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A Q-ANALOGUE OF APPELL’S F; FUNCTION
AND SOME QUADRATIC TRANSFORMATION FORMULAS
FOR NON-TERMINATING BASIC HYPERGEOMETRIC SERIES

B. NASSRALLAH AND MIZAN RAHMAN*

ABSTRACT. A g-analogue of the integral representation of Ap-
pell’s F, function is given as an extension of Askey and Wilson’s g-
beta integral and is evaluated as a sum of three very well-poised
109, series. The formula is then applied to find two different types
of quadratic transformation formulas between very well-poised
109, series and balanced ;¢, series. Special cases of balanced and
very well-poised ,,0, series are also examined.

1. Introduction. The Appell function F; is defined by the double infinite
series [7, p. 224]
(1.1) Fila, B, B 75 %, 9) = 2200 (@B B

m n m!n!(T)m+n
subject to usual convergence restrictions, where the shifted factorials are
defined by (@)g = 1, (@), =ala+ 1) - (a+m—1),m=12,....0f
all the Appell functions this is the only one that has a representation in
terms of a single integral [7, p. 231]

Fi(e, B, B, 15 %, )

(1.2) ')

xmyn

1
=20 Y1 — )Y (L — xt)7E(1 — yr)~Fde,
T@l—ay Jo'* 0 — (=207 =00
where 0 < Re @ < Re 7. Using the g-beta type integral of Askey and
Wilson [3] the authors [8] recently found the following g-analogue of
Euler’s integral representation of Gauss’ hypergeometric series oF;

Aabeq™l, g4/, —q+/", bc, ac, ab, AdY, Af !
8¥7 > 4, df
v, — &/, Aa, Ab, Ac, abcd, abcf

(1.3) _ (g, ab, ac, ad, af, be, bd, bf, cd, cf, Aabc; q).,
27(Aa, Ab, Ac, abcd, abcf; q).,

Lo oy hz; A
. j‘ 1w(z, a, b, ¢, d) h(j;f) z,
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where

. = 1 — n 2q2n
(L4) h(z; a) L[O(l 2azq” + a?q?")

= (ae'?; q)(ae™%; q).,, z = cos ¢,

. _ _12 Mz DAz, —1) h(z; v/ q)h(z; —«/4)
(L) w(zsab,e.d) = (1 -z Ve BB e )

(1.6) (a; q), = Ho(l — aq”), whenever it converges,
(1.7 (a1, az, - - -, @5 Do = (15 Do (@25 Do *** (@5 Deo

and the symbol on the left hand side of (1.3) represents a basic hyper-
geometric series defined by

@, az, - - -5 A
r+l¢r ; q9 z
(1.8) by, ..., b,

— 3 (@15 @) (325 @) - (a,+1, Dn 7
n=0 (‘I, q)n (bl; q)n . (br’ q)n

provided |z] < 1 when the series does not terminate, with

(1.9) (; q), = (T%%'

The series that occurs in (1.3) is very well-poised, and the open square
root is over the top left-hand element, namely, Aabcq—1. The convergence
of the integral on the right of (1.3) requires that

(1.10) max(|ql, lal, 16, lel, |dl, |f]) < 1
under which condition the g7 series is convergent. If we set
—_ a/2—1/4, b = a/2+1/4’ c = — 7/2—a/2—1/4’
(1.11) 1 1 1
d= —qr'2-a/2tl4 = 2q-8

then use the g-gamma function [2]

(112) Ix) = %&(1 — 950 < g < 1 lim 1) = I3,

and take the limit ¢ — 1, it can be easily shown that (1.3) approaches
Euler’s formula

(1.13) o Fi(a, B; 75 %) = P—@Cﬂ(%a ta1(1 — t)r-a-1(] — xt)~Edt,
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where x = —4A(1 —A)72, such that |x| < 1.
The analogy between (1.3) and (1.13) naturally leads us to consider
the integral

hz; Dh(z; p)
h(z; f(z; g) a

as a possible g-analogue of the integral in (1.2). Indeed, if we take 0 <
q < 1, identify the parameters a, b, c, d, f as in (1.11), set g = ug~#" and
let ¢ — 1, we can show that the integral in (1.14) approaches that in (1.2)
with x = —4A(1 — A)2and y = —4u(l — p) 2

Such an integral has recently been computed by Rahman [10], but in the
special case

(1.14)  S@ b, e, d f,g; A 1) = j‘lw(z; a,b, ¢, d)

(1.15) Ay = abcdfg.
Rahman [10] found that

S(a, b, c,d, f,g; A p)

__ 2n(Ap/ag, Aplbg, Aujcg, Aujdg, AL Alfs 1fs plfs Do
(g, ab, ac, ad, af, be, bd, bf, cd, cf, df, fz, glf, Anflg; D

rﬂf/gq, av" > —q+/", af, bf, cf, fd, Alg, p/g, Aulq }
. i

9 q’ q
V=, Aujag, Aulbg, Aujcg, Auldg, uf, Af, falg

2n(Aplaf, Aulbf, Aulcf, Auldf, Ag, Alg, 18, 1/8; D
(g, ab, ac, ad, ag, bc, bd, bg, cd, cg, dg, gf, f1g, Auglf; Ve

I:}‘,Ug/ftb q'\/—’ —qﬁ/_v’ ag, bg7 cg, dg’ /1/]; ;u/.f; Xﬂ/q :\
1099 4,9
N =N Aglaf, Aulbf, Aulcf, Apldf, ug, Ag, galf

(1.16)

where the parameters are related by the balancing condition (1.15) as a
result of which the j9¢y series on the right are balanced. Because of this
restriction, however, (1.16) does not provide a g-analogue of the general
double series in (1.1). Specializing the parameters as in (1.11) with g =
©q~#, one can see that (1.15) amounts to setting y = 8 + 8 in (1.1)
and, as is well-known, the F; series in this case reduces to a multiple of a
oF series [7, p. 238].

