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A COEFFICIENT ESTIMATE FOR
NONVANISHING HP FUNCTIONS

JOHNNY E. BROWN AND JANICE B. WALKER

ABSTRACT. The Krzyz conjecture asserts that if f(z) =
ao + a1z + a22? + -+ is a nonvanishing analytic function
with |f| < 1 1in |z] < 1, then |an| < 2/e (n = 1,2,...).
Hummel, Scheinber% and Zalcman more generally conjectured
that |an| < (2/e)l/2 for all nonvanishing f € HP with
IIfllp <1(1/p+1/g =1,1 < p < 00). We prove the latter

conjecture for n = 2 and n = 3 for a natural subclass of
nonvanishing H? functions. We also point out a relationship
between the two conjectures for this subclass. Our main tool
in this investigation is the Pontryagin Maximum Principle.

1. Introduction. Let B, denote the set of all nonvanishing H?
functions f(z) = ao + a1z + a2z% + --- with ||f||, < 1. Hummel,
Scheinberg and Zalcman [4] conjectured that

2 1/q
(1) sup |a,| = (—-) , foralln >1,
B e

14

where 1 < p < 00 and 1/p+1/q = 1. If true, the bound is attained by

e = (B2 (e (20

and its rotations e’ H,(e**z), where vu € R. To date, the only
evidence supporting (1) is given in [1] where the conjecture was verified
for n = 1 and for arbitrary n > 2 provided a,, = 0 forall1 < m <
(n+1)/2. In this paper we prove the conjecture for n = 2 and n = 3
for a certain natural subclass of nonvanishing H? functions which we
now describe.

It is well-known (see [2] for example) that if f is a nonvanishing H?
function then

(2) f(2) = e2Q(2)I(2),
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where Q(z) and I(z) are the outer and inner factors of f, respectively,
and A € R. For n > 2, let B,(n) denote those functions f € B, of the
form (2) with Q/(0) = --- = Q™~1(0) = 0. Observe that H, € B,(n)
for each n > 2 and that the classes By(n) are nested in B,. We can
now state our main result.

THEOREM 1. Let 1 < p < co.
(a) If f € By(2), then |ag| < (2)V/2.
(b) If f € Bp(3), then |az| < (%)1/‘1.

Equality holds only for Ha and Hs, respectively, and their rotations.

The conjecture (1) is a generalization of the Krzyz conjecture which
asserts that

2
3) sup |as| = 3 for all n > 1.

oo

This conjecture has been proved only for n = 1,2,3,4 [4, 6, 7]. We
point out a connection between the conjecture (1) for B,(n) and the
Krzyz conjecture. Subordination methods maybe used to study the
Krzyz conjecture but seem to be of little use in studying the more
general problem (1). We will make use of the Pontryagin Maximum
Principle here. This appears to be the most effective tool in consider-
ing the conjecture (1).

2. Preliminaries. Any function f € B, has the form (2). Since
the inner function I belongs to B, in order to prove our theorem
we need sharp estimates for coefficients of functions in B.,. Suppose
9(z) = bp+ b1z + baz? + .-+ € By, and by = e~ for some 0 < t < 0.
In [4], or directly, we obtain

b2l< 2t 0<t<2
bol = | 2(82—t) 2<t<oo.

(4)

Bounds for |b3/bg|were also obtained in [4], but not all were sharp.
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Prokhorov and Szynal [6] obtained the following sharp bounds:
(5)

2y = Fi(t) 0<t<t
b 3@(% - 1)%2 = Fy(t), t1 <t < to
13(3—) < 3@(21:2 — 6t +3)(t — 2)%2(t — 3)"1V2 = Fy(t), ty<t<ts

VB4 (2¢ — 3)3/2(~126t — 6)~1/2 = Fy(t), ts <t <ty

21(2t% — 6t + 3) = F5(¢), ty <t < oo,

where t; = 1.65495-. .. ,t; = 3.22474--- ,t3 = 3.47568---, and t; =
3.82287--- are roots of

16t —33t2+ 12t —2=0

26> -8t +5=0
263 — 124> + 21t — 12 =0
262 - 10t +9=0
respectively.

Finally, we mention that the outer and inner functions in (2) have
the form

2r i
(6) Q(2) = exp (%/0 % logw(H)dB)
and
2 i 4 4
™ 10 =exn (- [ S 2au®),

where w is a nonnegative measurable function with logw € L, ||w||z» =
[|fllp and p is a bounded nondecreasing function with p'(6) = 0 a.e..
Note also that w(f) = |f(e¥)] a.e..

