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A Q-ANALOGUE OF APPELLES Fi FUNCTION 
AND SOME QUADRATIC TRANSFORMATION FORMULAS 

FOR NON-TERMINATING BASIC HYPERGEO METRIC SERIES 

B. NASSRALLAH AND MIZAN RAHMAN* 

ABSTRACT. A q-analogue of the integral representation of Ap-
pell's Fx function is given as an extension of Askey and Wilson's q-
beta integral and is evaluated as a sum of three very well-poised 
10̂ 9 series. The formula is then applied to find two different types 
of quadratic transformation formulas between very well-poised 
1O09 series and balanced 5^4 series. Special cases of balanced and 
very well-poised 10^9 series are also examined. 

1. Introduction. The Appell function Fx is defined by the double infinite 
series [7, p. 224] 

(Li) fi(a, & F, r; x, y) = LZ {a)J^?yß% **r 

subject to usual convergence restrictions, where the shifted factorials are 
defined by (a)Q = 1, (a)m = a(a + 1) •• • (a + m - 1), m = 1,2, . . . . Of 
all the Appell functions this is the only one that has a representation in 
terms of a single integral [7, p. 231] 

Fi(a, ß, ß\ r>x>y) 

= L±U- [l ta~H\ - t\r-*-U\ - xtYHl - vtYP'dt 
r(a)r(r~a) Jo U } U ' { y } ' 

where 0 < Re a < Re y. Using the #-beta type integral of Askey and 
Wilson [3] the authors [8] recently found the following ^-analogue of 
Euler's integral representation of Gauss' hypergeometric series 2^i 

~Xabcq~l, q^/ , -q\/ , be, ac, ab, Ad'1, Xf~l 

_ __ ;q,df 
V 9 — V > ^a, Ab, Äc, abed, abef 

(1-3) _ (q, ab, ac, ad, of, be, bd, bf, cd, cf, Xabc\ q)^ 
2n(Xa, Xb, lc, abed, abef; q)^ 

8^7 

f w(z ; a, b, e, d) , , 2 dz, 
l n(z\J) 
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64 B. NASSRALLAH AND M. RAHMAN 

where 
oo 

h{z; a) = n (1 - 2azq» + a V ) 
(1.4) »=o 

= (ae**; q)m(ae-^; q)œ, z = cos <p, 

(1.5) w(z;aAcd) = (\ -z2yv2h(z;l)h(z; -^(z;/T)h(z; - VY) 
h(z\ a)h(z; b)h(z; c)h(z; a) 

oo 

(1.6) (a; q)^ = \\ (1 — aqn), whenever it converges, 
n=Q 

(1.7) (ai, a2, . . ., ak; q)^ = (ax; q)^ (a2; q)^ • • • (ak; q)^ 

and the symbol on the left hand side of (1.3) represents a basic hyper-
geometric series defined by 

(1.8) 

«i, a2, . . ., ar+1 

;q, z 

= y fa; g)n fe; g)n - • • (flr+i; g)n jW 

s> (q\<i)n(h\q)n • •• (^;^)w 

provided |z| < 1 when the series does not terminate, with 

(1.9) (a; q)n = ,(a; q \ . 

The series that occurs in (1.3) is very well-poised, and the open square 
root is over the top left-hand element, namely, Xabcq~l. The convergence 
of the integral on the right of (1.3) requires that 

(1.10) max(|<7|, |a|, |*|, |c|, |rf|, | / | ) < 1 

under which condition the 8^7 series is convergent. If we set 

a = 0 a / 2 - 1 / 4 b = tfa/2+l/4 c = _^r/2-a /2- l /4 
(1.11) 

d= -qr/2~a/2+iaj= ?Kq-ß, 

then use the #-gamma function [2] 

(qi q)« (1.12) /*,(*) = )llq)~ (1 - ^ ) i - , 0 < q < 1, lim />,(*) = A*), 

and take the limit q -* 1, it can be easily shown that (1.3) approaches 
Euler's formula 

(1.13) 2F1(a, ß; r; x) = r { a ^ _ a ) ^t'-\\-t)r-«-\\ -xt)-ßdt, 
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where x = — 4A(1 - X)~2, such that \x\ < 1. 
The analogy between (1.3) and (1.13) naturally leads us to consider 

the integral 

(1.14) S(a, b, c, d,f, g; X, p) s £ w(z; a, b, c, d)^^^dz 

as a possible ^-analogue of the integral in (1.2). Indeed, if we take 0 < 
q < 1, identify the parameters a, b, c, d,/as in (1.11), set g = fiq~ßf and 
let q -+ 1, we can show that the integral in (1.14) approaches that in (1.2) 
with x = -4A(1 - X)~2 and ^ = -4^(1 - ft)'2. 

Such an integral has recently been computed by Rahman [10], but in the 
special case 

(1.15) Xfi = abcdfg. 

Rahman [10] found that 

S(a, b, c, d,fg; A, fi) 

_ InQju/ag, Xfi/bg, Apt/eg, Xfi/dg, Xf, X/f fif fi/f; ^)TO 

(q, ab, ac, ad, of, be, bd, bf, cd, cf df,fg, g/f, Xfif/g; q)^ 

[W/CT, <lV~~, -tfV"", af, bf, effd, XIg, fi/g, Xfijq 
•10^9 _ ;#># 

(1.16) L V >-V , Afi/ag, Xfi/bg, X filcg, X fil dg, fif Xf, fq/g 
2%{Xfi\af, Xfi/bf, Xfi/cf, Xfi/df Xg, X/g, fig, fi\g\ q)^ 

(q, ab, ac, ad, ag, be, bd, bg, cd, eg, dg, gff/g, Xfiglf; q)^ 

~tyglfa I V~, - q V~~, ag, bg, eg, dg, Xjf, fi/f, Xfi\q 
__ __ ;q,q 

L V > - V , A///Û/, Xfijbf Xfi/cf Xfi\df fig, Xg, gq/f 
•ioÇ>9 109 

where the parameters are related by the balancing condition (1.15) as a 
result of which the 10̂ 9 series on the right are balanced. Because of this 
restriction, however, (1.16) does not provide a ^-analogue of the general 
double series in (1.1). Specializing the parameters as in (1.11) with g = 
fiq~ßf, one can see that (1.15) amounts to setting y = ß + ß' in (1.1) 
and, as is well-known, the Ft series in this case reduces to a multiple of a 
2Fx series [7, p. 238]. 

