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A SIMPLE PROBLEM FOR THE SCALAR WAVE EQUATION
ADMITTING SURFACE-WAVE AND AH-WAVE SOLUTIONS

DAVID S. GILLIAM AND JOHN R. SCHULENBERGER

It has recently been found that the surface- and AH-wave solutions of
a classical problem for Maxwell’s equations [1] are generated by solutions
of a simple problem for the scalar wave equation in R3, namely,

(07 — NP(x,1) =0,x3>0,1>0

@2 + £0, — 2DP(x, 1) = 0,x3 < 0,7 >0,
@ $(x, 07) = f(x), 9,4(x, 07) = F(x),

293p(x’, 0, t) = c§asd(x’, 0%, 1),

0,9(x', 07, 1) + kop(x’, 0-, t) = 9,4(x’, 07, 1),

where ¢g > ¢ > 0and £ > 0 are constants and x’ = (x, x3). In the pre-
sent note we show that problem (1) is uniquely solvable for a certain class
of intial data (f, F) and present the explicit form of the surface- and AH-
wave solutions to (1). We further show how to construct the corresponding
solutions to the classical problem for Maxwell’s equation (2) from the
solutions to (1). Surface-wave solutions of (1) are superpositions of modes
with frequencies having nonzero real and imaginary parts which decay
exponentially in space away from the interface {x3 = 0}. AH-wave solu-
tions are super-positions of modes having this same spatial decay, but
their frequencies have no real part, so they simply decay in time without
propagating—rather peculiar wave-like behavior.

Denoting by y. = y.(x3) the characteristic functions of the half spaces
R} ={xe R: 4+ x3>0} and defining the 6 x 6 diagonal matrices
E. = diag[e../5, p.13), B = diag(als, 03,3), where I3 is the 3 x 3 identity
matrix, the Cauchy problem for Maxwell’s equations in two semi-infinite
media (the lower of which is conducting) separated by the plane boundary
{x3 = 0} can be written

0.f(x, 1) = {y+(x3)EZ" 4(0)
(@) + y-(x3)EZ[A@) + Bl}f(x. 1), x3 # 0,1 > 0,
f(xa 0+) = fO(x) € LZ(R3, C6)$

Received by the editors on October 10, 1984
Copyright © 1986 Rocky Mountain Mathematics Consortium

407



408 D.S. GILLIAM AND J.R. SCHULENBERGER

where
0 . 0 —-03 0,
by
A@) = < © >, rot =| 03 0 -0
—rot 0
-0, 01 0

and f = (f) is the six-vector consisting of the electric (£) and magnetic
(H) fields. If we now suppose that f = f(x3, x3) is independent of x;, then
the system (2) splits into two 3 x 3 systems for TFE (transverse electric)
and TM (transverse magnetic) waves. The latter system has the form

H1 0 aB - a2 Hl
0\ Ez | = y+diag(pil, ez, x| 093 0 O | [Ez |+
E3 - 32 0 O E3

0 83 —32 ‘Hl
y- diag(p=l, e, e 93 —0 O || Ez |
—82 0 —o E3
If we seek !{(Hy, E,, E3) in the form

t(H].’ E27 ES) = t(an ¢, 8-0_—1 83¢’ —6-1-—1 az¢), X3 > Oy
{(Hy, Es, E3) = 40,4 + e ¢, 67 03, — 1 020), x3 < 0,

then for the scalar function ¢ we obtain precisely problem (1) with 4
replaced by 4, = (9 + %), (x', x3) by (xz, x3) and ¢f = (espe)71, 2
= (e_p-)"1, K = ¢l¢ where in order to simplify notation, here and
throughout the rest of the paper, we have assumed p, = g = 1 so that
¢§ = e7! and ¢ = ¢ZL. If fis not independent of one of the coordinates
then it is no longer possible to reduce problem (2) to a problem for the
scalar wave equation, but it is remarkable that the surface-wave and
AH-wave components of the solution of (2) continue to be generated by
solutions of Eq. (1): they are obtained by applying simple (vector) dif-
ferential operators to solutions of (1) (see [1] and Theorem 3 below). This
bears witness to the degenerate (essentially two-dimensional) structure of
these components of the solution of (2).

