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LEGENDRE SURFACES WITH
HARMONIC MEAN CURVATURE VECTOR FIELD
IN THE UNIT 5-SPHERE

TORU SASAHARA

ABSTRACT. We obtain the explicit representation of Leg-
endre surfaces in the unit 5-sphere with harmonic mean curva-
ture vector field, under the condition that the mean curvature
function is constant along a certain special direction.

1. Introduction. It is well known that an odd-dimensional
unit sphere $?"*! is equipped with the standard Sasakian structure
(g,0,m, ), see Section 2. The study of minimal Legendre submanifolds
in §2"*! is a very active field and closely related to one of minimal
Lagrangian submanifolds in complex projective space.

A natural generalization of a minimal submanifold is a submanifold
with parallel mean curvature vector field. However, Legendre subman-
ifolds in S?"*! with parallel mean curvature vector field are in fact
minimal, see [9]. So, in case the ambient space is S?"*1, as a gener-
alization of minimal Legendre submanifolds, it is natural to consider
Legendre submanifolds whose mean curvature vector field H is har-
monic with respect to the normal Laplacian AP, that is,

(1.1) APH =0.

The purpose of this paper is to study the class of nonminimal Leg-
endre surfaces satisfying (1.1) in the unit 5-sphere. On nonminimal
Legendre submanifolds, there exists a special vector field: ¢H. More-
over, in case the dimension is 2, up to signs, there is a unique unit
vector field normal to ¢H. We denote it by (#H)*. In this paper,
under the condition that the square of the mean curvature function is
constant along one of ¢H and (#H)*, we completely determine non-
minimal Legendre surfaces satisfying (1.1) in the unit 5-sphere.
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Theorem 1. Let f : M? — S5 C C? be a nonminimal Legendre
surface satisfying APH = 0 in the unit 5-sphere. Then the mean
curvature function of M? is not constant.

If H satisfies pH||H||? = 0, then f is locally given by
(1.2)

/1 14+ V5, 1 1-v5, :
f(z,y) = (ﬁ eXp( 2 Z@/) cosz, EeXp<sz> cos:c,sma:).

If H satisfies (pH)*||H||> =0, then f is locally given by
(1.3) f(=z,y)

=— <i—|—sin x, (sec z-+tan )" cos  cos y, (sec z+tan )’ cos z sin y> .

V2

2. Legendre submanifolds in the unit sphere. Let C"*! be the
complex Euclidean (n + 1)-space together with the canonical complex
structure J. Denote by S?"*! the unit sphere with the standard
induced metric g in C™*!. The position vector field x of S2"*! is a unit
normal vector field of $?"*1 in C"*! and the vector field ¢ := —Jx is
tangent to S2"**!, Define a 1-form 1 and an endomorphism field ¢ on
M by the formula:

JX = X +n(X)x, X € TM.
It is easy to see that (g, p,n, ) satisfies
¢ =—I+n®¢  dy(X,Y)=g(X,eY).
Thus (g, ¢,n,€) is a contact metric structure of $2"+1.
Denote by V the Levi-Civita connection of $2"*!. Then
Vxé=—pX, (Vxp)Y =g(X,Y)¢ - n(Y)X.
These formulas imply that $?"*! is a Sasakian manifold.

An immersed n-submanifold 2 : M™ — §?7+1 is said to be a Legendre
submanifold if x*n = 0. The formulas of Gauss and Weingarten of x
are given respectively by
(2.1) VxY =VxY +h(X,Y),

VxV =-AyX + DxV,
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where X, Y € TM", V € T*M", V, h,A and D are the Levi-
Civita connection of M™, the second fundamental form, the shape
operator and the normal connection. The mean curvature vector
H is given by H = (1/n)traceh. Its length ||H|| is called the
mean curvature function of M™. The normal Laplacian is defined by
AP = 37" (De, D, — Dy, e,), where {e;} is a local orthonormal
frame of M™.

For Legendre submanifolds we have [1]
(2.2) Agy X = —¢h(X,Y) = AgxY, A¢=0.

Moreover, a straightforward computation shows that the equations of
Gauss, Codazzi, Ricci of Legendre submanifolds in the unit sphere are
equivalent to

(2.3) (R(X,Y)Z, W) = ([Agz, Asw] X, Y)
+ <X7 W><Y, Z> - <X7 Z><Y’ W>,
(2.4) (Vxh)(Y,Z) = (Vyh)(X, Z),

where Vh is defined by (Vxh)(Y,Z) = Dxh(Y,Z) — h(VxY,Z) —
h(Y,VxZ).

3. The proof of Theorem 1. We assume that the mean curvature
function is nowhere zero. Let {e;}, i = 1,...,5, be an orthonormal
frame along M? such that e; and e; are tangent to M2, ¢e; = es,
pes = eq, & = e5 and H = (a/2)¢ey, with o > 0. Then, it follows from
(2.2) that the second fundamental form takes the form:

h(e1,e1) = (o — c)ger + boes,
(3.1) h(e1,e2) = bpey + coea,
h(ez,e2) = cpe; — boea,

for some functions b and c.

We put w?(ex) = (Ve e:,€;). From (2.4) we get
(3.2) erc+ 3bwi(er) = eab + (@ — 3c)wi(es),
(3.3) —e1b + 3cwi(er) = eac + 3bwi(ez),
(3.4) ea(a — ¢) — 3bwi(ez) = e1b + (o — 3c)wi(er).
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Suppose that M? satisfies APH = 0. Then we have the following
three lemmas, see [8, pages 290, 291].

