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LINEAR ALGEBRA IN THE CATEGORY 
OF C(M)-LOCALLY CONVEX MODULES 

J.W. KITCHEN AND D.A. ROBBINS 

ABSTRACT. This paper is concerned with the "linear 
algebra" of Banach bundles (otherwise known as bundles of 
Banach spaces). Although it is not entirely self-contained, it 
furnishes a unified, detailed treatment of the category Bunx 
consisting of all Banach bundles n : E —• X(X a compact 
Hausdorff space). For the most part, we accomplish our 
study through a formulation of results for the equivalent (and, 
for our purposes more convenient) category LCModx whose 
objects are the C(X)—locally convex C(X)-modules. 

Many results are new (such as the study of projective and 
injective objects in the category): some topics, like tensor 
products of Banach bundles, have been studied previously, 
but are developed further here. In other cases, "known" facts 
(that Bunx is a cocomplete category, for instance), which 
have appeared in the literature in scattered and sometimes 
sketchy form, receive a systematic exposition. 

Introduction. Throughout this paper, the space X mentioned in the 
title will be both compact and Hausdorff. We will direct our attention 
toward two naturally equivalent categories of Banach structures over 
X: the category LCModx, whose objects are the C(X)-locally convex 
modules over C(X), and the category Bunx of all Banach bundles (i.e., 
bundles of Banach spaces) over X. 

Our chief interest will be in the construction of new objects from old in 
these categories - limits, colimits, tensor products, horn sets, injective 
envelopes, etc. These constructions involve not only the objects of 
these categories, but also their morphisms. Not surprisingly, therefore, 
several important functors become involved. 

This paper continues the study, begun by the authors in earlier pa­
pers (see Kitchen and Robbins [10], [11], and [12]), of the relationship 
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between Banach modules and Banach bundles. We direct the reader 
to these papers, their bibliographies, and other works cited in the Ref­
erences, for definitions, terminology, etc. (Among these papers in the 
References, we cite especially those of Hofmann [7], [8] and Hofmann 
and Keimel [9], which provide some of the earliest development of the 
theory of Banach bundles. The books of Dupré and Gillette [2] and 
Gierz [4] are also invaluable sources of information about related as­
pects of Banach bundles and Banach modules.) 

Many of the results of this paper are new (such as the fact that every 
object in Bunx is a colimit of trivial bundles with finite-dimensional 
fibers, and the work of §3 on injective objects). We have also taken 
the opportunity to draw together, systematize, and amplify previous 
work on the construction of Banach bundles and their fibers which 
has heretofore appeared in the literature only in sketchy and scattered 
form. 

1. Colimits and tensor products in LCModx- The key to all 
constructions presented in this paper is the use of the Gelfand functor 

CB : Modx -* Bun x 

with the section space functor 

r : Bunx — LCModx , 

whose descriptions we shall briefly review. 

The functor CB assigns to each module M in Modx its canonical 
bundle IT : E —• X. The fibers of this bundle are quotient spaces 
of M. Specifically, if p G X, we denote by Ip the maximal ideal in 
C(X) consisting of the functions which vanish at p, and we denote by 
IPM the closed submodule of M generated by all possible products 
f • X, where / G Ip and X G M. (Since, as a Banach algebra, Ip 

possesses approximate identities, and since IPM is an essential 7p-
modules, it follows from the Cohen factorization that IPM is simply 
{/ • X : / G IP,X G M}.) The corresponding stalk Ep — 7r-1(p) is 
the canonical bundle is (isomorphic to) or the quotient space M/IPM. 
(More precisely, the fiber space is defined to be the disjoint union of 
the family {M/IPM : p G X}.) For each element X G M, one can 
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define a selection A : A —» E in the following natural way: for each 
p E X,X(p) is the coset of X modulo IPM, i.e., X(p) = X + 7pA/. 
One can then show that there is a unique topology on the fiber space 
E which makes the triple TT : E —• X a bundle of Banach spaces and 
makes each of the selections X continuous. In this way, we get not 
only our canonical bundle TT : E —» X but also a map A : M —> r(7r), 
called the G elf and representation of M. This map is a morphism of the 
category Modx and has an important universal property: if p : F —+ X 
is a Banach bundle over X, and if 0 : M —> T(p) is a bounded C( Al­
linear homomorphism (i.e., 0 is a "sectional representation of Gelfand 
type", to use earlier terminology), then 0 factors through A; more 
precisely, there is a unique C(A)-linear map 0 : T(7T) -» T(p) such 
that 0(A) = 0(A) for all A £ M, and, moreover, | |0| | = | |0| | . If, in 
addition, 0 is a morphism of the category (i.e., we have additionally 
| |0| | < 1), then it follows that 0 is also a morphism of the category. 
(For details and generalizations of these results, the reader can consult 
Kitchen and Robbins [10 and 11]. 

The functor T assigns to each object n : E —> A in Bunx its 
section space r(7r). These section spaces are not only C(A)-modules, 
but have the added property of being C(X)-locally convex, which is 
to say that the unit balls in these spaces are closed under forming 
"convex combinations" of the form / • A + (1 - / ) • y, where / is 
a nonnegative function in C(X) with values between 0 and 1. (For 
equivalent formulations of this property, the reader can consult Gierz 
[4].) More importantly, the property of C(A)-local convexity precisely 
characterizes section spaces as C(A)-modules: specifically, if M is 
in Modx, then the Gelfand representation A : M —> T(7r) is an 
isomorphism (of the category Modx) if and only if M is C(A)-locally 
convex. This important result was first proved by Varela in [16]; a 
more streamlined proof can be found in [4]. Thus, the range of the 
functor r is the full subcategory LCModx of Modx consisting of the 
C(A)-locally convex modules. In this way, we get a functor 

r : Bunx -> LCModx 

which is an equivalence of categories. 

By composing the functors CB and T we get the Gelfand functor 

G = r • CB : Modx - • LCModx. 
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Thus, G assigns to each module M in Modx the section space r(7r) 
of its canonical bundle 7r : E —• X. What is the assignment of 
morphisms? If AT is a second object in Mod v and if (j) : M —• N 
is a morphism, we denote by p : F —> X the canonical bundle of 
N and observe that A o Q : M —> T(p) is a morphism. Hence, by 
the universal property of Gelfand representations, there is a unique 
morphism G(<j>) : r(7r) —•» T(p) which makes the diagram 

d> 

M > N 

*i I-
r(7T) = G(M) > Q(N) = r(p) 

commute. (We have not described the morphism assignments for the 
functors CB and T. The reader can either consult the literature or 
figure out for himself how these should go, and, having done so, he 
may then satisfy himself that T(CB((j))) is the same as the map G{4>) 
characterized by the commuting rectangle above.) 

THEOREM l. l . The Gelfand functor G - Mod* -* LCMod* is a 
reflector. 

PROOF. It suffices to show that, for each M in Modx, the Gelfand 
representation A : M —* (?(A/) is LCModx-universal. If we are given 
any morphism 0 : M —> AT, wrhere N is in LCModx, then the Gelfand 
representation A : N —• G(N) is an isormorphism; consequently, 
G{<t>) followed by the inverse of A : Ar —• G(N) gives us a morphism 
0 : G{M) —> N which makes the diagram 

4> 
M • N 

G(M) ^ G{M) 

commute. Thus A : M —> G{M) is LCMody-universal. G 
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COROLLARY 1.2. The categories LCModx and Bun \ are cocomplete 
and the Getfand functor preserves colimits. 

PROOF. This result follows from the facts that Modx is cocomplete 
and that G is a reflector. D 

Thus, if we have (in the terminology of Cigler et al. [1]) a spectral 
family {Mj : j e J} in Modx, then {Q(Mj) : j G J} is a spectral family 
in LCModx whose colimit in the latter category is (/(colini. A/,-) : in 
particular, if we have a spectral family {r(7rJ) : j G J } in LCModx, 
then its colimit in LCModx is the section space of the canonical bundle 
7T : E -> X of 

c o l i n i / r ^ ) (in Modx)-

This raises the following question: how are the fibers of the colimit 
bundle TT : E —• X related to the fibers of the given bundles {T(7TJ) : 
j € J}? The answer can be arrived at through the construction of a 
family of reflectors Qi. 

Let / be a fixed closed ideal in C(X). We define a functor Q/ : 
Modx —> Modx as follows: Qi assigns to each module M in Modx 
the quotient module Qi(M) — M'/IM; Qi assigns to any morphism 
0 : M —• N the unique morphism Qj(<j>) : Qi{M) -+ Qi(N) which 
makes the diagram 

0 
M • N 

* M *N 

Ql(4>) 

M/IM > N/IN 

commute, where the 7r's are the canonical surjections. (Since 0 takes 
IM into IN, the existence and uniqueness of Qi{(/)) is assured.) 

The range of the covariant functor Qj is a subcategory of Modx 
which we shall temporarily denote by C/. The objects in C/ may be 
described as those modules in Modx which are annihilated by functions 
in / . Alternatively, Cj consists of those modules M in Modx for which 
the canonical surjection TTM '• M —* Qi(M) is an isomorphism. 
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THEOREM 1.3. For each closed ideal I in C(X), the functor Qj : 
Modx ~* Ci is a reflector. 

PROOF. It suffices to show that, for each M in Modx, the map 
-KM • Al —> Qi(M) is C/-universal. 

If we are given any morphisms (j> : M —> N where N is in C/, then 
7Tjv '• N —* Qi(N) is an isomorphism, so that the map 0 = 7r^x oQ7(0) 
causes the diagram 

M • TV 

ri I 
Q/(A/) • Q7(JV) 

to commute. Thus, 7TM : A/ —+ Qi(M) is C/-universal. D 

Since the category Modx is cocomplete, we get: 

COROLLARY 1.4. The reflectors Qi preserve colimits. 