One of the main objectives of this paper is to compute the general
integral in (1.14) subject to the restriction

(1.17) max(lql, lal, 1b], lcl, 141, 1 f1, Ig]) < L.

We shall, in fact, prove in §2 that
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S(a, b, c,d, f,8; A 1)

=#(a, b, c, d) 4/9b<d: aqlb, aqic, aq|d, Aa, Aja, pa, p]a; q).,
T (g qlbe, q/bd, glcd, df, fla, ag, gla; q).,

(1.18) [" , aq, —agq, ab, ac, ad, df, ag, aq/2, aq/ﬂ
10¢9

_Apq
a, —a, aq/b, aq/c, aq/d, aq|f, aq/g, Aa, pa abcdf g
+ idem(a; £, g)

=S,
where

2n(abcd; q).,

(1.19) wa b, ¢, d) = e ad be. bd. cd- 9).

and idem(a; f, g) means two similar expressions, one with @ «» f and the
other with a < g. Since the three series in (1.18) are, in general, non-
terminating, their convergence requirement forces us to assume

| Auq |
(1.20) | abcdfy }

It is clear that under the balancing condition (1.15) all three series in
(1.18) become balanced, as expected, but the right hand side does not
resemble that of (1.16). However, using Bailey’s four-term transformation
formula [4] for balanced and non-terminating 9g’s one can show after
a good deal of computations that (1.18) does indeed reduce to (1.16) in
this special case.

It is somewhat curious that the right hand side of (1.18) is a sum of
three single series while the left hand side is a g-analogue of the integral
representation of the F; function and, therefore, in the limit ¢ — 1 leads
to a double series, in general. One might begin to hope that the series
on the right of (1.1) can perhaps be expressed as a single series. Unfortun-
ately this is not the case. Using the parameters according to (1.11) and
setting g = ug~# on the right of (1.18) one does not get a single series
limit. In fact, formal term-by-term limiting process leads to all sorts of
divergence difficulties. The correct way to take the limit is to start with
(2.15), which is a sum of three double series, and to show that one of them
gives (1.1) while the other two go to zero. The exercise is by no means
trivial and it might be useful for some readers to try to work it out. How-
ever, our main objective is not to say that (1.18) is a g-analogue of (1.1)
but to prove that (1.18) is true for a wide range of values of the parameters
subject only to the restrictions (1.17) and (1.20), and to use it to derive
some quadratic transformation formulas between non-terminating basic
hypergeometric series. In fact, there are two classes of formulas that we
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shall be able to handle by means of (1.18) and (1.16). One that connects
very well-poised 109 series in base g with balanced s¢, series in base
q?—we shall call it the transformation of type I—will be considered in §3.
In §4 we shall deal with what we call the quadratic transformations of
type II, where 1y series in base g are transformed to balanced s¢4 series
in base g1/2.

There is another interesting limit of (1.18) that we would like to point
out. Replace the parameters a, b, ¢, d, f, g, A, u by g%, q°, q¢, ¢¢, ¢/, g%,
g* and g#, respectively, replace e? in the integral (1.14) by ¢** and then
take the limit ¢ — 1. Use of (1.12) and the reflection formula for the
gamma function leads to the following:

5 —o0 I’(2tx)11 (A+ix)[(p+ ix)

_4ndsin (a+b+c+d)r I'(a+b)[(a+c)(a+d)[(1+2a)
sin (b+c)r sin (b+d)r sin (c+d)r I'(1+a—b)

(1.21) La+ NI(f —a)(g+a)l(g—a)
T(l+a=l(Il+a—d)[Q+a)[(A—a)[(u+a)(x—a)

2a,1+a,a+b,a+c,a+d,a+ f,a+g 1+a—A 1+a—p
ofg

;1
a,1+a-b,1+a—c,1+a—d,1+a—fi1+a—g,a+Aa+pu
+ idem(a; f; g),

provided

a,b,c, df,g>0,
a+b+c+d+f+g<i+pu+1],
b+c+d<min(l —a l-f1-yg),

and l[a — gl,la—fl,|f—gl #k,k=0,1,2,....

(1.22)

2. Evaluation of S(q, b, ¢, d, f, g; A, ). One of the principal tools in this
computation is Sears’ formula for the sum of two balanced and non-
terminating s¢,’s [12, (5.2)], which A/-Salam and Verma [1, (1.3)] showed
how to express in the compact notation of a g-integral

b (qu/a’ qu/b CU, q)oo
[t e d

— b(l - q) (q’ bq/a’ a/b’ C/d, C/e’ C[f; q)oo
(ad, ae, af, bd, be, bf; q).,

Q2.1

where ¢ = abdef. The g-integral is defined by
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(1@ x = a1 - 9 X ftaarrar,
j Sy = _" " foodx - j' " fix)d,x.

