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4-DISSECTIONS AND 8-DISSECTIONS FOR
SOME INFINITE PRODUCTS

ERNEST X.W. XIA AND X.M. YAO

ABSTRACT. In this paper, we establish 4- and 8-
dissections for some infinite products. In particular, we gen-
eralize Hirschhorn’s formulas for 8-dissections of a continued
fraction of Gordon and its reciprocal. Our results also imply
a theorem on the periodicity of signs of the coefficients of an
infinite product given by Chan and Yesilyurt.

1. Introduction and main results. The aim of this paper is to
establish 4- and 8-dissections for some infinite products which implies
some results discovered by Hirschhorn [6] and Chan and Yesilyurt [4].

Throughout this paper, let ¢ be a non-zero complex number of
modulus less than 1. We use the standard notation

[Z14loo = (2:0)00(0/2: )00, 2 #0,

where -
(a:q)oc = > _(1—ag™),

n=0

and, as usual,
(21,22, -+ Zn; Qloo = H[Z“ q)oo-
i=1

It is easy to verify that
(1.1) [2,4/% ¢%)o = 23 Qoo
(1'2) [_Z7 z;(Z]oo = [22; q2]ooa
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and
(1.4) [z qloe = =27 25 qloo-

The m-dissection of the power series

o)
9)=>_ ang"
n=0
is the presentation of P(q) as
(1.5) Plg) = Po(q) + Pr(g) + - + Pma(9),

where

o0
Pk(‘]) = Z amn+kqmn+k-
n=0

Gordon’s continued fraction is given by
2 4 6

q q ¢ ()=

Glg)=1+q+

[16] proved Hirschhorn’s results by an iterative method.

Hirschhorn’s results on the 8-dissections of G(¢) and G~

stated as follows.

L+@+1+P+1+0+  (4,476%)

This identity was established by Gordon [6]. Hirschhorn [8] discovered
the 8-dissections of G(gq) and its reciprocal, thereby demonstrating
periodicity of the sign of the coefficients in the expansions of G(q)
and its reciprocal, and in particular that certain coefficients are zero, a
phenomenon first observed and shown by Richmond and Szekeres [12].
Alladi and Gordon [1], Andrews and Bressoud [3], Hirschhorn [7] and
Chan and Yesilyurt [4] generalized these themes. Recently, the authors

L(g) can be

Theorem 1.1 (leschhorn [8]). We have
[—¢*, —4* ¢ ql—4"% -
G =
@ [qqq][qq] [qqq32][
l-4"% —* " d®[q
5, 4%%; 2] o [6°%; %] o [q87q16’q32]00

[q

]oo
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(16) I A e A R o e A BT A B ’
[q87 q8, q32]oo [q32; q64]Oo [qS’ q16; q32]oo [q32; q64]OO
and
Gfl(q) _ [7(]16, 7q24; q64]oo B q[fql(i, 7(]24; 1164]00
0%, 6% ¢*% oo [ ¢%oe  [0®, 4"%3 43?00 [0%%5 050
q3[_q8’ _q32; q64]oc B q4[_q8, _q16; q64]oo
6%, 4% 3] [0°% %0 (4%, 0% ¢*Hcold%?; 4% oo
() SR T S Gl Vi

0%, 4" %0 [0 0% 00 4%, 0% ¢ 0c[0%%5 0%
As a corollary of Theorem 1.2, Hirschhorn [8] discovered that
Corollary 1.2. Let
G(q) = i ang" and G~ '(q) = i bng".
n=0 n=0

We have, for n >0,

agn > 0, agn+1 > 0, agn+2 > 0, agn+3 = 0,
agn+12 < 0, agn+s5 < 0, agn+6 < 0, agn+7 =0,
bg, > 0, bgnt+1 < 0, bsny2 =0, bgnts > 0,
agn+a < 0, agn+s > 0, asn+6 = 0, agn+7 < 0.

