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PERIODIC BOUNDARY VALUE PROBLEMS
FOR SECOND ORDER DIFFERENTIAL EQUATIONS

SHIHUANG HONG

ABSTRACT. This paper presents sufficient conditions for
the existence of solutions to periodic boundary-value problems
of second order differential equations. Our results are obtained
via a new fixed point theorem which is developed in the paper
and lead to new existence principles.

1. Introduction. Let J = [0,7] be a compact interval, and let
lel| = max{la(t)] : ¢t € T}, ele = [y |a(t |dt and [|(z,a,b)[lo =
||z||+|a|+|b|] be the norms in Banach spaces C(J), L1(J) and C(J) xR?,
respectively.

This paper is concerned with the existence of solutions for the periodic
boundary value problem of second order differential equations (PBVP)

(1) + glt2(t), (1)) = F(t,(t), (1),
@ {x(m:xm, #(0) = 2/(T),

and the boundary value problem (BVP)

(2) (@'(t) + g(t, x(t), 2'(2)))" = f(t, (t), 2'(£)),
2(0) = A, z(T) = B,

where g € C(J x R?), ¢(0,z,y) = g(T,z,y) for (z,y) € R? and f

satisfies the local Carathéodory conditions on J x R2.

The solvability of periodic problems and boundary value problems
(1), (2) have been widely investigated with g = 0 and one-sided growth
restrictions to the third argument in the nonlinearity f. We refer, for
instance, to [3, 6, 7, 9] and references therein. Reference [8] has
considered periodic boundary value problems (1) and has shown that
the existence of solutions for PBVP(1) is equivalent to the existence
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of fixed points of an operator of the form U + V with U compact and
V a strict contraction in the Banach space C'(J) x R2. In this paper,
we give existence results of positive solutions on compact intervals for
PBVP(1) and BVP(2).

The fundamental tool used in the proofs of our main results is
essentially the fixed point theorem, see Lemma 1, based on Martelli
[6]. However, the hypotheses imposed on the function f and methods
of the proof in this paper are different from [5].

2. Preliminaries. Throughout the paper, we stipulate that
(z1,a1,b1) < (72,a2,b2) if and only if z; < 2, a1 < ag, by < by,
where (2;,a;,b;) € E x R? withi = 1,2 and E = C(J) or E = L(J).
z <yif z(t) < y(t) for all t € J, where z,y € C(J) (z,y € Ly1(J)).

Our results, based on Lemma 1, will be obtained through use of the
following Leray-Schauder fixed point theorem:

Theorem. Let FE be a Banach space and G : E — E a condensing
operator. If the set

M :={y € E:y=M\Gy for some X € (0,1)}
is bounded, then G has a fized point.

Lemma 1. Let P be a closed and convex cone of a Banach space E.
If the operators D : E — E and B : P — P satisfy, respectively,

(a) The operator equation (I — D)z = y has a unique solution
x := Sy € P for each y € P such that the operator S : P — P is
continuous. Here, as usual, I stands for the identity operator on E,

(b) B is completely continuous.

(c) The set N = {& € P : thereezists \ € (0,1) such that
z = AD ((1/X)z) + ABz} is bounded.

Then there exists an © € P such that x = Dx + Bux.

Proof. For any y € P, there exists an z € P such that x — Dz = y.
This implies that S is a mapping from P into P. We have that
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S = (I — D) ! by (a). Define a mapping T by
Tz = SBz.

Evidently, T : P — P is completely continuous by conditions (a) and
(b). Also, z = ATz is equivalent to z = AD((1/A\)z) + ABz for each
A€ (0,1) and z € P. We first show that

(*). If G : P — P is a completely continuous operator and

(3) «:=sup{|z|:z € P and there exists A € (0,1)
such that x = A\Gz} < oo,

then G has a fixed point z € P.
In fact, define the map G:E—P by

~\ [ G(x) ifxeP,
Gle) = {G(O) if z ¢ P.

