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ON BIHOLOMORPHIC MAPPINGS
IN COMPLEX BANACH SPACES

QING-HUA XU AND TAI-SHUN LIU

ABSTRACT. Let X be a complex Banach space with norm
|| - ||, B the unit ball in X. In this paper, we introduce a
class of holomorphic mappings My on B. Let f(z) be a
normalized locally biholomorphic mapping on B such that
(Df(z))~1f(z) € Mgy. We obtain the growth and covering
theorems, as well as coefficient estimates for f(z). Especially,
as corollaries, we unify and generalize many known results.
Moreover, in view of proofs of corollaries, we can see the
relations among the subclasses of starlike mappings.

1. Introduction. Let X be a complex Banach space with norm
I - ||, X* the dual space of X, B the unit ball in X, B"™ the Euclidean
unit ball in C™, D the unit disk in C and D™ the unit polydisc in C™.
Let OB be the boundary of B, B the closure of B and dyD" the Silov
boundary (i.e., the boundary at which the maximum modulus of the
holomorphic function can be attained) of D™. Let H(B) be the set
of all holomorphic mappings from B into X, H(B, B) the set of all
holomorphic mappings from B into B. As is known to us, if f € H(B),
then

oo

fly) = n,D”f( z)((y — 2)"),

for all y in some neighborhood of = € B, where D" f(z) is the nth-
Fréchet derivative of f at x, and for n > 1,
D™ f(z)((y —x)") =D"f(z) (y—=,... .,y — 7).

n
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A holomorphic mapping f : B — X is said to be biholomorphic if
the inverse f~! exists and is holomorphic on the open set f(B). A
mapping f € H(B) is said to be locally biholomorphic if the Fréchet
derivative Df(x) has a bounded inverse for each z € B. If f: B — X
is a holomorphic mapping, we say that f is normalized if f(0) = 0 and
Df(0) = I, where I represents the identity operator X into X.

For each z € X \ {0}, we define T(z) = {T, € X* : || T:]| < 1, T, (z) =
llz|]|}. According to the Hahn-Banach theorem, T'(z) is nonempty.
Notice that for z € X and any a(# 0) € C, when T}, is chosen and fixed,
then | (Jal/a)Ts | = IT5]| < 1, and (jal/a)Ts(az) = (jal/a)aTy(z) =
|a]||z|| = |laz||, so we can denote Ty, = (Ja/a)T.

Since Barnard, FitzGerald and Gong [1] established firstly the growth
and covering theorems for normalized biholomorphic starlike mappings
from B™ into C", Zhang and Dong [16] and Liu and Ren [13] obtained
the generalization on other domains such as B and bounded starlike
circular domains in C™, respectively. After that, many mathemati-
cians investigated the growth and covering theorems for the subclasses
of starlike mappings. Liu and Lu [12] studied the growth and covering
theorems for normalized biholomorphic starlike mappings of order «
(see Definition 2) on the bounded starlike circular domains in C"; in
addition, Hamada et al. [8] obtained corresponding results on B. Using
the method of Loewner chains, Chuaqui [2], Hamada [7] and Graham
et al. [5] obtained respectively the growth and covering theorems for
normalized biholomorphic strongly starlike mappings (see Definition 3)
on B", the bounded starlike circular domains in C™ and the unit ball in
C™ with respect to an arbitrary norm; Feng and Lu [4] got the growth
and covering theorems for normalized biholomorphic almost starlike
mappings of order « (see Definition 4) on the bounded starlike circular
domains in C™ and for the case of B, Feng [3] also gave the correspond-
ing results; Kohr and Liczberski [11] and Feng [3] obtained the growth
and covering theorems for normalized biholomorphic strongly starlike
mappings of order «a (see Definition 5) on B™ and B, respectively.

In this paper, we introduce a class of holomorphic mappings M,
on B. Let f(z) be a normalized locally biholomorphic mapping on
B such that (Df(z)) 'f(z) € M,. We obtain the growth and cov-
ering theorems, as well as coefficient estimates for f(z). Especially,
as corollaries, we unify and generalize the results mentioned above.
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Moreover, from the proofs of corollaries, we can see the relations among
the subclasses of starlike mappings.

