ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 42, Number 1, 2012

THE TRACIAL RANK FOR CROSSED PRODUCTS
BY FINITE GROUP ACTIONS

XINBING YANG AND XIAOCHUN FANG

ABSTRACT. We define the second tracial Rokhlin property
for finite group actions. Let A be an infinite dimensional finite
separable unital C*-algebra and let o : G — Aut (A) be an
action of a finite group G on A which has the second tracial
Rokhlin property. Suppose that A is a-simple. If A is an AF-
algebra, we prove that the tracial rank of the crossed product
A X oG is zero. If A is an AT-algebra with the (SP)-property,
we prove that the tracial rank of the crossed product A xo G
is no more than one.

1. Introduction. The concept of the tracial rank of C*-algebras
was introduced by Lin [11]. The purpose to introduce the rank
was motivated by the Elliott program of classification of nuclear C*-
algebras. C'*-algebras with tracial rank no more than k for some £k € N
are C*-algebras that can be approximated by C*-subalgebras in Z(*)
in trace (or in “measure”). The C*-algebras of real rank zero can be
determined by K-theory and hence can be classified. For example, Lin
proved that if a simple separable amenable unital C*-algebra A has
tracial rank zero and satisfies the Universal Coeflicient theorem, then
A is a simple AH-algebra with slow dimension growth and with real
rank zero [12, 14].

The concept of the Rokhlin property in ergodic theory was adopted to
the context of von Neumann algebras by Connes [2]. Then the Rokhlin
property was adopted to the context of UHF-algebras by Herman and
Ocneanu [7]. Rgdam [19] and Kishimoto [9] introduced the Rokhlin
property to a much more general context of C*-algebras. More recently,
Phillips, Osaka and Lin et al. studied integer group or finite group
actions which satisfy certain types of Rokhlin property on some C*-
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algebras (see [13, 15-18]). The Rokhlin property of actions on C*-
algebras can help us to understand the properties of induced crossed
products. In [17], Osaka and Phillips proved that, for a separable unital
C*-algebra A, a finite group G, and an action a : G — Aut (A) with
the Rokhlin property, if A has stable rank one and real rank zero, then
the associated crossed product A X, G also has stable rank one and real
rank zero. In [16] Osaka and Phillips proved that, for a stably finite
simple unital C*-algebra A, and an action o € Aut (A) with the tracial
Rokhlin property, if A has stable rank one, real rank zero, and the order
on projections over A is determined by traces, then the induced crossed
product A X4 Z also has these three properties. In [13] Lin proved that
if A is a simple unital C*-algebra with tracial rank zero, if an action
a € Aut (A) has the tracial cyclic Rokhlin property, and if there is an
integer J > 1 such that a)|¢ = idg for some subgroup G' C Ky(A) for
which p4(G) is dense in p4(Kp(A)), then the induced crossed product
A X4 Z has tracial rank zero. In [18], Phillips proved that the crossed
product of an infinite dimensional simple separable unital C'*-algebra
with tracial rank zero by a finite group action with the tracial Rokhlin
property again has tracial rank zero.

In this note, we attempt to introduce a certain type of Rokhlin
property for finite group actions on simple or non-simple C*-algebras.
Let A be an infinite dimensional finite unital C*-algebra, and let
a : G — Aut(A) be an action of a finite group G on A. Suppose
that A is a-simple and « has the second tracial Rokhlin property. If A
is an AF-algebra, we show that the tracial rank of the crossed product
A x4 G is zero. If A is an AT-algebra with the (SP)-property, we show
that the tracial rank of the crossed product A X, G is no more than
one. It should be pointed out that the key ideas of the proof for the
main results in this note come from [18].

2. Definitions and preliminaries. Let A be a C*-algebra. We
use Aut (A) to denote the automorphism group of A. If A is unital and
u € A is a unitary, we denote by Ad u the inner automorphism defined
by Adu(a) = uau* for all a € A. If an automorphism « is not inner,
we say it is outer.

