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BOUNDARY BEHAVIOR AND MONOTONICITY ESTIMATES
FOR SOLUTIONS TO NONLINEAR DIFFUSION EQUATIONS

PAUL DUCHATEAU

ABSTRACT. The purpose of this article is to develop a number of
estimates bearing on the boundary behavior of solutions to certain
nonlinear diffusion equations. These estimates are then applied to
show that the boundary behavior of solutions is related in a mono-
tone way to the diffusion coefficient in the equation. This monotoni-
city may be applied in various ways to the analysis of inverse prob-
lems for nonlinear parabolic equations.

1. Compatibility of Overspecified Data Suppose a(s) satisfies
1) a(s) € C1[0, o)
(1.1) o< Ay Za(s) £ A <oofors =0
m)0 < ad'(s) £ 4, for s=0

for a given set of constants, 4y, 4;, A,. Then we may consider a nonlinear
diffusion equation in which a(s) plays the role of a coefficient.

(1.2) ou(x, t) = 0(a(u) 0,u), 0<x<1,0<t<T

Among the auxiliary conditions that u(x, t) might be expected to satisfy
as part of a well posed initial boundary value problem (IBVP) are the
following

u(x,0) = up, 0 < x < 1,
(1.3) —a(u) 0,u(0, t) = go(t), u©,1t) =hy),0<t<T,
a(u) o.u(l, t) = gi(t), u(l,t) =mnt),0<t<T.

For u, a given non-negative constant, define

(1.4) als) = I “a0)de. sz o
up

for a(t) satisfying (1.1). Then

(1.5) a'(s) = a(s) 2 Ay fors = uy
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and it follows that the function a(s) is invertible. Then we may define a
transformation,
(1.6) v(x, t) = a(u(x, t), u(x, t) = a }(v(x, 1), 0=x=<1,0Z¢t<T,

and it is not hard to show that if u(x, 1) satisfies (1.2) then v(x, t) given by
(1.6) must satisfy

(1.7) ov(x, t) = AW) 0,9(x, 1), 0 <x <1, 0<t<T,
where
(1.8) AW) = a(a™Y(v)), v = 0.

If a(s) satisfies (1.1) then A(s) also satisfies (1.1), possibly with a different
A,. Furthermore, for u(x, t) satisfying (1.3), v(x, ¢) must satisfy

v(x, 0) =0, 0<x<l,
(1.9) —0.v(0,1) = go(1), v(0,1) = alhy(t)) = fo(t), 0 <t<T,
ov(l, t)y=g1@), v(L,t)=alm@)=fi(), 0<t<T.

An IBVP comprised of (1.7) together with conditions selected from (1.9)
is more easily analysed than the corresponding problem for u(x, ¢). We will
therefore concentrate on the equation (1.7) and the conditions (1.9).

Not all the conditions in (1.9) could be simultaneously imposed for
arbitrary data functions fq, f1, g0, g1 if the IBVP is expected to have a
solution. However, under certain conditions of compatibility on the data
functions, the conditions are not inconsistent. It is our aim in this section
to discover conditions of compatibility on the data in (1.9).

LEMMA 1.1. Suppose A(s) satisfies (1.1) and that for some T > 0, go(t)
satisfies

(1.10) g0€Cl0, T}, go(0) =0, go(t) 20 for0 <t <T.
Then if v(x, t) satisfies
ov(x, 1) = AW o,v(x, 1), 0<x<1, 0<t<T,
(1.11) v(x,0) =0, 0<x<l,
—0.v(0, 1) = go(t), v(l,t)=0, 0<t<T,
it follows that fy(t) = v(0, t) must satisfy,
(1.12) foe CHO, T], fo(0) =0, fy(t) 20 for 0=t <T.

COROLLARY. Under the assumptions of this lemma, the solution v(x, t)
of (1.11) must satisfy,

(1.13) 9v(x, 1) =20, 0,.v(x,7) 20, for0 = x=1,0=¢t=T
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PRrOOF. The assumptions on A(v), go(¢) are sufficient to imply the exis-
tence of a solution v = v(x, ¢) for (1.11) which is twice continuously
differentiable in x and once continuously differentiable in 7 for 0 < x =<
1,0 £ £ T ie., vx, t) belongs to C21{[0, 1], [0, T]}. It follows that
fo(t) = »(0, t) belongs to C1[0, T and £(0) = 0.

The hypotheses, together with the maximum principle (MP) imply
vx, t) 20for0 = x<1,0 <1 £ T Now let w(x, 1) = 9,v(x, t) and
note that w(x, ¢) then satisfies,

Ow(x, 1) = AW w(x, 1) + A/ AVIWHx, 1),
(1.14) O<x<l, O0<t<T, wx,02z00<x<1,
—0.w(0, 1) = gy(t), w(l,1)=0, 0<r<T.
Under the current assumptions, the coefficient A'(v)/A(v) is continuous
(and hence bounded) on [0, 1] x [0, T]. It follows then from the MP
applied to (1.14) that w(x, 1) 20 for 0 = x =1, 0 <t £ T. That is,
o.v(x, t) 20 and in particular, 9,90, t) = fy(t) 20 for 0 £t £ T.
Finally, 9,,v(x, t) = (1/4p)0,v(x, t) = 0.

