as follows.

(a) Taking b — ¢ in Theorem 2.2, we obtain Lemma 2.1.

(b) Taking ¢ — b in Theorem 2.2, by applying the Cauchy identity

i (@ @)k x _ (2219)
2= N

= (G (25 @)oo

we can obtain Ramanujan’s 11 summation (3).

(c) Taking d — aq (or d — cq) in Theorem 2.2, we obtain that

C a 1 (Qa b/a'a GQ/Ca q; Q)oo
12 ’ 4, — | =
( ) 2¢2 |: b, y 49, C:| a’(b7 Q/Q7Q/C, aq’q)ooa

aq

where |1/¢| < 1 and |bg| < 1, which is different from (4). Here we give
another proof of (12). Since

wli 5ol £ om0y

n=—oo

_ —a = (C; Q)n (1 - aq" + aq”) 1 "
= (1 )n;w (b; Q)n (1 _ aq”) <C>
(c;9)
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_ — (cq)n (1)"
- n_z_oo (b3 9)n (C>
(a,c¢; q "
e Z: (aq,b;q)n ( )
(1_a)1¢1 |: b y 49, 1:|
+ axipo [ ZC;: ;q i 4, Z]
(q,b/a,aq/c,q; q) oo
(b,q/a,q/c,aq;q) o
_ Jlab/aaq/e,¢;0)
(b,q/a,q/c,aq; @)oo

where (x) follows from (3) and (4), the proof is completed.

(x) =0+a

(d) Taking d — ¢ in Theorem 2.2, we have

a, ¢ 11 _ (¢/¢,q/a;q)
201 { b’ } ~ (ac — 1)(b, q/ac; q)

x {a<c 121 [ u/b e @ bq/a}

+(a —1)c2n [ a/b qc/lc ;q,b/a] },

where |b/al < 1 and |1/ac| < 1.
(e) Taking b — aq in Theorem 2.2, we have

a, ¢ d]_ (¢:9,d/c,d/a; q)s
(13) v { ag, d % q] = (acq — d)(ag. ¢/a, dJac.d; q)
]-/aa GJQ/d 2
x{a(cq—d)z¢1[ g/c ; QMJ}
+ (a — 1)cdagy [ l/a, aj//cd ; q,Q] },

where |ag| < 1 and |d/acq| < 1.
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Theorem 2.3. Let |b/(aq)| <1, |b| <1 and |d/(ac)| < 1. Then

_ acq — (bv q/av d/acv d; Q)oo a, c i
a(g = b)(acq — d) (0. b/ dje.dja g2 [ b4 ac]
(14)

= cd(aq — b)(a — )2t [ a/b, qa/d . q,b/aq}

q/c
q/b, qg//cd - b/a}

+ (alag — b)(eq — d) — qed(a — 1)%)261 [
~aaa=V(eg—dass [ V0 gvaja).

Proof. Let a — aq™, b — ¢q/b and ¢ — ¢™ in (5):

q/b b }
anrl 5 4, (]
(qn+l’ b/a; q)oo aq — b )

where |b/(aq)| < 1. Rewrite the equation as

(4:b/a3 @)oo o~ (@3 )nrre(a/; ) (b)’“

(0,q/a;0)s0 i= (@ Dnsr(@: )k \ag

(15) 261 { aq”,

(16) (ag —b)
B (a;q)n (@ Q)n o,
=(a=1)g CrN alg=b) Bign ©

Multiplying both sides by (¢; ¢)»/(d; ) 2™, we have the following result
after summing over all integers n.

q(a —1)299 { Z 2 ; q,z} +a(q — b)2v2 { Z’ (Ci ; q,zq]

(Lb/GQOo — (¢ q)n
bq/aq Z (d; q)n

X z”Z (a;fz)mk(q/@ Dk <;q>k

= (G Dnrr(@ )k

~ (ag—1) qab/a(ZooZ cq Q/bQ) <b>k

(b,q/a;q)oo Gk \agz

(17) = (aq —
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—k
X 201 [ “ cclg_k ; qw} :
Taking z — d/(agc) in (17), we have

qla — 1)1 { a: 2 N d ] +a(q - b)wg[ 2 ;4 jJ

(o Q7b/(lQOo s(a/b @) (be\"
= (ag bQ/aq Z )k <d>

1)k
—k
" d]

dg=* @ acq
O = (ag—b Q7b/aQOo k(a/b ) ((be
() =g ) Lo Z Ll (d)
((d/a)g™*,d/c; Q)oo _ a0(q+dq k) — d(a + cq*)
(dqikad/ac; q)oo acq — d

a(cqg — d)(ag —b) (¢,b/a,d/c,d/a;q)
(acq — d) (b,q/a,d/ac,d; q) oo
= (q/b,ag/d; ) (b\"
) ,;) (¢, 4/¢ D (a)
cd(aqg —b)(a—1) (g,b/a,d/c,d/a; q) oo
(acq - d) (bv q/aa d/acv d, Q)oo
N (@/bag/di) (b))
,;0 (4,9/¢ @) (aq)
_ ((Lq - b)(‘]a b/a7 d/C, d/a; q)oo
(acq - d) (ba Q/a’ d/aca dv Q)oo
X {a(qc— d)2¢1 [ afb, qa/d 5 g, ﬂ

q/c

+(a_1)cd2¢l{q/b, qa/d b”

q/c "V aq

where (x) follows by applying (11) in the second sum. Substituting (6)
into the above equation, the proof of the theorem can be obtained. [

This theorem includes the following several corollaries:
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(a) Taking d — ag in Theorem 2.3, the theorem becomes Bailey’s
summation (4).

