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COMPOSITION OPERATORS BETWEEN
BLOCH-TYPE SPACES
AND MOBIUS INVARIANT Qx SPACES

JORDI PAU

ABSTRACT. A characterization of the boundedness and
compactness of a composition operator Co,f = f o ¢ acting
from the Bloch type spaces B¢ to the Mobius invariant spaces
QK is given. In particular, estimates for the essential norm
of such an operator are obtained.

1. Introduction and main results. Let ¢ : D — D be an
analytic map of the unit disc D = {z : |2| < 1} into itself. The map
¢ induces a linear composition operator Cyf = f o ¢ on space H(D)
of all analytic functions on the unit disc. A fundamental problem in
the study of composition operators is to characterize in terms of the
function theoretic properties of ¢, the boundedness and compactness
of restrictions of Cy to various Banach spaces of analytic functions.

Recall that a bounded linear map 7' from a Banach space X into a
Banach space Y is called compact (weakly compact) if it maps the closed
unit ball of X onto a relatively compact (a relatively weakly compact)
set in Y. The essential norm of T is defined to be the distance to the
compact operators, that is,

IT||e = inf{||T — S|| : S is compact}.

Since ||T||e = 0 if and only if T is compact, estimates for ||T||. give
conditions for T" to be compact.

For s > —1, consider the weighted Dirichlet space Dy of all analytic
functions on the unit disc D for which

1713, = /D PR (L ) dAG) < oo,
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For s > 0, let Qs be the space of all analytic functions on the unit disc
with

I1£115, =3161pD/D|f'(Z)\2(1— lpw (2)[*) dA(2) < o0,

where ¢, (2) = (w — 2)/(1 — wz) is a Mébius map. We note that @, is
the Mobius invariant space generated by Dg, that is,

171

6, = sup [|f o pullb,-
weD
Note that Qg = D is the classical Dirichlet space, Q1 = BMOA, the
space of all analytic functions of bounded mean oscillation, and for
s > 1, @, coincides with the Bloch space B of all analytic functions on
D with
I£1ls = sup (1 — [2*) |f'(2)] < oo.
z€D

Let a > 0. The Bloch-type space B“ consists of all analytic functions
on D such that

| fllg= = sup (1 — |2*)* |f'(2)] < oo.
zeD

We also consider the little Bloch type space B of those functions in
B with
lim (1 |2*)%|f'(2)| =0.
|z|—1—

For composition operators on weighted Dirichlet spaces Ds with —1 <
s < 1, a characterization of the boundedness and compactness can be
found in [12]. Compactness of Cy in BMOA is studied in [1, 7]. For
composition operators between Bloch-type spaces, we refer to [3, 4, 8].

For 1 < p < oo and a nondecreasing function K : (0, +00) — (0, +00),
consider the Besov type space BE. of all analytic functions f on the unit
disc for which

£V = /D /()P (1= [2]*)P* K(1 = |2[*) dA(2) < oo.

Let Qk(p) be the bounded Mobius invariant space generated by Bf.,
that is, an analytic function f is in Qg (p) if

P P
||f||K,p = 316119]3 |fo <Pw||B§ < 00.
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Note that for p = 2 and K (t) = t° with s > 0 we obtain the Q; spaces
defined before. We assume throughout the paper that

(1) /01(1r2)1’21<<1og%>rdr<oo.

Otherwise, the space Qg (p) only contains constant functions (see [9]).
Also, from [9], we have that Q (p) C B.

In this note we study composition operators from B* into Qg (p),
and a description of the boundedness and compactness of Cy is given
in terms of the function ¢. We also prove that the essential norm of
Cy : B* = Qk(p) is equivalent to the quantity

i sup [ I P (o)) dAG),
r=1- web Jjg(z) > (1= |(2)[2)P

generalizing the result given in [2], where the result is obtained for the
case « = 1, p = 2 and K(t) = t*, that is, for composition operators
from B to Q.

