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BEZIER-CURVES WITH CURVATURE AND
TORSION CONTINUITY

HANS HAGEN

ABSTRACT. One of the main problems in computer-aided design
is how to input shape information to the computer. In the analytic
description and approximation of arbitrary shaped curves the Be-
zier-curves are of great importance (see [5]). A Bezier-curve is a
segmented curve. The segments x,(u): = anzo bysvi-B™Mu—u,|
us4+1 —u,) of a Bezier-curve of degree m over the parameter in-
terval u, < u < u,41 use the Bernstein-polynomials as blending
functions. The coefficients b,,,+; are called Bezier points. They
form the so called Bezier polygon, which implies the Bezier-curve.

A.R. Forrest analyzed the Bezier techniques in [4] and extended
these techniques to generalized blending functions.

W. J. Gordon and R. F. Riesenfeld provided in [5] an alternative
development in which the Bezier methods emerge as an application
of the Bernstein polynomial approximation operator to vector-
valued functions.

As connecting conditions between the curve-segments are always
chosen the so called C*— or C*— continuity. (A segmented curve is
said to have C®-continuity if an only if X ¥ (t}) = X ®(¢7) at the
connecting points t,;i = 1, ..., n, where X® := (8/0t")X; ke N.)

In this paper we create, after a brief survey of the fundamentals
of differential geometry, a tangent, a curvature, and a torsion con-
tinuity, using the geometric invariants of a curve.

Considering C*—(C*—) continuity, we have only one choice
for by +1+2bmc+1+3), 0 = 7 < k. In the third part of this
paper we show that curvature continuity offers a ‘‘straight line of
alternatives’’ and torsion continuity offers a ‘‘plane of alternatives.”

We give also constructions for the Bezier polygons of Bezier
curves with curvature — and torsion - continuity, which are con-
venient for a graphic terminal.

1. Fundamentals of differential geometry.

DEerINITION 1.1. (2) A parametrized C’-curve is a C-differentiable map
X: I — Erof an open interval 7 of the real line R into the euclidean space
E»,

(b) A parametrize'd Cr-curve X: I — E* is said to be regular if X (1) # 0,
for all ¢ € I, where X = 0/0tX.
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REMARK. Let X: /- E7and X: I — E” be two curves. A diffeomorphism
@: I — I'such that ¥ = xogis called a parameter transformation. The map
¢ is called orientation preserving if ¢’ > 0. Relationship by a parameter
transformation is an equivalence relation on the set of all parametrized
curves in E”». A Cr-curve is an equivalence class of parametrized C”-curves.

DEeFINITION 1.2. (a) Let X: I — E” be a Cr-curve. A moving frame along
X(I) is a collection of vector fields,

e;: 1> En 1 <i<n,

such that, for all te€ I, (e;, e;> = 0;;.

(b) A moving frame is called a Frenet-frame, if, forall k&, 1 < k < n,
the k-th derivative X®)(¢) of X(¢) lies in the span of the vectors e;(?), ...,
e?).

PROPOSITION 1.3. Let X: I — E be a curve such that, for all t € I, the
vectors X V(t), X @(t), ..., X #"V(¢t) are linearly independent. Then there
exists a unique Frenet-frame with the following properties:

() For 1 £k Zn—1, XD@), ..., X®(@)and ey(t), . . ., e)t) have
the same orientation,

(i1) ey(2), . . ., e,(¢) has the positive orientation.

PROOF. See [1, p. 11].

PROPOSITION 1.4. (a) Let X(t), t € I, be a curve in E™ together with a
moving frame {et)}, 1 £ i £ n, t € I. Then the following equations for the
derivatives hold.:

X(t) = ; at)et),
édt) = z wiA1)ei(t),

where w;(t): = (é[t), et)> = —w;(2).
(b) If {et)} is the Frenet-frame
a(t) = [ X V@),
then at) = 0, fori > 1, and w;{t) = 0, forj > i + 1.
ProOF. See [1, p. 12].

DErFINITION 1.5. Let X: I — E” be a curve satisfying the conditions of
(1.3) and consider its Frenet-frame. The i-th curvature of X,i =1, ...,
n — 1, is the function

02 = TR
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For the Frenet-frame we may now write the Frenet-equations in the fol-
lowing form:

0 £ 0 - 0
—£1 0 g+ + - - - -0
. —ICZ .
(1.6) er) = IIX1I - ) ©led?).
Kn—1
0 - - e =gy O
REMARK. The i-th curvature of a curve X(¢), i=1, ..., n—1,is a

geometric invariant.

It is a fundamental result of (local) differential geometry that these curva-
ture functions determine curves satisfying the nondegeneracy conditions
of (1.3)!