Recently, Chan and Yesilyurt [4] generalized Corollary 1.2. They
established the following theorem.

Theorem 1.3. Suppose m is divisible by 8 and ged (m,r) = 1. Let

oo

[@®" 5400

(18) T chqn, 3Ir < m,
i
and
3r—m. ,m e
(1.9) W — Z dnq™, m/3<r<m/2

n=0
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We have, for n > 0,

cgn > 0, csn+tr > 0, Csn+ar > 0,
Csnt+m—2r < 0, Csnt+m—3r < 0,
Csntm—+ar <0 if m > 8r
Cantom—dar <0 if m < 8r

cn =0 if n = 3r (mod4);
dSn > 07 agn+m—r > 07 agn+r > 07
dgntar—m <0, agn+43r—m < 0,

d8n+5rfm <0 Zf 3m > 8r,
d8n+2m—3r <0 Zf 3m < 8T7
d, =0 if n =2r (mod4).

In this paper, we establish 4- and 8-dissections of some infinite
products, which can be stated as follows.

Theorem 1.4. Let m > 0 be divisible by 4, let w > 0 and r > 0 be odd
integers and u —r =2 (mod 4). We have

(1.10) E]Z]]OO = Ao(q") + qA1(q") + ¢* Ax(q") + * As(q?),

where Ao(q), A1(q), A2(q) and As(q) are defined by

(1.11)
Aolq) = [q(u+r)/4§qm/z]oo[q(m—“+37")/47q(m+u+r)/4;qm]oo
o\q [qm/4;qM/Q]m[qm/Q,qr;qm]oo s

(1.12)

(u+r)/4; qm/Q]OO[q(ﬂfbfufr)/él7 q(m+u73r)/4; qm]oo
[q™/%; 4™/ 0o [q™/2, 475 4™ )00 ’

Ax(g) = g1/
(1.13)
[q(m—u—r)/él; qrn/Q]Oc[q(u—3r)/47 q(Zm—u—r)/4; qm]
[q™/% 4™ o [q™/2, 475 ¢ o
if r = —i (mod4) fori=1, 3, then

o0
9

Az(Q) — q(3r—i)/4
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(1.14)
[q(m—u—r)/4; qm/2]oo[q(u+r)/4’ q(2m—u+37’)/4; qm}oo
[q™/% 4™ o [q™/2, 475 ¢ o

if r =14 (mod4) fori=1, 3.

Ai(q) = glr—v/4

Theorem 1.5. Let m and r be positive integers and r = 1 (mod 2),
m =0 (mod 8). We have

[6°"; 4™ ’ i 8
(1.15) T i oq Bi(q°),
where B;(q) are given by
[ gPm/8, —gdm/8tr. gm]

(116)  Bolg) =

(™8, ™% g2 (4™ 25 4 oo
[_qm/8—r’ _qm/S; qm}

o0

)

(1.17)  Bay(q) = —¢™/3T(r=1/2
[qm/s’ qm/4; qm/2]oo[qm/2; 7"

. [q—3m/87 _q3m/8—r;qm]oo
1.18) Bs;(q :q(T i)/4 7
( ) ( ) [(]77%/87qm/4;qm/2}oo[qm/2;qm]oO
if r=1i (mod4) fori=1, 3, then
(119) B2Z(q) — _q(m 2r—2i)/8 ’
[qm/8, q™/4; q/2) oo [q™2; ¢ oo

if r = —i (mod4) for i =1, 3, then
(1.20)  Bj(q) = Bati(q) =0, ifr =—i (mod4) for i =1, 3, then
[=q™/* =77 g™

oo

(121)  Bi(g) = ¢""7/® ;

[qm,/8’qm/8;qm/Q}Oo[qm/Q;qm,]oc
if r =14 (mod8) fori =1, 3, 5, 7, then
i (4™ =47 4™

1.22)  By(q) = —¢m—3r—9/8
(1.22) (@) [q™/8,q™/8; g™ /2] o0 [q™/2; g™
ifr=i+4 (mod8) fori=1, 3, 5, 7.