We use the notation a < b to indicate that there is a constant C > 0
such that ¢ < Cb, and the notation a ~ b (a is comparable with
b) means that @ < b < a. The paper is organized as follows. In
Section 2 we study composition operators from B* to Qk (p) and prove
the main results of the paper, and Section 3 is devoted to the study of
composition operators from Qg (p) to B*.

2. Composition operators from B* to Qg(p). We begin this
section with a description of when a composition operator from B* to
QK (p) exists as a bounded operator.

Theorem 1. Let o € (0,400), 1 < p < o0, and ¢ : D — D be
analytic, and let K : (0,4+00) — (0,4+00) be a nondecreasing function.
A composition operator Cy : B* — Qg (p) is bounded if and only if

l¢'(2)[P _[5]2)P2 _ 2|2 » 00
sup [ (= 2K (= fpu(2)) 4A () < o

Proof. Let

v [P e
Mﬁgéwwwwﬂ|m K(1 - |pu(2)?) dA(2).
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Suppose first that M < co. Then, given f € B* we have
1Cs f Il
= Sup/ [F (3P ¢ ()P (1= [2*)P 72 K(1 — [pu(2)|*) dA(2)
< M| £l

that is, Cy : B* — Qg (p) is bounded.

Suppose now that ||Cyf||x,p < C|f||B> whenever f is in B*. From
Theorem 2.1.1 of [10] there exist two functions f; and fo in B such
that

(A +1fE)]) ~ 1 -2 2eD.
Then

M < |[Cyfillkep + 1Cs folli p < CUlF1IB + 1 f2ll5a) <

and the proof is complete. a

It is a well-known result that, under the usual integral pairing, the
dual of the little Bloch space By is isomorphic to the Bergman space
Al of all analytic functions on the unit disc with

Luwwma<m

We will need a similar result for B§ with another natural pairing.

Lemma 2. The map h — (-,h)pa defines an isomorphism from
Al @ C onto the dual of By. Here

(f,9 w—/f ) (1 |22)7 dA(z) + £ (0)
for f € B* and h = (g,c) € A'® C.

Proof. Consider the space A~ of all analytic functions on D with

[£lla-e = sup (1 — |2[*)*|f(2)] < oo,
z€D
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and its closed subspace Ay * consisting of all functions f € A~* with

lim (1—|2")%|f(2)] = 0.

|z|—1

These spaces are denoted by A (¢) and Ag(p) in [6] with ¢(z) =
(1 — |2*)®. Choosing ¥(z) := 1, the pair {p,9} is a normal pair of
weight functions in the sense of [6, page 291]. Therefore, by Theorem 2
of [6], the map g + (-,g) 4-« defines an isomorphism from A! onto the
dual of Ay %, where

(Frg)ae = [ 7)) (A )" dAG).
D
Therefore, duality
(Aaa@C)* :(Ao_a)*@c*:Al@C

holds with the pairing (y,h) = (f,9)a-« + bc, where y = (f,b) €
Ay*® Cand h = (g,c) € A'® C.

We also note that the map I : f — (f’, f(0)) is a linear isometric
bijection from B to Ay “ @ C, with the direct sums endowed with the
sum-norm. Therefore, the result follows from the above remarks and
the fact that

<f7h>B°‘ = <If7h>
holds for f € B* and h € A' @ C. O

We also need the following result due to Yamashita, see [10, page 13]
or [11].

Lemma 3. Let 0 < a < oo, and let f(z) = Y ;o axz™ be a
Hadamard gap series, that is, ng+1 > Cng for some constant C > 1
and all k € N. Then f € B* if and only if supy, |ax| nj * < co. Also,
f € BY if and only if limg |ay| n,~* = 0.

Now we are going to study the compactness of a composition operator
from B* to Qk(p) when K is a nondecreasing weight. With the same
proof given in [2] (where the case « = 1, p = 2, and K(¢t) = t° is
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proved) we have that a composition operator Cy : B* — Qg (p) is
compact if and only if it is weakly compact. The following result,
where the essential norm of a composition operator from B to Qx(p)
is estimated, is the main result of the paper.

