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CYCLIC VECTORS IN THE WEIGHTED VMOA SPACE
SHANLI YE AND ZENGJIAN LOU

ABSTRACT. We try to identify the functions whose poly-
nomial multiples are dense in the logarithmic weighted VM OA
space (VMOAjyg) and prove that if | f(z)| > |g(z)| in the unit
disk and g is cyclic in VMOAyg, then f is cyclic.

1. Introduction. Let D = {z : |z| < 1} be the unit disk in
the complex plane C, and let H(D) denote the set of all analytic
functions on D. Let E be a Banach space of analytic functions in
D such that the shift operator M, : f(z) — zf(z) is a continuous map
of FE into itself. The cyclic vectors in E are those functions f such that
the polynomial multiples of f are dense in E. In 1949, Beurling [3]
characterized the cyclic vectors on the classical Hardy space H?. The
important consequences of this work in function theory has led many
investigators to study questions related to cyclicity on other Banach
spaces of analytic functions. For example, cyclic vectors in the Dirichlet
space were studied by Brown and Shields in [4]; Anderson, Brown,
Fernandez and Shields characterized the cyclic vectors in the classical
Bloch space and the little Bloch space in [1, 5]; Ye studied cyclic vectors
in BMOA and a-Bloch spaces in [11, 12]. For some recent results
related to cyclic vectors, see [6, 13, 14] and the references therein.

The space of analytic functions with bounded mean oscillation, de-
noted by BMOA, consists of all analytic functions f defined on D,
satisfying

1£l5rr0a = sup </D ()1 - |<Pa(2)|2)dm(z)>1/2 < 0,
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where ¢, (2) = (a — 2)/(1 —az) is the Mobius transformation of D and
dm(z) denotes the Lebesgue area measure on D (]2, 7]). Let VMOA
denote the subspace of BMOA consisting of those f € BMOA for
which
tim [ IF P - pa2)?) dm() = .
la]—1 D

The cyclic vectors in BMOA (VMOA) space were characterized by
the first author in [11]; the first author proved that for f € BMOA
(VMOA), f is a cyclic vector in BMOA (VMOA) if and only if f is
an outer function.

In this paper we will study cyclic vectors in the logarithmic weighted
VMOA space. Let BMO Ao, denote the logarithmic weighted BMOA
space consisting of f € H(D) with

1 2 "(2)]3(1 %) d v
Il =swptog 2 ([ 1PGPQ - leueP) ) <,

and VMOAe the subspace of BMOAq, consisting of f € H(D) for
which

2
lim log®
\a|l—rﬁ— &1 |lal

[ 17RO = leu) Py dm(z) o
It is easy to check that BMOA,, is a Banach space under the norm

1 1Br0 a1, = [FO)] + [ f]]+

and BMOAjoe C BMOA,VMOA,, C VMOA. The space BMOA|qg
appeared first in [10] and was used to characterize the multipliers
in BMOA space (see also [8]). In [9], Siskakis and Zhao proved
that VMOAo is a closed subspace of BMOA,; and coincides with
the closure of polynomials under the norm || - [|Brroa,.,- Therefore
the polynomials are weak® dense in the second dual (VMOAxg)**.
For f € VMOAiqg, let [f] be the norm closure in VMOAy, of the
polynomial multiples of f; for f € (VMO Aog)**, let [f], be the weak®
closure in (VMOAo)** of the polynomial multiples of f. Thus f
is cyclic in VMOAiog if and only if [f] = VMOAe, f is cyclic in
(VMOAog)*™ if and only if [f]l. = (VMOAg)**. Note that if f
is in VMOAog, then f is norm cyclic in VM OA, if and only if it
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is weak* cyclic in (VMOAog)**. When we refer to cyclic vectors in
(VMOAg)**, the weak* is always understood. As main results of this
paper, we prove the following theorems.

Theorem 1. For f, g € VMOAiog, if |f(2)| > |g(2)| in D and g is
cyclic in VMO Aiog, then f is cyclic in VMO Ajog.

Theorem 2. For f € VMOAg, if f is cyclic in VMO Ao, then f

is an outer function.

In what follows C will stand for positive constants not depending on
the functions being considered, but whose value may change from line
to line.