)
oo

Theorem 1.6. Let m,r be positive integers andr =1 (mod 2), m =0
(mod 8). We have

3r—m. m 7

Uil = d'Cild®),

(23 P
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where C;(q) are given by

[_qm/4’ _qur; qm]oo
[q™/2;5 4™ o [q™/3;5 4™/ 4] o0
m/2—r

(1.24)  Colg) =

bl

m/4. m

(125)  Culg) = —gtr-D/2-tm/9) ZCT 7 0™ 50" o

[q7n/2;qm]oo[qm/8;qm/4]oo
(1.26)  Ca(q) = Cs(q) =0,

)

[—q™/®, —q"~™/8; ¢

oo

(1.27) Ci(q) = ¢ "=/8 ;

[qm/87qm/4;qm/Q}oo[qm/Q;qm]oo
if r = —i (mod8&) for i =1, 3, 5, 7, then

. — Sm/S*T _ 3m/8. m
(198)  Cilq) = —q@r—m-/s_1=4 A U B

)

[qm/87q7n/4;qm/2]oo[qm./2;qm]D(J
ifr=4—1 (mod8) fori=1, 3, 5, 7, then

) _am/8 _ m/8+r. m
(1.29)  Ci(q) = q"—/8 [=¢""",—q 14" ]

b

[qm/S’qm/él’qm/Q]oo[qm/27qm]oo
if r =14 (mod8) fori =1, 3, 5, 7, then

. _3m/8—r __ ., 3m/8. m
(130)  Cilq) = —qOr—m-/s__1=4 =G5 g oo

[gm/8, /% g 2] o [qm /25 q™]
ifr=4+41i (mod8) fori=1, 3, 5, 7.

oo

Taking r = 1 and m = 8 in Theorem 1.5, we deduce the formula
(1.6). Also, setting r = 3 and m = 8 in Theorem 1.6, we obtain
the formula (1.7). At last, it follows from Theorems 1.5 and 1.6 that
Theorem 1.3 holds.

2. Two lemmas. In order to prove our main results, we need the
following two lemmas which are proved using the following identity (see
[5, 14, 15])

X ook b X R R X A
(2.1) [XA,A,W,U,qL [Xv, V,/\u,qu)— /\[xu,uw\v,y,q]oo,

where y, A, 4 and v are non-zero complex numbers.
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Lemma 2.1. Let m > 0 be an even integer and r > 0, u > 0 odd
integers. We have

[4":0 e _ 02 2
(2.2) 0 (¢°) +aB(q7),

where a(q?) and B(q?) are defined by

N S e i
(23) Oé(q ) - [qm’qg ] )
(2.4) B(q*) =q“1[q7H X S q2m]°°-

[47, 4% *™ ]
Proof. In view of (1.2) and (2.2), we see that

l4";q [—q":q
lq";q™] —qT;qm

[q“,—qﬂq loo +[=0" 4" 4™

alq®) =

u. m U. m]
]

(2.5)

N = DN =

Setting X — q(Su—T)/4’ A — q(u-i-r)/él7 o — _q(u—i-r)/47 v — q(u—3r)/4
and ¢ — ¢™ in (2.1), then dividing [¢“~";¢*™]s on both sides and
utilizing (1.1), (1.2) and (1.3), we deduce that

R T
[0 %] oo
Employing (2.5) and (2.6), we easily arrive at (2.3).
On the other hand, by (1.1) and (1.2), we have

L (lg% 9™ —q";q™
B(q2)=<[ e

2\ [0"1¢™oe  [-4"59™e0
1", —q"1q" e = [-4", 4" 4]
2q [4°"; ¢™] oo

Taking X — q(3u+7')/47 A = q(u—7')/47 w— q(u+37')/4’ v o— _q(u—7')/4
and ¢ — ¢™ in (2.1), then dividing [¢“"";¢*™]~ on both sides and
employing (1.1), (1.2) and (1.3), we see that

oo

—[—=q".q¢";q™].

