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SOME APPLICATIONS OF
CERTAIN CHARACTER SUMS

LIU HUANING AND ZHANG WENPENG

ABSTRACT. In this paper, by using certain character
sums, the mean value of the type

p—1

> anf3(a)

a=1

is studied, and a few asymptotic formulae are obtained.

1. Introduction. The following sum

appears frequently in number theory, where X is a nonprincipal primi-
tive character modulo ¢, and has been studied by several experts. For
example, for ¢ = 3 mod 4 being a prime p and X being the Legendre
symbol, Ayoub, Chowla and Walum [1] have proved that Sy(n) < 0
for n = 1,2 and for n > p — 2. Fine [2] has shown that, for n > 2,
there exist infinitely many primes p = 3 mod 4 with Sy(n) > 0; and
infinitely many with Sy(n) < 0.

Williams [18] proved that
Sx(n) = O(p"“/2 log p)

for X being the Legendre symbol modulo p. Toyoizumi [4] used the
generalized Bernoulli numbers to express Sy(n) in terms of Gaussian
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sums and Dirichlet L-functions as follows:

q

(1.1) Z a"X(a)

a=1

2¢"7(X) Z1gmgn/2((2 n_1) (2m — DIL(2m,X)/

2¢"7(X) Yo<me (n—1/2) ((om) 2m)!L(2m + 1,X)/
1

1) 2mP) i X (1) = 1,

where 7(x) = >1_; X(a)e(a/q) is the Gaussian sum, e(y) = e

(-1 @m2m) X (1) = 1
)
(

2miy
)

L(s, X) is the Dirichlet L-function corresponding to X, and (n/m) =

(n!/m!(n — m)!).

In this paper, by using (1.1), the mean value of the type

p—1
> _a"f*(a)
a=1

is studied, and a few asymptotic formulae are obtained. First in
Section 2, we give some mean value theorems for Dirichlet L-functions,
which will be used later. We will study the mean value of Cochrane
sums in Section 3. Next, the mean value of the difference between
an integer and its inverse modulo a prime p is considered. Finally, in
Section 5, an asymptotic formula for the mean value of a problem of

Lehmer is obtained.

2. Some lemmas. We need the following lemmas:

Lemma 2.1. Let g > 3 be an integer. Then we have the asymptotic

formulae

4 _ 5t (»*-1)°
Z |L(1,x)|" = m¢(Q) H P21 + O(exp<

Xmodgq plg
X(—1)=-1

2

a_m (p? —1)°
> Xl = Foe@ 5 s+ ofex(

Xmodgq plg
x(—1)=-1

i)
)
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1174 (p? —1)3 3Ing
4)|L(1,X)|* = —o YRR
> x@IEN = @ [y 1)+0<exp<mmq>>’
x()inlls)i(il plq

where ¢(q) is the Euler function, Hp‘q denotes the product over all

prime dwisors of q¢ and exp(y) = €v.

Proof. This is Lemma 2 of [5].

Lemma 2.2. Let p > 3 be a prime. Then, for any integer t with
(t,p) =1, we have

—

p— _ —
ra—+sa-+t
e<—> < \/_,
a=1 p
pta+t

where @ is defined by the equation aa = 1 mod p.

Proof. See Lemma 3 of [6].

Lemma 2.3. Letp > 3 be a prime, 7 > i1 > 0 and m > 1 integers.
Then we have the estimate:

U= Y a@)7(a)L(1,X)
X1modp
X1(71)271

XY Xa(2)7(X2) L7 (1, Xa) T (Xa X2) L(2m, X1X2)
X2 modp

X2(71):71
X1X2#Xo

< p?log*p.

Proof. Let d(n) = > ;4,1 be the divisor function. Then, for any
nonprincipal character X modulo p and parameter N > p, applying
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Abel’s identity we can have