Let A be a C*-algebra and o : G — Aut (A) an action of a finite
group G on A. We say that A is a-simple if no closed two-sided ideal
other than 0 or A is invariant under all oy, g € G.
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We denote by Z(®) the class of finite dimensional C*-algebras, and
by Z() the class of C*-algebras with the form p(C(X) ® F)p, where
F €7, X a finite CW complex with dimension k and p € C(X)® F
a projection.

Let A be a C*-algebra, and let a be a positive element in A. We
denote by Her (a) the hereditary C*-subalgebra of A generated by a.
We know that Her (a) = aAa.

Let A be a C*-algebra, and let a,b be positive elements in A. We
write [a] < [b] if there exists a partial isometry v € A" such that,
for every ¢ € Her(a), v*c,cv € A, vv* = p,, where p, is the range
projection of a in A”, and v*cv € Her (b). We write [a] = [b] if moreover
v*Her (a)v = Her (b). Hence, if a € Her (b), then [a] < [b]. If p and ¢
are two projections in A, then [p] < [q] if and only if p is Murray-von
Neumann equivalent to a subprojection of ¢, and [p] = [q] if and only
if p is Murray-von Neumann equivalent to ¢q. If a,b € A are positive
elements satisfying ab = 0, then [a + b] = [a] + [b].

Let A be a unital C*-algebra, and let o : G — Aut (A4) be an action
of a finite group G on A. Let a,b € A be positive elements. Set
card (G) = n. We say [a] <q,¢ [b] if for i = 1,2,...,n, there exist
mutually orthogonal positive elements a;, there exist elements g;, h; €
G, there exist mutually orthogonal positive elements b; € Her (b), such
that >0 a; = a and [ay, (a;)] < [ap, (b)) in 4,71=1,2,... ,n.

For any g € G and any positive element d € A, we have [ay(d)] =
[ugdug—1] = [d] in A xo G. Therefore, [a] <, ¢ [b] in A implies that
[a] < [b] in A X4 G.

Let A be a C*-algebra, and let F be a subset of A, x € A, ¢ > 0. If

there exists an element y € F such that ||z — y|| < e, then we write
e, F.

Definition 2.1 [10, Definition 3.6.2]. Let A be a simple unital C*-
algebra and k € N. A is said to have tracial rank no more than k& if, for
any € > 0, any finite subset 7 C A and any nonzero positive element
b € A, there exist a nonzero projection p € A and a C*-subalgebra
B C A with 15 = p and B € Z(®) such that

(1) |lpa — ap|| < € for any a € F.
(2) pap €. B for alla € F.
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(3) The projection 1 — p is Murray-von Neumann equivalent to a
projection in Her (b), that is, [1 — p] < [b].

If A has tracial rank no more than k, we will write TR (A) < k. If
furthermore, TR (A) £ k — 1, then we say TR (A4) = k.

Definition 2.2 [16, Definition 1.1]. Let A be an infinite dimensional
finite simple separable unital C*-algebra, and let o : G — Aut (A) be an
action of a finite group G on A. We say that a has the tracial Rokhlin
property if, for every ¢ > 0, every finite set F C A, every positive
element b € A, there are mutually orthogonal projections {e, : g € G}
such that

(1) [|ag(en) — egn|| < € for all g,h € G.
(2) |lega — aey]| < € for all g € G and all @ € F.

(3) With e = dec eg, the projection 1 — e is Murray-von Neumann
equivalent to a projection in Her (b), that is, [1 — €] < [b].

Definition 2.3. Let A be an infinite dimensional finite separable
unital C*-algebra and o : G — Aut (A) an action of a finite group G
on A. We say that « has the second tracial Rokhlin property if, for
every € > 0, every finite set F C A, every positive elements b,z € A,
there are go € G and mutually orthogonal projections {e, : g € G}
such that

(1) lag(en) — egnl| < € for all g,h € G.

(2) |lega — aeg|| < € for all g € G and all a € F.