Firstly, we recall a class of mappings M which plays the role of the
Carathéodory class in several complex variables.

M={he H(B):h(0)=0, Dh(0)=1I,
Re [T, (h(z))] >0, =€ B\{0}, T, € T(z)}.

Now, we introduce the following class M, on B in X, which was first
introduced by Graham, Hamada and Kohr [6] in the case X = C"
with an arbitrary norm, and by Kohr [10] in the case X = C" with
the Euclidean norm.

Definition 1. Let g € H(D) be a biholomorphic function such that

9(0) =1, g(&) = g(§), for £ € D, Reeg(§) > 0 on £ € D, and assume g
satisfies the following conditions for r € (0,1):

minj¢—, Re g(¢) = min{g(r), g(—7)
) ! masjer_, Reg(€) = max{g(r), o(~r)}.

We define M, to be the class of mappings given by

M, = {p € H(B): p(0) = 0, Dp(0) =1, ﬁ T, (p(2)) € 9(D),

xz € B\{0},T, € T(ac)}.

Clearly, if g(§) = 1+¢/1—¢&, £ € D, then M, becomes the class M.
Especially, if X = C™, B = D", then

Mgz{p e H(D") : p(0) = 0, Dp(0) = 1, P12 ¢ (D), zeD”\{O}},

%j

where p(z) = (p1(2), ... ,pn(2))’ is a column vector in C, |z;| = ||z|| =
maxi<k<n{lzk}-

A normalized biholomorphic mapping f : B — X is said to be starlike
if f(B) is a starlike domain with respect to the origin. As is well known
to us, the following classes of mappings are also subclasses of starlike
mappings.
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Definition 2 [8]. Suppose 0 < a < 1. A normalized locally
biholomorphic mapping f : B — X is said to be a starlike mapping of
order « if

‘” T Df(z))~ " f(x)] - 22 <i, for all z € B\ {0}.

2

If X = C"”, B = D", then it is obvious that the above condition is
equivalent to

1
— —, fi 11 D™\ {0
> 5 <2oz’ or all z € \ {0},

where g(z) = (91(2),---,9.(2)) = (Df(2)) "' f(z) is a column vector
in C", |2j| = [|z]| = maxi <k<n ]2k}

Definition 3 [1]. Suppose 0 < ¢ < 1. A normalized locally
biholomorphic mapping f : B — X is said to be a strongly starlike
mapping if

< 2c
1—¢2’

1+¢2

Df(z)) " f(z)] - - for all z € B\{0}.

If X = C*, B = D", then it is clear that the above condition is
equivalent to

2c

. 1 2
gJ(z)_ tc < 7
1—¢2

> T2 for all z € D™\{0},

where g(2) = (91(2),---,9.(2)) = (Df(2))"1f(2) is a column vector
in C", |2;| = [|2|| = maxi<p<n{|2kl}-

When X = C", B = B", the above definition was firstly introduced
by Chuaqui [2].

Definition 4 [3]. Suppose 0 < a < 1. A normalized locally
biholomorphic mapping f : B — X is said to be an almost starlike
mapping of order « if

Re {T.[(Df(z)) *f(z)]} > a||z||, forallz € B\ {0}, T, € T(z).
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If X = C*, B = D", then it is clear that the above condition is
equivalent to

9;(2)

where g(2) = (g1(2),..- ,9n(2)) = (Df(2)) " 1f(2) is a column vector
in C", |zj] = ||z]| = maxi<p<nflznl}-

>a, forall ze D"\{0},

Definition 5. Suppose 0 < a < 1. A normalized locally biholomor-
phic mapping f : B — X is said to be a strongly starlike mapping of
order « if

arg — || T T.[(Df () " f(x)]

If X = C*, B = D", then it is clear that the above condition is
equivalent to

< ga, for all z € B\{0}.

arg g]z( )‘ < 2a fOI‘ all z e Dn\{o}’
J

where g(z) = (91(2),... ,9.(2)) = (Df(2)) "' f(2) is a column vector
in C", |2;] = [|z|| = maxi<k<n{|2xl}-

When X = C", B = B", Kohr and Liczberski [11] firstly introduced
the above definition.