(26)  [¢"—4¢"¢"]ec — 2

2.7) -

u—r m—u—r.,2m
Tl

a7, q

[qm; q27n] oo

oo

(2.8) [¢"“, =490 — [-4", 4 50" ] = 2q
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Combining (2.7) and (2.8), we obtain (2.4), and this completes the
proof. O

Lemma 2.2. Let m be a positive even integer and r, u positive odd
integers. We have

(2.9) [4",4": 4" ] = a(d®) + aB(d?),
where a(q?) and B(q?) are defined by

[_unrr7 _ququr; qu]

2.10 a(d?) = Sy
(2.10) @) [4™; ¢ o

R e G S
2.11 B(¢?) = —¢" 1 .
211 (@) [4™; ¢*™] oo

Proof. 1t is easy to see that
1

(2.12) a(g®) = 5 ([4" 4" 4o + [=4" —4": 4" ) -

2

Setting x — ¢ t/2 X — qw=/2 - —q=/2 1y — jand ¢ — ¢
in (2.1), then dividing [—¢“~"; ¢*™]s on both sides and using (1.1),
(1.2) and (1.3), we see that

[_qu+r7 _qm—u—i-r; q2m]
[47;¢* ™0

It follows from (2.12) and (2.13) that (2.10) holds.

o0

q"

(2.13) [¢",4"5¢" o0 — 2 =—-[-¢",—q¢";q

Similarly, we obtain:

1
(2.14) Bg*) = 5g (4" 4730"eo = [=4" ~0":4" o).
Putting x — ¢“t7/2 X = ¢(=/2 1 — —¢+1)/2 1y & jand ¢ — ¢™
n (2.1), then dividing [—¢“""; ¢*™] on both sides and employing (1.1),
(1.2) and (1.3), we deduce that
(2.15)

m—u—r. Qm]
)

=T, —q
[4™; 4>

Employing (2.14) and (2.15), we derive (2.11), and this proof is com-
plete. O

q

o0

[0“, 474" e — [0, —4"1 4" ] = —2¢
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3. Proof of Theorem 1.4. In this section, we provide a proof of
Theorem 1.4 by employing Lemma 2.1.

Proof. Taking u — (m +r —u)/2 in (2.2), we have

[q(m =/ gm]

[975 4o
[q(m—u+3r)/2’ q(m+u+r)/2; q2m}oo_|_qr [q(m—u—r)/Q, q(m+u—3r)/2; qu]oo

(3.1)

[, > ¢* oo
The congruence u — r = 2 (mod 4) implies that v + 7 = 0 (mod 4) and
u—3r =0 (mod4). It follows from (1.10), (2.2) and (3.1) that

qu-&-r; q2m]oo [qm+r—u; qu]OO
Ao(g") + @ As(g) = |
( ( @™ * oo [6*"56%™] o
_ [qu—i-r; q2m]00 ([q7rL—u-‘r37‘7 qm+u+r; q4m]oo

[qm; qu]oo[qu’ q4r; q4m]oo
+q2r [quufr’ qm+u73r; q4m]oo) ,

which yields (1.11) and (1.12).
Also, taking u — (u —r)/2 in (2.2), we have
(3.2)
[q(u—r)/Z; qm]oo 1
475 4™ oo [47,¢*"5 ¢*™ oo
_’_qr[q(u—?ﬂ*)/Q,q(2m—u—r)/2; q2m]oo) '

([q(u—i-r)/Q7 q(2m—u+3r)/2, qu]

b oo

It follows from (1.10), (2.2) and (3.2) that

4 3 4 , [qm—u—r; qu]OO [qu—r; q2m]oo
qA1(q") +q°A3(q") = ¢
g o(7) @™ "o (656%™
, [qm—u—r; q2m]oo
(4™ > oo [¢*™, ¢4 ¢4 o