By taking I to be a maximal ideal in C(X) we can answer the question 
posed in the paragraph following Corollary 1.2. 

COROLLARY 1.5. Let {Mj : j e J} be a spectral family in Modx and 
let 

M = colini, Mj. 

Le£ 7Tj : Ej -+ X be the canonical bundle for Mj(j G J), and let 
ir : E —> X be the canonical bundle for M. Then, for each p G X, 

Ep = colimj(Ej)p. 

PROOF. Again we denote by Ip the maximal ideal {/ e C(X) : f(p) = 
0}. Then, since Qi preserves colimits, we have 

Ep = M/IPM = Qip(M) = colimjQIp(Mj) = coiim j(Ej)p. 

D 
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COROLLARY 1.6. Let {T(KJ) : j e J} be a spectral family in 
LCModx, and let 

T(TT) = colimJT(7Tj) (in LCModx)-

If we denote by E3 and E the fiber spaces of the bundles 7TJ and TT 
respectively, then for every p e X, 

Ep = colimj(Ej)p. 

PROOF. The bundle K : E —> X is the canonical bundle for M = 
colimJT(7TJ) (in Modx)- Moreover, the canonical bundle for r(iTj) can 
be naturally identified with the given bundles TTJ : E3 —> X. Hence, the 
stated result is an immediate consequence of the preceding corollary. D 

Because of the equivalence of the categories Bunx and LCModx we 
can reinterpret the preceding results in terms of bundles rather than 
C(X)-modules. Suppose that {TCJ : E3 —> X},j ranging over an index 
category J , is a spectral family in Bunx- Then {r(7ij) : j e J} is a 
spectral family in LCModx- The family {TTJ : E —+ X} has a colimit 
7T : E —> X in the category Bunx, namely, n : E —• X is the canonical 
bundle for 

colimJT(7TJ) (in Modx)-

The preceding corollary says that the fibers of this colimit bundle 
TT : E —• X are colimits of the fibers of the given bundles TTJ : Ed —• X. 

Before turning to tensor products of modules in LCModx, we shall 
prove two additional theorems concerning colimits. We will show that 
every Banach bundle over X is a colimit of trivial bundles with finite-
dimensional fibers, which is a rather surprising result, perhaps, in the 
light of Corollary 1.6 and the fact that the fibers of a Banach bundle 
can be prescribed arbitrarily (see Theorem 2.13 of Kitchen and Robbins 
[11]). We shall also show that every quotient module MJIM = Qi(M) 
has a natural interpretation as a colimit of other quotient modules. We 
begin with the latter. 

Every closed ideal in C(X) is of the form Ic = {f e C(X) : / = 0 on 
C}, where C is a closed subset of X. If M is in Modx, then ICM can be 
defined initially as the smallest closed submodule of M which contains 
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all products / • X where / G le and x G M. As a Banach algebra, 
however, Ic has approximate identities, and IQM can be viewed as an 
ic-module. It then follows from the Cohen factorization theorem that 
every element of IcM is simply a product / • X where / G le and 
X G M. 

THEOREM 1.7. Let M be in Modx and let C be a closed subset of X. 
Then 

M/IM = co\im{M/IsM :S eU}, 

where U is any fundamental system of closed neighborhoods of C. 

PROOF. The theorem, as stated, is not completely formulated since 
we have not yet explained exactly how the family {M/IgM : S G U} is 
to be regarded as a spectral family. Specifically, we take as our index 
category the family U ordered by inclusion. If S and T are in U and 
S c T , then IT C Is, so IT M C /sA/; consequently, there is a unique 
morphism (J>ST • M/IT M —> M/Is M which makes the diagram 

M ) M/Is M 

M/ITM 

commute, the 7r's being the canonical surjections. One can then verify 
that the family {M/IsM : S G U}, together with the morphism 
{<f>ST •' 5, T G ZV, S C T}, is a spectral family in Modx-

If 5 G U, then, since C C S, there is (by the above argument) a 
unique morphism (j>s : M/I$M —y M/IQM which makes the diagram 

M — — M/IsM 

M/ICM 
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commute. We will now show that M/le M together with the family of 
morphisms {as ' S G U} is a colimit of the family {M/Is : S e U}. 

We observe, first of all, that if 5, T G U and S C T, then 

0S O 0ST O 0T — 0S O 7TS = TTc = 0T ° ^T« 

which implies that 0s ° ÔST — ®T* since TTT is surjective. Thus, the 
triangle 

M/IsM —^— M/IcM 

0ST 

M/ITM 

commutes. 

We next suppose that we have a family of morphisms v$ '• M/Is^l 
N,S G £/, such that the triangle 

M/IsM > Ar 

0ST /^ ï'T 

M/h M 

commutes whenever S,T £ U and 5 C T. We must prove that there is 
a unique morphism il' : M/IcM —* N s u c n that the triangle 

M/IsM • N 

-1 
M/IcM 

commutes for each S G U. 

We show first that, for any two elements S and T in U', the composed 
maps i/'s ° 7T5 and ipr ° ^ T are the same. It suffices to consider the 
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case in which S C T. The general case then follows, since by selecting 
U G U with U C 5 n T, we then get ips ° ns — Vu ° ^u — */'r ° KT-
When S C T we get the diagram We show first that, for any two 
elements S and T in f/, the composed maps T/'S O 7r5 and ^ ° ^ T are 
the same. It suffices to consider the case in which S C T. The general 
case then follows, since by selecting U G U with U C 5 flT, we then 
get V's ° KS — i'v ° 7*7/ — *1-T ° ^ T - When S C T we get the diagram 

A/ —^— AJ/JSAJ 

7TTJ ^^4>ST J VI ' 

M/ITM > TV 

in which the two triangles are known to commute. It follows that 
#•5 O 7T5 = |/.'s O 0 5 7 - O 7TT = l^T ° ^ T -

Let us denote by a : M —> N the common value of the maps y s °^s-
We will prove that J<-AJ is contained in the kernel of a. Suppose 
not. Then \\a(f • X)\\ = \\f • a(X)\\ = 1 for some / G Je and some 
X G A J. Since / vanishes on C, we can approximate / as closely as we 
please by a function g which vanishes throughout a neighborhood of C. 
Consequently, we can choose a function g G J5, for some S G £/, such 
that \\g • a(X)\\ > 1/2. But g • a(X) = afa • X) = ^ ( 7 ^ ( 0 • X)) = 0 
since # • X G J5AJ = ker7rs, a contradiction. 

Since JcAJ C ker a, there is a unique morphism y : AJ/JcAJ —» iV 
which makes the diagram 

AJ —^—• iV 

AI/IcM 

commute. Thus, for each 5 G (7, 

V' O (/>5 O 7T5 = V- ° 7Tc = « = V'5 ° ^S? 
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which implies tha t ü o òs = ys. Hence, the triangle 

M/Is M > Ar 

AI/IcM 

commutes, a 

COROLLARY 1.8. Let M be a module in Modx. let n : E —• X be its 
canonical bundle, and let p be a point in X. Then 

Ep = 7r-l(p) = co l im{A/ / / s A/ : S G U}. 

where U is any fundamental system of closed neighborhoods of p. 

We will next show that every Banach bundle is a colimit of trivial 
bundles with finite-dimensional fibers. More precisely, these fibers will 
be the form C " , where in all instances C " will be endowed with the 
(l-noTm: 

| | ( a i . a 2 a „ ) | | = | a i | + --- + | a „ | . 

In other words, C " can be regarded as the space (]t of all summable 
families of complex numbers indexed by the set {1 n}. The space 

of sections of the trivial bundle T„ : X x ()t —> X can be identified with 

the space C(XJ)i) — C(X<C") of all continuous functions from X to 

C7 ' or with the inductive tensor product C(X)G(}r i.e.. 

r(T,,)*c(xj},)*c(X)ò(l 
We shall also make use of the fact that the trivial bundle r„ : X x (}I —• 
X is the canonical bundle for the following C(X)-modules: 

C(Xy (with the) (l - norm) 

= (],(C(X)) (the space of summable families in C(X) 

indexed by {1 , . . . , / ?} ) 
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Generalizations of the results just quoted will be proved in the next 
section of this paper (Theorem 2.4, in particular). 

THEOREM 1.9. Every module in Modx is a colimit of spaces of the 
form (]tÒC(X) = C(Xy (with the ?l-norm), i.e., every unital C(X)-
module is a colimit of free, finitely-generated C(X)-modules. 

PROOF. One can follow Cigler, Losert, and Michor almost verbatim 
[1, p.21]. We shall merely begin the proof in order to indicate the sort 
of modifications that are needed. 

Let M be a fixed module in Modx. We take for our index category 
the collection of all pairs (C(X)",0) such that 0 : C{X)" -+ M is a 
morphism of the category Modx- Such morphisms are easily seen to 
be of the form 

n 

*((fu...<f„)) = 52fj'Xj 
j = l 

(or Xj G M and | |X,| | < 1. 
By a morphism of the index category we mean any morphism a : 

C(X)n — C(X)'" for which the diagram 

C(X)" —^— M 

C(X)'" 

commutes, where (C(Xy ,0) and (C(X)"\ii') are objects of the index 
category, etc. o 

COROLLARY 1.10. Every Banach bundle 7r : E —> X is a colimit of 
trivial bundles of the form rn. 

PROOF. In the category Modx the section space r(7r) is a colimit of 
spaces of the form ()QC{X). Hence, in the category LCModx, £(r(7r)) 
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= r(7r) is a colimit of spaces of the form Q((l
n2C{X)) — r(rn). 

