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NOTES ON THE ANALYTIC YEH-FEYNMAN
INTEGRABLE FUNCTIONALS

KUN SOO CHANG, JAE MOON AHN,
AND JOO SUP CHANG

ABSTRACT. In this paper we extend Johnson and Skoug’s
results involving the analytic Feynman integrable functionals
on Wiener space to the analytic Yeh-Feynman integrable
functionals on Yeh-Wiener space. To do this we define the
analytic Yeh-Feynman integral and find a Banach algebra
of some Yeh-Feynman integrable functionals. Also we find
formulae for the analytic Yeh-Feynman integral and extend
some measurability results involving the Wiener measure to
the Yeh-Wiener measure.

1. Introduction. In [1], Cameron and Storvick treat a Banach
algebra S(Lz|a, b]) of functionals on Wiener space which are a kind of
stochastic Fourier transform of Borel measures on Lz [a, b]. Here Lz [a, b]
denotes the space of Lebesgue measurable, square integrable functions
on [a,b]. For such functionals they show that the analytic Feynman
integral, defined by analytic continuation of the Wiener integral, exists,
and they give formulae for this Feynman integral. In a recent paper [7],
Johnson and Skoug extend somewhat and simplify substantially some
of Cameron and Storvick’s results in [1].

The main purpose of this paper is to extend Theorem 1 in [7] involving
the analytic Feynman integrable functionals on Wiener space to the
analytic Yeh-Feynman integrable functionals on Yeh-Wiener space. Let
R and C denote the real and complex numbers respectively. Let C2(Q)
denote the Yeh-Wiener space, that is, the space of R-valued continuous
functions z on Q = [a,b] X [, B] for some fixed real numbers a and
b, and a and 3 such that z(a,v) = z(u,a) = 0foralla < u < b
and o € v € . In this paper we shall always denote the above
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rectangle by the symbol Q. Let (C2(Q),Y,my) be the Yeh-Wiener
measure space. For a complete discussion of Yeh-Wiener measure
space, see [8]. To obtain the main theorem we define the analytic
Yeh-Feynman integral and find a Banach algebra S(L2(Q)) of Yeh-
Feynman integrable functionals, which are a kind of stochastic Fourier
transform of Borel measures on Lg(Q) where Ly(Q) denotes the space
of Lebesgue measurable, square integrable functions on @. Also we
find formulae for the analytic Yeh-Feynman integral and obtain the
measurability lemmas involving the Yeh-Wiener measure which are the
extensions of the corresponding results in [7].

2. Definitions and some results. A subset B of Yeh-Wiener space
is said to be scale-invariant measurable if pB is Yeh-Wiener measurable
for every p > 0. A scale-invariant measurable set IV is said to be scale-
invariant null if my(pN) = 0 for every p > 0. A property which holds
except on a scale-invariant null set is said to hold scale-invariant almost
everywhere (s —a.e.). The class of scale-invariant measurable sets form
a o-algebra [3; Proposition 3.2). A function F on C3(Q) is said to
be scale-invariant measurable if it is measurable with respect to this
o-algebra. In this paper we shall use a definition of the analytic Yeh-
Feynman integral which is similar to that used in [1].

DEFINITION 2.1. Let F be a functional which is scale-invariant
measurable and s — a.e. defined and which is such that the Yeh-Wiener
integral

(2.1) J(A) = /C . F(\Y2g)dm,(z)

exists for all A > 0. If there exists a function J*(A) analytic in
Ct* = {Ain C: Re XA > 0} such that J*(A) = J(}) for all A > 0,
then J*()) is defined to be analytic Yeh-Wiener integral of F' over
C2(Q) with parameter A, and, for A in C*, we write

any wj
(2.2) / F(z)dm,(z) = J*(A).
C2(Q)

DEFINITION 2.2. Let ¢ be a nonzero real parameter and let F be a
functional whose analytic Yeh-Wiener integral exists for A in C*. If
the following limit exists, we call it the analytic Yeh-Feynman integral



YEH-FEYNMAN INTEGRABLE FUNCTIONALS 159

of F over C3(Q) with parameter g and we write

any F, any wy
(2.3) / F(z)dmy(z) = lim F(z)dmy(z).

C2(Q) P e (a))

We shall say that two functions F(z) and G(z) are equal s — a.e.,
denoted by F ~ G, if, for each p > 0, the equation F'(pz) = G(pz) holds
for my — a.e. z € C2(Q). Equality s — a.e. is an equivalence relation.
It is the appropriate relation for the analytic Yeh-Feynman integral.
For example, let F =1 and G(z) = x¢, (z) for z € C3(Q), where, for
A >0, C, are disjoint Borel sets in C2(Q) such that my(C;) =1 and
vC) = C,y for v > 0 [3]. Then F and G are Borel measurable on
C2(Q) and equal m, — a.e. Here the analytic Yeh-Feynman integral of
F exists but the analytic Yeh-Feynman integral of G does not exist.