One of the main objectives of this paper is to compute the general 
integral in (1.14) subject to the restriction 

(1.17) max(M, \a\, \b\, \c\, \d\, \f\, \g\) < 1. 

We shall, in fact, prove in §2 that 
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S(a, b, c, d,f, g; X, ju) 

= r(n h r H\ (<llabcd> aCllb> a(llC> a(lld> *a> ^ia> !&> t*la\ ti™ 
K ' ' ' ' iqa\ q/bc, q/bd, q/cd9 af, f/a, ag, g/a; q)„ 

'a2, aq, -aq, ab, ac, ad, af, ag, aq/À, aq//u , 
; q, b j f 

a, -a, aq/b, aq/c, aq/d, aq/f, aq/g, la, fta a c Jg 

(1.18) 
•1009 

+ idem(a;/, g) 

= S9 

where 

(1.19) K(a, b,c,d)= . . 2^a,bf' g)» , , , 
(q, ab, ac, ad, be, bd, cd; q)^ 

and idem(tf;/, g) means two similar expressions, one with a <-»/and the 
other with a <-• g. Since the three series in (1.18) are, in general, non-
terminating, their convergence requirement forces us to assume 

(1.20) fyq 
abedfg < 1. 

It is clear that under the balancing condition (1.15) all three series in 
(1.18) become balanced, as expected, but the right hand side does not 
resemble that of (1.16). However, using Bailey's four-term transformation 
formula [4] for balanced and non-terminating 10^9's one can show after 
a good deal of computations that (1.18) does indeed reduce to (1.16) in 
this special case. 

It is somewhat curious that the right hand side of (1.18) is a sum of 
three single series while the left hand side is a ^-analogue of the integral 
representation of the Fx function and, therefore, in the limit q -* 1 leads 
to a double series, in general. One might begin to hope that the series 
on the right of (1.1) can perhaps be expressed as a single series. Unfortun­
ately this is not the case. Using the parameters according to (1.11) and 
setting g = [xq-P' on the right of (1.18) one does not get a single series 
limit. In fact, formal term-by-term limiting process leads to all sorts of 
divergence difficulties. The correct way to take the limit is to start with 
(2.15), which is a sum of three double series, and to show that one of them 
gives (1.1) while the other two go to zero. The exercise is by no means 
trivial and it might be useful for some readers to try to work it out. How­
ever, our main objective is not to say that (1.18) is a ^-analogue of (1.1) 
but to prove that (1.18) is true for a wide range of values of the parameters 
subject only to the restrictions (1.17) and (1.20), and to use it to derive 
some quadratic transformation formulas between non-terminating basic 
hypergeometric series. In fact, there are two classes of formulas that we 
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shall be able to handle by means of (1.18) and (1.16). One that connects 
very well-poised 10^9 series in base q with balanced 5^4 series in base 
q2—we shall call it the transformation of type /—will be considered in §3. 
In §4 we shall deal with what we call the quadratic transformations of 
type II, where 10^9 series in base q are transformed to balanced 5̂ 4 series 
in base qin. 

There is another interesting limit of (1.18) that we would like to point 
out. Replace the parameters a, b, c, d, f, g, 1, fi by qa, qb, qc, qd, qf, qg, 
ql and qf, respectively, replace ei(l> in the integral (1.14) by qix and then 
take the limit q -» 1. Use of (1.12) and the reflection formula for the 
gamma function leads to the following : 

dx r~ 1 r(a+ix)r(b+ix)r(c+tx)r(d+/*) A/+**)/Xg+**) 
J -001 r(2ix)r(k+îx)r(fi+/*) 

__ 4TÜ3 sin (a + b + c + d)n f(a + b)r(a + c)r(a + d)f(l + 2d) 
sin {b + c)% sin (b + d)% sin (c + d)% r(l+a — b) 

n 2 n r(a + f)nf-a)r(g + a)r(g-a) 
K } ' r{\+a-c)r(\+a-d)r{l + a)r(X-a)r(ß + a)r({i-a) 

r 2a, 1 + a,a + b,a + c,a + d,a + f,a+g, 1+a — À, l+a-ju ' 
•9^8 ;1 

\_a,1 4- a — b, 1 4- a — c, 1 + a — d, 1 + a —f, 1 4- a — g,a 4- l,a 4- fi 

4- idem(â?;/, g), 

provided 

a, b, c, d,f,g> 0, 

b + c + d < min(l - a, 1 - / , 1 - g), 

and \a - g\, \a - f\, \f - g\ * k, k = 0, 1, 2, . . .. 

2. Evaluation of S(a, b, c, d,f,g; X, //). One of the principal tools in this 
computation is Sears' formula for the sum of two balanced and non-
terminating 3^2's [12, (5.2)], which /4/-Salam and Verma [1, (1.3)] showed 
how to express in the compact notation of a ^-integral 

f» (quia, qu/b, cu; q)^ du 

Ja (du, eu, fu; q)^ q 

_b(\ - q) (q, bq/a, a/b, c/d, c je, c/f; q)œ 

(ad, ae, af, bd, be, bf; q)^ 

(1.22) 

where e = abdef. The ^-integral is defined by 
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(2.2) 

Ca ™ 
Ax)dqx = a(\ - q) ZKctqn)q\ 

Jo *=o 

§bAx)dqx = J 7 ( * K * - ^f(x)dqx. 