Using (2.1) one can easily verify that

Mz ) _ (ulfs 185 Deo
h(z; Nh(z; g)  g(1 — q) (g, 9glf, f1g, /8 Dw

(2.2)

(2.3)
e (qulf, quig, 1t; q)o, du
5 (uulfe; Qo h(z;u) "7
Hence
§= (ulf 118; Deo jg (qulf, quig, 13 9)s
2.4) g(l — q)(q,q8/f. /g, 18; D)o I 1 (uulfg; 9o

! ) h(z; A)
.“—1 w(z;a, b, c,d) Wz ) dz.

By (1.17) one can justify the interchange of integrals. The Riemann
integral over z is similar to the one in (1.3) and so we find that
(Aa, Ab, Ac, plf, plg; 9)
S=#xab,cd o
Ha, b, ¢, d) &1 — q) (4, q8/f, /12, /g, Aabc; q)

. 55' (qulf, qulg, pu, abeu; ),
s (au, bu, cu, pulfg; q).

[Aabcq‘l, g+, —q+/ ,ab,ac,bc, Add~1, Au1
-87

v, — 4/, Ac, Ab, Aa, abcd, abcu

It would be nice if we could find a transformation that would lead
directly to (1.18). Such a short cut does not seem to exist at the moment,
so we are forced into a rather long and tedious computation. First, we
use Bailey’s formula [5, (3), p. 69] to express the g@; above as a sum of
two balanced 4¢3 series:

Aabcq1, g4/, —q4/", ab, ac, be, 2d1, u1
897 i q, du
v, =+, Ac, Ab, Aa, abcd, abcu

-1
_ Qabe, da, o, bus q), [ 00 SBRT
(e, 2b, abeu, u]a; Do | 10 tped, agur

(Aabc, ab, ac, ad, Au~l, bedu, Au; q).,
(Aa, Ab, Ac, abcd, abcu, du, au™; q).,

bu, cu, du, Aa~!
iP3 399 |

u, bedu, qua!

(2.5)

; q, du] du.

(2.6)
+
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Use of this in (2.5) gives
2.7 S=38+ S,
where

(Aa, Ala, plfs p/g; Qo
- q) (9. q9glf, 118 180w

S =«(a, b, c, d) 2l

(2.8)

(¢ et vl s @) ab, ac, ad, X/“.q g ldu

s (au, uja, pulfes Do 7\ 20 abed, agiu |
and
(ab, ac, ad, plf, pig; Ve
S, = x(a, b, c,d
2 = 5, b & ) o= 0y (g, abed, aglf, g, Jz: 9=

. j‘! (qu/f; qu/g, pu, bedu, Au, Afu; q).,

2.9 s (au, afu, bu, cu, du, pulfg; q).,

bu, cu, du, Ala
é 54, q |dgu.

493
Au, bedu, quja
Using (2.2) and [5, (3), p. 69] one can easily see that
(Aa, Ala, pa, pla; q)o
S1=#(a, b, c,d
1= 64 b & D Tla, ga. gl ).

) (ab, ac, ad, ag|y, qlfe, Alg; Dr
(2.10) ¥ (g, Aa, abcd, aqlf, aqlg, q/pg; 9k

{ﬂgq“"‘l,q VT, —qy a8, plf, Aula,89 7 a,q* }
* 897

5 q, 4/]A
Vs = 5 pq*a, fgq*, gqH A, ap, pg

where, consistent with the notation (1.7), we have used (a4, ag, .. ., a,;

q); to mean (ay; 9)x (az; @i - - - (@, 5 P
Use of Watson’s formula [5, (2), p. 69]

a, q\/—a—9 —q‘\/_a-9 b’ C, d9 e, q_k azqk+2
897 - - M “pede
va, —+a,aqlb, ag/c, aqg/d, aq/e, ag**!

@2.11) g
_ (a9, aglde; q), {" .d, e, agfbe q}

. 493 ’
(a‘I/d, aq/e, q)k aq/b, aq/c’ deq"’/a

in (2.10) gives the series

ulf, ag, aqfA, q7*
493 34, q
ay, aqlf, gg*7*/A
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which, when expressed back in terms of an g¢; series, leads to the following
expression for S;

(Aa, Ala, pa, pla; q). (ab, ac, ad; q),
(Ja, fla, ga, ga; 9).. & (¢ abed, qa?:q), 1

a’, aq, —aq, of, ag, g/, aql.p g7+ A#qk}

S1 = «(a, b, ¢, d)

- 8¢7 P4
La, —a, aqlf, aqlg, ak, ap, a® g++! g

We now turn to S,. Note that, by (2.2),

j‘g (qulf, qulg, pu, bedu, Au, Alu; q),, [bu’ cu, du, ,l/a‘ g q} du
s 9 q

s (au, alu, bu, cu, du, pulfg; q). 43 Au, bedu, quja

) (g, 98lf; 1g, bedg, 28, Alg; Do
(ag, bg, cg, dg, plf, alg; P
(2.13) ZZ (bg, cg, dg; i, (Aa; @), (ag, plf, 98/ l,q)/( ) ey
(Ag, bedg, gqla; Qv (95 9)4q, 18, 98lfs @)\ a

1 - q) (g, 9118, pf, bedf, Af, Alf; q)o
(af, bf, of, df, ulg, alf; 9w

ZIZ f, of, df; v, (Ala; @) (af, plg, 91]; q),< >q,,+,
(Af, bedf, fala; @)r+r (@5 D (4, 1fs 9f]8: 9.\ a '