Equivalently, in the category BUIIA' the bundle n : E —» X is a colimit 
of trivial bundles of the form r„ : X x ()t —> X. o 

We turn next to tensor products. Suppose we are given two objects 
in LCMody , we write them as r(7r) and Y(p). where TT : E —> X and 
p : F —• X are Banach bundles. In the category Mod A-, they have a 
projective tensor product, namely 

r (7T)GA-r (p) :=r (7r )0 n . Y ) r (p) . 

(Throughout the paper, we shall usually replace C(X) by X when it 
appears as a subscript.) The C(X)-module r (7r)G \Y(p) is the quotient 
space of the projective tensor product Y(TT):Z;Y(P) modulo the closed 
subspace which is generated by elements of the form 

( / < r ) 0 r - < 7 0 ( / r ) . 

where / e C(X),a e Y(TT). and r e Y(p). See, for example. [6]. [10]. 
or [14]. We then define the projective tensor product of r(7r) and Y(p) 
in the category LCModA to be 

r(n)ZLCr(p):=Ç(r(n)::xr(p)). 

Thus, F(7r) Qic T(p) is the section space of the canonical bundle of 
the C(X)-module r(7r) G A T(p). Let us denote the latter bundle by 
7T G A p : E G A F -* X. In [10] it is observed that , for each p e X. the 
fiber (TT G A P)~1(P) <^an D e identified with Ep2F{, (where Ev — 7T~l(p) 
and Fp = p~l(p)) in such a way that the Gelfand representation 

A : r(7r) G A T(p) - ! > G x p) = HTT) ZLC T(p) 

has the property 

(<yeXT)A(p)=cj(p):.;T(p):=(a^T)(p) 

for all a e Y(n) and r G Y(p). (As in previous papers, the authors 
choose to use • for pointwise tensor products of sections. The notation 
is not s tandard, but it helps to relieve the over-burdened tensor sign.) 
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In addition to the properties already mentioned, the tensor product 
r(7r) QLC r(/9) has an important universal property. 

PROPOSITION L U . Let IT : E - • X and p : F -+ X be Banach 
bundles. The map 

© : I » x I » -» I » ®LC T(p) 

defined by ©(<r, r) = CFQT is a C(X)-bilinear map of norm one or less. 
If £ '• G —* X is a Banach bundle, and if 

4> : r(TT) x T{p) - T(0 

is any bounded C(X)-bilinear map. then there exists a unique bounded 
C(X)-bilinear map 

4> : r(Tr) ®LC T{p) - T{0 

such that 4>(a © r) = (j)(cr, r) /or a// a G r(7r) and r G T(/9). Moreover. 

IMI < IMI-

PROOF. The map © is clearly C(X)-bilinear, i.e., 

(fa) © r = f(a 0 r) = a © ( / r ) 

for all / G C(A"),<7 G r » , and r G T(p). Also, 

l k © r | | ^ ||(<T®.V r ) A | | < | | a© A - r | | < IMI • | |r| |, 

which shows that © has norm one or less. 

Since 0 : T(ir) x T(p) —• r(£) is assumed to be bounded and C(X)-
bilinear, there is a unique linear map 

0 : T(n) ©A- T(p) - r{0 

such that 
<p(cr ©x T) = 0(a, r) 

for all a G r(7r) and r G T(/9). (Such a 0 exists if we merely assume 
that (j) is C(X)-balanced.) Moreover, 0 is bounded with | |0| | < | |0| | . 
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Since 0 is C(X)-bil inear, 0 is C(X)-linear. By the universal property of 
the Gelfand representation, there exists a unique bounded C(X)-l inear 
map 

0 : i » 0 t c r ( p ) - r ( o 
which makes the diagram 

1 » ©x r(p) — ^ r(0 
Ai y^* 

T(TT) QLC T(p) 

commute. Thus 

0(cr, r ) = 0{a Ox T) = (00 A)(cr l x r) 

= 4>{{crGx r)A) = 0(a IT). 

From the universal property just proved, one can easily show the 
existence of tensor products of morphisms in LCMod \ . 

COROLLARY 1.12. Let it, : E, -> X and p, : F,; -+ X be Banach 
bundles (2 = 1,2) and let 0, : r(7r /) —• T(pi) be morphisms (i = 1,2). 
Then there is a unique morphism 

01 0 L C 0 2 : r ( 7 r 1 ) 0 L c r ( 7 r 2 ) - • r ( p i ) 0LC r ( p 2 ) 

SIXC/Ï £/m£ 

(01 QLC <t>2)(<*l 0 ^ 2 ) = 0 l ( c r i ) 7 02(cr2) 

/orcr, G r(7T,)(/ = 1,2). Moreover, 

0i 0 L r 0 2 | | < | | 0 l | | - | | 0 2 | | -

PROOF. One observes that , as a function of a] and a2. Oi((Ti) • 0 2 ( a 2 ) 
is C(X)-bil inear, etc. D 
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One can also show that 0\ QLC 02, when viewed as a function of Q\ 
and 02, is C(X)-l inear . Moreover, if in addition to the da ta of Corollary 
1.12 we are given morphisms ti • ̂ (Pi) —• T(£j),i = 1,2, then 

(*'i QLC Ç2)0 (ói QLC 02) = (Vi °0I)QLC ( i i ' 2 0 ^ 1 

etc. 

As might be expected, our tensor product in LCMod \- commutes 
with colimits. Let p : F —» X be a given Banach bundle and let 
{T(TTJ) : j G J} be a spectral family in LCMod ,Y- It can be verified 
that {T(TTJ) QLC r(/o) : j G J } can be made into a spectral family in 
the following way: to each morphism 6 : j —• j ' of the index category 
we associate the morphism 

t> 0LC id : T(TTJ) QLC T{p) -+ r ( 7 r / ) 0 L r T(p), 

where c> : r(7Tj) —• r(7ry-/) is the associated morphism of the spectral 
family {T{TTJ) :j G J}. 

PROPOSITION 1.13. With the data of the preceding paragraph, we 
have 

colim7r(7r7) QLC r ( p ) = (colini; r(7r,-)) QLC r ( p ) . 

PROOF. (Outline). It is a mat te r of interpretation whether the 
equality sign should be replaced by = in the statement of the theorem. 
The statement is incomplete, in any case, since it appears to concern 
only objects, and not morphisms, of the category LCMod y. What is 
true is the following. If r(7r) is a colimit of the family {T(7TJ) : j G J} 
and if 

ï<j:r(nj)->r{*) (je J) 

are the associated morphisms (which make r(7r) a colimit), then the 
space r(7r) GLC T(p), together with the morphisms 

tj 0 id : r(7Ty) QLC T(p) -> r(7r) 0 L c r(p), 

is a colimit of the family {r(7ry) QLC r ( p ) : j G J } 
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It is also the case that colimits in LCModx are unique up to iso­
morphism. In other words, if r(7r/) is another colimit of the family 
{r(7Tj) :jeJ} and if 

it:j':r(nj)-+r(n') 

are the associated morphisms, then there is a unique isomorphism 
0 : r(7r) —• r(7T/) which makes the diagram 

rfrj) - ^ r(TT) 

r(Tr') 

commute for all j G J . G 

A full verification of all the assertions in the Proof Outline would 
require several pages full of induced maps and commuting diagrams. 
There is, however, a deeper explanation as to why the theorem is true. 
This explanation involves another functor. 

If p : F —• X is a fixed bundle of Banach spaces, we define a functor 

®p : LCModx -> LCModx 

as follows: for each object r(7r) in LCModx, 

®p(r(7r))-r(7r)®LCr(p), 

and, for each morphism (f) : r(7r) —• T(£), 

®p(<t>) = 0®Lcid. 

Then it is easily verified that ®p is a covariant functor. Moreover, the 
previous theorem simply states that the functor <g>p preserves colimits. 
The real reason that <g>p preserves colimits is that it is a left adjoint 
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to another functor, which we will denote by Homp. The functor Homp 

assigns to each object r(7r) in LCModx the set 

Homx(r(p),T(K)) := HomC (A-)(I»,r(7r)) 

of all bounded C(X)-linear homomorphisms from T(p) to r(7r). (Thus, 
the unit ball of Honix(r(/9),r(7r)) is the set of morphisms from T(p) 
to r(7r) in the category LCModx-) 

We first observe 

PROPOSITION 1.14. For any two Banach bundles n : E -> X and 
p : F —> X, the space Homx(r(p),r(7r)) is a C(X)-module which is 
C(X)-locally convex. 

PROOF. This is a special case of a result appearing in [3]. o 

We now define the functor 

Homp : LCModx -+ LCModx 

as follows: for each object r(7r) in LCModx, 

Homp(r(7r)) = Homx(r(p),r(7r)); 

for each morphism (j) : r(7r) —* r(£) in LCModx, the corresponding 
morphism 

Homp(0) : Homx(r(p),r(7r)) - H o m x ( r ( p ) , r ( 0 ) 

is defined by the equation 

[Homp(<l>)](tl>) = <l>otl> 

for all ip € Honix(r(/9),r(7r)). Then it is easy to show that Homp is a 
covariant functor. 

The fact that ®p is a left adjoint of Homp is largely the result of the 
following ''exponential law". 
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THEOREM 1.15. Let n : E -> X,p : F -+ X, and £ : Ç -+ X be 
Banach bundles. Then the spaces 

Horn* ( I » ®LC r(p), r(e)) and H o m ^ I » , Homx(r(p) , T(O)) 

are isomorphic in the category LCModx- Specifically, there is a unique 
isomorphism 

e : Homx(r(7T) ®Lc T(p)) -> Horn* (HTT), Horn* (r(p), r (O)) 

{[0(0)](<7)}(r) = # 7 © r ) 

/or a// 0 e Homx(r(7r) ® t c r (p) , r (0) ,o" € I » , and T € T(p). 