Theorem 4. Let a € (0,+00), 1 < p < oo, and ¢ : D — D be
analytic, and let K : (0,400) — (0,400) be a nondecreasing function.
Let Cy be a bounded operator from B* into Qi (p). Then

|¢'(Z)|p 2\p—2
C pN 1 _ P
1ol li 3‘2%/@(2)» A= lozpype 1D
K(1 = lpu(2)P) dA(2).

Proof. We adapt the argument given in [2] to our case. We first show
the lower estimate of the essential norm. Choose a sequence {)\,} in D
converging to 1 as n — oo, and let

[e’s) 2k _ . . . . "
Frmo(2) =3 gm0 )

k=1

0<0<2m, n,meN

and

ke

k=1
We note that

Frmo(2) = 22 Anel f (Anet?z) = 22771 YT 29K (3,6 2)
k=1

By Lemma 3 we have that f € B* and f, m, € B, and normalizing
we can assume that ||f||ge < 1 and ||fn,m,0ll8= < 1. Given F € (Bg)*,
let h = (g,c) € A ® C be such that F(fn,m,0) = (fn,m.e, ). Then

sup (£ .0)| < sup / 1 o(@la(2)] (1 |2[2)* dA(z)
< 2m-1 dA
< /D 122" Vg (2)| dA(2),
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which converges to 0 as m — oo by the Lebesgue dominated conver-
gence theorem, since g € A'. Therefore,

(2) lim sup |F(fume)| = 0.

—>00n9

Now we claim that, for any compact operator T : B — Qg(p), we
have that

lim sup || fn,m.ollxp =0.
m—ro0 n79

Indeed, if not, then there is a subsequence (my)7° ; such that for each
k we can find nj and 6y such that for all & we have

(3) ||Tfnk,mk,9k||K7p >c>0,

for some constant c¢. By (2) we have that f,, m..0, — 0 weakly in BF
when k& — oco. But, since T is compact, this is a contradiction with (3).
Therefore, if T is an arbitrary compact operator, we have

1Cs = Tl 2 limsup sup |(Cy = T) fn,m.ollx.»

m—r o0 n

2 Timsup sup(||(Co fo,msllsc.p = |17 fom ol 1c.0)

m—r o0 ’I'L7

V2
m—oo  n,l
Hence, we obtain
ICo2 = timsup sup (sup [ 17216 6P dAk (2)).
—o0  n,0 “weD

where dAk () = (1 — [2]?)P 2 K(1 — |pw(2)]?) dA(2).

Now, given ¢ > 0, choose my € N such that for m > my we have

IC 12 + ¢
> sup /D 6(z) " kzzozak@m(z))?’“-l(e”)?’“ "6/ ()P dAxc u(2)
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for all 6 and all n. Let w € D be fixed. Integrating with respect to 0
and using Fubini’s theorem, we get

ICslZ +
p
E 2ak n¢ 2 71(ei0)2k da)

e [
x |4 ()P dAK w(2)-

By [13, Theorem 8.20], if g is a function given by a Hadamard gap
series, we have

1 27 0 1/P 1 27 or 12 1/2
4 _ oy |p > i ]
@ (g lawenras) "z (5 [ latenyas)

Therefore, by (4) and the Parseval identity, we get

ICs 12+
> 2% (g (2)) 7 ()

gmt1 i 27
2 feer (g |2
/|¢ |2"‘“< 22“’“|A (2 )|2(2'°1’>p/
x |¢'(2) [P dAx,w(2)

2ak 2 2 1 p/2
> > 2 ng )
/{|¢>1 2- <m+l>}<

X |9 (2)|P dAKk w ().

2 p/2
d9>

X |¢'(2)” dAKk w(2)

2

We claim that, for 3/4 < r < 1, we have

(5) Z 22ak7,2k+1—2 > Ca(l _ 7,)—2(1
k=0

for some positive constant C, depending only on «. Indeed, it is
straightforward to see that

(6)

k+1
7“2

2 >exp{—2"2(1-7)}, 1/2<r<1.
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Now, for 3/4 < r < 1, there is an integer k such that a/2 < 28(1 —r) <
(o + 1)/2. Therefore,

1 2a
(7) 22ak exp{72k+2(1 - T‘)} > (06 ;‘ > 672(a+1)(l - 7_)7211,

since for a > 0, the function t**e=*" is decreasing in [a/2, (o + 1)/2].
Now, estimate (5) follows from (6) and (7).