)

n
n=1
X Foo X(n)d(n
_ Z X(n)d(n) +/ ZN<ngy2( )d( )dy.
1<n<N N Y
Since
Y X(n)dn)=2 > X(n) > X(m)
N<n=y n<Vy m<y/n
-2 Z X(n) Z X(m)
2 2
(X ) +( X ww)
< plog”p,
then )
= X(n)d(n) plog™p
L? = NN £75 7).
LX) = ), ——L+0(—y
1<n<N
Therefore,
(2.1)
; X1(n1)d(n1) plog®p
T \,-2
> xa@)r (X1)< > oy
X1modp 1<n1 <N
X1(—=1)=-1
2 X2(nz)d(n2) plog”p
X Z X2(2])T (X2)( Z T +O T
Xz2modp 1<n;<N
X2(—1)=-1
X1X2#Xo
o D X1Xz2(n3)
X T(Xl 2) Z n2m
nz=1 3
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Y @) Y Xelnadn)

n2
Xz2modp 1<n<N
X2(—1)=-1
X1X2#Xo

+oo
- X1X2(n3)
T(XIXQ) g 7127"1
TL3:1 3

(11)/2 log? N (13)/2 g
p og p og p g P
PO ) o)

(11)/21602 plog? N (13/2) 1o gt
o o(P e RE N o (5 ')

N N2

From the properties of Gaussian sums, we have

0= S xon(2) (1) = S S v 27)

e

P2 (0)7 () () Zlbzlx o(29)
SR e (")
S w0(5)

Noting that for (ab,p) = 1, by the orthogonality relations for charac-
ter sums modulo p we have

(p—1)/2 if a =b mod p;
S X(@x(b)={ —(p-1)/2 ifa=—b mod p;

Xmodp 0 otherwise.
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This gives

(2.2) i
0= Y @i Y bl

modp n n
X1 1<n;1 <N
X1(—1)=-1 ="1=

Y @)t Y i) g

n2
X2 modp 1<na<N
X2(—1)=-1
X1X27#Xo

400
x ) %ﬁ?g) = Y @)

ns=1 X1modp
X1(—1)=-1

X Z X1 (na)d(n1) Z X2(27)72(X2)

ni
Ism<N X2 modp

x ) MT(Y_

N2
1<na<N

+oo
><n32=1 nZm +O(p log N)

_ Z d(ny) Z d(nz) +°°2L

p—1p—-1 <w>

p

X
S
M1
@
/N
h< TS
~
=
ML
AR
s
M1
@
N
h<H e
~
¢}

X Z X1 (2”)’113)%1 (nl) Z X2 (dena)y2 (n2)
X1modp X2modp
Xa(=1)=-1 Xa2(—1)=-1
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+o00 p—1 p—1 P
1 a
X —om 2%\ o
1 3 1 \P

|
—

o
Il
—

@
N
T o
——

n3= a= ) b=1
(n3,p)=1 2°'bnz=njimodp
p—1 p—1 _
1+0b dc
y e<f( + ba + c)>
d=1 =1 p

—].2 dm dTLQ I 1
_(p4) Z(n_l)z (nz) an_m

1<n; <N 1<n<N nz=1
(n1,p)=1 (n2,p)=1 (n3,p)=1
p—1 p—1 p—1
a C
X el — g el —
a=1 p ) b= c=1 p

y Gl e<f(l+b6+d6)>_(p—1)2

) d=1 f=1 p 4
27dnz=—nsmodp
d(ny) dng) &1

oy Aoy )l

1<n1<N 1<na<N ng=1 9

(n1,p)=1 (n2,p)=1 (n3,p)=1

p—1 a p—1 p—1 c
Se(f) X Xe(f)

a=1 p b=1 c=1 p

2bns=—ny modp

p—1 p—1 _ 2
1+ b dc -1
y Ze<f( +ba + C)>+(P )
p 4
 d=1 f=1
27dnz=nsmodp
o ) g de) SR
2m
1<m<N M qlmen ™2 o ™
(n1,p)=1 (n2,p)=1 (n3,p)=1
p—1 a p—1 p—1 c
Se(t) X Xe(f)
a=1 p b=1 c=1 p

2bns=—ny modp

979
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i
L

. d=1 =1 p
27dnz=—nsmodp

y §e<f(1+ba+da)>

[y

+O(p310g4N)
=T+ Yo+ Ts+Ts+ 0 (pPlog* N).