PROOF. It is well-known that there is a C(X)-linear isometric iso­
morphism from 

Hom x ( r (7r)® x r(p),T(0) t o Hom.v(r(7r) ,Homx(r(p),r(0)) 

given by 0 i—> 4>, where 

[Ï((T)](T) = 4>(cr ®x T) 

for all or 6 r(ir) and r € T{p). (See 14.) 

On the other hand, there is also a natural C(X)-linear isometric 
isomorphism from 

Homx(r(n)®x r(p),T(0) to H o m x ( r ( 7 r ) ® t c r ( p ) , r ( 0 ) . 

For, if <p e HoniA:(r(7r) ® x r(/>),r(£)), then by_the universal property 
of Gelfand representations there is a unique <j> € Homx(r(7r) ®LC 

T(p),r(^)) such that the diagram 

r(7r) ®x r(/>) —?-+ n o 

r(7r) ®LC T(p) 

commutes; moreover, | |0| | < \\<p\\ and 
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0(<r 0 r) = (0((cr ®X r)A) = (0 o A)((T ®x r) - 0(<r ®X r ) . 

Thus, 0 i—• 0 provides an isometric map from 

Homx(r(7r)®xr(p),r(0) 

to 

Homx( r (7 r )® L C r (p ) , r (0 ) . 

The map is obviously surjective - if ip belongs to the space displayed 
immediately above, then its preimage is ip • A - and it is easily seen to 
be C(X)-linear, etc. D 

THEOREM 1.16. For each bundle of Banach spaces p : F —> X the 
functor ®p is a left adjoint of the functor Homp. 

PROOF. Let us denote by (r(7r),r(£)) the morphisms from r(7r) to 
r ( 0 in LCModx. Thus, (r(7r),r(£)) is the unit ball in Homx(r(7r), 

r(£)). For any two bundles IT and £ over X, we have, by the preceding 
theorem, a bijection 

4>« •• (®p(r(7r)),r(0) - (< I » , Hom „(r(0)> 

which is characterized by the equation 

{ ( ^ W ] W } ( T ) = ^ 0 T ) 

which holds for all morphisms 0 : r(7r) <S>LC T(p) —> r(£) and for all 
a € r(7r) and r G T(p). 

We must show that the family of maps { 0 ^ } is a natural transfor­
mation from the bifunctor 

F = (®p(r(?)),r(?')> 

to the bifunctor 

e = <r(?),Hom„(r(?')>. 
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What this comes to is this: given morphisms a : r(7r') —• r(7r) and 
3 : r(Ç) —> r(£') wre must check that the diagram 

<G„(r(7r)),r(o> - ^ (r(7r),HonV(r(0)) 

(GP(iV)).ro -^^ (rv^Hom^ro) 
commutes, where F 0 j and G<ui are the morphisms assigned to the pair 
(a,/?) by the bifunctors F and (?, respectively. 

One can show first that 

F a j ( 0 ) = i ? O C ) o ( Q 0 L C i d ) 

and that 
Gafl{v) = (Honv(J)) -va 

for all 0 G (< e„(r(7T)),r(0> and all i> G (r(7r).Hom,,(r(£))>. 

Let o G (0p(r(7r)),r(O>- We must show that 
(*) (0,,'^' o Fa^(o) = (G«,i o d^) (o) 

or equivalently that 

(**) [ £ ( < * ) = [ * ( * ) 

holds for all a G r(7r) and r G r(p), where L and # denote the left - and 
right-hand sides of (*), respectively. Here are the unpleasant details: 

[^)]{r) = [{(t>wr(Fnii(<t>))}^)](r) 
= Fnfj(d>)(a O T) = {3O0O(Q QJLC id)}(a 0 r) 

= (/3-0)(Q(tr)0r), 

while 

[R(<T)](T) = [Hom„(3) o ̂ ( 0 ) O Û ) W I ( T ) 
= lKom„(3){0H(0)(a(a))}}(T) 

= [/îo{0^(<>)(Q(a))}](T) 

= 3{[0„ç(<*)(a(<7))](r)} = J{o(û(a) I r)} 

= {3-0)(a(a)^T). 

Thus, (**) holds. D 
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COROLLARY 1.17. The functor Qp preserves colimits in the category 
LCModx - The functor Homp preserves limits in LCModx • 

2. Free and projective modules . In this section we shall consider 
free and projective modules in LCModx- The main result is that the 
projective objects in this category are the retracts of free objects. (The 
corresponding result for the category Mod Y was proved by Graven in 
[6]). 

DEFINITION 2.1. Let C be either of the categories Mod* or LCModx, 
and let 5 be any set. By a free module in C generated by S we mean 
an object Fs in C together with a map i: : S —> Fs having the following 
universal property: whenever M is an object in C and g : S —* M is a 
bounded map (i.e., \\g\\^c — SUP{||#(S)II - s £ S} < +oc), there exists 
a unique g G Honixfi^, M) such that the diagram 

F s —g—> M 

î / 
7 / g 

S 

commutes and \\g\\ = \\g\\^. 

Before considering the two cases, C = Modx and C = LCModx, 
several remarks are in order. First, the usual argument shows that Fs 
is unique up to isomorphism. Second, the map i : S —• Fs must be 
injective and, for all s G S, ||i(s)|| = 1. Third, if g : 5 —» M maps S 
into the unit ball of M, then the induced map g is a morphism of C. 

Let us now consider the case in which C = Modx- In this case, our 
definition of a free C(X)-module is in agreement with that of Graven 
[6]. That is to say, we can take Fs to be the space £l(S,C(X)) of all 
summable families / = (fs)ses of functions in C(X) with norm 

11/11 = En/-» 
ses 

and the obvious pointwise operations. The natural injection i : S —• 
(1(S,C(X)) assigns to each s e S the family {6st)teSi where 6st is the 
constant function 0 if t ^ s and 6SS is the constant function 1. 
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PROPOSITION 2.2. Let S be any set Then the C(X)-module 
£l(S,C(X)), together with the natural injection i : S —• £1(S,C(X)) 
is the (up to isomorphism) free module in Modx generated by S. 

PROOF. Let M be any C(X)-module, and let g : S -» M be a 
bounded map. We define a map g : £1(S1 C(X)) —> M as follows: 

$(/) = £/»$(*), 
ses 

where / = (fs)s€S- It is easy to verify that <? has the properties required 
of it in our definition of a free module. D 

We consider next the case in which C = LCMod^- Again, we let 
S be any set. If we apply the Gelfand functor G to ^ ( S , C(X)) we 
get, as one might suspect, the free module in LCModx generated 
by S. For, suppose we are given a Banach bundle n : E —• X 
and a bounded map g : S —• r(7r). Then there exists a map 
g € Homx(^(S,C(X)),r(7r)) such that g = g- iand ||£|| = | |5 | | . By 
the universal property of the Gelfand representation, there is a unique 
g € Homx(Ç(el(S,C(X))),r(*)) such that g = g • A and ||ff|| = ||£||. 
Thus, we have the commuting diagram 

G(ll{S,C(X))) 

Consequently, if we let i : S —• G(ll(S,C(X))) be the composed map 
A i , it follows that the triangle 

ç(el(s,c(x))) — ^ i » 
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commutes. We have therefore proven: 

PROPOSITION 2.3. For any set Q, the space Ç(£l(S,C(X))), together 
with the map i : S —> Ç((l(S,C(X))), is the free module in LCModx 
generated by S. 

The space (l(S, C(X)) is isomorphic to the projective tensor product 
?l(S)QC(X), where (l(S) = (l(S,C) is the space of all summable 
familes of complex numbers indexed by S. The content of the next 
result is that the space Ç(t1(S,C(X))) is isomorphic to the inductive 

tensor product (l(S)QC(X) which, in turn, is isomorphic to the space 
C(X, tl(S)) of all continuous maps from X to ex(S). 

PROPOSITION 2.4. The canonical bundle of the C{X)-module£l(S, C(X)) 
is (isomorphic to) the trivial bundle over S with constant fiber £1{S). 
Thus Ç((1(S,C(X))), the section space of this trivial bundle, can be 
identified with C(XJl(S)). Under these identifications, 

f(X) = (fg(X))seS, 

for all f = (/.O.SGS € (l(S,C(X)) and all X e X. 

PROOF. Suppose that / = (f.s)s€S e (l(S,C(X)). For each X e X, 

E l/eWI ^ E ll/-ll = 11/11' 
»65 .s£S 

which shows that the family f{X) := (fç(X))s£s is in ^(S). Moreover, 

ii/wn = Ei^wi<i i / i i -
ses 

In this way, we get a map / : X —> (1{S). We will showr that / is 
continuous. Let XQ G X and e > 0 be given. Choose a finite subset F 
of 5 such that 

E ll/«H<e/4-
»€S\F 
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Because the functions fs,s G S are continuous at X0, we can find a 
neighborhood V of XQ such that 

\fc(X)-fc(X0)\<£/2n 

for all s G F and X e V, n being the number of elements in F. 
Consequently, if X G V, then 

\\}{x) - /(Xo)ii = E i-fcw - /e(*o)i 

< £ l/c(X) -/c(*o)| + E 2-ll/«H 
.s€F .s€S\F 

< n . t /2n + 2 • £/4 = £. 

Hence / is continuous at X0. Since Xo was arbitrary, it follows that 
feC(XJl(S)). Moreover, 

11/11 = s u p { | | / ( X ) | | : X € X } < | | / | | . 