Using (2.1) one can easily verify that 
W?\ fj) (v/f, MI'g•; q) 

(2.3) 

Hence 

h(z;f)h(z; g) g(l - q) (q, qg/f9 f/g, fg; q)0 

h (Mulfg>4)ooKz; u) q ' 

5 = 
(fijf, fi/g; g)0 

(2.4) 
£0 - q) (?, qg\fJ\gJg\ q)o 

P w(z; a, b, c, d) ^ z ; X\ dz. 
J - i h(z\ u) 

i g (qu/f, qu/g, /m; q)a 

(fw/fgi q)« 
-dqu 

dqu. 

By (1.17) one can justify the interchange of integrals. The Riemann 
integral over z is similar to the one in (1.3) and so we find that 

c = Kia h r ^ (Afl, Xb, Xc, plf, fi/g; q)^ 
K ' ' ' } g(l - q) (q, qglf,Mfg, ^bc; q)„ 

m Cg (qu/f, qulg* fitti, abcu; q)^ 
(2.5) J / (au, bu, cu, ßu/fg; q).. 

rXabcq'1, q *J , — q <J , ab, ac, bc, Xd'1, Xu'1 

•807 _ _ ;q,du 
L V » "~ V 9 Äc, Xb, Xa, abcd, abcu 

It would be nice if we could find a transformation that would lead 
directly to (1.18). Such a short cut does not seem to exist at the moment, 
so we are forced into a rather long and tedious computation. First, we 
use Bailey's formula [5, (3), p. 69] to express the 807 above as a sum of 
two balanced 403 series : 

rXabcq-1, q*J , —q*J , ab, ac, bc, Xd~l, Xu~l 

8071 _ \q, du 
V > — V 9 Àc, Xb, Xa, abed, abcu 

[ab, ac, ad, Xu~l 

(2.6) 

_ (Xabc, Xja, eu, bu; q)& 

(Xc, Xb, abcu, u/a; q)a 
403 

Xa, abed, aqu~l 
q,q 

+ 
(Xabc, ab, ac, ad, Xu~l, bedu, Xu; q)a 

(Xa, Xb, Xc, abed, abcu, du, aw1; q)a 

Ybu, eu, du, Xa~l 

403 ; q,q 
[_ u, bedu, qua'1 
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Use of this in (2.5) gives 

(2.7) S = Si + S2, 

where 

69 

<? - K(n h r d\ (ka' k/a> M* Pl8'> g)°Q 
Sl - K{a, b, c, d) ^ - qn^qgìfjìgJg.qX 

(2.8) 

and 

(2.9) 

Cg {qujf, qu/g, pu; q)^ . 
J / (au, u/a, pu/fg;q)^ m 

ab, ac, ad, 1/u 

#2 = ^(a, b, c, d) 

la, abed, aq/u 

(ab, ac, ad, p/f, y/g; g)TO 

g(l-q) (q, abed, qg/f, f/g,fg; q)0 
8 (qu/f> qu/g, pu, bedu, lu, 1/u; q)^ 

\q>q dQu, 

Ç* {qujf, qujg, pu, bedu, 
J / (au, a/u, bu, eu, du, pu/fg; q)o 

403 
bu, eu, du, Ija 

\q,q dau. 
[lu, bedu, qu/a 

Using (2.2) and [5, (3), p. 69] one can easily see that 

(la, lja, pa, p/a; q)^ 
Si = n(a, b, c, d) 

(fa,f/a,ga,g/a;q)„ 

(2.10) 
^ (ab, ac, ad, ag/p, q/fg, 1/g; q)k k 

T (q, la, abed, aq/f, aq\g, q/pg; q)k 

'S97 

Mgg~k~X>gV , ~qV ^g,p/f,lp/q,gq'k/a,q" 

V, - V, M~k/a,fgg~k, gqx~k\^ ap, jug 
; q, qM 

where, consistent with the notation (1.7), we have used (ax, a2, ..., ar; 
q)k to mean (ax; q)k (a2; q)k . . . (ar ; q)k. 

Use of Watson's formula [5, (2), p. 69] 

8Ç>7 

(2.11) 

a, q^a, -qja, b, e, d, e, q~k 

\/~a~, — \Z~a~<> aq/b, aq/c, aq/d, aq/e, aqk+l 
,q, 

a2qk+2 

bede 

(aq, aq/de; q)k 

(aq/d, aq/e; q)k 
403 

q~k, d, e, aq/bc 

[aq/b, aq/c, deq~k/a 
,q,q 

in (2.10) gives the series 

403 

'p/f ag, aq/1, q~k 

lap, aq/f, gq1"*/! 
\q,q 

file:///Z~a~
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which, when expressed back in terms of an 8̂ 7 series, leads to the following 
expression for Sx 

Ç - Kin h r d\ (>**> */*> pa, fi/a; g)«, y, (ab, ac, ad; q)k SX - n(a, b, c, d) - T J 5 ; J — - — ^ 2a {Û9 abcdì qa2.q)k q 

8^7 

a2, aq, - aq, af, ag, aq/X, aq/,fi q~ 

a, - a , aq/f, aq/g, aX, ay., a2 qk+1 ; q, 
fyqk 

fg 

We now turn to S2. Note that, by (2.2), 

i 
g(qu/f> qu/g, fJLU9 bcdu, Xu, X/u; q) 
f (au, a/u, bu, eu, du, fiuffg; q)^ '4^3 

(2.13) 

'bit, eu, du, X/a 
iq,q 

= sd - q) 

[_Xu, bcdu, qu/a 

(q, qglf, f*g, bcdg, Xg, XIg ; q)^ 
(ag, bg, eg, dg, filf, a/g; q)^ 

dqU 

(bg, eg, dg; q)k+/ (XIa; q)k (ag, filf qg\ X\q),( X ,f*lf,qglkq),(XYk T1T1 
k / (Xg, bcdg, gq/a; q)k+/ (q; q)k(q, fig, 

_ fn __ -x (q> qf/g, pf, bedf, Xf, X/f; q)^ 
/ U q) (af, bf, cf, df, fi/g, a/f; q)^ 

y y (bf, cf df; q)k+/ (XIa; q)k (af, fi/g, qf/X; q),/ X Y k + / 

^ (Xf, bedf fq/a; q)k+/(q; q)k (q, fif qf/g; q),\a)q ' 