(3) legozessll > 1zl — =

(4) With e = 3y e, [(1— )] a6 [b].

For example, suppose that G is a finite group and D is an infinite di-

mensional simple unital AF-algebra. Let 8 : G — Aut (D) be an action
satisfying the tracial Rokhlin property. Suppose that card (G) = n,

—_——Y
and we may write G = {g1,92,.-- ,9n}. Let A=D@&Dd---® D,
where n > 1, and define o : G — Aut(A) by ag,(a1,a2,...,a,) =
(/891' (ai)a ﬁgi (a2)a R 7591' (a'ifl)a Bgi (afl)a ﬁgi (aiJrl); oo 7591- (an)) It is
obvious that A is non-simple but a-simple. Moreover, it is easy to
check that o has the second tracial Rokhlin property.
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Remark 2.4. In Definition 2.3, if the finite set F contains a full
element and is large enough, then (2) always implies (3). When A is
an infinite dimensional finite simple separable unital C*-algebra and
a : G — Aut (A) an action of a finite group G on A, then « has the
tracial Rokhlin property implies that « has the second tracial Rokhlin
property.

By perturbation of projections (see [10, Theorem 2.5.9]), we have
Lemma 2.5, and then we get Corollary 2.6. We can also get Corol-
lary 2.6 by semi-projectivity of finite dimensional C*-algebras directly
(see Definition 2.10, Proposition 2.18, Proposition 2.23 and Corol-
lary 2.28 of [1]).

Lemma 2.5. For any n € N, any € > 0, there exists a 6 > 0
such that, whenever A is a unital C*-algebra, and whenever w; ;, for
1 < i,j < n, are elements of A such that ||w; ;|| < 1 for 1 <
i,j < n, such that |lw}; — wj;l| < & for 1 < 4,j < n, such that
Hwh,jlwh,h — (5j1,i2wi1,j2|| <6 fOT‘ 1 < 41,%2,01,52 < n, and such
that w; ; are mutually orthogonal projections with > v w;; = 1, then
there exists a {v;;} C A for 1 < 4,5 < n such that ||v; ;|| < 1 for
1 < 4,5 < n, such that vi; = v;; for 1 < i,j < n, such that
Uiy, j1Via,js = Oj1,iaVis,jo for 1 < dy,i2,51,J2 < n, such that v;; are
mutually orthogonal projections for 1 < ¢ < n with v; ; = w; ;, and such
that ||v; j —w; ;|| <€ for 1 <i,j <n.

If w; j, for 1 < 4,5 < n, are elements of a C*-algebra A satisfying
the conditions in Lemma 2.5, we say that w;; (1 < ¢,j < n) form a
d-approximate system of n X n matrix units in A.

By Lemma 2.5, we have the following result.

Corollary 2.6. For any n € N, any € > 0, there exists a 6 > 0
such that, whenever (f; j)i<ij<n @5 a system of matriz units for M,,
whenever B is a unital C*-algebra, and whenever w; j, for1 <1, j <n,
are elements of B which form a d-approzimate system of n X n matric
units, then there exists a unital x-homomorphism ¢ : M,, — B such that
A(fii) = wi; for 1 <i<n and ||¢p(fi;) —ws ;| <e forl<ij<n.
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By [10, Lemma 2.5.5, Lemma 2.5.6], we can get the following result:

Lemma 2.7. For any ¢ > 0 and any integer n, there ezists
0 = 6(e,n) satisfying the following: Let D be a C*-subalgebra of A,
let p1,p2,-.. ,pn be mutually orthogonal projections in A. If p; €5 D
for all 1 < i < n, then there are mutually orthogonal projections
41,92, - ,qn € D such that ||p; — ¢;|| < € for all1 <i < n.

We say that a C*-algebra A has the (SP)-property if every non-zero
hereditary C*-subalgebra of A has a non-zero projection.