Definition 6. Suppose f,g € H(D). If there exists a function
¢ € H(D,D), »(0) = 0 such that f = g o ¢, then we say that f is
subordinate to g (written f < g).

2. Some lemmas. In order to prove the desired results, we first
give some lemmas.

Lemma 1 [9]. Suppose z(t) : [0,1] — X is differentiable at the point
s which belongs to [0,1], and ||z(t)|| is differentiable at the point s with
respect to t. Then

el ()l -

d(ll=(®)1)
dt

t=s t=s
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Lemma 2 [16]. Suppose f is a starlike mapping on B, xz € B\ {0},
z(t) = f~1(tf(z)) (0<t <1). Thens

(a) ||z(t)]| is strictly increasing on [0, 1] with respect to t;

(b) If (@) = lim [lz()]|/2, da(t)/dt = (1/H)[Df(x(t)] " f(2(?)), t €
(0, 1).

Lemma 3. If h € Mg, then

2]l - min{g([|2[)), g(=l|z[})} < Re T (h(z))

(2) < lzf| - max{g([|z[[), g(=l=[])}

for all z € B.

Proof. Fix x € B\{0}, and denote z¢g = z/||z||. Let p: D — C be
given by

Then p € H(D), p(0) = g(0) =1 and, since h € M, we deduce that

1 1
P = ETI(h(ng)) - gTwo(h(ﬁxo))
- mT&O(h(ﬁxo)) €g(D), €€D.

Therefore, p < g, and from the subordination principle it follows that
p(rD) C g(rD), r € (0,1), where rD = {z € C : |z| < 7}. On the other
hand, combining the maximum and minimum principles for harmonic
functions with (1), we deduce that

min{g([¢]), 9(=|¢)} < Rep(§) < max{g([¢]),g(-[{)}, €€ D.

Setting £ = ||z|| in the above relation, we obtain (2), as desired. o
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3. Main results and their proofs.

Theorem 1. Let f: B — X be a normalized locally biholomorphic
mapping. If (Df(z))"'f(z) € Mg, then

el ) ay
e [ | ey~ s < el
el ) ay
<lallew [ s -1 %, zen.

Proof. Since (Df(z))~'f(z) € M, we deduce from Lemma 3 that

]| - min{g(||z[l), g(~llz])} < ReTu(Df(x)) " f(x)

3
@) < Izl - max{g(z1), o(~ 2D}
for all x € B. Clearly, in view of the assumption of Theorem 1,
we conclude that f belongs to either starlike mappings class or its
subclasses. Fix z € B\ {0} and let z(t) = f~1(¢tf(z))(0 < t < 1).
According to (a) of Lemma 2, we obtain that ||z(t)]| is strictly increasing
on [0,1]. Hence, ||z(t)| is differentiable on [0, 1], almost everywhere.
From Lemmas 1, 2 (b) and (3), we deduce that for ¢ € (0, 1]

4) (=@ - min{g([[z(®)[]), g(—ll=()I])}
dl|z@)]|

(5) <t < llz@)l - max{g([lz(@)I), g(~ll=(®)])},

and we may rewrite (4) and (5) as

1 dl(1)]
@) max{g (=@, o=@} de
_1 1 dlz(1)]
=1 Te@T - min{o(le@), o@D} dt

Integrating both sides of the above inequalities with respect to ¢t and
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making a change of variable, we obtain

Iz dy
/”z(sn ymax{g(y), 9(~y)}

:/1 1 dllz@ll ,,
=@l max{g(ll=®)ll, g(=llz(®)]))} dt
<[ o
and
I dy
/”z(sn ymin{g(y), g(~y)}
:/1 1 dllz®ll
¢ llz@®l min{g([[z(), g(~ll=@)I))} dt

1
1
[
e T

where 0 < € < 1. It is elementary to verify that

l|lz(e)]l =l 1 1|y
(6 log € Z/|w(6)| [max{g(y),g(—y)} l}y+1g|x||’

and

llz(e)l 1=l 1 %
(7)o € S/msn [min{g(y),g(—y)} l}yﬂog”x”'

If we now let £ — 0+ in the above inequalities (6), (7) and use Lemma
2 (b), we have

el ) dy
”xHeXp/o [maX{g(y),g(—y)} - 1] y <@l
B ) dy
: ”x”eXp/o [min{g(y),g(—y)} - 1] Yy e

as claimed. This completes the proof of Theorem 1. O
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Remark. When B is the unit ball in C™ with respect to an arbitrary
norm, Theorem 1 was obtained by Graham et al. [5]. However, their
method of proof is different from that of Theorem 1.