Using this in (2.9) and simplifying we get 

<? - rin h n A\ W* ac> ad> te, A/g, ftg, ßlgl ff)o 
S2 - K(a, b, c, d) iag9bg9Cg9dg9fg9a,g9f,g;q)œ 

(2.14) 

. Y] ( ^ eg, dg, XIa; q)m bm , 
" * il, te, qg/a, bcdg; q)m

 m 

q~m, ag, filf, qg/X 

ßg> qglf, aql~mß 
iq> q 

4- An h r H\ (ab> aC> ad> W> ^ Vf* ̂  q)° 
l ' ' ' } (af, bf, cf, df, gf, a/f, g/f; q)^ 

, (bf, cf, df, Xla; q)m 

'(q,Xf,qfla,bcdf\q\ qm 4^3 

q~m, af, fxlg, qf/X 

ßf, qflg, aql-™IX 
; q, q 

Note that we may express the two 4^3's as 8^7's by use of (2.11) that are 
similar to the 8<£7 in (2.12). Once this is done we combine (2.14) with 
(2.12), simplify the coefficients and obtain 
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S(a, b, c, d,f,g; X9 ju) 

~ ( ' * ' } (fa,/l*,ga,gla;q)„ k (tf, abed, qa2; q)k
q 

71 

(2.15) 

• W7 107 
~a2

9 aq, -aq9 af9 ag9 aq/X9 aq/ju, q~k 

[a, - a, aq/f, aq/g9 Xa9 afx9 a2 qk+l 

+ idcm(a;f9g). 

; q. 
Xmk 

fg 

The high degree of symmetry in this formula will be found very useful 
in proving our main result, namely, (1.18). But first, let us point out an 
interesting special case. Let Xju = q. Then each of the 807 series in (2.15) 
becomes a 60s which is summable by Jackson's formula [14, (iv. 9), p. 
247]. The 807 that is displayed in (2.15), for example, has the sum (qa2, 
q/fg', q)kl(aqlf, *q\g\ q)h Thus we find that 

S(a9 b9 c, d,f,g; X, q/X) 

(2,6) -^^^ (^S^.'ffifr^ (fa9fla9ga9g/a;q)0 

ab, ac9 ad9 q/fg 

ßq/f> aalg> abcd 
iq,q 

+ idcm(a;f9g). 

In particular, i f / = Xqn
9 gm = q+l/X9 where m9 n are non-negative in­

tegers and max(|/l|, \q\X\) < 1, then, since (X/f; q)^ = (q~n; q)^ = 0 and 
(q/gX; q)oo = (q'm; q)™ = o, we get 

(2.17) 

S(a9b9c9d,Xq\q^/ X; X, q/X) 

= n(a, b9 c, d) (Xa9 X/a; q)n (aq/X9 q/aX; q)„ 
-q-m-n^ a}y^ ac^ acj 

' 403 
\_aq1~n/X, aXq~m, abed 

; q, q 

A special case of this formula has already been used by Rahman [11] 
in computing a 2-dimensional ^-analogue of Selberg's integral [13]. 

Returning to (2.15), we note that Sears' formula [12, (5.2)], to which 
(2.1) is equivalent, can be spelled out as 

392 

(2.18) 

a9b9 c 
\q>q 

J,f 
, (q/e,f/a9flb,fId«)«. 

(aq/e9bq/e9 cq\e9f\q)„ 

Vaq/e, bq/e, eq/e 
302 ; q, q 

lq2/e, qf/e 

(a9b9 c9 q/e9fq/e; g)OT 

(aq/e, bq/e, cq/e9 e/q,f;q)0 

file:///q/X/
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where ef = abcq. 
Hence, for / = 0, 1, 2, . . ., 

302 

abq/, acq', adq' 

> q, q 

(2.19) 

abcdq', a2q^+1 

= (aq/+1/b, aq/+l/c, aq/+1/d, q^/abcd; q)^ 
(q/bc, q/bd, q/cd, a^q^1 ; ^)TO 

_ (abq', acq', adq', aq/+2/bcd, q1~//abcd;q)ol 

(q/bc, q/bd, q/cd, abcdq''1, a2 ^ 2 / + 1 iq)^ 

'392 

q/bc, q/bd, q/cd 

laq/+2/bcd, q2-'/abed 
\q, q 

Using this we get 

V» (ab, ac, ad; q)k k 

k (q, abed, qa2; q)k 

a2, aq, -aq, af, ag, aq/l, aq/p, q~k 

'807 
ipqk 

la, -a, aq/f, aq/g, al, ap, a2 qk+l ' * ' fg 

_ y iß2, aq, -aq, af ag, aq/l, aq/p; q), / IpV 
y (q,a,-a,aq/faq/g,al,ap,q)/ \ fg) 

• g/(/+i)/2 (àb, ac, ad; qY ± 
q (abcd;q)Aqa2;q)2/

3<p2 

(2.20) 

abq', acq', adq' 

'. n2 /72/+1 
,q,q 

abedq', a2 q 

= (qlabcd, aq/b, aq/c, aq/d^)^ 
(qa2, q/bc, q/bd, q/cd; q)^ 

Y a2, aq, — aq, ab, ac, ad, af, ag, aq/l, aq/p 
0S •109>9 ; q* 

'807 

a, -a, aq/b, aq/c, aq/d, aq/f aq/g, al, ap a C Jg J 

>d, aq2/bcd, ab, ac, ad; q)^ ^ (q/bc, q/b 
q, qa2, q/bc, q/bd, q/dc; q)oo^0(q, q2/abcd 

a2, aq, -aq, af ag, aq/l, aq/p, abedq'^1 

(q/abcd, aq2/bcd, ab, ac, ad; q)^ ^ (q/bc, q/bd, q/cd;q)k 

(abed/q, qa2, q/bc, q/bd, q/dc; q)oo^0(q, q2/abcd, aq2/bcd;q)k
q 

\q> 
fyqk 

abedfg [a, —a, aq/f aq/g, al, ap, aqk+2/bcd 

From (2.15) and (2.20) it then follows that 

S(a,b, c, d,fg; I, p) 