2. Some lemmas. For the proof of Theorem 1 we need some
lemmas.

Lemma 1. For z € [0,1) and t € [0,1],

(1—x)log®2/(1 — z)

(1= tz)log?2/(1 —tz) ~ >

Proof. Let g(z) = (1—z)log?2/(1 — ) and 2o = 1 —2/e2. We know
that g(z) is increasing on [0, zg] and decreasing on [z, 1).

If ¢ > 9/10, z > (10/9)z0, then g(z) < g(tz).
If t > 9/10, z < (10/9)z, then

9(z) g(o) g(wo) _ 8
g(t2) = min (9(0), 9((10/9)a0)) — min (9(0), 9((9/10))) ~ 2 log®2 ="

If t < 9/10, since log” 2 < g(tz) < 8/€2, we have

g(z) 8

< < 3. a
g(tz) ~ e2log?2
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Lemma 2. If0 <t <1, then

1
1 o1t 1 32
1 dr < =+ —.
/Ol—rtOg 1—r r_€+€2

Proof. Write

1 ¢
1 1—1rt 1 1—rt
/ log® ! dr:/ log® ™ dr
o 1—rt 1—-r o 1—rt 1—-r

1
1 ol —1rt
1 d
+/t lfrtOg 1—r "

2+ L.

Since (logz)/z < 1/efor 1 <z < oo and log(1+z) <z for z > 0, it
follows that

1 1 217rt< 1 1 lfrt< 1 1—rt 1)< 1-t¢
o o — —.
1—rt 8 1—r “e(l-r) &1 “e(l-r)\1-r e(l—r)?

1—¢ [ 1 t
I dr = =
! e /0 (1-r)2 " e<

Since z'/2log?1/z < (16/€2) for 0 < z < 1,

IN

Q| =

L el=ort_(1-r 1/21 ,1—rt 1
1t % 17 \1-rt 1—r (1—r)2(1 - rt)l/2
16
< .
= 21— )21 — )i
We obtain

16 /1 dr 16 /+°° 2dz 32
L <— =— < =.
e2 Jy (L—r)2(1—rt)l/2 € | g —t = €

Thus,

1
1 ,1—rt 1 32
1 dr < —+ —. ]
/0 1—rt 217 e+e2
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The logarithmic Bloch space §f, is the space of f € H(D) with
2
1£llgz = sup(1 —[2]*) log ——|f'(2)| < o0
zeD 1- |Z|

(see [14, 15, 16] for more information on Ar).

Lemma 3. For0<t <1, if f € B, then

log(2/1 — |z])

D.

/() = f(t2)] < 2log

Proof. For f € B, and z € D, the definition of 8y, yields
1
z/ f'(zt)dt
t
' 2|

<17l [ i
e (U= et?)log =2
|z dz

< o|lf /

Wllex |, T Tog2/T )

2 2

=2 loglog ————— — loglog ——

||f|,eL< oglog 7 — loglog 7— |tz|>

log(2/1 — |z[)
log(2/1 — [tz])

f(z) = f(t2)] =

= 2log Iflls.- B

Lemma 4. BMOAy; C L.

Proof. Let a = re? € D and r > 1/2. Denote by I, the arc centered
at €' satisfying |I,| = 2(1 —r), and by S(I,) = {re?? : 1 — |I| <r <
1,e" € I} the corresponding Carleson box. Let

|La|

A:{ZGD:|za<4}.

Then A C §(1,) and

~

al <1 |2]* < 2|1,

~|
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for all z € A. For f € BMOA\og, by the subharmonicity of |f'|?, it
follows that

F@F < s [ 1F R dm(e)
S e MO EPE
64 ! z 2 - 22 miz
gﬂIas/S(mf( (L — [2I2) dm(2)
Then
(1= af*)log = 1(a)

1 1/2
<s(cpoe 2 [ @R R )
|1, Zal S(1a)
Applying Lemma 3.4 of [8] yields

Ifllge < ClIfll.. B

Lemma 5. For 0 <t <1, if f € BMOA, then

log(1 —[¢2[)/(1  |¢])
1) = ) < OB g,z e D

Proof. From Lemmas 3 and 4,

log(2/1 — |z|)
log(2/1 — |tz])