Lemma 2.8. Let A be an infinite dimensional finite separable unital
C*-algebra with the (SP)-property and o : G — Aut(A) an action of a
finite group G on A which has the second tracial Rokhlin property. Then
any non-zero hereditary C*-subalgebra of the crossed product A X, G
has a non-zero projection which is Murray-von Neumann equivalent to
a projection in A.

Proof. The proof is similar to [8, Theorem 4.2] and we omit it. u]

Lemma 2.9. Let A be an infinite dimensional finite separable unital
C*-algebra, and let oo : G — Aut(A) be an action of a finite group G
on A which has the second tracial Rokhlin property. Suppose that A is
a-simple. Then A X, G is simple.

Proof. We claim that o is outer for every g € G\ {1}, where 1
denotes the unit of G. For any 0 < n < 1/2, any unitary u in A,
apply Definition 2.3 with F = {u} and with n in place of . Then
there exist mutually orthogonal projections e, € A for g € G such that
lagler) — el < 1 and [Jueru® — 1] < n.

For every g € G \ {1}, since e; and e, are mutually orthogonal
projections, we have that

lag(e1) —uerw™|| = [ler = eql = flag(er) = eql = luern” —erf| > 0.

Hence, ag # Ad u. This proves the claim.
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Let = be an element in A, let F be a finite subset of A, and let ¢
be a positive number. Apply Definition 2.3; then there is a projection
eg, € A such that

(1) llegoan(egy)|| < € for all h € G\ {1}.
(2) llegoa — aeg, || < € for all a € F.
(3) llegozegy [l > |zl — e

Then by [3, Lemma 3.3] and the proof of [3, Theorem 3.2], we have
that the crossed product A x, G is simple. ]

3. Main results.

Theorem 3.1. Let A be an infinite dimensional simple or non-
simple unital AF-algebra, and let « : G — Aut (A) be an action of
a finite group G on A which has the second tracial Rokhlin property.
Suppose that A is a-simple, then TR (A X, G) = 0.

Proof. By Lemma 2.9, A X, G is simple. By Definition 2.1, it suffices
to show the following:

For any ¢ > 0, any finite subset F = Fy U {uy4| g € G}, where Fp is
a finite subset of the unit ball of A and u, € A X, G is the canonical
unitary implementing the automorphism a4, and any nonzero positive
element b € A x,, G, there exist a nonzero projection e € A X, G and
a finite dimensional C*-subalgebra B C A x, G with 15 = e such that

(1) |lea — ae|| < € for any a € F.
(2) eae €. B for all a € F.
(3)[1—¢] <[b]in A Xo G.

Since AF-algebras are real rank zero, and hence have the (SP)-
property, by Lemma 2.8, there exists a non-zero projection » € A which
is Murray-von Neumann equivalent to a projection in the hereditary
C*-subalgebra of the crossed product A X, G generated by b, that is,
[r] <[b]in A X4 G.

Set n = card (G) and set 6 = ¢/(8n). Choose n > 0 according to
Corollary 2.6 for n given above and § in place of €. Moreover we may
require n < min{(¢/12n), (¢/4n(n — 1))}.
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Set 1 = n/3. Apply Definition 2.3 with Fy given above, with
in place of ¢, with r in place of b. There are mutually orthogonal
projections {4 : g € G} such that

(1) |lag(8n) — €gnl| < m for all g,h € G.

(2) |lega — agg4|| < m for all g € G and all a € Fy.

(3) [1—el <aqclrlin A, wheree =3 e,

Since A is a unital AF-algebra, we may write A = U2, A,,, where
each A, is a finite dimensional C*-subalgebra of A.

Set 12 = min{(1/2n), (n/6)}. Let n3 be a positive number according
to Lemma 2.7 for n given above and 79 in place of €. Also require
ns < (¢/4). There exists an m € N such that d €,, A, for all
d € {ay4(a)la € Fo,9g € G} U {ey4lg € G}. So, for all g € G and
a € Fy, there exists an ry , € A, such that ||y, — ag(a)]| < ns3.