Hence, by (5) we have

oo

Zzzak‘)\nqs(z)ﬁ(?k*l) > Call — Ano(2)[%) 2
k=0

for all z € D with |#(z)] > 1 — 27 (™+1 if n and m are big enough.
Therefore, by Fatou’s lemma we have

ICsllE +e 2 liminf/ ¢ (2)|P o)
n=00 J{50)>1-2-tminy (1= [And(2)]2)Pe
|4 (2)[7
= —————dA wl2).
/{¢(Z)|>12(m+1)} (1—|p(2)|?)Pe Kw(?)

Thus, since w € D is arbitrary, we obtain

!
ICyl|E + e 2 lim sup/ %dAKM(z),
=17 weD J{|4(z)| >} (1 - ‘¢(z)| )p

that proves the lower estimate.

Now we are going to compute the upper estimate. For each £ € N,
define a sequence of compact linear operators Cy : B* — B* by

C;J(z)zf(%ﬂz), z €D.

Let ¥ (z) = (kz)/(k + 1) so that Crf = f o ¢. Then we have
1Csl[e < ICp — CpCr|lP = l|Cy(1d — Ci)|IP
= sw_sup [ (f = Foun GEI ()7 k),

Ifllpa<1weD
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which is less than

sup  sup / I(f = £ o) (B(2)IP |6 (2) P dArc.u(2)
{l¢|>r}

Ifllse <1weD

+ sup sup / I(f = £ o) (B(2) ¢/ (2) P dArc oo (2)
{lo|<r}

[[fllpe <1weD
= I + Ji,

where 0 < 7 < 1 is fixed. To estimate the first term I, note that for
Ifllzge <1 and z € D, we have

(< (1 =127
Since ||f o ¥||g= < ||f]lB=, we obtain

&' (2)IP
Te <2 e AR w(2).
e 3211)3/{@»} 1= o) “Axe()

Therefore, it is enough to show that limy_,o Ji = 0. Since Cpz = ¢ €
QK (p)a we get

M= sup [ 0GP (L PP KL [pu(2)F) 4AE) < oo,
weD JD

Therefore,

Je <M sup  sup |gi(o(2))|7,
Ifllga <1 {l6|<r}

where g, = f — f o ¢,. Since g converges to 0 uniformly on compact
subsets of D, then g;, also converges to 0 uniformly on compact subsets
of D. Hence, we obtain that

lim sup sup |g;€(¢(z))|p:0v
k=00 || £l ga <1 { || <7}

and the proof is complete. a

As an immediate consequence of Theorem 4, we get the following
characterization of compact composition operators from B to Qg (p).
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Corollary 5. Let 0 < a < oo and 1 < p < co. A composition
operator Cy : B* = Qg (p) is compact if and only if ¢ € Qx(p) and

lim sup/ —|¢I(z)|p (1—|z/%)P2
|$

=1 weD Jjg()>r (1= [0(2)[2)P

x K(1 - [pu(2)) dA(z) = 0.

If  : D — D is univalent, we can provide some geometric characteri-
zations of the boundedness and compactness of Cy. This requires some
background on the hyperbolic metric. Recall that the hyperbolic dis-
tance Bp(z, w) between two points z,w € D is defined by Bp(z,w) =
logy(1+ p(2,w))/(1 = p(z,w)), where p(z,w) = |(z —w)/(1-wz)|
We note that

(8) (1—]z])t <202 <91 — o)~

This distance is invariant under Md&bius transformations and therefore
transfers to a conformally invariant metric on any simply connected
proper subset £ of C. If f : D —  is any conformal map, the
hyperbolic distance on Q is given by Bq(wi,w2) = Bp(21,22) where
w; = f(z;) for j =1,2. We denote by d(z,0) the Euclidian distance
from z to the boundary of Q.