Lemma 2.
(3.5) Apa+afl + (wie1))” + (wi(e2))’} = 0,
(3.6) 2(er)wi(er) + 2(e2a)wi(e2) + afer(wi(er)) + e2(wi(e2))} =0,
(3.7) era + awi(eg) =0,
where Ay is the Laplace operator acting on C°(M).
Note that « is not constant by (3.5), since « is nowhere zero.

Lemma 3. There exist local coordinates x and y such that

e1 = aly,

ex = a0y,
W%(el) = Qy,
wi(es) = —ay.

Lemma 4. The following relation holds:

(3.8) b = 5 - .

The allied mean curvature vector a(H) is defined by

5

Z (trace A Ae.)er,

r=4

see [2, page 197]. If a(H) vanishes identically on M?, it is called a
Chen surface.
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Suppose that M? is not Chen surface, i.e., b # 0. Then we have c # 0
and a # 2c¢ from (3.8). We may assume that b > 0, if necessary by
changing the sign of e;. By differentiating (3.8) we get

(a0 — 4e)c; + a;c
: b = LT RO T e
(3.9) I

where i = x, y.

Using (3.9) we replace (3.2) and (3.3) by the derivatives with respect
to z and y as follows:

@10 (o sy ") (%)

_ <—(a —3c)a, — ((12b% — ac)/(4b))ay)
((126% — ac)/(4b)) oy + 3cay, '

First we investigate the case of ¢H||H||?> = 0, i.e., @y = 0. Then
using (3.8) and (3.10) we get

8b
(3.11) Co = —a—;ay,
5ac — 8c?
(3.12) ¢y = Ty

By a long but straightforward computation, we obtain
(3.13)

2 3
c c
begy = (—24a§ — daayy) <E> + (112043 + 8aayy) (E)

c 4
—128a2( =
gol
2 3 4
_ 2( € 2 € 2f C
(3.14) bcyz_—zoay<a> +104ay<a> —128ay(a> .

Since bcgy = beye, we find that o + oy, = 0 from (3.13) and (3.14).
But it contradicts (3.5).
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Next, we investigate the case of (¢H):||H|*> = 0, ie., a, = 0.
Similarly, as in the case of o, = 0, we have

—3ac + 8¢?
(3.15) Cp = Ta’”

4ab — 8bc
(3.16) Cy = Tam,

2 3 4
(3.17) beyy = —6a? (5)+56a§ (5) —152a§<3> +12802 (5) :
« o « «

(3.18)

2
beys = (—402 + 2002) [ = ) + (4802 — 8aass) [ =
cyn = (40 + 200,) (£ ) + (4802 - 800s0) (£

C 3 C 4
— (14402 —Saam)<—> + 128a§<—> :
« «

Using begy = bey, we get a2 + aaz, = 0 from (3.17) and (3.18);
however, it contradicts (3.5).

Therefore, we conclude that b must be 0, i.e., M2 must be a Chen
surface if H||H||> = 0 or (pH)*||H||*> = 0. Applying the classification
of Legendre Chen surfaces satisfying AP H = 0, see [7, Theorem 8 and
Corollary 9], we can prove the statement.

4. Other examples of Legendre surfaces satisfying AP H = 0.
In this section, we show a way to construct Legendre surfaces satisfying
APH =0, (pH)* || H|* # 0 and ¢H| H]|* # 0.

One can obtain the following existence and uniqueness theorem by
the similar way to those given in [4, 5], cf. [3].

Theorem 5. Let (M™,{-,-)) be an n-dimensional simply connected
Riemannian manifold. Let o be a symmetric bilinear T M™-valued form
on M™ satisfying

(1) (o(X,Y), Z) is totally symmetric,

(2) (Vo)(X,Y,Z2) =Vxo(Y,Z)—-0(VxY,Z)—o(Y,VxZ) is totally
symmetric,
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(3) R(XaY)Z = <K Z>X7<Xa Z>Y+U(U(K Z),X)*O’(O’(X, Z),Y)
Then there exists a Legendre isometric immersion x : (M"™,(-,-)) —

St such that the second fundamental form h satisfies h(X,Y)
¢o(X,Y).

Theorem 6. Let 2!, 2% : M™ — S?"*1 be two Legendre isometric

immersions of a connected Riemannian n-manifold into the unit sphere
S2n+ with second fundamental forms h' and h%. If

(R1(X,Y), ¢z, Z) = (W*(X,Y), $aZ)

for all vector fields X, Y and Z tangent to M™, there exists an isometry
A of 82"t such that x' = Ao z2.

Let f(t) be a solution of the following ODE:

¢f 1 o

4.1 -4 -
(4.1) ez~ 2°

We put a(z,y) := /@Y. Let (M2,g = (1/a?)(dz?® + dy?)) be a
Riemannian 2-manifold. We define a symmetric bilinear form o on M?>
by

( ) n
oler,e1) = —ae; + —e
1,€1 4 1 4 2
(4-2) 0(61,62) = —4 e1 + —4 €2,

( ) i S

o(es,e9) = —e e
2,€2 2 1 1 25

where e; = a0, and e; = ady. By a straightforward computation, we
find that ((M?, g), o) satisfies (1), (2) and (3) of Theorem 5. Therefore,
there exists a unique Legendre surfaces in S° whose second fundamental
form h is given by h = ¢o. Moreover, such a surface satisfies AP H = 0,
(6H)-|HI? # 0 and 6H | H||? # 0.
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