As corollaries to Theorem 1, we have the following growth and
covering results for starlike mappings and its subclasses.

Corollary 1. If f is a starlike mapping on B, then

2|

2z €B.
a—J=2 °

(8) A+ )? <f@) <

Consequently, f(B) D (1/4)B.

Proof. Let g(&§) = (1+¢&)/(1=¢), £ € D. Clearly, g is a biholomor-
phic function on D that satisfies the assumptions of Definition 1. If
(Df(z))"'f(z) € My, then ReT,[(Df(z))"'f(z)] > 0, z € B, ie., f
is a starlike mapping on B. Using Theorem 1, we obtain (8). This
completes the proof. a

Remark 1. Corollary 1 was obtained by Zhang and Dong [16] and was
obtained by Barnard et al. [1] in the case X = C™ with the Euclidean
structure.

Corollary 2. If f is a starlike mapping of order a (0 < a < 1) on
B, then

2|

o x € B.
(1 =[]z *

e < @ <

Consequently, f(B) D 1/(22(1=)B,

Proof. Let g(§) = (1—-¢&)/(1+ (1 —-2w)¢), £ € D. It is elemen-
tary to verify that g is a biholomorphic function on D and satis-
fies the hypotheses of Definition 1. If (Df(z)) !f(z) € M, then
11/ ||2]|Te[(Df ()~ f(2)] — 1/2a] < 1/20, 2 € B\ {0}, ie, fisa
starlike mapping of order « on B. By Theorem 1, we obtain (9). This
completes the proof. o
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Remark 2. Corollary 2 was obtained by Hamada et al. [8] using the
analytical characterization of starlike mappings of order a.

Corollary 3. If f is a strongly starlike mapping on B, then

2|

(10) T clal)?’

T € B.

T S @) <

Consequently, f(B) D 1/((1 + ¢)?)B.

Proof. Let g(§) = (1+¢€)/(1—c€), € € D. Obviously, we deduce
that g satisfies the hypotheses of Definition 1. If (D f(z))~" f(z) € M,,
then [1/]2l|T,[(Df(2)~ f(2)] — (1 + ) /(1 — )] < 2¢/(1 - ¢2), i,
f is a strongly starlike mapping on B. From Theorem 1, we obtain
(10). This completes the proof. O

Remark 3. The estimations of Corollary 3 are sharp. In order to see
that these estimates are sharp on B, it suffices to consider

(11) f(x)zm, 0O<ec<1, z€B, ucdB.

It is clear that f is a normalized holomorphic mapping on B. Straight-

forward calculation shows that

2czT, () 1
A= @) 0= @)

(Df(z))"" = (1 cTu(z))? (I B %) |

Df(z) =

where 273, (-) : X — X is a continuous linear functional. So f is a
normalized locally biholomorphic mapping on B, and we have

1 1— cT,(z)
o T OF@) @] = 1

0<c<l1l, zeB\{0}, wedB,
that is,

1+ ¢? < 2c
1—¢2 1—¢2’

To[(Df ()7 f(2)] — for all z € B\{0}.
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Hence, f is a strongly starlike mapping on B. Take x = ru or
z = —ru(0 < r < 1), u € IB; we deduce that the estimations of
Corollary 3 are sharp.

Corollary 4. If f is an almost starlike mapping of order o (0 < a <
1) on B, then

(12)
[z
A5 (1 20z = /@

g e
= (1= (1= 2a) o] EO-0=22)"
1

(13) 1(B) > Ga—aymi—ami—z &

forreB,0<a<l1l,a#1/2 and

(14)  zllexp(=[lz]l) < If (@) < [l=]| exp(llz[), f(B) > EB,

forz € B, a=1/2.