Theorem 6. Let 0 < a < o0, 1 < p < oo, and let K be a
nondecreasing function. Let ¢ : D — D be univalent, and let Q = ¢(D).
Then

(i) Cp : B* — Qi (p) exists as a bounded operator if and only if
K (2 Ba(w,?)
sup/ K@) d(z,00)P 2 dA(z) < oo.
Q

wea Ja (1—|[2?)P*

(ii) Cp : B* — Qk(p) exists as a compact operator if and only if
¢ € Ok (p) and

K(2-fawa)

lim sup/ L d(z,00)P"2dA(z) = 0.
PSR Jongasny (e (504G
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Proof. Let 2 = ¢(D). Since ¢ : D — D is conformal, the fact that
a € D is equivalent to the fact that ¢(a) € Q. If ¢ denotes the inverse
map of @, then by (8) we have

1 — |@a(1h(2)))? & 27 (00a(¥(2))) — g=Balé(a))

Also, by Koebe’s distortion theorem we have (1 — |z]?)|¢'(2)] =~
d(¢(z),09). Hence,

[ B KO loa(w))

(1 —|p(w)[?)P=
|6/ ()2 K (1 — |pa(w)[?) P=2 g A(w
/ = \qs wpye LR ERTEAAL)
K 1-— |99a ( ))|2) d(z 69)1)—2 dA(Z)
=Py
~ ﬂ d(z,0Q)P 2 dA(z).

o (1—[z*)re
This, together with Theorem 1 and Corollary 5 leads to (i) and
(ii). O
3. Composition operators from Qg (p) to B%. We begin this

section with two lemmas. The first one is standard and can be found
for example in [5].

Lemma 7. Let 0 > —1 and a,b > 0 be such that a +b— o0 > 2 and
a—o,b—o<2. Then

/ - Cz|aﬁ| Cwl dA(¢) S 1 —wz)*To b,

Lemma 8. Let 1 < p < oo, and let K be a nondecreasing function
such that for some s > 0 we have that t~°K(t) is increasing for
0 <t < 1. Then, for each w € D, the function

fuw(z) = —log(1l — wz)
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belongs to Qx (p) with || fuw||kp < C, where C is a constant independent
of w.

Proof. Let w € D. By assumption, there is an s > 0 such that
t *K(t) is increasing for 0 < ¢ < 1. Therefore,

ullc = sup / ()P (1— [2P)P2K(1— |pa(2)?) dA(2)
) sup / LI (1= 2272 (1 = |ga(2)[2)* dA(2)
< K(].) sup/;) | | )S+p 2( - |a|2)s dA(Z)

B fo =@ L —we

which, by Lemma 7, is bounded by

(1—Jal?)®
|1 _ aw|25+p—s—p+2—2 < C. =

C sup
a€eD

We note that, for s > 0, the function K(t) = t° satisfies the
condition for K given in Lemma 8. Also this condition implies that
[y K(t)/tdt < 0.

For the case of composition operators from Qg (p) to B~ we have the
following description of boundedness and compactness.

Theorem 9. Let a € (0,+0), 1 < p < oo, and let ¢ : D — D be
analytic. Let K : (0,+00) — (0, 4+00) be a nondecreasing function such
that for some s > 0 the function t—*K(t) is increasing for 0 < t < 1.
Then

(i) Cp : Qk(p) — B is bounded if and only if

O e - o
ST qe(p T <

zEDl_

(ii) Cy : Qk(p) = B* is compact if and only if ¢ € B* and

hm sup PG

fm sup e (T =0
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Proof. By Lemma 8, if w € D, then the function

fuw(z) = —log(1l — wz)

belongs to Qx (p). Then one can repeat the proof for the Q5 case given
n [10]. We omit the details. u]

Acknowledgments. The author would like to thank the referee for
his/her comments.

Added in proof. After the acceptance of that paper, the author
noticed the article by M. Kotilainen, “On composition operators in Qk
type spaces,” J. Function Spaces Appl. 5 (2007), 103122, which has
already appeared and contains some overlaps with the present work.
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