By Lemma 2.7, there exist mutually orthogonal projections e, € Ay,
for all g € G such that [[e; — eg4|| < 72.

Then we have the following:

(1) llag(en) — egnll < llag(en) — ag(@n)ll + [log(€n) — Egnll + [[Egn —
egnll < 2m2+m <, for all g,h € G.

(27) llega—aey| < [lega—2gall+[[Ega—aey||+[|aty—aey|| < 2mp+m <
n, for all g € G and all a € Fy.

(3") Set e = deG eg; then |le —g|| < deG lleg —&gll < mmpe < 1.

Since |le—¢|| < 1, by [10, Lemma 2.5.1], 1—e is Murray-von Neumann
equivalent to 1 — € in A. Therefore, in A x, G,

(1.1) L—cl=[1—-2 <k <Pl

Define wy,, = uy p-1€ for all g, h € G. We claim that wgy ; (g, h € G)
form a m-approximate system of n x m matrix units in A x, G. We
estimate:

”w;h o whd)” = ”ehug—lh - Uhg—legH
< ugn-renug-15, — egl|

= llagn-1(en) = el <.
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Moreover, using egep, = 04 n€h, We have
||w917h1w92,h2 - 692,h1w51,h2 ||
= ||uglh1—16h1ug2h2—1€h2 — 5927h1ug1h;16h2||
= ||ug1h;16h1ugzh;16h2 — Uglhflgzhglehzgz—lhleh2||
= ||’u,glh;1g2h2—1(’U,gz—lhzehlug2h2—1 — €h292—1h1)6h2” <n.

Moreover, » /5 Wg,g = D_,cq €9 = €- This proves the claim.

Let (fg,n)g,ncc be a system of matrix units for M,,. By Corollary 2.6,
there exists a unital *-homomorphism g : M,, — e(A x4 G)e such that

1%0(fg,n) — wg,nll <6

for all g,h € G, and ¥y(f,,4) = €4 for all g € G.

Define an injective unital *-homomorphism v : M, ® e;A,e; —
e(A x4 G)e by
Y(fg,n ®a) = bo(fg1)atbo(f1,n)

for all g,h € G and a € e; A,,e;. Then

(g, ®e1) =Y eg=e,9(fri®a)=a

geG

for all @ € e1A,,e1 and

Y(fo,n @e1) = Yo(fg,1)erto(fin) = Yo(fg,1)%0(f1,1)%0(f1n)
= Yo(fg,n) = eg¥o(fg,n)en-

By (2"), for all a € Fy, we have

(1.2) llae — eal] < Z llaeg — eqal| < nn < e.
geG

By (1), for all g € G, we get

(1.3) [Juge—eug|| < ugeug-s—el =1 Y aglen)= Y egnl| < nn <e.
heG heG
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Set B = (M, ® e;Ane1); then B is a finite dimensional C*-
subalgebra of A x, G. For all g € G, we have

leuge — Z Y(fonn @ e1)||

hEG
< lleuge — ugell + luge = Y ¥ (fann @ e1)|

heG
<+ lluge = Y d(fgnn @ e)l|
heG
=+ 11D ugen — > U(fann ®@er)]
heG heG
=nn+ || Z Wgh,h — Z Yo(fonn)l <np+nd <e.
heG heG
That is, for all g € G, we have
(1.4) euge €. B.