The assignment / -* / defines a norm-decreasing map 9 : tl(S.C(X)) 

-» C(X,£l(S)). It is easily checked that 0 is linear and C(A>linear. 
Since C(XJl(S)) can be viewed as the section space of the trivial 
bundle prj : X x (l(S) —> X, we can think of 0 as being a sectional 
representation of fl(S,C(X)) of Gelfand type. We want to show that 
Q(£l(S,C(X))) can be identified with C(XJl(S)) in such a way that 
/ and / become indistinguishable. 

Since the section space Ç{?l(S,C(X))) is determined up to iso­
morphism by the universal property of the Gelfand representation of 
el{S,C{X)), it suffices to show that our map 

0:tl(S,C(X))-*C(XJl(S)) 

has this same universal property. 



458 C(X)-LOCALLY CONVEX MODULES 

Let us suppose, therefore, that we are given any sectional represen­
tation </> : £l(S,C(X)) —> T(ir) of Gelfand type, where n : E —> X is a 
Banach bundle. (In other words, 0 G Komx{tl{S,C{X)),r(7r)).) We 
must show that there is a unique map / G Homx(C(X, £1(S)),T(7r)) 
such that 11̂ 11 = \\(j)\\ and </> = 0 o 0. 

Let as — (0oz)(s), where i : 5 —• £l(S, C(X)) is the natural injection. 
Then as G r(7r) and 

II0II = sup{as : s G S}. 

If g G C(X, ^ (S ) ) , then 0(g) can be defined by the series 

ses 

where ps : £l(S) —> C is the s t n coordinate projection. The fact that 
the series Ylses(Ps°9)(Js converges uniformly on X to a section in r(7r) 
follows from the observation that 

£ \\(Ps o g)(X)oç(X)\\ < J > . o 9)(X)\ "IMI 
«es ses 

= llfl(*)IHHI<NHMI 

for all X G X. Moreover, 

ll[<Ks)](*)ll < £ | | ( P . °9)(*KWII ^ Isll • IMI 
sES 

for all X G X, so 

| | ^ ) | | = sup{ | | [^ ) ] (X) | | :X G X } < | | ^ | | . | H | . 

It is easily checked that our map 

4>:C(X,el(S))^T(n) 

belongs to Homx(C(X,^1(5)),r(7r)); moreover, | |0| | < | |0| | . To prove 
that (f) = (j) o 0, it suffices (by the universal property of ^ ( S , C(X))) to 
show that 4> o i = <j) o 0 o i. However, for each 5 G 5 one can easily see 
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that (<t>oOoi)(s) is simply aN = (ooi)(s). Thus, o = oo9, from which 
it follows that HÖH = ||0 • 0\\ < \\i\\ • \\0\\ = ||ò||. Hence. | |o|| = | |o| |. 

The uniqueness of 0 follows from the fact that the range of 0 is dense 
in C(XJ1(S))< the latter being a consequence of the bundle version 
of the Stone-Weierstrass Theorem (see [4]). (The constant functions 
in C(XJl(S)) belong to the range of 0 and they completely fill the 
stalks of the trivial bundle prj : X x (l(S) -> X.) Alternatively, 
one can observe that the natural embeddings of the algebraic tensor 
product el(S) ® C(X) into £1{S,C(X)) and C(XJl(S)) result in the 
commuting diagram 

(l(S)GC(X) > (l(S,C(X))^(HS)tC(X) 

C(XJl(S)) = (l(S)èc(X) 

Since the algebraic tensor product (l(S)GC(X) is dense in both the 
projective and inductive product spaces, it follows that the range of 0 
is dense. D 

Having described in some detail the free objects in LCModA . we will 
now show that every object in the category is a quotient of a free object. 
The actual theorem is somewhat sharper, and involves the notion of a 
supermorphism. 

DEFINITION 2.5. Let C be either of the categories Mod* or LCModx. 
By a supermorphism of C, we mean a morphism <j> : V -> W between 
objects of the category (so | |0|| < 1, in particular) with the following 
additional property: for each w e W there is a r € V such that 

0{v) = wsiiid ||i' | | = | k l | . 

A supermorphism à : V - • W is, in particular, a quotient map, so it 
induces an isometry V/(kev0) ^ \Y. Also, except in the trivial case 
where W = 0, | |0| | = 1. 
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PROPOSITION 2.6. lfT(ir) is any object in LCModx, then there is a 
free object T(p) in LCModx and a supermorphism 0 : T(p) —• r(7r). In 
particular, T(K) is the quotient of a free object in LCModx-

PROOF. By Graven [6], there exists a free object in Modx, 

tl(S,C(X))< and a supermorphism 

a :£ 1 (S ,C(X) ) ->r (7 r ) . 

(We may define S to be {a G r(7r) : \\a\\ = 1} and define a by 

where / = (f(r)rres>) By the universal property of the Gelfand 
representation, there is a unique morphism 0 : Ç((l(S,C(X))) —> r(7r) 
which makes the diagram 

(l(S.C(X)) —2— I » 

Ç((HS,C(X))) 

commute. Given a G r(7r), we can choose / G il(S,C(X)) so that 
« ( / ) = a and | | / | | = \\a\\. Then 0( / ) = <x and | | / | | < | | / | | = |M| . On 
the other hand, \\o\\ = | |0( / ) | | < |M| • | | / | | < | | / | | . Thus, | | / | | = ||<x||. 
This proves that 0 is a supermorphism. D 

We will show next that free objects are projective. 

DEFINITION 2.7. Let C be either of the categories Modx or LCModx-
An object V in C is projective if and only if, for any supermorphism 
0 : U —• \V of the category, and for any ip G Homx(V, W), there exists 
a map a G Homx(V, U) such that | |a | | = \\^\\ and ip = <p o a, i.e., the 
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diagram 

commutes. (Since | |v | | = | | 0 ° a | | < \\(t>\\ • \\<*\\ < | | a | | , the requirement 
that | | Q | | = ll^'ll can be weakened to | | a | | < \\v\\.) 

PROPOSITION 2.8. The free objects in either Mod A or LCMod A are 

projective. 

PROOF. Let C be either Mod* or LCMod A . Let 5 be a set. and 
let F 5 , together with the map i : S -+ Fs, be the free object in C 
generated by 5 . Suppose that we have a supermorphism O : U -> V 
of the category, and suppose y G H o m A ( F s , V). For each s G 5 . set 
vs = ( 0 o i ) ( s ) . Since 0 is a supermorphism, we can select us G U such 
that 0(us) = vs and \\us\\ = \\vs\\. We define a map g : S — U by 
setting g(s) = us for all s G S. By the universal property of Fs, there 
is a unique a e Hom A ' (F 5 , U) such that g = a-i and 

| | Q | | = IÎ H = s u p { | K | | : s £ S} = sup{||r.s.|| : s G 5 } = \\i<\\. 

Finally, for all s G 5 , 

[(<t> o a) o i](s) = [0 o (a o i)](s) = Ô(g(s)) 

= 0(us) = v.s = {V°*)(s). 

so (0 o a) o i = -0 o 2, from which we get 0 o a = v. This proves that 

Fs is projective. 
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PROPOSITION 2.9. If M is a projective object in Mod A', then G{M) 
is projective in LCModx-

PROOF. Suppose we have a supermorphsm o : T(7r) —•> T(p) of the 
category LCModx, and suppose 0 G Homx(5(A/),r(p)). Because 
M is projective, there is a unique 3 G HOIIIY(A/, r(7r)) such that 
\\3\\ = | |^ o A|| = | | ê | | and <p o 3 = v o A, where A : M -» Ç(M) 
is the Gelfand representation of M. By the universal property of 
the Gelfand representation, there is a unqiue a G Honix (Q(M)^T(TT)) 
such that 3 = a • A and | |a| | = \\3\\. Hence, | |o | | = | |^| | and 
(0 o a) o A = o o (a o A) = 0 o 3 — 0oA, from which we get 0 o a = %\ 
Thus, the diagram commutes. 

r(TT) 

•I 
r(p) ^ — G(M) <-^— M 

This proves that Ç(M) is projective. D 

We have shown that free objects are projective. WTe will show next 
that retracts of projective objects are projective. 

DEFINITION 2.10. Let C be either of the categories Mod* or 
LCModx- If V and W are objects in C, we say that \V is a retract 
of V if and only if there are morphisms 0 : V —• W and V • Wr —• V 
such that 0 is an isometry and 0 • ip — idw. 

With regard to this definition, we offer the following observations: 

1) The map 0 : V —• W is necessarily a supermorphism. (Let 
\V be any element in W. Set v = y(w). Then ||V|| = \\w\\ and 
0(r) = (0 • V')("0 = idw(w) = w.) 

2) Up to isomorphism, W is both a subspace of V (since 0 : W —• V is 
an isometry) and a quotient space of V (since 0 : V —» W7 is a quotient 
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map). The situation is, however, even more specialized. If we let V\ 
be the range of ip and let V2 be the kernel of ip, then V\ and V2 are 
closed submodules of V, and V is their direct sum. We have (isometric) 
isomorphisms W = Vi = V/V2, and, additionally, 

\\v + v2\\ = \\v\\ 

for all v G V\. 

PROPOSITION 2.11. Let C be either of the categories Mod* or 
LCModx- Suppose that V and W are objects in C, that V is projective, 
and that W is a retract of V. Then W is also projective. 

PROOF. By assumption, there are morphisms 0 : V —• It' and 
ip : W ^ V such that 0 is a supermorphism, ^ is an isometry, and 
(p - ip = idw- Suppose we are given a supermorphism a : U\ —>• ^2 and 
a map ß e Homx(W, U2) as indicated in the diagram below. 