= Kin h r H\ tilled, aq/b, aq/c, aq/d, la, l/a, pa, p/a; q)„ 
(2.21) (qa2, q/bc, q/bd, q/cd,fa,f/a, ga, g/a; q)0 
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where 
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fa2, aq, -aq, ab, ac, ad, af, ag, aq/1, aq/ju , 1 
' 109*9 I $9 — U A f 

[a, -a, aq/b, aq/c, aq/d, aq/f, aq/g, al, aju a C Jg J 

+ idem(a;/, g) 

- T, say, 

- ** ' C? a) \ (qa\ af, f/a, ag, g/a; q)„ 

^ (q/bc, q/bd, q/cd; q)k k 

jR) {q,q2labcd, aq2/bcd; q)k 

(2.22) 

107 •8Ç>7 

a2, aq, -aq, af, ag, aq\l, aq/fi, abcdq'^1 , k 

; q' abcdfg \ a, — a, aq/f aq/g, al, a/i, aqk+2/bcd 

+ idem(ö;/, g) J, 

with 

(2.23) p(b, c, d) = 2% 
bcd(q, be, bd, cd, q/bc, q/bd, q/cd; q)œ ' 

provided 0 ^ be, bd, cd ^ q±k, k = 0, 1, 2, 
All we need to prove now is that T actually vanishes. Fortunately we 

have an identity due to Bailey [6, (4.6)], see also [14, (7.1.1.5)], 

„-1 (aq/d, aq/e, aq/f, q/ad, q/ae, q/af; q)^ 

(2.24) 
•807 

(qa2, ab, ac, b/a, c/a:q)a 

a2, aq, —aq, ab, ac, ad, ae, af 
;q, q2/abcdef 

[a, — a, aq/b, aq/c, aq/d, aq/e, aq/f 

+ idem(a; b, c) — 0. 

Replacing b, c, d, e,fbyf g, q/X, q/ju, and bcdq~k~x, respectively, immedi­
ately proves that T = 0. Hence the proof of (1.18) is complete. 

3. Quadratic transformation formulas of type I. In (1.18) let us set 

(3.1) ju = -À, g = -fb= -a 

and assume that 

l2q (3.2) < 1. 
a2cdf2 

Denotingp = q2 and using the identity (a^^-a; q)^ = (a2; q2)^ we get 
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S(a, -a,c,d,f, - / ; A, -X) 

C-&Ä? """1 <°* *• "*• *™*--'>-
"10^9 

02,#tf, — qa, — a2,ac,ad, — af,afaq/k9 — aq/X 
; q, -

(3.3) + 

û, -a, -q,aq/c,aq/d,aq/f, -aqjfaX, -al 

2J-acdf -q/acdf -fq/a,\ (12f2 , 2 / f 2 . , 

fa, <lf\ ~f2> -hcd, -q/ac, -q/ad,\ ( 2f2, „>> 
\q/cd, -ac9 -ad9fc9fd9 a/f; q )Ja J > *»* 

f\qf ~ri ~P,fa, -fajc,fd,fq\l, -fq/X 

_f -f,- q,fq/a, -fq/a,fq/c,fq/d,fX, -fl 

2Jacdf q/acdf fq/a,\ (}2f2 12jf2. , 
27l\-fqlc -fqld;q)JÀJ >À li > P)~ 

(q9 qf2, -P9 - 1 , cd, -q/ac9 -q/ad,\ ( 2f2 , 
\q/cd, -ac9 -ad9 -fc, -fd, -a/f;q)JaJ >p)« 

l2q 
cda2p 

•10^9 h 
Kg 

q> cda2f2 

4s "10^9 

f\qf - ri - P,fa, - fa, - fc, -fd,fq\l, -fq\l ^ " 

'^' ~~ cda2 f2 

if-f-qJqla,-fq/a,-fq/c,-fq/d,P,-fl Cm J . 

In the special case when the series are balanced, that is, when a2 cdf2 

= — X2, we use (1.16) instead of (1.18) since it reflects the corresponding 
simplifications explicitly. Thus for the balanced case 

S(a, -a,c,d,f, -f;X, -X) 

2K(k2/cf, X2/df; g)JM*p, X2P, WP ; />).. 

fa, - 1 , -a2, -f2, X2, cd, cf, df; q)„ (a2 c2, a2 d2, a2f2;p)x 

~X2q~\X VT, -XSq,- Vq-W, ~ qfM - W,cf,df 

(3.4) 
4i •lOW \q,<i 

+ 

[XIV T, - XI V T , - q,X2laf, - X2/af,Xf, - Xf,X2/cf,X2/df 

2%{-X2\cf, -X2/df; q)„ (XVa2/2, X2f2, X2/P;p)x 

(q, - 1 , -a2, -f2,X\cd, -cf, -df;q)x{a2c2,a2d2,a2f2;p)m 

[X2q~\X VT, - A VY, - IH'1, - af,af, - X/f,X/f, - cf, - df ' 
•10^9 iq> i 

IX/ VI",-XIVT, -I,- Vlaf,X2laf - Xf,Xf, - X2/cf - X2/df_ 

We now turn to the left hand sides of (3.3) and (3.4). Note that 

h(x; a)h(x; -a) = \(ae»; q)„ (-ae*; q)J2 = \{a2e™;pU2 

= A/«; a2), 

where x = cos 6, £ = cos 2d = 2x2 — 1. So 

(3.5) 
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h(x; X)h(x; -X) 
h(x;a)h(x; -a)h(x;f)h(x; -f) 

htf\a*)htf\P) 
Q?l<fi, mP\ p)„ 

PÜ-P) (P, Pf2la2, a*IP, a2P; p)„ 

f ^„lÄrfÄPk, by (2.1). 
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Hence 

(3.7) 

Since 

(3.8) 

S(a, -a,c,d,f, -f;X, -A) 

= Wla2, VIP; p)o. f / 2 j (pula2,pulP,Vu;p)a 

PU -p)(p,pPla\a*IP,<fiP;p)J*apU (Pu/a*P;p)„ 

• I w(x; c, d, *J~ü", — *J~ïï)dx. 