By the properties of reduced residue systems, we get

(p— 1) d(na) d(ns) 21
T, = ~—F" =
' 4 1<Z<N 1 1<Z<N n2 Z—1 n3™
Sn1s Sna2S nz=
(n1,p)=1 (n2,p)=1 (n3,p)=1
p—1 a p—1 p—1 c
e(f) X Xe(Y)
a=1 p ) b=1 c=1 p
2'bnzg=njimodp
p—1 p-1 _ —
1+ d
% Ze<f( + ba + C)>
 d=1 f=1 p
27 dnz=nsmodp
(p—1)°

dn1 d’l’lg =
LUy d(n1) D (n2) ) L

n n
1<ni<N 1 1<na<n 172
(n

S n3:1
(n1,p)=1 2.p)=1 (ng,p)=1
X1”256(9)’Se(g)p‘le<f(1+?nlm+§n2n—3c)>
a=1 p c=1 p f=1 p
(-1 3 d(ny) 3 d(n) *i 1
- 2m
4 1<m<nN ™M qdmen ™2 5 ™
(n1,p)=1 (na,p)=1 (ng,p)=1
polrl a—+c
x » ( ; >+o<p210g4zv>.
a=1c=1

1+?n1n3 a+§n2 n3zc=0modp

From the congruence equation,

1+ 2inyn3a + 29nsmsc = 0 mod p
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we have ¢ = —n229~*n1a + 29n3 mod p. Then, by Lemma 2.2, we get
—1p-1
p p (a + C)
> e
a=1c=1 p
142in,73a+29 nonze=0modp
L (a—n22j—in16+2jn3>
= e
. a=1 . p
P27 " *nia+27ng
pz_:l <2j_in1a—n26+2jn3>
= e
a=1 p
pfa+27ng
p—1 o —
B Z e<27 nia — naa + 21n3>
a=1 p
pta+27ng
< /P
Therefore,
(2.3) T, < p/?log* N.
Similarly, we can deduce
(2.4) Yo, T3, Ty < p/?log* N.

Then from (2.2)—(2.4) we can have
(2.5) Q < p?log* N.
Now, taking N = p? in (2.1) and (2.5), we immediately get
¥ < p/? log* p.

This completes the proof of Lemma 2.3. o

3. Mean value of Cochrane sums. For a positive integer ¢ and
an arbitrary integer h, the Cochrane sums are defined by

w03 (D),
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where }~', denotes the summation over all a such that (a,q) = 1, and

(@) ={

The second author and Yi Yuan [16] gave the following upper bound
estimate

x —[z] —1/2 if z is not an integer;
0 if x is an integer.

le(h, )] < Vad(q) In® g

L 4Inp
2 —_
ZC 144p +O(pexp <1nlnp>>'

h=1

and

In [7], the second author found that there are some relationships
between c(h, q) and Kloosterman sums

q
, _
K(m,n;q) :Z e(maT—i—na)

a=1

For example, if ¢ is a square-full number, then we have
!

q 31
Z c(h, q)K (h,1;9) = —5—a9(q )+O<lep (1111211(2))

=1

For general integer ¢ > 3, he [8] obtained the asymptotic formula

!

o0 St
——;?qcb(q)l_[(l—ﬁ)JrO( @/2)+ >

plla

where Hp” , denotes the product over all prime divisors of ¢ with plg

and p? { ¢, and ¢ is any fixed positive number. The authors [15] proved
that the error term in (3.1) is O(g"*¢).
In this section, we study the mean value

p—1
> B (h,p),
h=1

and give an asymptotic formula.
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Theorem 3.1. Let p > 3 be a prime, n a positive integer. Then we
have

5
hn 2 h n—|—2 O 3/2)1 4 .
Z LA vy LA ( o8P

Proof. From [16, Lemma 1] we know that

c(h,p) = —m szodp X(h)T2(X)L*(1,X).
X(—1)=-1

Then from (1.1), Lemma 2.1 and Lemma 2.3, we have

1 —
Zh"zhp 1) > ()L, %)
X1modp
X1(—1):—1

p—1
x> THX)L*(1,%:) > A" XaXa(h)
X2 modp h=1
X2(—1)=-1

2 p—1
p 4
= — h" L(1,x
ﬂ-4(p o 1)2 hgl Xr;p | ( )|
x(—1)=-1
2p" Z (3me1) (2m — 1)

4 _ 2 _1\m+1 2m
mp-17 e (D))

X Z 2(X1)L%(1,X1)
X1modp
X1(—1):—1

Xy TR LP(LXe)T (X)) L(2m, XaXa)
X2 modp

Xz(—l):—l

X1X2#Xo

_ 5
© 144(n+1)