3. Proof of Theorem 1. For any fixed n > 2, the class B,(n)U{0}
is compact and if f belongs to Bp(n), then so does e* f(e**z). Hence
it is enough to consider

(8) max Re {an} = Jp(n)
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and we may assume f(0) = ao > 0. Let Fo(z) = Y oo, Axz* be
an extremal function for (8). Then clearly ||Fy,||l, = 1. Indeed, if
||Frnllp < 1, then there exists a A > 1 such that ||AF,||, = 1. Hence
AF, € Bp(n) with larger coeflicients. Summarizing, it suffices to
consider (8) over all f(z) = Q(z)I(z) € Bp(n) with f(0) > 0 and
[fllp = 1. Let By(n) denote this class. Hence we have

(9) Jp(n) = g?y)‘() Re {a,}.

For convenience put

1 [2eif 4,

oo
—_— — k
(10) o)y log w(6)do kzﬂckz
and
(11) I(z) =bg+ byz + bg2® +---,

with by = et for some ¢t > 0. Hence we have

27

1
(12) Co =5 A log wd@
and
1 27 .
(13) Ck = — 2e"* logw(0)dh, k> 1.
2T 0
If f(z2) =ap+ar1z+axz?+--- =Q(2)I(2) € By (n), then
(14) ap = e®by = e~
and
co—1 bn
(15) an =€+ — ).
bo

(Since V(0) =--- = Q™=1D(0) =0 we havec; = --- = cp—; = 0.)
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We want to maximize Re {a,} given by (15). Now as £(z) and I(2)
can vary independently, it is apparent from (15) that sharp bounds on
]%ghl, when by = e~?, are needed. This is precisely what is done in
resolving the conjecture (3).

Let M denote the set of all nonnegative functions w with logw € L!
satisfying

27

1
il P40 —
(16) ) do =1

and o
cr = %/ 2¢ k0 logw(0)dd =0, 1<k<n-1. ¢y
0

It follows from the above and (15) that
(18) Jp(n) = max max max Re {e®*(cyn + b /bo)},

1(0)— oot

where co = 5 [; 27 (6)d6.

We consider the inner maximum first. Since there exists an extremal
function F,, for (9) there exists a function w, maximizing the inner
functional (indeed, wy(8) = |F,(e®)|. a.e.). Our goal is to identify the
form an extremal w, must have. Fix such a function w, and let

" 1 2w
€= 5o /0 log wy, (0)d6

and
1 27 .
¢ = —/ 2¢ " log wy, (0)d, &k > 1.
2 0
(Cy =0for < k < n—1). Now, since w, maximizes the inner functional
n (18) we have

Re{e°° (cn + I;—:)} <Re {eca (c;‘l + %;5) }

In fact, if we let M* denote all functions w € M such that ¢g =
1.2m f logw(8)dd = cj, then wy, is also extremal for the simple
problem

(19) max Re {cn}.
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The extremal problem (19) leads to the following isoperimetric problem:

27
max {2%_ /0 cosnf log w(B)dH}
such that

27
/ coskflogw(0)dd =0 (1<k<n-1)
0

27
/ sinkflogw(8)dd =0 (1<k<n-1)
0
1 27
ﬁ/o logw(0)dO = c;

1 27
—_ P —
o /0 wP(0)d6 = 1,

where the maximum is taken over all nonnegative measurable functions
w satisfying the stated constraints. The vanishing of the 2n—2 integrals
above are the constraints (17). This problem, which has a solution wy,,
is a simple problem in control theory. Let us define the functions z;(t)
as follows:

t
zo(t) = —l/ cos né log w(0)do
T Jo
t
zx(t) = / coskflogw(f)dd 1<k<n-1)
0
t
Tpin—1(t) = / sinkflogw(0)dd (1<k<n-—1)
0
1t
ZTon—1(t) = %/0 log w(6)do

Tan(t) = % /0 WP (8)d6.
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Then we have the problem of determining a control w of the system of
equations

Zo(t) = -—-71F cosntlogw(t) = Go(w,t)

Zk(t) = cosktlogw(t) = Gr(w,t) 1<k<n-1)
Bhtno1(t) = sinktl0gw(t) = Giyn_1(w,t) (1<k<n—1)

. 1

Ton—1(t) = py log w(t) = Gap—1(w,t)
. 1

Ton(t) = E;wp(t) = Gan(w,t)

that takes it from the initial point (zo(0),...,Z2,(0)) = 0 to the
final point (zo(27),z1(27),...,Z2,(0)) under the condition that zo(t)
attains its minimum at the final time ¢ = 27r. We can apply the
Pontryagin Maximum Principle which asserts that an optimal w,, must
satisfy %Lun = 0, where H = Zi:o Y G and where v, are solutions
to the conjugate system

p=——, 0<k<2n.