THEOREM 1.7. (a) Let X: I — E» and X: I — E” be two curves satifying
the hypotheses of (1.3), insuring the existence of a unique distinguished
Frenet-frame. Denote these Frenet-frames by {eJt)}and {é.t)} respectively,
1 £ i £ n. Suppose, relative to these frames, that ,(t) = £(t), 1 £ i <
n — 1, and assume | X V(t)|| = | XV(t)|. Then there exists a unique isome-
try B = E* — E" such that X = Bo X.

(b) Let £1(s), - - ., £,_1(s) be differentiable functions defined on a neigh-
borhood of 0 € R with g(s) > 0,1 < i £ n — 2. Then there exists an in-
terval I containing O and a curve X: I — E" parametrized by arc length
which satisfies the conditions (1.3) and whose i-th curvature function is
), 12isn—- 1.

Proor. See [1, p. 14-15].

If we investigate regular plane curves and regular space curves, we will
always choose the Frenet-frame as the moving frame on our curve. The
Frenet equations for a plane curve are

X O(r)

el(t): = ma
(1.8) é1(1) = wygex(1),
éxt) = —wye(t).

There is only one curvature: £(t) = (wya(t))/ | X(2)|l. The curvature of a
planar curve is given by the formula
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(1.9) w1y = StEO), X(@©)

1X(@)3
The Frenet equations for a space curve are
0 £s() 0
e =1XOI| —m@) 0 g0 |edr), i=123,
(1.10) 0 —r(t) O
X(t
40 = 3o

and the curvatures £,(¢) and x,(¢) will be denoted #(¢) and z(¢) and called
the “‘curvature” and ‘“‘torsion” of the curve. The curvature of a space
curve is given by the formula

_ IIX@), X
(10 =X

where[, ]: E3 x E3 — E3 is the cross product, and the torsion of a space
curve

5

_ det(X(0), X(), X(2))

12 £
(.12 =) X, X117

Here e, is called tangent vector, e, principal normal vector, and e; binor-
mal vector.

PROPOSITION 1.13. 4 space curve is planar if and only if its torsion vanishes
identically.

PRrOOF. See [2, p. 40].

2. Tangent, curvature, and torsion continuity for curves. We now create
‘‘geometric continuities” using the geometric invariants described in
Chapter 1.

DEFINITION 2.1, Let X: I — E3 be a curve such that, for all 7€ I, the
vectors X (), X @ (t) are linearly independent.

(i) This curve is said to have tangent continuity if and only if
(X/IIX |)(?) is continuous.

(ii) This curve is said to have curvature continuity if and only if
(X/IX|(z) and x(¢) are continuous.

(iii) This curve is said to have torsion continuity if and only if
(X/IIX|)(¢) and x(7) and z(¢) are continuous.

REMARKS. 1) Since a space curve is planar if and only if its torsion van-
ishes identically, it is sufficient to consider tangent and curvature conti-
nuity for a planar curve.
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2) A segmented curve is said to have C®-continuity if and only if
X®(F) = X®(t7) at the connecting points 2, i = 1,...,n.

3) Curvature continuity includes the ‘‘natural spline condition” for
cubic splines given by W. Boehm in [3] as a special case.

4) C2-continuity implies curvature continuity and C3-continuity implies
torsion continuity, but converses generally are not true. But if we choose
the parametrization per arc length, curvature continuity implies C2-con-
tinuity and torsion continuity implies C3-continuity.

5) Curvature continuity implies the “‘second-degree geometric continu-
ity”” of Barsky and Beatty. They consider in [1] a ““curvature vector” K(t),
which has the property

K(it)=k":e

If we have continuous curvature x the Frenet-equations imply a continuous
principal normal vector e, and therefore we have a continuous curvature
vector.

Considering segmented curves we can use the tangent, the curvature
and the torsion continuity to establish connection conditions. Let X;:

[,_1, u]— E3; 1 =1, ..., k be the curve segments, with X, () = X,
(uy).

For the tangent continuity it is sufficient that
(2.2.1) Xl—l(ul) = Xl(ul), l=2,...,k

at every node u,.
For the curvature continuity it is sufficient that

(2.2.11) X, 1) + A X, () = X(u)
and
X.l—l(ul) = X‘I(ul)’ l = 2’ R k’

at every node u;.
For the torsion continuity it is sufficient that

(2.2.110) X)) + X 1+60%,1 = X(u),
X au) + AaXq = Xw), 1=2,...,k,

and X)) = Xy(u)
at every node u;. \

3. Bezier-Curves with geometric continuity. In the analytic description
and approximation of arbitrary shaped curves the Bezier-curves. (see [4])
are of great importance.

DEFINITION 3.1. A Bezier-curve is a segmented curve. The segments
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x,(u), « =0, ..., k of a Bezier-curve of degree m over the parameter
interval u, < u < u,, are

x,0) = 35 b + B (M),

= Uy — U,

The Bernstein polynomials
Br) =(7) (1 =i, 05 s,
are used as blending functions.

b

-3

b,

Figure 1.