(3 3) + q3T [qmiuir; q2m]00
' [q™; * oo (@™, 477 "™ o

which implies (1.13) and (1.14). This completes the proof. O

u+r 2m—u+3r, 4m
: 1" oo

=q """, q

[u73r 2m—u—r, 4m]

4 yd

[o o}



1694 E.X.W. XIA AND X.M. YAO

4. Proofs of Theorems 1.5 and 1.6. In this section, we present
proofs of Theorems 1.5 and 1.6 by means of Lemma 2.2.

Proof. In Theorem 1.4, taking u = 3r, we can obtain the 4-dissection
of [¢*";¢™)/[q"; 4" oo~ Setting u — m/2 —r, r — m/4+r and ¢ — ¢™
in (2.9), we have

(41) [qm/2—7'7qm/4+7';qm]oo
[_q3m/4’ _q3m/4+2r; q2m]oo

a 4™ ¢*™]
B qm/4+r[_qm/4—27" _qm/47 qu]

[4™; ¢*™] o

Setting u = 3r in (1.11) and employing (1.15) and (4.1), we see that

o0

2m—4r  m-+4r. 4m]
) ) oo

lq q q
[q™, ¢®™; ¢* ™o
_ _ 3m+8r. 8m
_ =g %" oo
(@™, ¢®™; "] oo [ ¥ o
g [—qm 8T —q ™ g
(@™, @™ "™ ] oo [q4™; ¥ o

Bo(q®) + ¢*Bu(¢®) =

3m

m Bm]

oo

3

which yields (1.16) and (1.21).
Setting u = m/2 —r, r = m/4 —r and ¢ — ¢ in (2.9), we obtain
(4.2) [qm/2fr’ qm/4fr; qm]oo
[_q3m/4’ _q3m/4727‘; q2m]oo _ qm/4fr[_qm/4+2r’ _qm/4; q2m]oo
(9™ ¢*™ oo

Taking u = 3r in (1.12) and using (1.15) and (4.2), we have

2 8 6 8 o [P g M
r b) )
q°B2(q°) +q°Be(q”) = ¢ [q™, 2™ ]

) ) oo

2r[7q3m’ 7q3m78r; qu]OO qm72r[7qm+8r7 7qm, qu]oo

lq

q
(@™, ®™ "o [0 3o (4™, 2™ ¢ oo [0 B o

which yields (1.18) and (1.19).

)
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Putting v = 3r in (1.13), we see that if r = —i (mod4) for i =1, 3,
then
Ai(q) =0.

Therefore, we have, if r = 3 (mod4), then
Bi(q) = Bs(q) = 0,
and, if r =1 (mod4), then

Bs(q) = Br(q) = 0,
which imply that (1.20) holds.

Setting u — ¢™/**", r — ¢"/*=" and ¢ — ¢ in (2.9), we see that

(43) [qm/4+r’qm/4—r;qm]oo

m/2 m—2r. Qm]

, —q 5 4 m/4—’r‘[_

- 27“’ _qm/2; Zm]
[4™; 4%

Taking u = 3r in (1.14) and employing (1.15) and (4.3), we have

q q

oo

m—4r m-+4r.
b

[q" ", q q
[a™, 4™ ¢ oo
ST[*QST,

4'm]oo

(44) ¢'Bi(¢®) +¢"""Buyi(¢®) = ¢" —
=" =" oo — ¢
[q'rrz’ qm; q4m]oo [q4m; qu]oo

where i =1, 3 and r = ¢ (mod4). It follows from (4.4) that (1.21) and
(1.22) hold.

To conclude this section, we turn toward proving Theorem 1.6. Using
(1.1) and (1.4), we see that

—*™; ¥ oo
b

T T v [ T PR e ') B
(4.5) T qgreoml_ o om 4 Tore gm]
[47 4o [975 4o 4" 4]
Employing Theorem 1.5 and (4.5), we can easily deduce Theorem 1.6.
The proof is complete. O
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