Proof. Let g(§) = [1+ (1 —2a)¢]/(1=¢&), € € D. Tt is not dif-
ficult to check that ¢ is a biholomorphic function on D and satis-
fies the hypotheses of Definition 1. If (Df(z)) 'f(z) € M,, then
ReT,[(Df(z)) " f(z)] > aflz||, z € B, ie., f is an almost starlike
mapping of order & on B. By Theorem 1, we obtain (12) and (14).
This completes the proof. i

Remark 4. Using a similar method as in the Remark of Corollary 3,
we deduce that

2/(1 — (1 = 20)T, (2)) 0=/ 1-20)
flz) = a€l0,1), a#1/2, z € B,
zelu (@) a=1/2, z € B,
where u € OB is an almost starlike mapping of order a on B. Taking

z=ruor —ru(0 <r < 1), u € IB, we conclude that the estimations
of Corollary 4 are sharp.
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Corollary 5. If f is a strongly starlike mapping of order o (0 < o <
1) on B, then
(15)

Il T~y \® Ty
leleso [ (132) 1| <us

ol /12 0\® 14

<teten [(5) Y

for z € B. Consequently, f(B) D r(a)B, where r(a) = exp fol[((l —y)/
(1+y)* —1(dy/y).

Proof. Let g(§) = (1 +£)/(1 —&))*, € € D. The branch of the power
function is chosen such that ((1 4 &)/(1 — £))¥|e=0 = 1. It is easy to see
that g satisfies the hypotheses of Definition 1. If (D f(z)) ™! f(z) € M,,
then |arg 1/||z||T.[(Df(x)) 1f(z)]| < (7/2)a, for all z € B\{0}, i.e., f
is a strongly starlike mapping of order a on B. In view of Theorem 1,
we obtain (15). This completes the proof. o

Remark 5. When X = C", B = B™, Corollary 5 is the corresponding
result of [10]. In addition, the estimations of Corollary 5 are sharp. It
is easy to check that

Tu(@) 171 — ¢\ dt

p— —_— _1_

@) =zew [ Km) ]t,
0<a<l, z€B, ue€iB,

is a strongly starlike mapping of order o« on B. Taking x = ru or
—ru(0 <r < 1), u € 0B, we deduce that the equalities of (15) hold.

Let f(z) be a normalized locally biholomorphic mapping on B such
that (Df(z)) !f(z) € My. We shall obtain some estimates for the
second order Fréchet derivative of f(x) on the unit ball of a complex
Banach space and on the polydisc in C", respectively. It seems to be
more difficult to estimate the higher order Fréchet derivatives by this
method.

Theorem 2. Let f: B — X be a normalized locally biholomorphic
mapping. If (Df(z))~'f(z) € My, then

T (D?£(0)(z*))]
2!

<lgO)zl*, zeX, T,eT(z)
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Proof. Fix # € X\{0}, and denote zy = =z/[|z| and h(z) =
(Df(z))~f(x). Let p: D — C be given by

Using similar arguments as in the proof of Lemma 3, we deduce that
p < g, which implies |p’(0)] < |¢'(0)| by the subordination principle.
Noticing that

p(g):1+wg+..., fGD,
we obtain
(10 LOROED < i o)lelf, = x.

Since f(z) = Df(z)h(x), we have

L DAO)?)

T

D*h(0)(=?) )

= (I+D*f(0)(x,) +---) (Dh(0)z + —=

Comparing the second order terms two sides of the above equality, we
obtain
D?f(0)(«*) _  D2h(0)(z?)

(17) 2 - 2

Thus we deduce from (16) and (17) that

T (D?£(0)(=))]
2!

<1 0)|l|z||?, ze€X, T,eT(z).

This completes the proof. o

Theorem 3. Let f : D™ — C" be a normalized locally biholomorphic
mapping. If (Df(2)) "1 f(z) € Mg, then

1D2£(0)(z*)ll

o<1 O, e c
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Proof. Fix z € Z™\{0}, and denote zy = z/||z]| and h(z) =
(Df(2))"'f(2). Let p: D — C be given by

(€)= { ihj(EZO)HZH)/gzj Eig,

where |z;| = ||z]| = maxi<p<n{|zx|}. Then p; € H(D), p;(0) =
g(0) = 1, and since h € M,, we deduce that h;(§) € g(D), £ € D.
Therefore we deduce that h; < g, which implies |p’(0)| < |¢'(0)| by the

subordination principle. Noticing that p;(§) = l+wf+- -

21z,
with the similar method and reasoning as in the proof of Theorem 2,
we obtain , ,
|D=f;(0)(20)"
SR < g o)1