(See [5, 8, 1].) Since the functions G (hence H) are independent of
o, Z1,..., T2, We see that ¥ are all constants. Hence in our case
n—1
H = \o(cosntlogw) + Z(/\k cos kt + pg sinkt) logw
k=1
+ Aw + ppw?,

where \x and py are constants. Now since %Lu = 0,it follows that an
extremal w, must have the form

n—1
(20) wP (t) = ag + Bo cosnt + Z(ak cos kt + B sin kt),

k=1
for some ag,8r € R. Now as w, > 0, from (20) we see that w? is
a nonnegative trigonometric polynomial of degree n, and, invoking an
old result of Fejer and Riesz, we conclude that

n
ikt
(21) BB =1) 7% P
k=0
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for some 7, € C. Note that our extremal function F,(z) = Q,(2)1,(2)

and that 2n i
1 e’ + 2
Qnp(2) = exp {—2-;/0 g logwn(ﬂ)dﬂ}
Z 2/p
= Z di2*
(")
for some di. € C. Now, since ||wn||z, =1 we get >p_, |7|*> = 1 and so
o dk|? = 1. Since Q,(0) = Q7(0) = --- = Q" (0) = 0, we must
haved; =dy = - = dp_1 = 0. Also note that 2, (0) = e® = d2/? > 0.
Hence we obtain
(22) Qu(z) = (do + dn2™)?/?,

where d3 + |dn|? = 1 and |ds| < do. The last result follows since
Q.(2) #0in |z| < 1.

If Fo(z) = Y g Akz® = Qn(2)I,(2) is an extremal function for (9)
with I,(z) = bo + b1z + b222 + --- (bg = et for some t > 0) and Q,
given by (22), then

(23) Jp(n) = Re {A,} = Re {dZ/" —‘(2%+I;—’;)}.

It remains to maximize the right-hand side of (23) over dy,d, with
|dn| < do,d% + |ds|? = 1, and over functions in B, with by = e~ for
some 0 <t < oco. The connection with the conjecture (3) is now clear.

At the present there are only sharp bounds for |—2| and | 2| as pointed
out in §2. Hence we now restrict our attention ton =2 and n=3.

For n = 2 we see that (23) becomes

(24) 7y(2) = Re {dZ/%e —t( (g;) + (',';_;))}.

Let u = [51| and note that since d2 + |d2|? = 1 and |dz| < dp, we have
d2/? = (1+ u2)~'/? and 0 < 1. Using (4) we see that (24) implies

(25) 5@ <@+ e (S ) = du)
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where ot 0 < 0
t, 0<t<
w(t)={2(t2—t), 2<t<oo’

For 0 < t < 2, it is easy to see that ¢(u,t) < (2/e)/? with equality
if and only if u = 1 and t = 1/q. Suppose next that 2 < ¢ < 3. Hence
we have

(26) B t) = (1+ ) re (S 4 267 - 1)),
Now since t2 — ¢t < 3.7t — 5 when 2 < t < 3 we obtain

$(u,8) < (1 +u2)"/pe~t (2: +74-10) = ¢*(u 1)

It follows that ¢*(u,t) < ¢*(u,to), where to = — — @75 and hence

¢(u’ t) S ¢*(’U,, t) S ¢*(’U,, tO)
= 6—87/37(7'4) ( (f+3u';) ) 1/p
£0-14/3.7 \1/p
< (0'71)(1 n (0.13)2)

1/q
<0.73 < E < <g> .
e e
Finally, suppose ¢ > (3 + v/5/2 = 2.61803 - -. Note that this overlaps

the interval [2, 3] just considered. It is easy to see that ¢(u,t) given by
(26) is a decreasing function of ¢ for ¢t > (3 + v/5)/2. Hence we obtain

3+‘/—) < max ¢*(u,t) < (2)1/0.

2<t<3

$(u,) < ¢(u,

This completes the proof for the case n = 2.

The case n = 3 is similar to n = 2 and so, as above from (23), we
have the estimate

(@) HO <A+ (3 u(0) = ),



716 J.E. BROWN AND J.B. WALKER

where ¥(t) = Fi(t),tk—1 <t < t) for 1 < k < 5, and the functions Fj
and constants ¢ are given by (5) (to = 0,t5 = 00).

If 0 <t < t; then, as above, it is easy to check that ¢(u,t) < (%)1/‘1
with equality only for u =1 and ¢ = 1/q. Since the functions Fj are a
little involved we have to consider smaller intervals.

If t; <t < 1.8, then we get F5(t) < 3.05¢t — 1.5, and so
B(u,t) < (1+ u2)-1/1’e—t(27:f + (3.05t — 1.5))
2u
<1+ u?)—lfl’e-l-f“‘(7 + 3.55) = M,.
For 1.8 <t < 1.9, then F>(t) < 3.16t — 1.57, and so a calculation gives
#(u,t) < (1+ uz)—l/Pe-l-B(%" + 4.12) = M.
If 1.9 < t < 2, then Fy(t) < \/8/3(2t — 1) and hence
o(u,t) < (1 + uz)_l/pe_l'g(z?u + 4.58) = M;.
If 2 <t <ty then
B(u,t) < p(u,2) < (1+ uz)_l/pez(% + 4.9) = M.
For t; <t < t3, we have the simple estimate F3(¢) < 17.2 and so
(u,t) < (1+ u"’)l/Pe-?"”(%“ + 17.2) = Ms.