Ui ^ — V̂  

u2 < w 

Because V is projective, there is a unique F G Homx(V,Ui) such that 
a • r - /? • <P and | | r | | = ||/î • 0|| < ||/?||. Set 6 = F • ^. Then 
\\S\\ < | | r | | < H/ÎII a n d Q - 6 = Q - r - ^ = / 9 - 0 - ^ = /?- id w = /3. 
This proves that W is projective. D 

It follows that the retract of a free object is projective. The converse 
of this was proved by Graven in [6] for the category Modx • We shall 
now prove it for the category LCModx-

PROPOSITION 2.12. An object in LCModx is projective if and only 
if it is the retract of a free object. 
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PROOF. Let us suppose that r(7r) is a projective object in the 
category LCMod \-. As in the proof of Proposition 2.6, we know tha t 
there is a free object ll(S,C(X)) in Mod Y and a supermorphism 0 : 
fl{S.C{X)) — r(7r). Furthermore, the induced map 0 : C(X,(l(S)) -> 
r(7r) which causes the rectangle shown below to commute, is also a 
supermorphism (as shown in the proof of Proposition 2.6). 

C(XJl{S))^g{(l(S,C{X))) 

T(TT) 

Since r(7r) is projective, there is a map 0 : r(7r) —• C(X,(1(S)) 

such that à • 0 = id r ( 7 r ) and \\0\\ = | | id r ( 7 r ) | | = 1. If a G r(?r), 
then \\a\\ = \\0(O(a))\\ < \\0(a)\l but , since \\0\\ = 1, we also have 
||ô(cr)|| < \\a\\. Thus, ||0(<r)|| = \\<r\\. This proves that 0 is an isometry. 
Consequently, r(7r) is a retract of the free object C{XJl(S)). u 

3. Injec t ive o b j e c t s . We turn our attention now to the injective 

objects in LCMod A'. 

PROPOSITION 3.1. Let C be either of the categories ModA- or 
LCModx , and let M be an object in C. The following are equivalent: 

1 ) Whenever 0 : N —• M and i : N —> N* are morphisms of C and i 
is an isometry. there is a morphism 0 : N' —> M such that 0 = (poi; 
i.e., the triangle 

<t> 

N • M 

N' 

commutes. 
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V) Whenever i : Ar —• N' is an isometric morphism of C and 
ô G Hom,Y( iVJ / ) , then there exists a & in Horn y (N ' , M) such that 
0 = éoi and \\o\\ = | | 0 | | . 

2) Whenever t : M —> N and j : M —+ A/' are morphisms of C 
and j is an isometry, there exists a morphism v : A/' —> N such that 
V = U< o j : 

M • Ar 

A/' 

2') Whenever j : i l / —• M' is an isometric morphism of C and 
whenever y G Hon ix (M, iV), there exists a xi? G Homy (A/', iV) .swc/* 

£/m£ V = i / ' o j and \\v\\ — ||t'H-

3) Whenever j : A/ —» A/' is an isometric morphism of C. there 
exists a morphism p : A/' —• A/ (50, m particular, \\p\\ < 1) ,swc/z that 
p. j — \(\AI [which means, in particular, that M is a retract of A/ ' ) . 

The above can be easily proved by arguments to be found in Graven 
[6]. In any case, an object A/ which satisfies the conditions above will 
be called C-injective. For the category Mod*- the notion of an injective 
module is nothing new: an object A/ in Mody is Mod y-injective if and 
only if it is C(Ar)-injective in the sense of Graven. 

An immediate consequence of 3) above is that an object in LCModx 
which is Modx-injective is automatically LCModx-injective. 

COROLLARY 3.2 If r(7r) is an object in LCModx which is M o d x -
injective, then T(7r) is LCModx-injective. 

PROOF. Suppose j : T(7r) —> T(p) is an isometric morphism between 
objects in LCModx- Since r(7r) is LCModx-injective, there is a 
morphism p : T(p) —» r(7r) such that P o j — id r ( 7 r ) . Since P is a 
morphism of the category LCModx it follows that r(7r) is LCModx-
injective. D 
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Injective objects have also been studied in the category Bani (of 
all Banach spaces with contractive linear maps as morphisms); see 
Semadeni [15], for instance. In this category, the injective objects 
prove to be quite exceptional: they are those Banach spaces which are 
isometrically isomorphic to C(p), where p is compact and extremally 
disconnected. We will show first that, by taking products IT {Ex ' 
X G X) of Bani-injective Banach spaces,we get injective objects in 
the category LCModx • Later we will see that every injective object of 
LCModx is the retract of such a product. 

PROPOSITION 3.3. Let C be either of the categories Modx or 
LCModx-

1) If {Ms : s G S} is a family of modules belonging to C, then their 
product IT{Ms : s e S} is C-injective if and only if Ms is C-injective for 
each s G 5. 

2) If M is C-injective, and if N is a retract of M, then N is C-
injective. 

Thus, the injective objects of C are closed under forming products 
and taking retracts. 

The proof, which is quite straightforward, is omitted. 

If {Ex • X G X} is any family of Banach spaces indexed by X, then 
we can apply 1) in the above proposition to 

M :=ir{Ex : X e X} 

in the category Bani. If we view the elements of M as bounded func­
tions (selections) with X as domain, then,under pointwise multiplica­
tion by functions in C(X),M is a C(X)-locally convex module. Fur­
thermore, we may regard M as a product in either of the categories 
Modx of LCModx- This comes about if, for each X G X, we regard 
Ex as a C(X)-module. There multiplication of vectors in Ex by a 
function / G C(X) is defined to be multiplication of vectors by the 
scalar f(X). 

COROLLARY 3.4. Let {Ex : X e X} be a family of Banach spaces, 
and let their Bani-product be regarded as a C(X)-locally convex module 
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as described above. Then 7T{E\ '• X G X} is LCModx-injective if and 
only if Ex is Bani- injective for each X 6 X. 

PROOF. It suffices to show that, for each X e X,EX is LCModY-
injective if and only if Ex is Bani-injective. 

Let us suppose first that E\ is Bani -injective. To show that Ex 

is LCModx-injective, we use 1) of Proposition 3.1. Suppose we have 
morphisms 0 : T(p) —+ Ex and i : T(p) —• T(p'), where p : F —> X and 
p' : F' —• X are Banach bundles and i is an isometry. We must show 
that there is a morphism 0 : T(pf) —> Ex such that ò = <j> o i. To this 
end, we first observe that 

r(T) 

where E\ may be regarded as the section space of the bundle r : G —* X 

for which 

\ 0 , ify? 

If, for each y € X, we let (j)y : Fy -+ Gy be the restricted fiber map 
of the bundle map induced by 0, then clearly cf)y = $ if y ^ X, and 
ll^xll = |\<b>\| < 1. If, similarly, we let iy : Fy -+ (F')y be the fiber map 
induced by i, then iy is an isometry (for each y G X). Since £ x is Bani-
injective, there is a contractive linear map 0x : ( ^ ) x —• Gx = £ x 
s u c h t h a t (f)X = <t>x ° ix-

<t>x 
Fx > Ex 

(F')x 
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We can then define a map 0 : T(p/) —• T(T) = E\ as follows: 

[*(*)](y) = l*x{(T{x))' iïy = X 
1 v nKy} \ 0 , iiy^X. 

for a G r(/o') and y £ X. Then it is easily checked that 0 is a morphism 
and that 0 — 0o i. Thus, Ex is LCModx-injective. 

Suppose, conversely, that E\ is LCModx-injective. To show that 
Ex is Baiii-injective, we suppose that V and V are Banach spaces, 
that 0 : V —> Ej. is a contractive linear map, and that i : V —• V is 
a linear isometry. We must show that there exists a contractive linear 
map 0 : V —> £ , such that 0 = 0 o i: 

Let p : F —• X and p' : F ' -> X be Banach bundles for which 

* » ~ \ 0 , if y X 

and 

1 , v \ 0, if y ? x, 
y = x, 

and define maps i' : T(p) — r(p') and </>' : F(p) - - T(r) S £,. by 

[oV)](i/) = {*( 

(X) ) , if y = jr. 
ify^x 

and 
>((7(X)), if 2/ = x, 

if y ^ J , 

for cr G r(p) and */ G X. Then it is easily checked that i' and 0' are 
morphisms of LCModx and that i' is an isometry. Since Er is assumed 
to be LCModx-injective, there is a morphism 0 : T(p') —> T(r) such 
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that (j)' = <fi' o if. If we let <fr : V —» f̂  be the restricted fiber map 
( 0 % : (F ' ) x —» Gx induced by <?/, then it is easily checked that 0 has 
the required properties. D 

We can now describe (sort of) the most general injective objects in 
LCModx-

THEOREM 3.5. An object r(7r) in LCModx is LCModx-injective if 
and only if there is some set Y such that T(TT) is a retract of the product 
7r{£oc(Y):xeX}. 

PROOF. The "if part follows from Corollary 3.4 and the fact that 
injectivity is preserved by taking retracts. 