I w(x; c, d, ^J~u , - \/!T)dx 

_ lizj-cdu'.q)^ 
(q, ed, e*/ U , —cy/u, d^/ u , —d\/u , — u; q)^ 

2ic( - cdu ; p)w( - cdu *JT \ P)« 
(q, cd; q)00(-u, c2u,d2u, -u jp ; p)^ ' 

by virtue of the identity 

(3.9) (̂ ;̂ )oo = (^;^)oo(^;^2)oo, 
we get 

S(a, - a , c, d,f, - / ; A,-A) 

____27T ( A 2 / ^ 2 / / 2 ; / ^ 
to, a/; q)„P(\ -p)(p, pP\a\ a2/P, a2f2;p)„ 

. f/2 (Wa 2 , /?a//2, X2u; p)^ # (-cäfo, - c ^ VTlP)« 
Jfl2(A2w/a 2/'2, c2u,d2u\p)O0 (-u, -u^/p ; p)^ 

2TT(A2//2, A2/2; p)w (-cdf2; g)«, 
(3.10) (*2//2, a2/2 , c2 /2 , ûf2/2; />)«> fe cd, -f2; ^ 

p2/2,</2/2,A2/a2, -/2, -f2VT ' 

b/2/*2 , A2/2, - c# 2 , - a / / 2 v y 

(P/a2, a2P, c2a2, d2a2; p)œ (q, ed, -a2; q), 

Yc2 a2, d2 a2, X2[f2, - a2, - a2 <>J~p 1 
•5^4 _ ;/>,/> 

[_pa2IP, X2a2, —cda2, —cda2 V P J 
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by (2.2) and some simplifications. If/2 = —X2/a2 cd then (3.4) gives 

a*id*p, x*p, xw, P)OO a2icf VW-, g), 
(a2 c\ a2d2;p)„(-\, -a2, -f2, X2, cf, df; q)„ 

X*q-\X VT, -WT,- Pq-W, ~ afX/f, - Xlfcfdf 
•10Ç>9 09 ;q,q 

•10Ç>9 

(3.11) 

M VT, - V VT, - q,V/af - KlafXf - Xf,X2lcfX2/df 

(X^a2f2, X2f2, X2IP; Pio, ( - W , -V/df, g)„ 
(a2 c2, a2 d*;p)„ ( - 1, -a2, -P, X2, -cf, -df; q)„ 

Vq-\l VT, -IVT,- l2q-\af, - afXIf, - X\f, - cf, - df " 

M VT, - XI VT, - q,X2/af - X2/afXf - Xf - X2/cf - X2)df_ 

(-a2 cd, -X*la2cd;p)x(X
2la2;q)~ 

(-a*cd/X2, -cX2/a2d, -dX2/a2c;p)oa(-X
2/a2 cd; q)x 

Y-dX2la2c, -cX2/a2d, X2\a2cd, X2 V~P~la2cd 

l-X2p/a*cd, -X^a2cd, X2 VTIa2 

(X2/a2, XW^^i-cda2^)^ 

•49>3 ;p,p 

+ 

•403 

(-X2/ai cd, a2c2, a2d2;p)00(-a
2; q)^ 

a2 c2, a2d2, — a2, — a2 VT 
_,P,P 

— ai cdpjX2, X2a2, — cda2 V P 

Use of [5, (3), p. 69] and some simplifications yield the following trans­
formation formula 

(X2/cf X2\df; q)„ 
(cf df; q)x 

YX2q-\X VT, -WT,- Vq-\af - afXIf - Xlfcfdf 
•10^9 \q,q 

[Xl VT, - V VT, - q,l2laf - X2/af,Xf - Xf,X2lcfX2/df, _ 
, {-X2lcf -X2ldf;q)m 

(-cf,-df;q)„ 

(3.12) Yi?q-\X VT, -WT,- l2q-\af - afX/f, - X/f - cf, - df " 
• 1009 ,q,q 

IX/ VT, - H VT, - q,l2laf - X2laf,Xf, - Xf - X2jcf, - X2\df \ 

_ (X2a2, X2/a2, X2d/c, X2 VY/a2cd; p)„ ( - 1, X2, X2c/d, - cda2; q), 
(-cda2, -XVa2cd, -X2d/a2c, -X2c/a2d, a2X2cd, X2cVTId; p) 

807 
a2X2cd/p,pV ,-pV ,a2c2,a2d2,cd,-a2,-X2IVP X2V~P 

,p,~ a2cd 
L V~, - V~,l2dlc,X2c/d,a2X2, - X2cd, - cda2 V P 
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provided \X2 \Z~p"/a2cd\ < 1, unless the series on the right terminates. 
In the general case, that is, when/ 2 ^ — X2/a2cd no further simplification 

of (3.10) seems possible, so after some rearrangement of the coefficients 
(3.3) and (3.10) give the following formula 

(-cda2, -q/cda2, aq/c, aq/d, -qiq)^ (X2a2, X2/a2; p), 
(qa2, —a2, —q/ac. — q/ad, q/cd; q)00(a

2c2, a2d2;/?)TO 

\a2,qa, — qa, — a2,ac,ad,af,af, — af,aq/X, — aq/X 
•1009 

a, -a,-q, aq/c, aq/d, aq/f, - aq/f, aX, - aX 

X2q 
9 q' cda2f2 

ì ( „ acdf, - ç/acdfjqlcfq/d, -fq/a;q)M2P, WP,P,PI<*\P)« 
(qP> - f2, - q/ac9 - q/ad,q/cd, - ac, -ad,-I ,fc,fd, a/fiq)^ 