We now define the Paley-Wiener-Zygmund (P.W.Z.) integral for
functions of two variables which is a simple type of stochastic integral.

DEFINITION 2.3. Let {¢;} be a complete orthonormal (C.O.N.) set
of real valued functions of bounded variation on Q. For v in Ly(Q), let

n

(2.4) vn(s,t) =Y ( /Q v(p, 9)¢;(p, q)dpdq) ;(s,1).

=1

The P.W.Z. integral with two parameters is defined by the formula

(2.5) /v(s,t)am(s,t)z lim / vn (s, t)dz(s,t)
Q n—eJ

for all z in C2(Q) for which the limit exists.
Some useful facts about the P.W.Z. integral with two parameters are

listed in [4].
Let ¢ be the map from @ X R into Lo(Q) defined by

26)  #l(s00)ce)={y [ () €la9) xlond)

Then it is easy to show that ¢ is continuous and so is Borel measurable.

We obtain the following two measurability Lemmas 2.1 and 2.2 as
the extensions of Lemmas 1 and 2 in [7], respectively. Here we prove
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the first lemma and omit the proof of the second lemma which is much
like that of Lemma 2 in [7].

LEMMA 2.1. f¢((s, t),v)(c, €)dz(c, e) is a Borel measurable function
of ((s,t),v,z) on Q@ x R x C2(Q). Moreover, for any Borel measure p
on@QxR, fQ 6((s,1),v)(c, €)dz(c, €) is defined except on a u x my-null
Borel set.

PROOF. Let {¢,} be a C.O.N. set of real valued functions of bounded
variation on . Then, by “integration by parts formula with respect
to two variables” (6], we have
(2.7)

( / ¢((s,t),v)(p,q)cﬁn(p,q)dpdq) / $n(c, €)dz(c,€)

Q Q

=0 [ [ én(p.0)dpda) (=6a(6, £)2(6, ) + bn(a,0)2(a, )

+ on(b, @)z(b, @) — Pp(a,a)z(a,a) — /B on(a,t)dz(a,t)
s b b

+ [ en(e,0)da(bst) = [ 6a(s,a)da(o,c) + [ gn(s,B)da(s. )

,t)don (s,
+/Q:z:(s t)ddn(s,t))

since z is continuous and ¢,, is of bounded variation on Q. Thus the left
hand side of (2.7) is continuous and hence Borel measurable function
of ((s,t),v,z). Since fQ ((s,t),v)(c, e)dz(c, €) is defined as

khi%o / #((s,t),v)(p, 9)pn (P, 9)dpdq) / $n(c, €)dz(c,€),
for all z in C2(Q) for which the limit exists, we see that fQ o((s,t),v)(c,€)
dz(c,€) is a Borel measurable function of ((s,t),v,z).

For every ¢ in L2(Q), J, ¥(s,t) )dz(s, ) exists for my —a.e.z. Thus, for
each ((s,t),v) in @ xR, fQ ((5,t),v)(c, e)dz(c, ) exists for my, —a.e.z.
Let 1 be any Borel measure on @ X R. Then, as in the proof of Lemma
2.1 in [1], we have that fQ (s,t),v)(c, €)dz(c, e) is defined except on
a u x my-null Borel set in Q@ x R x C2(Q).
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LEMMA 2.2. Let u be any Borel measure on Q xR. Then the P.W.Z.
integral fQ o((8,t),v)(c,e)dz(c,e) and the Riemann-Stieltjes integral
fQ #((s,t),v)(c,e)dz(c,e) are equal except on a p X my-null Borel set
in Q@ xR x C3(Q). Thus for my — a.e. z they are equal except on a
u-null Borel set in @ X R.

3. Analytic Yeh-Feynman integrable functionals. Cameron
and Storvick introduce a Banach algebra S(Lz|a, b]) of functionals on
Wiener space and prove the existence of the analytic Feynman integral
for every element of S(Ls[a, b]) and also evaluate this Feynman integral
in terms of formulae that do not involve analytic continuation [1]. To
obtain Theorem 3.1 which is an extension of [7; Theorem 1] we first
extend some of Cameron and Storvick’s results in [1].

Let M(L2(Q)) be the collection of complex measures defined on
B(L2(Q)), the Borel class of L2(Q). For p € M(L2(Q)), we set
|||l = var u over L2(Q).

DEFINITION 3.1. Let S(L2(Q)) be the space of functionals F express-
ible in the form

(3.1) Flo) ~ /L o /Q o(s, £)d(s, ))du(v)

where 4 is an element of M(L2(Q)).

LEMMA 3.1. If F € S(L2(Q)), then the measure p is uniquely
determined by equation (3.1).

The above lemma is a modification of [1; Theorem 2.1] which can be
easily obtained using the basic Yeh-Wiener integration formula [4], the
Fubini theorem, and the dominated convergence theorem.

DEFINITION 3.2. If F € S(L2(Q)), we define the norm of F by
[|F|] = ||p|| where u is associated with F' by (3.1).