+

240 <pn+(3/2) log* p> ‘

This proves Theorem 3.1. ]
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4. An integer and its inverse modulo p. Let ¢ > 2 and ¢ be two
integers with (c,¢) = 1, and

Mg ke)= 3

In [9], the second author used the estimates for Kloosterman sums and
trigonometric sums to obtain a sharp asymptotic formula for M(q, k, c)
as following:

(4.1)

1
M(q,k,c) =

- - 2k k_(4k+1)/2 32 2
SR Gt @ 0 (R g)

The error term in (4.1) is the best possible. In fact, for k = 1, let

M(a,1,¢) = go(@)e? + sa[[ (1 p) + Fla1,¢).

plg

The second author [10] used the properties of Dedekind sums and
Cochrane sums to give a sharp mean value formula for F(q,1,c):

q

"o 5 3.3 (p+1)*/p(*+1)) - 1/@** 1)
2, Pata=ggrdto 1

c=1 r*llq
41
+0( g exp (—L)),
Inlng

where HPQH q denotes the product over all prime divisors of ¢ with p*|q
and p**1¢q.

In this section, we study the mean value

p—1
Zc"Fz(p, 1,0,
c=1

and give an asymptotic formula. We shall prove the following;:
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Theorem 4.1. Let p > 3 be a prime, n be a positive integer. Then
we have

p—1
5

n 2 1 — n+6 0 n+(11/2)1 4 .

;Zlc (p,1,¢) W11’ +O|p og' p

Proof. From [10, Lemma 1] we know that

F(p,1,¢c) = —(pi 0 Z Y(c)(ZaX(a))

Xmodp a=1
x(-1)=-1
- Y X(POLALT).
(p—1)
Xmodp
X(—1)=-1

Then from (1.1), Lemma 2.1 and Lemma 2.3, we have

4
> Pa)LP(1L,x%)
X1modp
X1(—1)=-1

p—1 4p
c"F? p,l,c) = ———=
; (P 1,c) m(p—1)?

p—1

x> P)IALY) Y XiXa(c)

X2 modp c=1

8ptt 2m—1) (2m —1)!
p Z ( )

4 _ 2 _1\m+1 2m
Pp—17,_ 2~ ()

x> TPxa)L*(1,X%)
X1modp
X1(—1)=-1

X Z TZ(X2)L2(]-,Y2)T(Y1Y2)L(2m7 X1X2)
X2 modp
X2(—1)=-1
X1X2#Xo
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5
- < n+6 9] n+ 11/2)1 4 .
%+’ ( °8 p)

This proves Theorem 4.1. ]

5. On a problem of D.H. Lehmer. Let ¢ > 2 be an odd number
and c any integer with (¢, q) = 1. For each integer a with 1 < a < ¢ and
(a,q) = 1, we know that there exists one and only one b with 1 <b < ¢
such that ab = ¢ mod q. Let N(q, ¢) be the number of cases in which a
and b are of opposite parity, that is,

C):Z

1
ab=c

7,
b=
mod
2fa e
For ¢ =1 and ¢ = p an odd prime, Lehmer [3] asked us to find N(p,1)
or at least to say something nontrivial about it. In references [11, 12],

the second author proved that

(51) N(g,1) = 56() + 0 (¢"*@ (@) n?q) .

For any nonnegative integer n, let

Q

q

N(q,1,n) :Z Z a—b

abE 1mod q

2ta—b
The second author [13] proved the following asymptotic formula:

1

N(g,1,m) = 2n+1)(2n+2)

(@)™ + 0 <4nq2n+(1/2)d2(q) In2 q) _

For any fixed positive integer ¢ with (¢, q) = 1, define

1

-9(q)-

E(q,c):N(q,c)— 2
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The second author [17] showed that, for any odd integer ¢ > 2,

SN o (0 +1)%/p(* + 1)) — (1/p* 1)
2 B =10 1L 005

4In
+ O(qexp <lnln(i1>>'

This proves the error term in (5.1) is the best possible. In [14], he found
that there exists some close relation between the error term E(q,c)
and Kloosterman sums, and obtained the following hybrid mean value
formula:

ci:l' E(q,c)K(4c,1;q) = %qqﬁ(q) 1T <1 —~ ﬁ) 1 0<q<3/2>+6>_

pllq

p*|lq

In this section, we study the mean value

p—1
> "E*(p,c),
c=1

and give an asymptotic formula.