09 •10Ç>9 

P.qf ~ qf, - P, M - fa, fc9 fd,fq/X, - fq/X 
>q> 

X2q 
cda2f2 

+ 
(3.13) 

'10Ç>9 09 
X2q 

cda2f2 

f -f,~ q,fq/a, " fq/aJq/c,fq/d,fX, - A 

(acdf,q/acdf -fq/c, -fq/djq/a; q)„ (X2f2, X2\f2J2/a2\p)^ 
(qP, -P, - q/ac, - qladdled, - ac, -ad,-\, -fc, -fd, - a/f; q){ 

rP,qf, - qf, - f\fa, - fa, - fc, - fd,fq/X, - fq/X 
iq, 

f -f - q,fq/<*, -fq/a, -fq/c, -fq/d,fx, -fx 

(a2/f2,c2f2,d2f2;p)00(-f
2;q)00 

c2f2,d2f2,X2/a2, -f2, -PVT 

pf2/a2, X2f2, -cdf2, -cdf2 VT ' 

(X2/a2,X2a2\p)O0(-cda2',q)^ 

504 

+ 

504 

(a2c2, a2d2;p)0O(-a2;q)00 

~a2c2, a2d2, X2/f2, - a2, - a2 ^~p 

pa2lf2, X2a2, — cda2, —cda2 ^/~p~ 
',P,P 

Since the ordinary hypergeometric limit of this formula does not seem 
to exist in the literature it should be of interest to see what it is. To this 
end, let us choose the parameters in the following way. 

a2 = — qa, c2 = 

and 

. qa+2-2w rf2 — _q2ö-a f2 — _ n2y-a ^2 _ _ aa+2-2ß 

ac = -ql+a-w, ad = q§, ab = q1+a~ß, cf = -q1+r~">, df= qr+ô~a. 

Then, using (1.9) and ( 1.12) we can rewrite (3.13) in the form 
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rg(a)rq(w - a)rq(w - ô)rp(ô)rp(a - w + 1) ( -g 1 + »- ' ;g ) , 
rq(w)rq(w-a-o)rq(l+a + o-w)rp(l-ß) (-q^ô;q)ô 

~-qa,q^~, -q^~,qa, -ql+a~",qô, 

<7r, - ? r , -qß, qß 

.ql+a-r^ ql+a-r^ ql+a-ß^ _ ^ l + a -

1+a-

q, q{ a+w-o-2ß-2r+l 

+ 
rq(2r - a)rq(w - a)rq(w - ô)rq(l + a - w)rq(T + ô-a) 

rq(i+r+d-w)rq(w-r-ö)rq(r-a+w)rq(i+r-ß) 
rq(a - r)( - qr~a+1 ;q)r( - qr~a ; q)i+a-w 

rq(i+a-ß- r)rq(r - a)( -1 ; q\-ß+l( - q
1-0; q\ 

(\+g)w+l-o-2ß 
ô s (-q§;q)1+a-ß-r-ö

 10<P9 

qr+ß-a^ ^qr+ß-a^ —qi+r-wqy+ô-a 

(3.15) + 

-q2r-a,qV ,-qV ,q2r-",qr,-qr, 

V~,-\/~,-q,-q1+r-a, 

• q9 qa+w-ö-2ß-2r+i \ 
qi+r-a^ _ qi+r-ß9qi+r-ß9qT-«+u>9 — qi-^r-s 

rq(2T - a)rq(w - a)rq(w - ö)fq(l + a - w)rq(l + r - w) 

rq{i+r-ö)rq(i+r-a)W+r-ß)rjr-(*W+a-ß-r) 

' 10^9 

( - qT~a ;q)r+i( - qT~a+w » ) « - * ( - q1+^~- ; ^ ) w + a _ 2 r _ 5 _ 1 
(\+q)»+i-ö-2ß 

( - qd ;q)a-ß-r-o+i( - { ; q)d~ß+i( - q1'8 ; q)w-r-i 

-q2r~a, qV~, -q\/~,q2r~a,qr,-qr,qr+ß~oc, -qr+ß~a, 

V~, - V~> -q> -q1+T~a
9q

1+r~a, -q1+r~ß, 
ql+T-w^ —qT+ö-a 

; q, qa+tv-ö-2ß-2r+i 
qi+r-ß^ —qT-a+w^ qi+r-ô 

rp(cc-r)rp(i+r-^)rP(r-a+ö)rq(2r-a) 
rjr-Wpii+r-ßMi+a-ß-rWi+ir-a+d-w) 

•5^4 

pT-a/2^ pT-a/2+-Y^ p\-ß^ pl+r-w^ pT+ö-cc 

+ 

4>\ 

pl+T-a^ pl+T-ß^ pr+a+8-a-w)/2 pr+(2+r-a-w)/2 

rp(i+a-w)rp(ô)rq(a) 
rp(i-ß)rp(\+a-ß)rq(i+a+ö-w) 

na/2 p<x+V2 pl+a-ß-f nS nl+cc-w 

\P,P 

#5Ç>4 \P>P 
ryl+a-r pl+a-ß p(l+a+ô-w)/2 p(2+a+ô-w)/2 
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provided 0 < q < 1 and 

(3.16) a + w + 1 > 2/3 4- 2r + Ö, 

when the series are non-terminating. If we now take the limit q 
obtain 

r(a)r(w - a)r(w - aVXflAl +a-w) 
r(w)r(w-a-ä)r(l+a + d-w)r{l-ß)r(a-ß+l) 

[a, ß, 7*, <?, 

79 

1 we 

•4^31 1 

+ 

•4^3 

+ 
(3.17) 

[1 -ha —/3, 1 -ha —7% w 

Ai+r+*-w)Aw-r-*)Ar-a+w)Ai+r-j8) 
r(i+a-ß-r)r(r-cc) 

V2y — a, 7-, y + j3 — a, y 4- 5 — a, 
; i 

|_l-h^ —a, 1 +7' — /3, y — a4-w 

A2r-a)A^-a)A^-g)/T(i+a-^)Ai+r-w) 
Ai+r-*)Ai+r-a)Ai+r-j8)Ar-a)Ai+a-i8-r) 