We now formulate problem (1) in a form which is more suitable for
establishing the existence and uniqueness result, namely, as an evolution
equation in Hilbert space. It will be shown that the spatial operator is
maximal dissipative and hence generates a (Cy) contraction semigroup
which delivers the solutions to (1) for arbitrary initial data in the domain
of the infinitesimal generator of the semigroup.

Defining
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3) = i{"*<c§zr (l>> " "'(c-zj <1)>} = tehte + xAe
Jx, 1) = "(filx, ), folx, 1)),
we can write problem (1) in the form
i0,f(x,t) = Hf(x, 1), t > 0, x3 # 0,
@ (X, 07, 1) = c§os fx, 0%, 1), fo(x', 07, 1) = fo(x', 07, 1),
S(x, 0%) = fo(x),

where fy(x) = «(f, F + £f) and fi(x, t) = ¢(x, t). (The factor ““i’ here is
a nuisance, but we retain it in order that the spectrum of H coincide with
that of the operator in [1].)

We denote by 2(R3), 2(R3) the spaces of smooth functions with
bounded support in R}, R} and define

D(H) = {f = (f1, f): /i, fa € D(RD),
203 f1(x’, 07) = c§as fi(x', 0%),
fZ(x” 0_) =f2(x,’ O+)}

We define s to be the completion of @(H) in the norm

12 = s [HVAE + 150 + [0 (VAR + 1307

the inner product in s is

&

]

[ [V Veu + Fogad + [ o (V1 - Ve + Fagol

c5(Vf1, Va4 + (f2, 82)+ + V1, Vgr)- + (f2, 82)-

We define the operator H in J# as the differential operator (3) on 9(H),
i.e., for fe P(H) and any ge

= c§(Vg1, Vf2)+ + cb(gz AfD)+ + A Vg1, V(2= £f1))- + cX(gs, 41

It is clear that H is densely defined.

1l

THEOREM 1. The operator H on 9(H) is dissipative, and its closure H is
maximal dissipative. For any fe€ 9(H) problem (4) is thus solved by S(t)f
where S(t) ““="" exp(—iHt) is a contractive semigroup in .

PrOOF. To prove nthat H is dissipative we must show [4] that for any
feaH), —iKf, HfY + iCHf,f> £ 0. Let fe@(H); integrating by
parts, we compute
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—if, Hfy- + KHE, £ = =26 VAl + ¢2 [ [Bafitx',0)7at', 0°)
+03£i(x', 0l 0]

~f [ g 106 S1(x', 015, 07

+03/1(x’, 0%) fo(x", 0F)].

Adding these two expressions and using the first condition of (4), we obtain

i HEy + IKHE S = =2 {5 VAP

— IS Hf >4 + ICHS )+

+ & {0 Tix, 00Ax, 09) = £, 09)]
+ Dafi(x', 0o, 07) = Folx', 091}
~2 [ VAR S 0,

since fo(x’, 07) = fo(x’, 0%). Thus, —i(f, Hf) + i(Hf,f) =0 for fe
9(H). Since H is dissipative, the range of H — ikl, k > 0, on @(H) is
closed [4]. To show that H is maximal, we must show that this range is
also dense. This we do in the appendix.

One way to obtain a representation of solutions of (4) is to construct
the resolvent (H — {I)~! of H and integrate it around the spectrum as in
[2]. To do this we first write down the resolvents of the operators 4. and
h_ of (3), add terms to each corresponding to reflected and transmitted
waves, and match these two expressions at the interface {x3 = 0} to
satisfy condition (4). This involves solving a system of linear equations
with determinant D(&, {), €€ R2. The construction of (H — {I)™1is
thus possible for all { not in the spectrum of 4, or /i_ for which D(§, {) #
0. The zeros of this function give rise to the surface and 4H modes. We
now describe this function and its zeros.