Theorem 5.1. Let p > 3 be a prime, n be a positive integer. Then
we have

p—1
3
n g2 _ n+2 O( n+(3/2) | oot )
;:16 (p,c) ey + 0 (p og"p

Proof. From [5, Lemma 1] we know that

E(p,c):m X%p (&) (1 — 2x(2))* 2 (OLA(L).
x(—1)=-1

Then from (1.1), Lemma 2.1 and Lemma 2.3, we have

1

CEp = St Y (- 20@) P

P

Q
Il

X1modp
X1(-1)=-1
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p—1
x>0 (1=2x2(2)* P (X2) LA(1,X2) ) " X1 Xa(c)
X2 modp c=1
Xz2(—1)=-1
4p? ks 2 4
= 2 Y [T=2(2)) |L(L,X)]
m(p—1)
c=1 Xmodp
x(—1)=—1
i 8p" Z (27:—1) (2m —1)!
A(r _ 1)2 —1\ym+1 2m
P12, 2 (-1 ()
x> (1 2x1(2)* () LA (1,Xa)
X1modp
X1(—1)=-1
x Y (1-26(2)° ()
X2 modp
Xz2(-1)=-1
X1X2#Xo

X Lz(l,YQ)T(Y1Y2)L(2m, X1X2)

3 +2 1(3/2) 104
- " n+(3/2) Jog p) |
st TO (v og'p)

This completes the proof of Theorem 5.1. a
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referee for very helpful and detailed comments.

REFERENCES

1. R. Ayoub, S. Chowla and H. Walum, On sums involving quadratic characters,
J. London Math. Soc. 42 (1967), 152-154.

2. N.J. Fine, On a question of Ayoub, Chowla, and Walum concerning character
sumes, Illinois J. Math. 14 (1970), 88-90.

3. Richard K. Guy, Unsolved problems in number theory, Springer-Verlag, New
York, 1994.

4. M. Toyoizumi, On certain character sums, Acta Arith. 55 (1990), 229-232.

5. Zhang Wenpeng, A problem of D.H. Lehmer and its mean square value
formula, Japan. J. Math. 29 (2003), 109-116.

6. , On a problem of P. Gallagher, Acta Math. Hungar. 78 (1998), 345-357.

7 , On a Cochrane sum and its hybrid mean value formula, J. Math. Anal.

Appl. 267 (2002), 89-96.




SOME APPLICATIONS OF CERTAIN CHARACTER SUMS 589

8. Zhang Wenpeng, On a Cochrane sum and its hybrid mean value formula (II),
J. Math. Anal. Appl. 276 (2002), 446—457.

9. , On the difference between an integer and its inverse modulo n, J.
Number Theory 52 (1995), 1-6.

10. , On the difference between an integer and its inverse modulo n (II),
Sci. China 46 (2003), 229-238.

11. , A problem of D.H. Lehmer and its generalization (I), Compos. Math.
86 (1993), 307-316.

12. , A problem of D.H. Lehmer and its generalization (II), Compos. Math.
91 (1994), 47-56.

13. , On the difference between a D.H. Lehmer number and its inverse
modulo g, Acta Arith. 68 (1994), 255-263.

14. ———, On a problem of D.H. Lehmer and Kloosterman sums, Monatsh.
Math. 139 (2003), 247-257.

15. Zhang Wenpeng and Liu Huaning, A note on the Cochrane sum and its
hybrid mean value formula, J. Math. Anal. Appl. 288 (2003), 646-659.

16. Zhang Wenpeng and Yi Yuan, On the upper bound estimate of Cochrane
sums, Soochow J. Math. 28 (2002), 297-304.

17. Zhang Wenpeng, Xu Zongben and Yi Yuan, A problem of D.H. Lehmer and
its mean square value formula, J. Number Theory 103 (2003), 197-213.

18. K.S. Williams, A class of character sums, J. London Math. Soc. 46 (1971),
67-72.

DEPARTMENT OF MATHEMATICS, NORTHWEST UNIVERSITY XI’AN, SHAANXI,
CHINA
Email address: hnliu@nwu.edu.cn

DEPARTMENT OF MATHEMATICS, NORTHWEST UNIVERSITY XI’AN, SHAANXI,
CHINA
Email address: wpzhang@nwu.edu.cn




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