"27- — a, 7-, 7- -h ß — a, 1 -h 7* — w 

i+7--a, l+r - jS , i + r - 5 

r(a-r)Ai+r-HQAr-g+*)A2r-g) 

A r - a ) A l + r - | 8 ) A l + a - j 8 - r ) A l + 2 r - a + 3-w) 

t . t . o , 14-5 — a — w . 2 + ö — a — w 

14-r-a, i+r-p>r+ 2 ' r 2 
r(i+a-w)r(a)r(ö) 

•5^4 ; i 

4-

•5^4 

r(\-ß)r(l+a-ß)r(l+a + d-w) 

l + a - 7 % l + a - j 8 , l+a4-<5-w 2 + a 4 - d - w 
;1 

If we divide by ^(5) and let ô -> - m , m = 0, 1, 2 . . . then (3.17) reduces 
to Whipple's transformation [5, 4.5 (1)]. On the other hand if we divide 
by r(a) and then let a -* -w, w = 0, 1, 2 , . . . we obtain another formula 
of Whipple [5, 4.7 (1)]. So (3.17) can be regarded as a non-terminating 
extension of Whipple's formulas while (3.15) is a non-terminating general­
ization of [9, (1.8)]. One should keep in mind that (3.16) alone is not 
enough for the validity of (3.17). Further conditions that we choose to 
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leave unstated must be satisfied so that the ratios of gamma functions on 
both sides remain meaningful. 

§4. Quadratic transformation formulas of type II. We now consider 
transformations that relate series with base q to those with base ^/~q~. 
By virtue of the identity (3.9) we have 

h(x; a)h(x; a^~q~) 

= \(ae<0;q)(aVTeid;q)\2 

= I (ae»; VY) I2 

= hVJ(x; a), say. 

(4.1) 

So we set 

(4.2) 

in (1.18). Since 

ju = À^q,b = cx/q,d=f^/q 

h^j(x; X) 
h^(x\ c)hVJ(x;f) 

(4.3) Wc, m VY). 
C ( 1 - \ / 0 ) ( A / 0 > c^/q/f,f/c,fc; <Jq)0 

i d^u (u^q If u^/_q/c, Au; ^q)a 

(ul\fc\ Vq)ooh</j(xi u) 

and hVj(x; u) = h(x; u)h(x; u^/ q), we get 

S(a, c, c^/!T,f,fVT, S\ h A V T ) 

(4.4) 

c( 1 - V q ) ( V q , c V q If f\c, fc ; j q )„ 

J / "q (fa/fc;Vq)co J - i 

_ JlniX/c^lf; VT)oo 
c(l~ Vq)(Vq , c^/q/ff/cfc; ^q)00{q,ag\q)00 

. Cc
d u(u\/~q~/f u*JTIc, M Vaguq1'*, - Väguqi'*; ^/~q)^ 

J / Vq (au, gu, Àu/fc, uq1/A, -uq1/A; *Jq )00 

= 2TT(X/C, AC, c V o g ^ -cVflgff1/4; VJDQQ 
to, tfg ; ?)„, toe, /c, //c, gc, c#1/4, - cqv* ; V 4 )oo 

\ac, eg, Xjf cqVi, - cq1/A 

' 5 ^ 4 | > , c°VTIf, c<s/ag <71/4, -c^ag q^ '' VÇ' VÇ 

2ic(W,Xf,fVïgqm, -fV^gqm; VT)oo 
to, ag; q)„ (af cfc/f gffq^, -fq™; VT)oo 

affg,llc,fqv\ -fqw 

+ 

•5<?>4 
iffVTI^fVagq^, -fVagq^; V * ' V * . 
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Thus we have the transformation formula 

(afcfy 11 aft?, aVTIA g)«, <M, */<*, aVT/c, V T L _ 
(qa2, c2^q , *J q /c2

9f/a9 g/a9; q)w (ac9 af l/cf cf^qiVq)™ 
~a2, qa, — qa, ac9 ac ^J~q', af, af' V~q', ag, aq/À, a^/~qjX ' 

_ __ 'q,agc2f2 

la, - a, aq/c, a*J q je, ag/f a^ q jf aq/g, al, al^J q 
{c2f2q^\lc2P, ag^-q; g)«, ttM/f fVTIC VT_h> 
(c2^_q , V_l /c2, af a/f gf gif; q)oo (cf l/cf cf^/q, 
PV q ; V?)oo 

~f\ qf - qf fa, fc, fc VT, P VT, fg, fqlk f VTI* ' 

-f - f fy/a, fq/c9 fVq/c, Vq , fq/g, A/, If Vq 
(fgc2 qA\fgc\_g<s/~q\f\ <y)oo (lg, À/g, g*J~q\c\ VT)oo 

(A *\ (c2 V q > Vq /<?2, qg2, a/g, f/g; q)^ (eg, fg, cf^/q9 

~g2, qg, -qg> ga, gc, gc^~q, gf gfV~q~,gqlÀ, gVTtt 

__ _ 9q'agc2P 
-g, -g, gq/a, gq/c, g\/q le, qg/f gV q If gl, g^V' q 

^9 '109>9 

+ 

•10Ç>9 109 

s (gg£j v q > ?)oo (Ac> ^ y7 g jy 
(c2 V q ; )̂oo (ac, /c, //c, gc ; V q )0 

4A '5Ç>4 

+ 

*504 

provided 

(4.6) 

ac, eg, XIf cqm
9 -cql/i 

\_Àc, c^Ylf cVag <71/4, -cVag ql/A 

(agPyT;q)cottf,W VT)^ 
lf2Vq ; q)oo (af cf c/f gf; V q)™ 

affg,X/c,fq^9 -fqv* 

*f f VT/c, f Vag qv\ - f Va~g q™ 

\/q, Vq 

Vq, Vq 

< l. agc2f2 
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