=gl —g¢q

Using this in (2.9) and simplifying we get

_ (ab, ac, ad, Ag, Alg, 18, 1/8; 9w
Sz =5, b ¢ d) T e s, de, fe. alg, flgd)

q~, ag, plf, 98/4
’q’ q

18, qglf, aqt—"(a
(ab, ac, ad, Af, Alf, nf, plf; @)
W, b, e d) S b o df. o, alf. gl @)

O, o, df, 4a; D, ¢{q"”, af, plg. af1A , q}
4 s q, .
o (q, Af, qf]a, bedf; q),, uf. aflg, ag-"/A

.5 (bg, cg, dg, Aa; D 4, s
= (g, Ag, qg/a, bcdg; q),,

(2.14)

Note that we may express the two 4¢3’s as g@’s by use of (2.11) that are
similar to the gd7 in (2.12). Once this is done we combine (2.14) with
(2.12), simplify the coefficients and obtain
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S(a, b, c, d, f,8; A 1)

3 (Aa, Ala, pa, pla; q)s 5+ _(ab, ac, ad; q),
= #(a, b, ¢, d) (fa, fla, ga, gla; q)., ¥ (4, abed, qa?; q),

2.15) a2, aq, —aq, af, ag, aq/A, aq/y, q7* gt
) 1q
" 891 7

qk

a, —a, aq/f, aq/g, Aa, ap, a? g+
+ idem(a; f, g).

The high degree of symmetry in this formula will be found very useful
in proving our main result, namely, (1.18). But first, let us point out an
interesting special case. Let Au = g. Then each of the g¢; series in (2.15)
becomes a gps which is summable by Jackson’s formula [14, (iv. 9), p.
247]. The g¢; that is displayed in (2.15), for example, has the sum (ga?,
q/fg; 9)i/(aqlf, aq/g; q)r- Thus we find that

S(a, b, c,d, f,g; 2 q/3)

) b, ac, ad, q/fg

(Aa, Aa, ag/3, glar; @)e, ., |©

(2.16) = &(a, b, c,d) Rl é [ 34, q}
(fa. fla, ga, glas@)s %\ 10 i abed

+ idem(a; £, g)-

In particular, if f = Ag", g™= q*1/A, where m, n are non-negative in-
tegers and max(|A[, |g/A]) < 1, then, since (A/f;9)e = (@7"; 9), = 0 and
(9/84; Do = (@7 9)o, = 0, we get
S(a, b, c, d, Aq, qmt1] A; A, q/A)
= (a, b, ¢, d) (Aa, A/a; q), (aq/4, g/ad; q),,

g7, ab, ac, ad
* 4P3 549, 9 |

aql~*/A, aAg~™, abed

(2.17)

A special case of this formula has already been used by Rahman [11]
in computing a 2-dimensional g-analogue of Selberg’s integral [13].

Returning to (2.15), we note that Sears’ formula [12, (5.2)], to which
(2.1) is equivalent, can be spelled out as

a, b, c
302 39, q
e, f

218 = (q/e, fla, f1b, fl¢; D _ (@ b, ¢, qle, fq/e; 9)o
(ag/e, bqle, cqle, f;9)., (aqle, bqle, cqle, e/q, fq)

aqle, bqle, cqle
3¢z{ 3 g, q}
q%le, qfle
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where ef = abcq.
Hence, for v=10,1,2, ...,

abq’, acq’, adq’
3¢2 s q, q

abedq’, a2q¥ "1
(aq/+1/b aq/+1/c aq/+1/d ql—//abcd q)
2.19) (q/be, q/bd, q/cd, a?q**!; q).,
' (abq’, acq’, adq’, aq’*?*/bcd, q*~abcd;q).,
(9/bc, q/bd, q/cd, abcdq’?, a? ¢**5q).,
[q/bc, q/bd, q/cd }
4,4

2 s
aq’*?/bed, q%|abed

Using this we get

(ab, ac, ad! q)k k
% (g, abed, qa?; q),

2 — k
@, aq, —aq, of, ag, aqh, aglp, 47 5

-7
a, —a, aqlf, aq/g, a, ay, a® g++1

- (@%, aq, —aq, of, ag, aq/A, aq/u; q),<_ l_/f>f
7 (g, a, —a, aqlf, aq/g, ak, ap, ), /g
rbq’ , acq’, adq’ }

(ab, ac, ad; q)°
(abed;q), (qa?; q);, *7*

,q/(/+1)/2 i q,
(2.20) abcdyq’, a? q2/+1
_ (q/abcd, aq[b, aq/c, aq/d;q).
(qa?, q/bc, q/bd, q/cd; q),
a’, ag, —aq, ab, ac, ad, of, ag, ag/3, aglp g
E “abcdfg

'10¢9|:
a, —a, aq/b, aq/c, aq/d, aqlf, aq/g, aA, a/l

(q/abcd, aq?/bcd, ab, ac, ad; q)., i (g/bc, q/bd, q/cd;q), gt
" (abed]q, qaz, qlbe, q/bd, qldc; q)., = (q, 4%/abed, ag?lbed;g),?

@, aq, —aq, af, ag, aq/A, aq/p, abcdg=*"! At
* 9 abedfg |

“8¢7
{as —a, aq/f; aq/g’ ax, a;u’ aqk+2/de
From (2.15) and (2.20) it then follows that

S(a, b, c,d, f, g; A p)
|abcd, aq/b, aq/c, aq/d, Aa, Ala, pa, pla; q).