Since log(1 + z) < z for = > 0, it follows that

) - 169 < O (FE=E 1) 1.
_ olog(l—|t=))/(1— )

= O g2 — [t2]) flle. o

|7 (2) = f(t2)] < Clog [1£1]-
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Lemma 6. For 0 < ¢t < 1, z € D, let fi(z) = [f(tz).
f € BMOA\g, then fy € VMOAiog and || fill« < || fll«-

Proof. If f € BMOAiog and 0 < t < 1, then f; is analytic on the
closed unit disk; a simple computation shows that f; € VMOA,. I
addition, by the Poisson formula, we have

2 ; 1—t2 da
ft(z): o f(ZCe)m%7 z € D.
So
e [ @R - o)) dmz)
o 1—t2 df
10
< log” 1—|a|/ / @ gy [Pa(2)P) dm(z)
1—t* do
_/0 — |/ £ = eul dm(e) 5
: ”17152 .
SN L
That is,

Lemma 7. Ifg € H®, f € VMOAg and fg € VMOAiog; then

fg€lfls

Proof. For 0 < t <1, g¢(z) = g(tz), let P, denote the partial sum of
the power series of g;; we can easily show that P,f — ¢:f (norm) as
n — oo. Then g;f € [f]. Similarly, g:f € [f]«. Applying Proposition 2

of [4] implies that g;f — gf (weak™) ast — 17 if sup, ||g: f|| BMO AL, <
00, 80 fg € [f]«. We next show that sup, ||gtf||B]\/10Alog < 00.

Since g € H*, we have

Jouf12 = suplog? = [ 1(at(2)£(2)) 121 = ia(2)) )
a€D ‘ |

< 2||g||?>o\|f||

+2suplog? = [ ARl = o)) dm).
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Write

- |/ £GP~ lpaP) dm)

< 2log? - i / 1£(2) = £ Pl ()P = |pa(2)]?) dim(2)
+2log? |/ F:(2)0L(2) 2(1 = |9a(2) ) dm(2)
é21+2ﬂ.

Let |z| = r. Using Lemmas 1, 2 and 5, we obtain

2 1—|tz]
2 log” 07 gl

1—|a| Jp log® %\tz\ (1— |tz])?
(1 —1al)( - |2*)
d
i M)
1 10g2 ﬂ 1
log” 2= (1 —rt)?
2w 2 2
| P
0

|1 —are?f|?

I <C||f|l+" log?

2 2 2
< AL lallo 08" =17 [

<ol 2lgl? [ (1~ [af*)log? gy (1~ r?)log” =iy
=M G ar Py log? (2, (- 1)

1 1—rt
log? d
><1—7“15 °8 1—r
L (1-7r)log?-2 1 1 rt
I e
o (1—rt)log” 25 1—rt 1—r
1
1 1—rt
< C|Ifll.? 002/ log? d
< ClIfI" gl pples

2 2
S Ol llgllee™ < oo
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From Lemma 6,

11 < 2108 1= [ 1P~ ou(2)) dm(2)

+ 210" = [ APl = a2 dm(2)

2
< 2[|(f9)ellZ + 2llglloc” I 12
2 2
< 2| fgllZ + 2llgllee” 11l < 0.

Thus,
SgpllgtfllBMOAlog = £(0)g(0)] +Sgp||gtf||* < oo.

The proof of Lemma 7 is finished. O
3. Proofs of Theorems.

Proof of Theorem 1. By Lemma 7, we have (g/f)f = g € [f]«. Since
g is cyclic in (VMOAog)**, f is cyclic in (VMOAjog)**. Hence f is
cyclic in VMO Ajqg. O

Theorem 1 gives an affirmative answer to Question 3 in [4] for the
space VMO Ajyg.

Corollary 1. For f € VMOAqg, if |f(2)] > C >0 in D, then f is
cyclic in VMO Ajog.

Proof of Theorem 2. If f is a cyclic vector in VMO Ay, by Proposi-
tion 6 of [4], then f is cyclic in VMOA. From Theorem 2 of [11], f is
an outer function. o

Conjecture 2. BMOA\g with the norm || - |Brpoa,, is isometric
to (VMO Ag)*™.

If the conjecture is true, then Theorems 1 and 2 hold for the space
BMOAqg.
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