Evidently, Gis completely continuous on FE, therefore, G is condensing.
For any y belonging to M given in the above theorem, we have
y = AG(y) for some A € (0,1). If y € P, then |y| < a. Otherwise,
y = AG(0), which yields that |y| < |G(0)|. Hence, M is bounded. By
the theorem G has a fixed point z. It is obvious that = € P.

Therefore, the conclusion of the theorem immediately follows by an
application of (*), if we show that the operator T satisfies expression
(3). In order to do this, let z = ATz, ie., x = AI — D) 'Buz.
This guarantees that x = AD((1/\)z) + ABz, i.e., ¢ € N. From the
boundedness of N, it follows that there exists a positive constant ¢ such
that |z| < ¢ for all z € N. By the arbitrariness of z, we have that T
fulfills (3). The proof is completed. u]

Remark 1. If D is a contraction operator, i.e., there exists a constant
@ with 0 < p < 1 such that

|Dz — Dy| < plz — y|

for all z,y € E, then (I — D)~! exists on E in view of Boyd and Wong

[1].
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Let us assume that the functions g and f in (1) and (2) satisfy some
of the following assumptions:

(H1) For any y € C(J) := {z € C(J) : x > 0}, the equation
z + g(t,x,2') = y has a unique solution z := Sy > 0 such that the
operator S : Cy(J) = C4(J) is continuous.

(H2) There exists a constant 0 < k < 1 such that
l9(t, 2, y)| < klyl.

(H3) i) f:JxRixR—=Ry;

(ii) There exist a function o € Lo (J,R) (the norm is denoted by
Il - |lo) and a continuous nondecreasing function § : [0,00) — [0, 0)

with lim;_, o f;(l/,@(s)) ds = +oo such that
£t 2, y)| < a(t)B(ly)).
(H'2) There exists a constant 0 < k < 1 such that
9(t,2,y)| < k(ly — (B — A)/T).

(H’B) (1) fJXR+XR—>R+,

(ii) There exist a function o € Lo (J,R4) (the norm is denoted by
Il - lloo) and a continuous nondecreasing function g : [0,00) — [0, c0)

with lim;_, fot(l/,B(s)) ds = +oo such that
£ (t,z,y)| < a(t)B(ly — (B — A)/T)).

Here A and B are given in BVP(2), L, (J) is the space of all measurable
function = : J — R which are essentially bounded, i.e.,

ess sup |z(¢t)| :=inf{c > 0: |z(t)| < c a.e. on J} < oo,
teJ

and [[z]|c = ess sup;¢ s |z(t)].

3. Periodic boundary value problems. In this section we
consider the existence of positive solutions for PBVP(1). The function
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z € C1(J) is said to be a solution of PBVP (1) if ' (t) + g(
is absolutely continuous on J, (z'(t) +g(t, z(t),z'(t))" = f(
is satisfied almost everywhere on J and z(0) = z(7), 2'(0) =

G

Theorem 1.  Let assumptions (H1)—(H3) be satisfied. —Then
PBVP(1) has at least one nonnegative solution.

Proof. The proof will be given in three steps.

Step 1. Let E = {z € C*(J): z(0) = z(T)}, Ey = {z € E: z(t) >
0for t € J} and R2 = {(a,b) € R%:a > 0,b > 0}. Define the norm in
E by ||z|| for each z € E. It is clear that (E,|| - ||) is a Banach space
and E, is a closed convex cone of E. Let us introduce the operators
W,Z:E; x R — Li(J) x R? by

W(z,a,b) = (a+ / (s, 0l 0)(s), 2(s))ds, a, b+ / " (s) ds),

and
Z(l'a a, b) = (79(757 30(33, a)(t)v l‘(t)), Oa 0)
with

o(z,a)(t) = /0 z(s) ds + a.

It is easy to prove ¢'(t) = z(t) and ¢(t) is a solution of PBVP(1) if
and only if (z,a,b) is a fixed point of the operator Z + W.

Step 2. We shall show that Z+ W has fixed points in E by applying
Lemma 1. For this purpose, we check conditions (a)—(c) of Lemma 1.