Now, for t3 < t < t4, we see that, since (2y — 3)3/(—t% + 6t — 6) is
increasing, we get Fy(t) < v/8/3t(6.62) < 6.3t. Thus we obtain

B(u,t) < (1+ uz)‘l/Pe*W(%“ + 22) = Ms.

If t4, <t < 4.4, we can easily estimate F5(t) as follows:

30, t,<t<d4
F5(t)<{37, 4<t<4.2
45, 42<t<44.
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Hence, in these appropriate intervals, we conclude that

1+ uz)‘l/”es'sz(%‘ +30) = M,
d(u,t) < ¢ (1+u?)"Hre4(2L 4 37) = My
(1+ uz)'l/”e'“(%‘ + 45) = M,.

Finally, if 4.4 <t < 0o we see that ¢(u,t) is a decreasing function of ¢
and so ¢(u,t) < My.

If we now let B(u,p) = (1 + u?)~'/Pe=¢(2u/p + m), where c and m
are fixed constants and m > 2, then it is easy to check that § attains
its maximum when p = 1 and u = (—m + vm? + 4)/2. Thus we see
that M < 0.733 for 1 < k < 9, and, since Jp(3) < maxi<p<o My <
0.733 < 2 < (2/e)/9, we are done.

The statement of equality follows from the fact that in (4), for
0 < t < 2, equality occurs only for exp(—t((1 — 22)/(1 + 2?)) and
its rotations; while in (5) equality holds when 0 < ¢ < t; only for
exp(—t((1 — 23)/(1 + 2®))) and its rotations. (See [4 and 6].) 00

4. Remarks. Finally we should point out that the Pontryagin Max-
imum Principle can be used to investigate the more general problem

(28) n;}axRe {an}, n>2,1<p< 0.
14

In fact, we are again led to a certain isoperimetric problem and we
conclude that any extremal function F' must have the form

F(z)= (i dkzk)Z/pI(z),
k=0

where dj, € C satisfy Y p_, |dk|? =1 and Y _, dk2* # 0 in |2| < oo.
Since the inner function I(z) has the form

(29) I(z) = exp ( - /0 e “au(6)),

e — 2

for some bounded non-decreasing u with y/(6) = 0 a.e., the Goluzin
variation [3] (see also [4]) may be applied to (29) for the problem (28)
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with fixed ©(z). One then easily obtains

THEOREM 2. If F is an extremal function for (28), then
n lek +
=(kdezk) exp(—tzf\k( zek_z))’
=0

where dy, € C satisfy Y p_o |dk|? =1 and Y p_odez* #0in 2| < 1,¢t >
0,A> 0 with " A, = 1 and 6 € R.

This result, when p = oo, is given in [4]. Although our result gives the
form of an extremal function F for the conjecture (1), hence greatly
simplifying the problem, there are difficulties that arise in trying to
maximize the coefficients of F'. Even the case n = 2 presents some dif-
ficulties. Nevertheless, it is hoped that Theorem 2 in conjection with
other results will eventually lead to a proof of the conjecture (1).

REFERENCES

1. J.E. Brown, On a coefficient problem for nonvanishing HP functions, Complex
Variables Theory and Applications 4 (1985), 253-265.

2. P.L. Duren, Theory of HP Spaces, Academic Press, New York, 1970.

3. G.M. Goluzin, On a variational method in the theory of analytic functions,
Amer. Math. Soc. Transl. (2) 18 (1961), 1-14.

4. J.A. Hummel, S. Scheinberg and L. Zalcman, A coefficient problem for bounded
nonvanishing functions, J. Analyse Math. 31 (1977), 169-190.

5. L.S. Pontryagin, V.G. Boltyanski, R.V. Gamrelidze, and E.F. Mishchenk, The
Mathematical Theory of Optimal Processes, Interscience Publishers, 1962.

6. D.V. Prohorov and J. Szynal, Coefficient estimates for bounded nonvanishing
functions, Bull. Acad. Polon. Sci. Ser. 29 (1981), 223-230.

7. Delin Tan, Coefficient estimates for bounded nonvanishing functions, Chin.
Ann. Math. Ser. A4 (1983), 97-104 (Chinese).

8. V.P. Vazhdaev, Application of the Pontryagin mazimum principle to the so-
lution of extremal problems in the class of functions with bounded mean modulus,

?7%%¢7RTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, IN

DEPARTMENT OF MATHEMATICS, XAVIER UNIVERSITY, CINCINNATI, OH 45207