If 29 € 09 D™, then we have

D2f' 0 20 2 .
%# <1gO) j=1,2...,n.
Also since D?£;(0)(2?) is a holomorphic function on D", in view of
the maximum modulus theorem of holomorphic function on the unit
polydisc, we obtain

D?£;(0)(20)*
M <|g'(0)], z€0D", j=1,2,...,n;
that is,
D%f;(0)(22 no
WLREN <o)z, ze e, =120
So ) )
D2 (O] n
5 <O, zeCm

This completes the proof. O

Using Theorems 2 and 3, we can obtain the following results. Now
we only state them and the proofs are omitted.
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Corollary 6. If f is a starlike mapping on B, then

2 2
IfX — Cn,B = Dn’ then
D? g
IDEFOEN < g2, 2 e

Remark 6. When B is the unit ball in C™ with respect to an arbitrary
norm, Corollary 6 was obtained by Graham et al. [5] using the method
of Loewner chains.

Corollary 7. If f is a starlike mapping of order a (0 < a < 1) on
B, then

|T1(D21;('0)(902))\ <201 -a)|z|?, z€X,T, €T (z)
If X =C", B=D", then
Mﬁ%gﬁmé2u—®ww,zec”

Corollary 8. If f is an almost starlike mapping of order o (0 < a <
1) on B, then

|Tz(D2f2('0)(fU2))| <2(1-a)lzl?, z€X, T, € T(z).
IfX =C", B=D", then
D2f(0)(22
IDTOEDN < o1 - appef, = e .

Remark 7. Recently, Corollaries 7 and 8 have been proved by Liu and
Liu [14], where the authors make use of the analytical characterizations
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of starlike mappings of order o and almost starlike mappings of order
a, respectively. In the same paper, the authors also showed that
Corollaries 7 and 8 are sharp.

Corollary 9. If f is a strongly starlike mapping of order o (0 < a <
1) on B, then

| (D?£(0)(=))]
2!

(18) <20flel?, z€X, T, € T(a).

If X =C", B = D", then

ID2£(0)(=%)]

(19) o1

< 20f2]?, zecCm

Remark. The estimations of Corollary 9 are sharp. From the Remark
of Corollary 5, we know that

Tu@ T4\ ] dt

= - _1_

s =een [ [(157) 1|
0<a<l, z€B, u€iB,

is a strongly starlike mapping of order . Taking x = ru(0 < r < 1),
u € OB on B, we deduce that the equality of (18) holds.

When X = C™, B = D", it is easy to check that

f(z) = (Z1eXp/0z1 Kijz)al}?,zm... ,zn>,

0<a<l, zeD"

is a strongly starlike mapping of order @ on D™. Take z; = (0 < r <
1),z =0, j=2,3,... ,n; the equality of (19) holds.

Corollary 10. If f is a strongly starlike mapping on B, then

| T (D?£(0)(z?))]

(20) 91

<2z|?, 0<ec<l, z€X, T, € T(z).
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If X = C",B = D", then

ID?£(0) (%)

(21) o1

<2cz]|?, 0<ec<l1, z€C"

Remark. The estimations of Corollary 10 are sharp. From the
Remark of Corollary 3, we know that

T

= ey

0<c<l1, z€B, ucidB,

is a strongly starlike mapping on B. Taking x = ru(0 < r < 1), the
equality of (20) holds.

When X = C™, B = D", it is not difficult to verify that

!
f(z):<(1_2#1)2,22,...,2n>, 0<C<1,Z€Dn

is a strongly starlike mapping on D". Taking z; = 7(0 < r < 1),
zj =0,j=2,3,...,n, the equality of (21) holds.

Remark. Let f(z) be a normalized locally biholomorphic mapping
on B such that (Df(z)) 'f(z) € My and = = 0 is the zero of order
k+ 1(k € N) of f(x) — z. In another paper, we also investigate the
growth and covering theorems, as well as coefficient estimates for f(z),
and obtain the corresponding results.
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