First, by (H1), there exists a unique * € C4(J) such that = +
g(t,z,2') = y for any y € C(J). It follows from this that (I — Z)u = v
and that there exists a unique solution u = (z,a,b) € C4(J) x R% for
any v = (y,a,b) € C4(J) x R, that is, (a) is satisfied.

Next, (H3) (i) shows that W (z,a,b) > 0 when (z,a,b) € E; x R, 2.
Part (ii) shows that W is bounded. By means of Lebesgue’s dominated
convergence theorem we have that W is continuous. Let M C E4 be
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a bounded set. For any t1,t2 € J, x € M and a,b € Ry, denote
z =W(z,a,b). From (H3) it follows that

l|lz(t2) — 2(t1)llo

/fssawa ds—/ £ (s, 0(z,a)(s), a(s)) ds

S/ £ (s, (2, a)(s), @ ())IdSS/ a(s)B(|[z]]) ds

t1 t1

Obviously, 8 is bounded on M and o € L (J). This implies that
W (M) is equicontinuous on J. By virtue of the Ascoli-Arzela theorem,
we can conclude that W (M) is a relatively compact subset in E x Ri;
therefore, W is completely continuous. Thus (b) holds.

Finally, we shall prove that condition (c) is fulfilled. It is sufficient
to prove this for a = 0 and fixed b € R;. Suppose that this is
not the case. Then there exist (A\,,z,) € (0,1) x E; such that
Un = A Z((1/An)un) + AW (uy,) with gy, = ||ug|lo > nforn=1,2,...,
which implies that ||z,|| > n — b, where u,, = (2,,0,b). Note that

0= [ 6000, 0)6) (o) s
—Ang (t, ® <$mn, 0> (1), %mn(t)>

_, /Ot F(5, 0@, 0)(5), 2 (s)) ds
g (t, /\1—n<p(mn, 0)(b), %mn(t))

Denote wy,(t) = |, (t)| for n = 1,2,.... Then by (H2) and (H3) we
have

£ <A / (5, 9, 0)(s), 2a(s))] ds

o 3ol 00 100
<o [ (o) (6) s + ka0,

+An
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So

Let h,(t) = (Anll@]lo)/ fo ))ds. Then h,(0) = 0 and
Wp(t) < hy(t) for t € J. Thls 1mphes by dlfferentiation that

1) = 2210 g, 47y < Ao g ),

or

hn(t)  _ Anllafleo
ﬂ(hn (t)) - 1k
On integration of this inequality with respect to ¢ from 0 to ¢ yields

" hi(s) /’5A [l Anllal
— v’ _ds < izl g < pnizioe
/0 Bhn(s)) " Jo 1=k 71—k

Now a change of the variable in this inequality yields, for any t € J,

hn(t)
/ ds < T)\n||a||oo‘
0 B(s) 1-k

From the arbitrariness of ¢ it follows that

[l |
/ ds < T)\nHozHOO‘
0 B(s) 1-k

Obviously, n—b < ||z,|| < ||| for n =1,2,.... This contradicts (H3)
for n approaching infinity, which completes the proof of (c).

Step 3. Now, by Lemma 1, there exists a fixed point of the operator
W(-,0,b) + Z(-,0,b) with b given in Step 2, say (z,0,b). Set

t
u(t) = / z(s)ds+b, for teJ.
0
Then u(¢) is a solution of PBVP(1). By Lemma 1, u € E,, i.e., u > 0.

Corollary 1. Let condition (H3) hold. PBVP(1) has at least a
nonnegative solution when the following hypotheses hold:



850 SHIHUANG HONG

(i) g(t,2,0) = 0;
(ii) |g(t, 2, 91) — g(t, 2, y2)| < klys — y2| for some constant 0 < k < 1;
(iii) g(¢t, z,y) < —z when z < 0.

Proof. By Theorem 1, to prove the result it is thus sufficient to see
that conditions (H1) and (H2) are satisfied. Conditions (i) and (ii)
guarantee that (H2) is satisfied. From (ii) and Remark 1 it follows that
(I —Z)~! exists on E;. Condition (iii) shows that (I — Z)~'y € E, if
y € E.. Hence, (H1) is true.