_ (g ,
= #a, by e, d) = lbe, qlbd, gled, fa, fla, ga, gla; @)

(2.21)
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@, aq, —aq, ab, ac, ad, of, ag, ag/2, aglp ;.
1009 ;4> m

a, —a, aq/b, aq/c, aq/d, aqlf, aq/g, aA, ap,
+ idem(a; f, g)

— T, say,
where
(Aa, Aa, pa, pla, q?labed, aq?lbed;q)., o
T = pb,c,d
Blb, e, ) (A gl ).
. & (q/bC, q/bds q/Cd’ q)k qk
= (g,9%/abcd, aq?[bcd; q),
222 @, aq, —aq, of, ag, aq/2, aq|p, abedg™= 5 4 }
-8z ; g,
a, —a, aq/f; aq/g, al’ a, aqk+2/b6d adefg
+ idem(a; £, g)},
with

27
bcd(q, be, bd, cd, q/bc, q/bd, q/cd; q)..,’

provided 0 # bc, bd, cd # q**, k =0,1,2,.....
All we need to prove now is that T actually vanishes. Fortunately we
have an identity due to Bailey [6, (4.6)], see also [14, (7.1.1.5)],

23)  pb, ¢ d) =

o-1(aq/d, aqle, aqlf, q/ad, g/ae, g/af; )
(qa?, ab, ac, bja, cla:q).,

- b, ac, ad, ae, af
2‘24 a b aq! aq’ a b ’ t b
(2:29) 'a¢7[

39, q%|abedef }
a, —a, aq/b9 aq/C, aq/d9 aq/e7 aq/.f

+ idem(a; b, ¢) = 0.

Replacing b, ¢, d, e, f by f, g, q/A, q/u and bedg—*1, respectively, immedi-
ately proves that 7 = 0. Hence the proof of (1.18) is complete.

3. Quadratic transformation formulas of type L. In (1.18) let us set
(3.1) /4‘=-A;g='—f;b=-a
and assume that

A2q

¢2 Fae

‘<1.

Denoting p = g2 and using the identity (a;9).(—a; 9). = (a2; q4?)., We get
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S(a, —a,c,d, f, —f; A, —A)

—eda, —q/cda2,> 202, 32/q2:
2n<aq/6, aqld, —q; q m(l a2, A2/a2; p).,

(q, qa?, —a?, cd, —q/ac,) (a2 2, a?d2, a%f?, f2[a2; q).,

—qlad, q/cd; q
az,qa, —qa, —a2,ac,ad, —af,af,aq/A, —aq/A i2q
1099 % T cdarf
a, —a, —q,aq/c,aq/d,aq[f, — aq[f,al, —ai

—acdf, —qlacdf, —fq/a, _
+ 2”f2q/c, o T—— ). “/ZJ; 2, 2f% ).

> s —J% T 1 ca, —qjac, —qgj/aa, .
(3.3) <Z/Czi’ —ac, _ada fC9 fd, g[f’ q I >oo (a 2f2’ p)oo

[f %4f, —af. 1% fa, —fa.fe.fd. f4] . —fqlA 2% J

> q’ -
9 fi—f.—a.fala,—fala, fq/c.fqld, fA,—fA cda’f*

acdf, glacdf, fq/a, .
g ) i,
(G e <2 Zalfg) P
f2af.—af.— S fa,— fa,— fe.—fd falA, =9[R 4,
s — C—'—W -

108

+

* 1009
fi—f.—a.fala,—fala, — fq]c,— fa|d,fA,— fA
In the special case when the series are balanced, that is, when a2 cdf?
= — A2, we use (1.16) instead of (1.18) since it reflects the corresponding
simplifications explicitly. Thus for the balanced case

S(a’ —-a,c, daf7 _f;'17 ""/1)

21(A2/cf, A2/df; q)oo(A*/a2f2, A2f2, 22/f2; D)oo
(qs - ls —02, _f29 '127 Cd5 Cﬁ df7 q)oo ((12 02’ a? dZ’ azfz;p)oo

qu“,l V' q,—Av'q,—22%q7 of, — af Alf, — Alf.cf df }
9

b 9.9
AV 4, — A\ q,—q,A%af,— R2[af,Af, — A f,A%cf,A%[df

n 27(— A¥cf, —A%df; q). (A%/a? f2, A%2, A%[f2; p)e
(q’ - 17 _aZ, —f29 )*2, Cd, - Cf; —df7 q)oo (aZCZ’ a2d29 azfz;p)oo

[lzq‘l,l VG, = A g, =g —afaf, = AfAlf, — of, —df }
9 9, 9 )
AN, =2V a4, —q,— 2%[af A%[af, — AfAf, — A¥[cf, — A%/df
We now turn to the left hand sides of (3.3) and (3.4). Note that
h(x; a)h(x; —a) = |(ae; q), (—ae’; q).|? = |(a2e??; p),,|?
= hy§; a?),

where x = cos 0, & = cos 20 = 2x2 — 1. So

(3.4)

(3.5)
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h(x; Dh(x; —4)
h(x; a)h(x; —a)h(x; fHh(x; —f)

hy( €:4%)
T (& ahE D

(3.6)
(A2/a2, 2%[f?; P)e
= 720 =p) (p, pr2@, @f?, & f7; p).,
(pu/a?, pu|f?, A%u; p).,

R @7, Py @ ) Y G-

Hence
S(a, —a,c,d, f, —f; A, —2)

(A%a?, 2%/f2; p)o, 5 d . U pulf%2%u; p)e,

(3.7 = 21 =p)p, pf?a, a"’/fz,azfz Dewda U (Ruja® f2;p),,

-_‘-_1 w(x; c, d, o/ u, — 4/ u)dx.