(b) Taking d — ¢ in Theorem 2.3, we have

a(q — b)(ac — 1)%2% { @ IC) 5 Qs ;J

e[ 0]

+ (a(ag — b)(c — 1) — cq(a — 1)%)agn [ a, q/b ; q,b/a}

q/c
a, q/b bq}

~agla = 1)(e - Vaor | © U0 g

where |¢/(ac)| < 1 and |b/(aq)| < 1.

(c) Taking b — ag in Theorem 2.3, we have

T da| (9,9,d/c,d/a; @)oo
2¥2 aq, d’ ¢ ac| (acq — d)(aq,q/a,d/ac,d; q) oo
{(cq—d)2¢1 [ L/a, aqq//cd ; qvqﬂ
—1)ed
+ (a=led al)c 201 { l/a, aj//cd ; q,q”

where |d/(ac)| < 1 and |a| < 1.
(d) Taking ¢ — 1 in Theorem 2.3, we have

ola = O)aq ) D= | 41000

— d(aq — b)(a — 1)21 { o eald bq}

+ (alag — b)(g — d) — gd(a — 1)%)26y [ afa, aq/d ”}

q a
—aq(a—1)(q¢—d)2¢1 [ a/b, aqq/d ;4 lﬂ

where |d/a| < 1, |b] <1 and [b/(aq)| < 1.
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3. Several transformations between 51> and 3¢, series. In
[12], we gave a transformation between 212 and 3¢9 series. Here we
discuss further results.

Theorem 3.1. Let [b/(aq)| <1 and |q/a| < 1. Then

(¢/a,—q/a,b,cq/a;q)o a, ¢ . q
(aq — b)(b/a3 4) oo (4% 67 {q<‘“ Lav2 [ b cqla T }

(18) +a(g — b)2tp2 [ Z: ch/a ; q’_(ﬂ}

= (c0. i) o | 0TI )]

e (o).
[qZ/b, /b, a’q/c o, b }

X 302 & dle U ag
Proof. Taking d — (cq)/a, z — —q/a in (17), we get that

2
q<a—1)2w2[‘g’ ¢ q,—q]+a(q—b)zwz[3’ ¢ ;q,—q]

cgla’ cq/a a
= (aq — q7b/aq°° q/bQ) —2 '

—k
a, cq ) _g
201 { e ja D a]
In the second sum on the right side of above equation, applying the
Bailey-Daum summation formula [6, (1.8.1)], we get:

[ a, b Q] _ (~4:9)x(agq, ag?/b?; ¢*)so
201 =

ag/b " T (aq/b,—q/b; @)o

(20)

We obtain that

2
Q(al)ﬂ/&{(g: ch/a ; q,q}ra(qb)w{“: cqc/a ; q7,%
(21) Z(aq—b)(q’b/a Wi q/b D¢ )k

(b,q/a;q) o 0 cq/a Q) -k
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" < b>k(6q1k7cq2k/a2;q2)w

?) (cqt=%/a,—q/a;q)

With the help of (1), after some simplification, we have

(22)
q(anzwz[g‘j cafa 0 q]+a<qb2 [ b, eqfa q}
= (ag —b) o, q(/z; b/(;/a cq/a oo i q?él/)cqq

() 49 (=)
Since

qu—k qu—k cq
5 4 = ;4 —5 q )
a ') a AN 00
k
_ a

k
quizk. q2 _ (71)]{) i qka @ q2 % q2
a2 ) - a2k ¢ K X a27 Oo?
Hence, we have

T R

2
+alq — )2ty [ b cqa’ q,—ﬂ
(¢:b/a, —4;9) o
= (aqg—b
(ag =) (b,q/a,—q/a,cq/a;q)so
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( i (a/b;q)2k
q, /CQQk

X k=0

|
(f)%(i v,
(o) S
b T a7, o
_ g ))(<b/a)q) <(q ,cq7cq2/ak],q ?)oo
(g/a,—q/a,b,cq/a;q) oo
32 { " qiz/,b’ q%’ ag;}
(ag = b)(b = q) (0/a;q)o(4? ¢, ¢4/0%; ¢°) o
a1 =q)(c—q) (q/a,—q/a,b,cq/a;q)
[qQ/b, ¢[b, a’gfc o 62}
qS’ 3/0 ) 2 |-

X 3¢2

The proof of the theorem has been completed.