It follows from Lemma 3.1 that ||F|| is uniquely determined by F.
As in the proofs of Theorems 2.2 and 2.3 of [1], we have that S(L(Q))
is a Banach algebra. For a complete discussion of the proof above, see
(2].

The following two Propositions 3.1 and 3.2 are the corresponding
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modifications of Theorems 5.1 and 5.4 in [1], respectively. Since the
proofs in our setting remain the same, we can easily obtain them [2].

PROPOSITION 3.1. Let u € M(L2(Q)) and let F € S(L2(Q)) be the
stochastic Fourier transformation of u, thus

(3.2) F(z) = /L o exp{i /Q v(s, t)dz(s, t)}du(v).

Then F i3 analytic Yeh-Feynman integrable on C2(Q), and if q is a
nonzero real number,

63 [ * F(a)dm (@) = /

exp{T (v(s,t))?dsdt}du(v).
C2(Q) L2(Q) ®JQ

PROPOSITION 3.2. Let F,, € S(L2(Q)) forn=1,2,---, and
[e.o}
(3.4) > |IFnl| < co.
n=1

Then F € S(L2(Q)) where, for my —a.e. x € C2(Q),

(3.5) F(z) =) Fa(a),
n=1
and
any f, o rany f,
(3.6) /C o, F@imy (@) = n; /C o Fr@imy (@)

The following proposition which is a modification of Lemma 3 in [7]
plays a key role in proving Theorem 3.1. It can be easily obtained
using Lemma 2.2, the linearity of the P.W.Z. integral, and the change
of variables theorem [5; P. 163].

PROPOSITION 3.3. Let u be a Borel measure on Q X R. Define G on
C2(Q) by

(3.7) G(z) = /Q _expliva(s,)}du((5,0).).
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Then G s in S(L2(Q)).
Finally we give the main result.

THEOREM 3.1. Let § be a complez-valued function on Q x R defined
by

(3.:8) 0((e,8),0) = [ explin}doun (o)

where {0(s1) : a < 8 < bya <t < B} is a compler measure of finite
variation defined on B(R)satisfying the following two conditions:

For each Borel set E in Q X R,0(54)(E®Y) is a
(3.9a) Borel measurable function of (s, t) where E(*?)
denotes the (s,t) — section of E.

(3.90) llo(s, 1)l € L1(Q).
Then the function F' on C2(Q) defined by
(3.10) F(z) = exp{ / 0((s, 1), 2(s, £))dsdt}
Q
i3 in S(L2(Q)), and thus F is analytic Yeh-Feynman integrable on

C2(Q)

REMARK. In [7; Theorem 1], the condition that ||o¢|| is dominated
by a function h(t) in L, [a, ] can be modified as follows:

(3.9)' llopll < h(s,t) € Li(Q).

Actually the condition (3.9b) is formally weaker than, but equivalent
to the condition (3.9b)’

PROOF OF THEOREM 3.1. Since S(L2(Q)) is a Banach algebra, it
suffices to show that the function

(3.11) fl@) = /Q 8((s,t), 2(s, £))dsdt
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is in S(L2(Q)). For each Borel set E in @ x R, let
(3.12) u(E) = / a(s,t)(E(s’t))dsdt.
Q

Then we easily have that u is a Borel measure on @ X R with ||u|| <
oo, by (3.9b), (3.12) and the dominated convergence theorem. By
Proposition 3.3, (3.11) and (3.8), it suffices to show that

/o (/R exp{iva(s, t)}doa,r) (v)> dsdt

(3.13)
= / exp{ivz(s,t)}du((s,t),v)
QXR

Now, to prove (3.13), we show, for any bounded Borel measurable
function ¢ on Q X R, [ #((s,t),v)do(s ) (v) is a measurable function

of (s,t) and
/Q </R 9((s:1),v)do (s, (v)> dsdt

(3.14)
= [ 8lls, ) 0)du((s,0),v)
QXR

Let us consider the case where ¢ = xg for some Borel set £ in @ X R.
Then

(3.15) A XE((Sit)av)da(s,t) (v) = O(s,t) (E(s’t))

which is measurable as a function of (s,t) by (3.9a). Also

/Q </R xB((,1),v)do(a1) (v)> dsdt

(3.16)
=u(B)= [ xe((s,0),0)ul(5,0)0)
QXR

by (3.15) and (3.12) so that (3.14) holds. Following the standard
procedure in integration theory we proceed from this particular case

to simple functions on @ x R and bounded measurable functions on
Q@ xR, using the dominated convergence theorem,to complete the proof
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of (3.14). Since exp{ivz(s,t)} is a bounded Borel measurable function
of ((s,t),v) for every z in Cy(Q), we have the desired result (3.13) by
(3.14).

Since F' belongs to S(L2(Q)), we have by Proposition 3.1 that F is
analytic Yeh-Feynman integrable on Cq(Q).
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