4. Boundary value problems. In this section, we consider the
existence of positive solutions for BVP(2). The function € C1(J) is
said to be a solution of BVP(2) if a'(t) + g(¢, z(t),2'(t)) is absolutely
continuous on J, (z'(t) + g(¢, z(t), z'(t))) = ( (t),x’(t)) is satisfied
almost everywhere on J and z(0) = A, z(T) =

Theorem 2. Let assumptions (H1), (H'2) and (H' 3) be satisfied.
Then BVP(2) has at least one nonnegative solution.

Proof. Set 6(t) = A+ (t/T)(B—A),n=(B—A)/T and y = = — §;
then BVP(2) is transformed into

{(y +g(t,y ()+5() (&) +m) = f(ty(t) +0(2),y'(¢) +n), te
(0) =y(T) =

Let f(t,y(1),y'(y)) = [f(t,y(t) + 6(),y'() + n), 9(t,u(t),y'(y)) =
g(t,y(t) + 6(t),y'(t) + n); then conditions (H'2) and (H’'3) are trans-
formed 1nto( 2) and (H 3) respectively. So, for the sake of convenience,
we assume that A = B = 0 in BVP(2), which shows that §(¢) =

n=0.

Let E = {z € C}(J) : 2(0) = z(T) = 0} with norm ||z|, By = {z €
E:z(t) >0fort € J}. It is clear that (E,|| - ||) is a Banach space
and E is a closed convex cone of E. Let us introduce the operators
W,Z: AC(J) = Ly(J) by

- / £(5,0(x)(5), 2(5)) ds,
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and R
Z(w) = —g(t, o(z)(t), z(t))
with ¢ fo . Similar to the proof of Theorem 1, we can

check that the operator W + Z satisfies the conditions in Lemma 1;
therefore there exists an x € Ey such that z = = Wz + Zx. Set
fo s)ds. Then u is a positive solution of BVP(2).

Example 1. Consider the differential equation
(4)
(@' + a(t)z) = f1(t, z, 2" )™ + fo(t,z,2') + f3(t, z,2")(2')™,
z(0) = z(T), 2'(0)=2'(T),
where a € C(J), a(0) = «(T), ||| < 1, myn € N and f; €
JxRi xR — Ry, i =1,2,3, satisfy the local Carathéodory conditions.
In addition, on the set J x R? the inequalities

15t @, 9) < a; ()8 (lyl), |f3(t,2,y)] < as(t)

are satisfied, where o, az € Lo (J) and continuous nondecreasing
function §; satisfy

t
1
lim / ——ds=o0 for j=1,2.
t—oo [ ﬁj(s)
We see that the function

f(t,l‘, y) = fl(taxa y)xm + fZ(tal‘ay) + fg(t,l‘, y)yn

satisfies assumption (H3) with

B(t) = max{By(t), B2(t), [t}

Clearly, (H2) holds. For any y € E,, the equation z + «a(t)z’ = y has
a unique continuous solution u € E, see [9]. This implies that (H1) is
fulfilled. Consequently, PBVP(4) has at least one solution z > 0.

Example 2. Consider the differential equation
(5)
{(9«' +a(t)') =

fi(t,z, 2™ + fa(t, z,2') + f3(¢, z, 2')(z')™,
z(0) = A, =(T) =B
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where «(t) and m,n are given in Example 1, A > B and f; satisfy
the local Carathéodory conditions. In addition, on the set J x R? the
inequalities

it 2,9)| < o;(0)B;(ly — (B = A)/TI), [fs(t, 2,y)] < as(t)

with «;, §; are given in Example 1, 1 = 1,2, 3.

Similar to Example 1, we see that (H1) and (H'3) are fulfilled.
Obviously, |a(t)y| < llallly] < [lel/(ly] - (B — 4)/T) < |lell(ly -
(B — A)/T)), that is, (H'2) is true. This implies that the conditions of
Theorem 2 are fulfilled. Consequently, BVP(5) has at least one solution
z > 0.
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