This theorem has the following corollaries:
(a) Taking b — ¢ in Theorem 3.1, we obtain the Bailey-Daum

summation formula [6, (1.8.1)].
(b) Since the power of a is two on the right-hand sides of equation
(18), we can get the following symmetric transformations:

(cq/a;q) {(a_ 1) g2t [ 27 cqc/a ; qﬁZ]

(ag — b)(b/a; q)o
+a(q — b)2v2 { Z’ ch/a ; q’_qj}}

b

_ Cafeg.
= ag +0)(bjagm (2T

—a, c .
X2¢2|: b, _Cq/a7Q7q/a:|




1710 ZHIZHENG ZHANG AND ZEYA JIA

_ 2
+a(qb)21/12{ ba, —c;/a ; q,i}}~

If we take b — ¢ in the above equation, then

This transformation is a special case of the iterate of Heine’s o¢y
transformation (see [6, equation (II1.2)])

(24) 201 { @ lc) ; q,Z} = Wz% [ abz/e, bbz ;q,C/b] .

(¢) Taking ¢ — 0, the right side of (18) equals

(25) J

(ag = b)(b/a;9) (6% 6%) e (b—q)
b(g/a,—q/a,b;q)0c (1 —q)(—¢?)
|:q2/bv qS/b. 2 bz]

(ag = b)(b/a;9)oo(4* 4D)ox 4 [q/@ 2 b2:|
b(q/a, —q/a,b;q)ee P

X2¢1 q3 ’ q7q4

Applying Lemma 2.1, we have
(26)

a/b.?/b o0, 4] (0:0/46%)ee [a(d® =b)(g+1)
21 [ g P /q} - (q,bQ/qQ;qQ)oo{ (¢* —0?) }
0 /b, /b b (b, bg; ¢*) (¢"—b)g+1)

/b, @b o VP (0,056 [P(* —b)(g +
201 { ¢ 1 ’q“] a (q3,b2/q2;q2)oo{ (¢* —v?) }

Hence, the right side of (18) is equal to

(aq —b)(b/a; @)oo (@ 4*) oo (b,6/q34%) o0
blg/a,—q/a,b;0)0e  (4:0%/0% ¢%)oo

el e

(28)
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_ 5 a0 = D) (/a3 9)oc (4% 4" o0 (0:0/4:") alg+1)
b(a/a,—q/a,b;q)c (0.5%/0% ¢%)oe (4> + 1)

Then, from (18), we obtain the following special case of Ramanujan’s
111 summation:

" [ a. . QT _ (b/a,q,~1/4,—¢* @)
b a]  (bg/a,—q*/a,~b/q* @)

Theorem 3.2. Let |b/(aq)| <1 and |q/a] < 1. Then

a(g—b) (¢/a, Ezb//(z'b(;)cq/a;(ﬂoo o [ Z: ch/a . qﬂ
(29) <q ca. qj’q >Oo
X {(aqb)sqbg { a/b, q2q/,b7 ;;2 P bl}

q’ q2/c7q7a2

gl 1) 3(;52[61/1% P/b, a’le 172]}

(b—q)(¢* ¢, cq/a®; ¢*) oo

N (1-9)

x{(qb)3 { @/, @[b agfe . o bz]
glc—q)°"" ¢ Ple D ae
gla—1

) q2/b7 qd/ba a Q/C 2 2
T =g 302 @ Ple ,b%/a®
Proof. Substituting the main result of [12]:

{ a, ¢ Q] ~ (0/a;9) 00 (¢, cq, c4* /0*; ) o
212 ¢, —=| =

b, cqg/a’ " a (q/a,—q/a,b,cq/a;q)o
Q/b’ q2/ba QQ/C 232 2
(30) X 3¢2 |: q, q2/C y q ab /a’

(b/a; Q) (4%, cq. cq®/0®: %)~ (D—q)
(q/a,—q/a,b,cq/a;q)e (1 —q)(c—q)
2 3 2 2
X3¢2|:Q/b7 Q/ba CLQ/C. 2b:|

¢ Ple a2

into Theorem 3.1, the proof can be completed.
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This theorem includes the following special cases:

(a) Taking ¢ — a in Theorem 3.2, we have

alq —b)(a/a, —q/a,b,¢; q) 6@ o ¢
(b/a;0)00 (0% Doe b

2 2 2
_ . 2 _ a/b, ¢°/b, a o b
= (GQ7 a ) )Oo {(aq b)3¢2 |: q q2/a y 4 a2q2

2 b2
_q(a _ 1)3¢2 |: q/b7 q /bv q2a/a : q27 ag:| }

q,
N (b—q)(a,q/a;¢*) { (aq —b)
(1-4q) q(a—q)
/b, ¢#/b,  aq b? qla—1)
X a02 [ ¢, ¢Pla’ < aQqQ} ~ (a—q)
2 3 b2
X 32 { /b, qqéf)7 qg;la ;42 a2:| },

where |¢%/a| < 1 and |b/(aq)| < 1.

(b) Taking ¢ — 1 in Theorem 3.2, we have

B (ba q/aaQ)oo Q/b, a . i
a(q b) (b/a’qu)OOQle q/a 9 qa
Y
e —_ b . —_—
(aq )3¢2 |: q, q2 4, a2q2
Q/b, q2/b7 a2 L2 b2
- q(a’ - 1)3¢2 |: q q2 y 4, ? )

where |b/ag| < 1.
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