We define two families of analytic functions with nonnegative imaginary
parts which depend on the parameter |£2 > 0, & = (&, &), by

(6 0 = ' WIC — c§IEl]
©(§, 0 = cWILE + ir) — c*EF]

where for ¢|&| < £/2 the branch cut of the latter function is finite. The
function D(¢, ) is now

(6) D¢, Q) = g%Ce(§, ) + AL + i€, O).
THEOREM 2 [1]. For each |&| # O the function D(&, () has three roots

®)

() m(s) = —imo(s), mi(s) = —m_(s) = my(s) + imy(s), s = [§ > O,
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with my, my > 0 and my < 0. The function my(s) decreases monotonically
Srom g = my(0%) to my(o0) = gcj(c§ + c?)~1. The real part of m.(s) has
the representation my(s) = a(s) +/ s, where a(s) increases monotonically
from ¢y = a(0%) to+/(c§ + c?) = a(o0). The imaginary part of mi(s) is
my(s) = 1/2(my(s) — k) which thus decreases monotonically from 0 =
my(0) to my(0) = —1/2xc%c + c2)7L.

We sketch the proof of the theorem; full details can be found in [1].
From (5), (6)

€42(3X9)

5% + 2L + iRt
(82 + D) + a2 + |ER) = (¢ + o)(Ec + €,

]

and hence D(&, {) admits a root {=m(¢) # 0 if and only if 7,7, =
(&, m)T(€, m) = — |&|2. This relation and the equation D(&, m) = 0 imply
that m = m(|€|?) is a root of the polynomial

® q(Q) = G + inl? — (§ + ) |§P T — incIEl*.

We observe that g(m) = 0 if and only if g(— m) = 0, so the roots have
the form shown in (7). For the root m(s) = — imy(s) the function my(s)
is the positive root of

p(x) = x3 — £x? + (3 + P)sx — s, s = &2

We note that p(g) = sc2g >0, p(1/25) = —273%3 — 1/2(c§ — cHks < 0,
so my(s) € (1/2«, x) for all s > 0. Using the fact that mq(s) € (1/2«, £) and
letting s — 0in 0 = p(m, (s)), we see that my0*) = . Dividing 0 =
p(my(s)) by s, letting s — oo, and again using the fact that m(s) € (1/2«, k),
we find my(0) = k2§(c§ + ¢2)71 > £/2. Differentiating 0 = p(my(s)) with
respect to s, we see that mg(s) decreases monotonically. The expression
for my(s) follows from (8), since my + m_ — imyg = — ix. It likewise
follows from (8) that mg|lm.|? = gcgs, and from this we obtain the repre-
sentation for m;(s) with a?(s) = kcf[my(s)]"t — 471s 1 my(s) — «J2.

With 2(§, m) = 7, (&, m) = t,,, m = m,, m, we now know that ¢;2 mz,,
+ ¢~ %(m + ik)t,, = 0. Using this fact and (5), it is easy to verify that if
/(&) is compactly supported, say, then the following functions are solu-
tions of problem (1) with initial data obtained by setting# = 0 in L, (x, 1)
and 9,L,, (x, t):

Lo, 1) = 652 a(x)@m) 1 [ exp [ix' & + itpg — im(@01(&) dé -
e (x) @)1 [ explin'e — inxs — im(@1Eny /e,

where, of course, the y. are not to be differentiated (7,7;,! is a bounded
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function of & € R2[1]). For m = m, and m = m respectively these are the

surface-wave and AH-wave solutions of (1) described at the beginning.
We now show that the surface wave and 4 H wave solutions to (2) (see

[1]) are essentially scalar waves: they consist of elementary (vector) dif-

ferential operators applied to solutions of (1). We further show how to

construct data giving rise to pure surface and 4H waves and the corre-

sponding solutions to (2) from solutions of the scalar wave equation (1).
Let

£ x5) = 0uf(E x) = Qo)1 [eerr, xg)
be the two dimensional Fourier transform in x’ with inverse @} f(x’, x3) =
D..f(— x', x3). For m = m_(|&]), m(]|¢]) define the operators
m(dy) = OF m(-)D,,, A2 = (0] + 33)
'm(0) = 101 03, 0203, — Az, — ie m(d2)02, icym(43)0y, 0)
'm_(0) = e240103, 0203, ds, e_[¢=* 0 — im(d3)]0,, — e_[¢Z'0 — im(d5)]4, 0)
(*m is transpose of m).

Then we have the following result which is easily checked by direct com-
putation.

THEOREM 3[1]. If (1 + |&P3) 7(§) € L, (R?2, C), say, then for all t = 0,
m=m.,, m, P,(x,t) = yymi(d) pi(x,t) + y-m_(9) p_(x, t) is the solu-
tion to (2) with initial data P,(x, 0 +) where p(x, t) = y+p+(x, t) +
«-P-(x, t) is the solution to (1) with initial data p(x, 0 +), 8,p(x,0 +).