Now let a € Fy, and set b = dec fog®@eirg—1 .61 € My, @ erAper;
then

lb— Z fa.g @ e1g-1(a)er]| < ns.
geG

Using |legaer, — aegen|| <1, we get

leae — 3" eqaegll < 3 llegaenll < n(n—1)n.

g€eq@ g#h

We also have

[vbo(fg1)er — uger|| < |[Yo(fg,1) — ugeal|
= [[¥0(fg,1) — wg1l| <4,
%o(f1,g) — exug—1|l < [[Yo(f1,9) — ug-164]|
+ [lerug-1 —ug-1eg4]| <0417

and
llerag-1(a)er — ag-1(egaey)|| < 27.
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Then, for all a € Fy, we have

Jeae — $(®)]| = leac - ¢( S Foo ®en~gl,ae1)n

geG
= [leae = Y vo(fg1)errg-1 aertbo(fi,)ll
geG
< Heae — Z ugerag-1(a)eru,-1|| + 2nd + nn +n3
9eG
< ||eae — Z ugg-1(egaeg)ug—1|| + 2nd 4 3nn + 13
geG
= ||eae — Z eqgaey ‘ +2nd + 3nn + 13
geG

<n(n—1)n+2né + 3nn + n3
44 447
That is, for all a € Fy,

(1.5) eae €. B.

From (1.1)—(1.5), we have TR(A x, G) = 0. O

11

Theorem 3.2. Let A be an infinite dimensional unital AT -algebra

with the (SP)-property, and let o : G — Aut (A) be an action of a finite

group G on A which has the second tracial Rokhlin property. Suppose

that A is a-simple. Then TR(A x, G) < 1.

Proof. By Lemma 2.9, A X, G is a simple C*-algebra. By Defini-

tion 2.1, it suffices to show the following:

For any € > 0, any finite subset F = Fy U {uy4| g € G}, where Fp

a finite subset of the unit ball of A and u, € A X, G is the canonical

is

unitary implementing the automorphism a4, and any nonzero positive
element b € A x,, G, there exist a nonzero projection e € A X, G and

C*-subalgebra B C A x, G with 13 = e and B € T, such that
(1) |lea — ae|| < € for any a € F.
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(2) eae €. B for all a € F.
(3) [L—e] <[b].

As in the proof of Theorem 3.1, there exists a non-zero projection
r € A such that [r] < [b] in A x4 G.

Set n = card (G) and set 6 = ¢/(8n). Choose > 0 according to
Corollary 2.6 for n given above and § in place of €. Moreover we may
require n < min{(e/12n), (¢/4n(n — 1))}.

Since A is a unital AT-algebra, we may write

00 kn
A=Un2, D, O(Xn,jJMS(n,J'))7
where k,,,s(n,j) € N and X, ; are closed subsets of the circle T for all
neNand j=1,2,... k,.

By the proof of Theorem 3.1, there exist an m € N and mutually
orthogonal projections e, € @?:IC(Xm,j,MS(mJ)) for all ¢ € G
satisfying the following:

(1) |lag(en) — egnl| < m, for all g,h € G.

(2) |lega — aeg|| < m, for all g € G and all a € Fy.
(3") Set e =} i €g; then [1 — €] <o [r] in A.
As in the proof of Theorem 3.1, in A X, G,

(1.1) 1—e] <[b], [ae—ea| <e, |uge—euy|l <e.

Define wgp, = ugp-1e, for g,h € G. Using the same estimation
as in the proof of Theorem 3.1, we get that wgyp (9,h € G) form an
n-approximate system of n X n matrix units in A X, G.

Let (fg,n)g,ncc be a system of matrix units for M,,. By Corollary 2.6,
there exists a unital *-homomorphism g : M,, — e(A x4 G)e such that

[0 (fg,n) — wy,nll <6
for all g,h € G, and ¢o(fq,9) = €4 for all g € G.

Define an injective unital *-homomorphism ¥ : M, ®e; (@§21C(Xm,j,
My(m,j)))er = (A X G)e by

Y(fg,n ® a) = o(fg,1)atbo(f1,n)
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for all g,h € G and a € 61(63’?;” (Xm,j> My(m,j)))e1

Set B = 1)(My, ® e (5™, C(Xm j, My(m,j)))e1); then B € I,
Then, by the proof of Theorem 3.1, we estimate that

(1.2) euge €. B,
for all g € G, and
(1.3) eae €. B.

for all a € Fy.
From (1.1)—(1.3) we have TR (A x, G) < 1. o
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