Since
j llw(x; e, d, T, — /T )dx
(.8) — 2(—cdu; q),
: (g, cdyco/u, —c/u,dy/u, —dy/u, —u;q),

27(—cdu; p)..(—cdu 4/D ; p)o.
= @ od; @)(—u, cPu, du, —u «/p P’

by virtue of the identity

(3.9 @5 9o = (a; 99 (295 %) s
we get
S(a, —a, c,d, f, —f; A,—A)
21 (2%[a?, 2%[f; p)o,

= @ od; 9)., fA1=p)(p, pFEE, @Pf?, @2f7; p)e

) sz (pula?, pulf?, 2%u; p)e, . (—cdu, —cdu /7 ; p)e
2 (Aufa? f2, ¢? u, d?u; p)., (—u, —Us/P; Ploo

2r(A%[f?, A2 f2; P)oo (—cdf?; q),
(G10) (@lf% a2 f7 Af A2 p)e (@ od, — /5 Q)
CZfZ, deZ’ 12/02, __fz’ __fZ '\/p }
2y

{pﬂ/az 2f7 —cdr?, —cdf? VT

2n(A%/a?, A%a%; p)., (—cda?; ).,
(fz/tl2 at f?, c2a?, d?a?; p)., (g, Cd —a%; q)o

C2 aZ, dZ aZ, /'{ZZ/‘Z, _az’ __az ‘\/P

-m{ ;D p]

pa?lf?, A%a2, —cda?, —cda?® \/D
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by (2.2) and some simplifications. If f2 = — A%2/a2 cd then (3.4) gives
(A%/a? f2, 232, 2%[f2; p)o, (A%[cf, A%df; @) e
(@® ¢, a®d?; p)., (=1, —a?, — f%, 22, of, df; q).
(271249 ,— A4, — A2q Lo, — afAlf, — Alf.cf.df }

> 4,9
AV G = A q . —q.2%af, = R[af.Af, — Af A% cf 2% df

4 (RYalf? 222 A2 p)e (= A%[cf, —A%df; @)
(02 CZ’ a? dz;P)oo (—' ]a _aZ, _f2’ }'2’ —C‘f; "'df, q)oo

[Rq7LAv'q,—A'q ,— Xq 7 af, = af Alf, — Alf, — of, — df }

* 10¢9

*1099 o B 39,9
LAV @ .= A @ —q. R af,— R¥laf A f,— Af, — A[cf, — A%[df

3.11
G0 — (—a? cd, —2/a? cd; p)., (A%/a?; q)o,
(—atcd|A%, —cA?la’d, —dA*|a’c; p)., (—A%[a? cd; q).,

—dA%a%c, —cA%la’d, A%|aPcd, A% £/ D |acd jl
‘493 Ny 2y 4
— A2plated, — A%jatcd, A2 £/ P |a?

(A%/a®, A%a?; p),, (—cda?; q).,
(—A%a* cd, a’c?, a*d?; p)., (—a?; q),,

a2 02’ aZd2’ _a2’ _aZ ,\/F
493 PP

—a* cdp|A?, A%a%, —cda? /D

+

Use of [5, (3), p. 69] and some simplifications yield the following trans-
formation formula

(B2cf, 2df; @)oo
(cf, df; @)oo

qu‘l,l V4, —Av'q,— g7V af, — af Alf, = Alfsefdf }
1099

99
AV G, =4V G, —q. % af,— R¥laf Af, — Af. A% cf A% df,

+ (R, =2df; @)
(—=cf, —df; 9.

(3.12) rq—u VT = AT~ R af, — af Af. ~ Af, — of s~ df }
* 9,9
VAV T =T = a.laf,— RIaf 2~ 21~ Rt~ Rl

_ (R2%a2, 2?/a?, A%d|c, A2 4/ P |a?cd; p)., (— 1, 22, A%c/d, — cda?; q).,
" (—cda?, = a’cd, — A%d]a%c, — A2c]a’d, a’A%cd, 32c 4/ D |d; D)o

{a?xzcd/p,p VP e ed,— = NP ﬁ}
*8P7 b

— _ 2P~ " 2ed
\/ s \/ 9)‘2d/c9j'zc/daa2/125 - /IZCd’ - Cdaz ’\/ D
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provided (A24/p [a2cd| < 1, unless the series on the right terminates.

In the general case, thatis, when f2# — A%2/a%cd no further simplification
of (3.10) seems possible, so after some rearrangement of the coefficients
(3.3) and (3.10) give the following formula

(—cda?, —q/cda?, aq/c, aq/d, —q; q),, (R%a?, A%/a?; p),,
(g9a?, —a?, —qlac. —qad, q/cd; q)., (a®c?, a*d?; p).,

a29qa7 —qa,— azaacaadaaf;af; - af;aq/}w - aq/}' /'{Zq
109 )
a,

59 — 3343
—a, —q,aq/c, aq/d, aqlf, - aglf, ak, — cda®f

4 (zacdf. —qlacdf, fq/c.fq)d, — f9]a;9) (A1 % R2[f2, [ 2. %023 P) e
(9% — f* —qlac,—qlad.q/cd, — ac, — ad, - 1, fc,fd, a[f,q)

ljf%qf;—qf;—-fz,fa,—fa,fC,fd,fQ/l,*—fq/}. )\2 J
‘10

9 i~ f, - a.fala,— fala.fale. fald,f A~ A, T caay

4 \acdf, qlacdf, — fale, — fa]d.fa)a; 9, (R2f?, R*[f? . [?]a*; P)os
(9f% —f? —qlac,—qlad,g/cd, — ac,— ad,— 1,— fe,— fd,— a|f; q) o,