In conclusion, we note that functions
Lo t) = )@m) L [ explin'e + ity xg — im(@) 114(8) dg +

1 (@)1 [ explin's = iryxs — im(&) 1]/(©) dg

are solutions of the same differential equations as in (1) with initial data
L,(x,0), 9,L,,(x, 0), but they satisfy the second-order interface conditions

¢(x', 07, 1) = ¢(x", 07, 1),
6361¢(xl, 0+s t) + /Ca3¢(xl9 0+9 t) = 05252 a3al ¢(~x” 0—9 t),

so we have yet another problem for the scalar wave equation admitting
surface- and 4 H-wave solutions.

APPENDIX

Just as in [3], p. 95 we verify that functions f of f = (f}, f2) € # are in
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Ly(R3), and they thus define distributions in 2'(R3). We suppose that for
all g e 9(H).
0= —i( f(H—ik)g)=cbi(V f1, V(kg1+82))+ + (f2, c§dg1 — kg2)+
+ Vs, VI (s +K)gi+ 8- + (for c2dgy — kga).-,

where k > 0. We shall show that f = 0, First, we suppose that y_g; = 0,
i=1,2 If yg = 0 and g, € 2(R3), then (9) implies that cfdf; + kf>
=0 in 2'(R}); if yig2=0 and g € P(R3), then (9) implies that
Afy + k714f; = 0 in 2'(R3). These two equations imply first that [95—
(I€12 + c52?)] f2 = 0, and hence that

(10)  x+S2(6s x3) = y(x3)p(&)expl — 4(8)xs), 4(8) = V1§ + 577 > 0,

where f(&, x3) = @,f(£, x3) denotes the two-dimensional Fourier trans-
form in the tangential variables. The same two equations now imply that
(% —1€1» /1 = —cg? kf», and hence that

(A1) x4 /1(8 x3) =y (x3) v+ (E)exp(— |€lxs) — k111 (E)exp( — 4 X3))-

In a similar way, supposing that y.g; = 0, i = 1, 2, we obtain

x-F2A&, x3)=yx-(x3)u—(&)exp(< x3), ¢ = 4/[IE2+ ¢~ 2%k(k + £)] >0,
x-S1(&, x3) = y-(x3)[V-(&)exp(I&]x3) — (k + £) 71 p-(&)exp(<x3)].

Because of the form of f in (10)-(12), we can integrate by parts and
use condition (4) to obtain

(€)

(12)

~iK0of, O H — k)= [ {cfikdafi(E, 09)+0a (& 0)ar(€, 0)

(13) — (5 +K)Ds f1(£, 07) +0s.f2(&, 07)]gu(&, 07)
+[foA&, 0°) = Fa(€, 0)]c20sg1(&, 07)
+[c203.f1(€, 07) — c§ds F1(&, 0)]ga(&, 0%)}.
If now y_g; = x-g2 = 0, then by condition (4) also g»(¢§, 0%) = 0, and
from (10), (11), (12) we obtain
= ks fi(£, 0%) + B3 f2(€, 0°) = — v (DIElk,

and hence v,(§) = 0 a.e. If now y.g = y+g2 = 0, then from (12),
(13) 0= (s + k)33 /1(&, 07) + 83/2(&,07) = (& + K)IEI-(&),

and hence y_(§) = 0 a.e. The expressions (10)—(12) for f now have the
form
S ==k, Du(§exp(—4x3),

(14)
f ==k + &), Du(Eexp(<x3).
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Supposing now in (13) first that d3g;(&, 07) # 0, g1(&, 0°) = g1(§, 0+) =
g2(§, 0%) = 0 and then that g(§, 0%) # 0, 9;81(§, 07) = &i(§, 0%) =
g1(&, 07) = 0, from (13), (14) we obtain the system of equations

£(®) — 1 =0,
Ak + K)1/p(§) + cBk4u(§) = O,

with determinant equal to c%(k + x)71/ + c3k~14 > 0 for all & € R?,
and hence p_(§) = (&) = Oa.e. Thus, f = 0, and the range of H — ik
is dense in 7.
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