To prove the "only if part, let us assume that r(7r) is LCModx-
injective, where w : E —» X is a Banach bundle. It is well known that, 
for each x e X, there is a set Yx such that Ex is a retract (in Bani) of 
£°°{YX). For x e X, let ax : Ex -> f^ÇYx) be the isometric injection. 
Let Y be the disjoint union of {Yx : x e X}; it is then easy to check that 
£°°(YX) is a retract oîe°°(Y) for each x E X. Let ßx : £~(YX) -* £^(Y) 
be the isometric injection. Let N := w{£oc(Y) : x e X}. Then the map 
r : r(7r) - • N defined by 

[T(a)}(x) = (ßxoax)(a(x)) (aeT(ir)) 

is easily seen to be an isometric morphism of the category LCModx • 
Since r(7r) was injective in LCModx, it follows (from Proposition 3.1) 
that T(TT) is a retract (in LCModx) of N. o 

We shall next prove the converse of Corollary 3.2; in other words we 
shall prove that, for objects in LCModx, our two types of injectivity 
- Modx-injectivity and LCModx - injectivity - coincide. The crucial 
fact is: 

LEMMA 3.6. Let T(n) be an object in LCModx, let N be an object in 
Modx with canonical bundle p : F —• X and suppose that i :T(p) -> N 
is an isometric morhpism. Then A o i : r(w) —• T(p) is also an 

isometry, where A : N —• T(p) is the Gelfand map for N. 
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PROOF. Let G E r(7r). It suffices to show that, for each x E X, 

\\a(X)\\ = \\i(*)A(X)\l 

for then it follows that 

IMI = sup{||<7(X)|| : x e X} = sup{||i(a)A(X)|| : x G X} 

= ||i(<T)A|| = ||(Ao,-)(a)||. 

For each open neighborhood V of X, choose a closed neighborhood 
U C V and a continuous function fy : X -+ [0,1] such that fy = 1 on 
U and fy = 0 outside of V. Then 

| M X ) | | = i n f v { | | / H | } = infv{ | | t ( /^ ) | | } 

invv{ | | /v iM| |} = | | t W A W I I 

by Varela [16]. o 

THEOREM 3.7. An object T(ir) in LCModx is LCModx-injective if 
and only if it is Modx - injective. 

PROOF. Because of Corollary 3.2, it suffices to prove the "only if 
part. Suppose, then, that r(7r) is LCModx-injective. Suppose also 
that M is an object in Modx and that i : r(7r) —• M is an isomorphic 
morphism (of Modx)- By the lemma, the composed morphism A i : 
r(7r) —> G(M) is also an isometry: 

r(7r) —%—^ M 

Î Q / A 

G(M) 

Since r(7r) is assumed to be LCModx-injective, there is a morphism 
(of LCModx)Q : G(M) -^ T(ir) such that Q o (A o i) = idr(7r). If we 



J.W. KITCHEN AND D.A. ROBBINS 471 

set p = Q o A , then we have a morphism p : M —> r(7r) such that 
poi = idr(Tr), which proves that r(7r) is Modx-injective. D 

The next result may be viewed as a refinement of the previous one. 
If M is any object in Modx, then it is shown in Graven [6] that M 
has a Modx-injective envelope M. That is, M is a smallest injective 
module which contains M isomorphically. More precisely, there is an 
isometric morphism i : M —> M, M is injective, and in M there is 
no proper Modx-injective submodule which contains i(M). Such an 
injective envelope, while not unique, is unique up to isomorphism (in 
the category Modx). Furthermore, i : M —• M is an essential extension 
of M, which means this: whenever (fi : M —• N is a morphism in Modx 
for which the composed map (fi • i is an isometry, then (fi itself is an 
isometry. 

THEOREM 3.8. Let r(7r) be an object in LCModx, and let N be its 
Modx-injective envelope. Then N is C(X)-locally convex; moreover, 
N is the LCModx-injective envelope OJT{TI). 

PROOF. Let p : F —• X be the canonical bundle of N. To show 
that N is C(X)-locally convex, we will prove that the Gelfand map 
A : N —> T(p) is an isometric isomorphism. If i : T(w) —> N is 
the isometric embedding of r(7r) into its injective envelope, then by 
Lemma 3.6, the composed morphism Aoz : r(7r) —» T(p) is an isometry. 
However, since i : r(7r) —• N is an essential extension, it follows that 
A : TV —• T(p) is also an isometry. By the bundle version of the Stone-
Weierstrass theorem, the range of A is dense in T(p). Since, however, 
A is an isometry, it then follows that A : N —• T(p) is surjective. 
Therefore, the map A is an isometric isomorphism from N to T(p). 

Knowing that N is an object in LCModx, it is then easily argued 
that N is the injective envelope of r(7r) in the category LCModx- We 
have, first of all, our isometric morphism i : T(n) —• N. Suppose M 
is a submodule of N which is in LCModx, is LCModx-injective, and 
contains z(r(7r)). Then M is Modx-injective, by the previous theorem. 
Hence, by the definition of an injective envelope, M must be N. Thus, 
TV is the LCModx-injective envelope of r(7r). D 
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PROPOSITION 3.9. Let n : E -+ X be a Banach bundle. If T(TT) is 
LCModv-injective, then T(7r) is a Bani-injective. n 

It turns out, at least in some simple instances, that Bani - and 
LCModx - injective objects coincide. 

PROPOSITION 3.10. Let X be extremally disconnected. Then C(X) 
is LCModx -injective. 

PROOF. Let ßXd denote the Stone-Cech compactification of X with 
its discrete topology. It is well-known (see, e.g., Lacy [13]) that X is a 
topological retract of ßXd- Let 

X-^ßXd-^X 

denote the mappings involved; we have r o s — idx • 

It then follows, of course, that C(X) is a Bani-retract of C(ßXd)'-

C(X)^-C(ßXd)^—C(X) 

where, for example, 

s*(f)(X) = (foS)(X) 

for / e C(ßXd) and X € X. Moreover, C{ßXd) is a C(X)-Iocally 
convex module under pullback by r: we define a • f = r*(a) • f, for 
a € C(X) and / e C(ßXd). 

We will be done if we can show that r* and s* are actually morphisms 
of LCModx and that the canonical algebra isometric isomorphism of 
(°°(X) and C(ßXd) is also a morphism of LCModx-

1) Let a,be C{X). For z € ßXd, we have 

r*(ab)(z) = (ab)(r(z)) = a(r(z))b(r(z)) 

= r*(a)(z)r*(b)(z), 

so that 
r* (a&) = r » r * (6) = a-r*(6). 
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2) Similarly, for / G C{ßXd),a € C(X), and X € X, we have 

[s*(a • f)](X) = (a • f)(s(X)) = r*(a(.s(X)))f(s(X)) 

= a(r(s(X)))f(S(X)) = a(X)f(s(X)), 

or 

* > • / ) = a • * * ( / ) . 

Thus, C(X) is an LCModx-retract of C(3Xd). 

3) Finally, let o : ^ ( X ) —• C(/3X«y) be the isometric algebra 
isomorphism which, to each bounded function on X. assigns its unique 
continuous extension to 3Xd, and let i : C(X) —* (^(X) be the 
isometric embedding. We necessarily have o o i — r*. Let / G 
^ ( X ) , a e C(X), and c G 3Xd. Then 

0(a • /)(c) = [0(i(a))f](z) = [0(î(a))](c)[o(/)](c) 

= [r*(a)](c)[0(/)](c). 

so that 

0 ( a - / ) = r*(a)0(/) = a - o ( / ) . 

By the same token, p~l is a morphism of LCModx. Thus, C(X) is an 
LCModx retract of (X(X)< and is LCModA-injective. D 

COROLLARY 3.11. C(X) is LCModx-injective if and only if X is 
extremally disconnected. 

PROOF. Proposition 3.10 shows the uif" part; the other half is a 
consequence of Proposition 3.9 and the fact that if C(X) is Baii!-
injective, then X is extremally disconnected. D 

If X is any compact space, then it is well-known (see again Lacey 
[13]) that there is an extremally disconnected compact space p and 
a continuous surjection p : P —• X such that C(P) is the Baiii-
injective envelope of C(X). From the known properties of extremally 
disconnected spaces, it follows that p is a topological retract of 3X(I. 
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We thus have a diagram 
p 

P > X 

ßxd 

where each of the maps p, s, and t is a surjection. 

As usual, we may regard C(P) and C(ßXd) as C(X)-locally convex 

modules (under pullback by p and s, respectively). 

COROLLARY 3.12. Let X be compact, and let p be the extremally 
disconnected space such that C(P) is the Bani-injective envelope of 
C(X). If C(P) is regarded as a C(X)-module via pullbackf then C(P) 
is also the LCModx-injective envelope of C(X). 

PROOF. In the same fashion as in the proof of the Proposition 3.10, 
we may show that each of the maps in the above diagram induces a 
morphism of LCModx- Thus, C(P) is LCModx-injective, since it is a 
retract in LCModx of the LCModx-injective object C(ßXd)-

Finally, let 7r : E —> X be a Banach bundle, and suppose that 
6 : C(P) —» r(7r) is a morphism of LCModx such that 

6 - P* : C(X) — r(7r) 

is an isometry (where p* : C(X) —• C(P) is the isometry induced by 
p). Since C(P) is the Bani-injective envelope of C(X), it follows that 
6 is an isometry, and thus that C(P) is an essential extention of C(X), 
and finally that C(P) is the LCModx-injective envelope of C(X). o 

COROLLARY 3.13. Let p be any extremally disconnected space such 
that there exists a continuous surjection p : P —> X. Then C(P), as a 
C(X)-module via pullback by p, is LCModx-injective. 

PROPOSITION 3.14. Let V be a Banach space. Then V is a Bani-
retract ofC{X, V); if V # 0, then C(X) is a Modx-retract ofC(X, V). 
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Thus. ifC(X,V) is LCMod x-inj ectiv e. then V is Baili-injective. and 
C(X) is LCMod \-inj ectiv e. 

PROOF. Let i : V -* C(X. V) assign to each v G V the constant 
function on X whose value is v. Then i is an isometry. For each 
x e X, evj. : C(X, V) —» V{ evx( /) = f(x)) is a contractive linear map, 
and evx o i = idy. Thus, V is a Bani-retract of C(X. V). 