(3.13) [ f2af,—af,— f2 fa,— fa,— fe,~ fd, fg/A, - fq/l 2q }
10

2 £2
£~ 1, — o falas—fajas —fales —fald fro— g3 T
R RA f2as p)y (—cdf? q).,
@7 2, A% pye (= 17 )
CZfZ, d2f2’ 22/a2’ _fZ, _f2 \/7
s¢4[ Y2 p}
pf2lat, 322, —cdf?, —cdf? A/F
(A%a?, A%a%; p),, (—cda?; q).,
(a%c?, a?d?; p),, (—a%; q).
a%c?, a?d?, 22lf?, —a?, —a? /7
| »

pa?/f?, A%2a?, —cda?, —cda? /D

Since the ordinary hypergeometric limit of this formula does not seem
to exist in the literature it should be of interest to see what it is. To this
end, let us choose the parameters in the following way.

@t = —qe, %= —quti-lu g2 = _g¥-a 2= _g¥ra J2 = —gat2-2p
and

ac = —q'tew, ad = ¢, ab = q"** b, of = —gltrw, df = griiTe.

Then, using (1.9) and (1.12) we can rewrite (3.13) in the form



78 B. NASSRALLAH AND M. RAHMAN

L) (W= ) (W= fa—w+1)  (—g***7;q);
T (wWl,w—a—0)l(I+a+56—wI(1-0) (—q%q)
Pp(a - ﬁ + 1)

{—q“, gy, =g/, q% —qitee, gd,
1099
T, =T, —q.qv, —qlted,
qT, —-qT, —qﬂs qﬁ

5 4, qa+w—5—2ﬁ—27+1
_q1+a—r’ q1+a—r’ q1+a—ﬁ’ _q1+a—ﬁ

I Cr—a)l(w—a)(w=8)I(1+a—w)[(r+d—a)
I'(+r+o-wl'(w—r=0)l(r—a+w)l,(1+7-0)

Ta—r) (=g *"18),(—=9"% Dita—w
I(I+a—B—0lr—a)(-1; @)y—p1(—4"%; q),

(l + q)w+1 —0-28 - q27—"a‘] '\/_s —q «/_’qu—a,qr, —-q7,
0. 1099
( q ’q)1+a—ﬁ r—0 ‘/—’ _ \/—, —-q,— q1+r—a’

qr+ﬂ—a, _q7+ﬂ—~a’ _q1+r—w, q7+5—a

5 q, qa+w—5—2ﬂ~27+1
ql-»‘—r-—a’ — q1+7—ﬁ’ql+7—ﬁ,q7—a+w, — q1—7—5
I'Cr—a)(w—a)l'(w=0)T,(1+a—w)l,(1+7—w)
I'(+r=ol'(A+r-a) ' (A+7r-I(r—a)' (1+a—5-7)
(=97 %@y 11(— 97" ;@)5—u(— GHTH7%3q) g 2r—51
(1 +q)wt1-o-28
(= 9% a—p—r—s01(— 15 @)s_p1(— 4% @) yp—y1

[_‘12"“, v, =4y, g7, qT, —qT, g, —qrthe,
1099

\/_’ —_ 1/—’ -q, _q1+r—a’ q1+r—a’ _ql+r—ﬂ,
q1+r—w, __q7+§—a

(3.15 +

5 g, qa+w—6—2ﬁ—27+1
q1+7—ﬁ _qT—a+w q1+r—6

Ta=) (1 +7r—w) 'y —a+0)I(2r—a)
Pp(T (1 +r=B)(1+a—-B—7)(14+2r—a+o—w)

pr—a/Z’ pr a/2++’ pl ﬂ’ p1+7’ w, pT+5“
5¢4‘i PP

- 1+r- (A+d—a-w)/2 Qt+r—a—w)/2
p1+T a p -8 pT+ a—w) pT'\L +r—a—w)

f,(l +a— W)['p((;)[’q(a)
1",,(1—,3)]}(1+a B (1+a+o—w)

Pa/Z’ pa+1/2’ pl+a - T pﬁ’ p1+a—w
05 4 b

D> P
- - - —w)/
pl+a T, pl+a /3’ p(1+a+6 w)/Z,p(2+a+5 w)/2
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provided 0 < ¢ < 1 and
(3.16) a+w+1>28+2r+4,

when the series are non-terminating. If we now take the limit ¢ — 1 we
obtain

@) '(w—a)[(w— (O +a—w)
IT'WIw—a—0)'(14+a+d—w)'(1-B)(a—p+1)

a, B, 7,0,
-4F3 ;1
l+a—8, 1+a—7, w

I'Cr—a)l(w—a)l(w—3)I(1+a—w)'(y+6—a)(a—7)
IT'A+r+0—w)(w—y—0)(r—a+w)[(1+7—p)
Il+a—B—7Ir—a)

2r—a, 7, 7+B—a, r+0—a,
*4l'3 31

I+7—a, 47—, r—a+w
I'Qy—a)(w—a)[(w—)I'0+a—w)[(1+7—w)
T +7 =) +7 =) T +7 =PI +a=F=7)
3.17) [Zr—a, 7, r+B8—a, 1+y—w J
4f3 ;1

l+7—a, l+7—B, 147—0
Ta— I +7—w) (g —a+d)IQ2r—a)
T Ir=a) (U +7-PI(+a— -7 +2r—a+o—w)