REMARKS. 1) Let 3, = u,\; —u,,7 = 0, ..., k, be the length of the
parameter interval belonging to the segment x, (u).

2) The coefficients b,,,,; are called Beizer points. They form the so
called Bezier polygon.

3) The edges b,,, b+, and b,,(,+1)_; b, -+ are tangents at the boundary
points b,,, and b, ., of the segment x, (). These boundary points are
(in general) the only Bezier points the Bezier curve passes through.

4) Bezier-curves have the convex-hull and the variation diminishing
property (see [3]).
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5) As connection conditions, are usually chosen the C!- and C2-
continuity.

Using curvature- and torsion-continuity offers more possibilities. Con-
sidering the two Bezier-segments

IIA

Z Uu—u
x/(u) = Z: bm/+i * Bzm< < s U, Su
=0 Uppy — U,

and

m
u-—u 4
X, U) = 3 byr1y+i BT <-—;;‘1—>, Uppy S US Uy,
=0 Urpg — Uy

we get, as derivatives at the common nodes:

m
xfl)(u/ﬂ) = T(bm(/+1) - bm(/+1)—1)’
/

m(m — 1
xP () = "(_'lig—')"(bm(/+l) = 2bpiin—a + b —2),

-1 -2
xP () = ﬂ(il_);;(’_"___) G+ = 3bm 11+ 30112 = briri1-3);

and

m
xBy(uspy) = T bmi+41 = bmin)s
4

m(m — 1
xEu(te) = M= Gpinyie = Wi + B,
mim—1)(m—2
x(u,) = —(—13—1§—~—) (bm+1+3— 3bpi 2+ 3wt 41— Omitn)-
4

Therefore, a Bezier curve has tangent-continuity if

(3.L.1) bury = bm+n—1 = bmitnrr — Bmirys
curvature-continuity if

(.12) HGm+1) = bmr-1)s Gmi+n—2 = bmirn-D1I

= [[[(bpr1 = bmery—1)s Gmerny+2 = bmep)|l

and
bm(/+1) - bm(/+1)—1 = bm(/+1)+1 - bm(/+1)’

and torsion-continuity if
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<[(bm +1) — bm (/-H)—l)s (bm (+n-2" bm (/+1)—1]’ (bm +n—27" bm (/+1)—3)>

(3.1.3)
=L[Gmi+1) =bmi-1)s G2 b+ -D) B4y +3= b))
and
l [(bm(/-H) - bm(z+1)—1), (bm(/+1)—2 - bm(/-H)—l)] i
= HGnern = buern-1)s Gmitn+z = bmen)ll
and

by — bm(/+1)—1 = bm(/+1)+l = bt

THEOREM 3.2. Let X: I — E3 be a Bezier curve,

] = [uo, “ e ey uk],
m —
Xw) = 3 by - B )
=0 Uppg — U,
/=0,...,kandu, S u=u,,.

(a) A Bezier curve has tangent-continuity if

3.2.1) b1 = 261y = b

(b) A Bezier curve has curvature-continuity if

(3.2.2) bm(/+1)+2 =Cp- (bm(/+1) - bm(/+1)—1) + bm(/+1)-z,

m+1D)+1 = 2bm(/+1) - bm(/+1)~1-

(c) A Bezier curve has torsion-continuity if

bm (+D+3= C/l(bm (v+1) — bm (/+1)—1) + C/Z(bm (+1n-2" bm(/+1) -1)9
(3‘23) bm (+D+2= C/O(bm (v+1) — bm (/+1)—l) + bm (r+1)—25

b, (++H = 2b,, v+ - (r+1—1-

REMARKS. 1) Since X: 7 — E3is planar if and only if its torsion vanishes
identically, we consider only tangent- and curvature-continuity for planar
curves.

2) Considering Bezier curves with C?- or C3-continuity we have only
one choice for b, 442 and b, 43+3. In the case of curvature-
continuity we have a one parameter family of alternatives and in the case
of torsion-continuity we have a two parameter family of alternatives!

Theorem (3.2) implies easy constructions for the Bezier-polygons of
Bezier curves with tangent-, curvature-, and torsion-continuity.
(3.3.1) Bezier-polygon-construction for tangent-continuity:
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by bo by b_1by = boby

(3.3.2) Bezier-polygon-construction for curvature-continuity:

1) b_sby = boby

2) b_zb_l = b—ldO
doby = bib,

3) doby = bobs

Figure 2.

Span (b,, b,) implies the one parameter family of alternatives to choose
bty 42

REMARKS. (1) The construction (3.3.2) is of course not the only one. But
it is most convenient for graphic terminals, since it uses only “midpoint-
constructions.”

(2) Since a space curve is determined by two planar projections, the
above techniques can be used to construct space curves.
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