Assume V ^ 0. Choose a unit vector v E V and an F G V* such that 
F(v) = 1 and | |F | | = 1. Define i : C(X) — C(X, V) by 

[i(f)](x) = f(x)v (feC(X).xeX). 

and define R : C{X, V) — C(X) by 

Then ? and R are morphisms of LCMod A', i is an isometry, and 
Ro i = idc(x)- n 

COROLLARY 3.15. If C(X,C r ' ) is LCMod A'-wjecfwe, then X is 
extremally disconnected and the norm on C" is the sup-norm. 

COROLLARY 3.16. Let p be extremally disconnected, and suppose 
that there is a continuous surjection p : P —> X. Regard C(P) has 
a C(X)-module by pullback, and endow C" with the sup-norm. Then 
the section space C(p, C") of the trivial bundle prl : P x C" —» X is 
LCMod x- injective. 

PROOF. Let 5 = { 1 , n}, and consider the ''flip-flop" mapping 

( ^ : f x ( 5 , C ( P ) ) - > C ( P , C n ) 

given by 

[0(f)(y)](i) = [mi(y) (yep,i&S). 
It is evident that <j> is both an isometry and surjective. Moreover, for 
a E C(X), we have 

[<t>(a-f)(y)](i) = [{a-f)(i)](y) 

= a(p(y))[f(i)](y) = P*(a)(y)\o{S)(y)\{i), 
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so that <t>{a • / ) = p*(a)0(/) = a • 0 ( / ) , where p* : C(X) -> C(P) is the 
isometric embedding dual to p. 

Thus, C(P, Cn) is C(X)-isometrically isomorphic to a product of 
C(P), and the conclusion follows since C(P) is LCModx-injective. D 

Conversely, however, even if C(P, Cn) is LCModx-injective for an 
extremally disconnected P , then such a surjection need not exist. For 
example, if P = {x} for some x G X, then M := C(P, C n) ^ Cn as a 
Banach space. If we make M into a C(X)-module by a • f — a(x)f for 
a G C(X) and / G C 7 \ then M is evidently LCModx-injective, but if 
X is at all interesting, then there is no surjection p : P —• X. 

If we are willing to make some strong assumptions about the fibers 
Ex of a bundle ir : E —» X such that r(7r) is LCModx-injective, then 
we may obtain some more information. 

PROPOSITION 3.17. Let X be extremally disconnected, and let n : 
E —> X be a Hausdorff bundle such that each fiber Ex is n-dimensional. 
Then T(ir) is C(X)-isormorphic to the section space C(X, C77) of the 
trivial bundle prx : X x C" —• X. Thus, the section space of any 
Hausdorff bundle with constant, finite-dimensional fibers over X is 
"almost" LCModx-injective. 

PROOF. By Gierz [4, Theorem 18.5], TT : E -* X is locally trivial. 

Since X has a basis for its topology consisting of open-and-closed sets, 
we may find a disjoint open-and-closed cover U\,..., Uin of X such that 
T(i:\Uk) is C(A>isomorphic to C(Uk, Cw) for each k = 1 , . . . ,m. Let 
0A- • r ( 7T | C/A- ) —• C(Uk, C n) denote these isomorphisms (A: = l , . . . , m ) . 

Since t/fc is open-and-closed for each A: it follows from the Tietze 
Extension Theorem for bundles [10] and the fact that the characteristic 
functions of the Uu are continuous on X, that r(7r) is the direct sum 
(in the sup-norm sense) of the T(7T|Z/A-); in particular, if a G r(7r), we 
may think of a as o\ H h crm, where o^ G r(7r|LrA:) for k = 1 , . . . , m. 
Similarly, C(X,CW) is the direct sum (sup-norm) of C(c/A |Cn), and 
/ G C(X, Cn) corresponds to f\ + • • • + /„, in that direct sum. 

file://i:/Uk
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Define </> :T{7r)-+C{X,Cn) by 

n 

0((T) = 5^0,-((7I-). 
i = l 

Evidently (j) is a C(X)-homomorphism, 0 is bijective, and | |0| | = 
sup{||0,-||2 = 1 , . . . , TO} > 0, so that é is an isomorphism, o 

To this point, we have tacitly assumed that all of our results referred 
to complex Banach spaces which were objects in LCMod^, i.e., all 
fibers of bundles were complex, and so wras C(X). It is evident, how­
ever, that nothing we have done would be invalid if we had restricted 
ourselves to a category LCMod^ of real Banach modules of functions 
over X with values in real Banach spaces, viewed as modules over 
C R ( X ) , the space of real-valued continuous functions on X. If we now 
restrict ourselves to that k4real" subcategory (which we will continue to 
denote LCModx, for convenience), we may use some results of Gierz 
to obtain yet more information about injective objects in LCModx. 

Suppose that n : E —•> X is a bundle such that each fiber Ex is R" 
endowed with the sup-norm, for some n G N. If we put the point wise 
ordering on the fibers R7', then r(7r) becomes a Banach lattice (and a 
bundle of Banach lattices) in the obvious fashion. 

PROPOSITION 3.18. Let n : E —> X be a Hausdorff bundle such that: 

1) the function X •—• ||(T(X)|| : X —> R is continuous for each 
o-er(Tr); 

2) if U C X is an open set, and if a : U —• E is a bounded continuous 
section, then a may be extended to a global section a* G r(7r) of the 
same norm; and 

3) for each x G X, the fiber Er is R7', endowed with the sup-norm. 

Then r(n) is C(X)-isometrically isomorphic to the section space 
C(X, R/?) of the trivial bundle pr t : X x R" —• X, where R" is given 
its sup-norm. 
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PROOF. The stated conditions mean that n : E —> X satisfies the 
hypotheses of Propositions 2.1-2.3 of [5]. In particular, then, r(7r) and 
C(X, R n ) are isomorphic. We claim that if R n (regarded as a fiber of 
prj : X x R" —> X) is given its sup-norm, then the isomorphism is 
actually an isometry. 

From Propositions 2.1 and 2.2 of [5], we may find sections c r i , . . . ,a n 

> 0 such that the <jr are pairwise orthogonal and such that ||cr?(X)|| = 
1 for all i — 1 , . . . , n and x G X. (In this context, upairwise orthogonal" 
means that [0"i(x)](fc) • [(7j(x)](k) — 0 for each 1 < i < j < n, each 
k = 1 , n, and x G X. From this it follows that 

\\a<Ti(x) + baj{x)\\ = max{||acr?(x)||, ||6cr,(x)||} 

when i ^ j and a,b £ R.) 

As in the proof of Proposition 2.3 of [5], we define a map 

0 : C ( X , R " ) ^ r ( 7 r ) 

by 
ÌÌ 

W)](x) = £to**)(*), 

where fk G C(X) is defined by fk{x) = [f(x)](k) for k = 1 , . . . , n and 
x G X . 

Then (j> is C(X)-linear. Moreover, since CF\ (X), . . . , cr7, (x) forms a basis 
for E j , the Stone-Weierstrass theorem for bundles shows that the range 
of (j) is dense in r(7r). 

We claim that <p is the isometry we are seeking. For / G C(X, R n ) , 
we have 

| W / ) | | = sup {\\<j>(f)(x)\\ : X € X} 

sup : x G l 
I A - = 1 I 

= SUP {\\fk{x)<Tk{x)\\ '-X G X , f c = 1, . . . ,77} 

= sup {|/A(X)|,O: G X, A: = 1 , . . . ,n} 
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COROLLARY 3.19. Let TT : E —> X be a bundle satisfying 1) and 
2) of Proposition 3.19. Suppose that each fiber Ex is R" ( r ) . endowed 
with the sup-norm, for some n(x) (E N. Then there exists a pairwise 
disjoint cover U\, Un of (possibly empty) open-and-closed sets in X 
such that 

a) dim Ex — k if and only if X (E Uk (k — 1 , . . . , n)\ and 

b) r(7r) is C(X)-isometrically isomorphic to the product ni '=i ^(^/o RA ). 
where R^ is given its sup-norm. (In particular, then, T(TT) is the prod­
uct of the section spaces of trivial bundles.) 

PROOF. The stated conditions also imply that the function 

dim : X —> N, x —* dim E, 

is continuous. (See Proposition 2.3 of [5].) Thus, Uu — dim ~l({k}) is 
both open and closed in X for each k G N; since X is compact, there 
exists n such that U\,..., Un covers X. The Tietze Extension Theorem 
and the continuity of the characteristic functions of the c4 mean that 
r(7r) is C(X)-isometrically isomorphic to the product n i ~ i ^ ( 7 r l ^ ) -
Now, apply the preceding proposition to each factor r(7r|c7^), regarded 
as a (?([/*• )-module. a 

COROLLARY 3.2. Let n : E —> X be a bundle satisfying the conditions 
of the preceding corollary. Assume additionally that X is extremally 
disconnected. Then Y(Tt) is LCMod \ - injective. 

PROOF. For each k — l , . . . , n , r(7r|£4) is isometrically isomorphic 
to C(Uk,Hk), which is an LCModA-retract of the LCModA-injective 
modules C ( X R A ) . D 

COROLLARY 3.21. Let ir : E —> X be a bundle satisfying the 
conditions of Corollary 3.20. If T(n) is LCModx-injective, then X 
is extremally disconnected. 

PROOF. If each Ex is rc-dimensional, then r(7r) = C(X,R") , and the 
result follows from Proposition 3.14. 

The more general case follows immediately, since then each Uk in the 
open-and-closed cover of X is itself extremally disconnected, and X 
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itself, as the union of finitely many disjoint open-and-closed subsets, is 
then also extremally disconnected. D 
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