—1
T Z’T 2 ,l—ﬁ,1+T"W,T+5—a 0

*sF4 —a— —a—w’
I tr—a 1 47—, p+ 1 H0 @V 240 aw

T'd+a—w)['(a)(5)
P(I—B)f'(l+a BOI(l+a+d—w)

+

._TE’ ___[2 Il, l+a_ﬁ_r, 5, 1+a....w
-sF 1
544 — —w’ I
1 r 1 B’l+a+25 w’2+a+25 w

If we divide by I'(6) and let § - —m, m = 0, 1, 2. .. then (3.17) reduces
to Whipple’s transformation [5, 4.5 (1)]. On the other hand if we divide
by I'(«) and thenleta » —n,n = 0, 1,2, ... we obtain another formula
of Whipple [5, 4.7 (1)]. So (3.17) can be regarded as a non-terminating
extension of Whipple’s formulas while (3.15) is a non-terminating general-
ization of [9, (1.8)]. One should keep in mind that (3.16) alone is not
enough for the validity of (3.17). Further conditions that we choose to
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leave unstated must be satisfied so that the ratios of gamma functions on
both sides remain meaningful.

§4. Quadratic transformation formulas of type II. We now consider
transformations that relate series with base g to those with base 4/7q .
By virtue of the identity (3.9) we have

h(x; a)h(x; ay/q)
= | (ae”; q) (ay/ g e?; q) |?

4.1
@D = |(ae?; 4/ q)|?

= h,;(x; a), say.
So we set
(4.2) p=Ava,b=cyq,d=fsq
in (1.18). Since

hJE(X; A)
h (x5 Oh 7 (x5 f)

@3 _ /e, Mfs VD).

T VT (W e gl e e T
ORI AL AL TAVE AR
TR AT By W)

and A (x; u) = h(x; wh(x; u/q), we get

S(a, c.ca/ g, 1,V a.8 4 AV Q)

_ W Afs V) _
c(I=vq)(Vag.cv/qlf.fle.fes VT )o
'rd UG lfuN g e, dus g ) j‘l

g (Auffe; 8/ @)w

_ 22 Afs Ve
c(I=vq)(WVa,c/qlf.flefe; ¥/ q)e (4 a8; 9o
.j‘cd —u (uﬁ/?/ﬁ M»\/?/C, )\ll, \/@“71/4’ _ '\/(guql/‘i; '\/7)00

it (au, gu, Aulfc, ugVt, —uq'4; /q),,
_  2a(Ac, Ac, cv/ag g4, —c/ag qV4; V/ Q)
(q’ ag, Q)w (ac, fC, f/C, g¢, Cq1/4’ —Cq1/4; '\/—q_)oo
ac, cg, Alf, cqV’t, —cql/t = =
'5¢“[xc, VTl cvag g —cyaggst VD ”]
2n(Alfs Af, fVag 44, — fV/ag 4% v/ @)
4, ag; 9)., (af, cf c[f, gfs faV%, — faV%; &/ 9 )
afs fgs ),/C, fql/4’ _fq1/4 . — -—:'
1 [Xf, FVTle fyag s, —fyagqd VI Ve

w(x; a,g,u,us/q) dx
1

(4.4)
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Thus we have the transformation formula
(afc?q, /afe, ay/TIf: @) B, A, an/ T/ /D
(ga, c2/q, V' q[c? fla, gla,; @) (ac, af, l/cf, cf /@5 4/ q)o
a2, qa, —qa, ac, ac+/'q , af, af /9, ag, aq/A, a+/q |4
. RYq
* 1009 . > 94, agc?f?
a, —da, aq/(’, a »\/?/C, ag/f; a '\/—é—/f; aq/g’ al, al ‘\/?

4 (1%, 1[c*f? ag &/ G5 9o QLML SV /¢ v/ G
]((czb/q ://q)/cz af, aff, gf, glfs Do (cf, cf, ef v/ q,
9 )

fAafs —af fa, fe. fe N/ a4, f2VQ, 12, falAs f«/q/l o
106 st
1099 > 9agc2fz
1, =1 fala, fale, f&/ e, VO, fa/g. A, Af VG

+ (et g, Lfec?, g«/q/f Do (A8, A8, 8V A /¢35 V/ Q)
45 (cy/q, «/q/cZ q8% alg, f1g; 9)o, (g, f8, f v/ 4,
43) efs V)

g% 48, —q8, 8a, 8¢, 8¢/ 4, 81, 8/ v/ 4 .84/, g/ /;q;g_

*1099 5 q A
k) E agczfz
g —& 84/a,gq/c, g/ G [c, aglfs 84/ 4 If, 84, AN q

_ (@8 VT3 ) (e Mes VT
@V T 9. (ac, Jo, fle, 86 V1)

ac, cg, Alf, cq'’4, —cqV/4 o
*5P4 B - B s V4, V4
LAc, ¢4/ q [f, c/ag qV'%, —c+/ag g/

n (a8f%V/ 4 5 Do ALy Alfs V4o

(2795 9o af, o, cff, gf V)
(df. 12, Alc, a4, — fq'’t o
“504 . - VR IV’
LA VG e, fvag g%, — [+ ag q'*
provided
A% g
(4.6) =y f21 <1
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