LEMMA 1.2. Suppose the hypotheses of lemma 1.1 are satisfied with the
single exception that the condition v(1, t) = 0 in (1.11) is replaced by the
condition 0,v(1, t) = 0. Then the conclusions (1.12), (1.13) hold.

ProOOF. Extend v(x, t)tothestripl < x £2,0 £ ¢ < Tasfollows:

vE(x, 1) = v(x, 1), 0 = x< 1,02t =T,

=v2-—-x,1), 1 x£2,0ZtsT.
Then the extension v¥(x, t) satisfies

0v¥(x, t) = Ao, v (x, 1), 0 <x <2, 0<t<T,
v¥(x,0) =0, 0<x <2,
—0,v%0, 1), = go(t), 0 <t<T,
2.v*2,t) = —0,v(0,1) = go(t), 0 <r<T.

Arguing in much the same way we did in the previous lemma, we can infer
that (1.12) and (1.13) must hold.

We have shown that for homogeneous boundary conditions at the end
x = 1, if go(t) = —0,v(0, t) satisfies (1.10) then fy(z) = v(0, ¢) will neces-
sarily conform to (1.12). We can show that the converse also holds.

LEMMA 1.3. Suppose A(s) satisfies (1.1) and that for some T > 0, fy(t)
satisfies (1.12). If v(x, t) satisfies
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0, v(ix,t) = AW, v(x, 1), 0 <x<1,0<t<T,
(1.15) v(x,00=0, 0<x<,
v0, t) = fo(r), v(l,t)=0, 0<t<T,
then gy(t) = —0,v(0, t) must satisfy (1.10) and (1.13) holds.

ProoF. The assumptions on the data fy(¢) and the coefficient A(s) are
sufficient to imply the existence of a solution v(x, ¢) for (1.15) satisfying
ve C21[0, 1] x [0, T] Then go(t) = —0,v(0, t) belongs to C1[0, T] and
20(0) = 0. The MP implies that v(x, ) = 0 in [0, 1] x [0, 7. If we let
w(x, t) = 9,v(x, t) then w(x, t) satisfies

ow(x, t) = AW)o w(x, t) + A'(v)/AW) wi(x, t),
(1.16) w(x, 0) = 0,
w(0, t) = f5(t), w(l,t) =0.

Under the prevailing assumptions, the coefficient C(x, t) = A'(v) | A(v)
is continuous and hence bounded on [0, 1] x [0, T]. Therefore we may
apply the MP to conclude that for each t > 0

(1.17) 0 = wx, t) £/f5(t) for0 £ x £ 1.

Then w,,, occurs at x = 0 which implies that 9,w(0, ) < 0 for r > 0.
But,

2.w(0, 1) = 8,[0,v(0, 1)] = 9,[0,7(0, )] = —g(t)

and hence go(t) =2 0for0 =t < T.
(1.13) follows, as before, from (1.17) and (1.7).

COROLLARY. If the condition v(1, t) = 0in (1.15) is replaced by the condi-
tion 9,v(1,t) = 0, then the conclusions of lemma 1.3 continue to hold.

ProOOF. Combine the extension procedure used in proving lemma 1.2
with the arguments of lemma 1.3.
We have proved now that the overspecified problem,
ov(x,t) = A(v) 0,,v(x, 1), O0<x<1, 0<t<T,
vix,00=0, 0<x<1,
—0.¥(0, 1) = go(t), and v(0, t) = (1), 0 <t < T,
v(l,¢) =0, or 9v(1,t) =0, 0<t<T

(1.18)

is not inconsistent provided that f; and g satisfy (1.12) and (1.10) respec-
tively.

Examining the arguments used here shows that the problem (1.18) is
not inconsistent when fi(¢), go(¢) are each monotone decreasing instead of
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increasing. In this case, the direction of the inequalities in (1.13) must be
reversed.

The change of variable x| - I — x in (1.18) shows that results anal-
ogous to lemmas 1.1, 1.2, 1.3 are true when the homogeneous conditions
are at the end x = 0 and the conditions (1.10), (1.12) bear on the func-
tions g4(¢) = 0,v(1, t) and f1(¢) = v(1, 1).

2. Bounds On v(x, t) and Derivatives: Temperature Controlled Case
Consider the following problem
0,2(x,t) = A0 x(x,t), 0<x<1, 0<t<T,
2.1 z(x,0) =0, 0<x<1,
z(0,t) = f(t), z(1,t) =0, 0<t<T,
where A denotes a positive constant and f(¢) satisfies (1.12). We will refer

to (2.1) as a “temperature controlled” problem.
We have

22 )= —4 j(’] . M(x. A(l—7)) fir)dr., 0<x<1,0<i<T,

where

l [Se]
2.3 M(x, t) = ——— D, exp[—(x — 2n)?/4t].
(23) M=o 3 expl=(x — 4]
It is not difficult to show that for any 7, > 0 and x;, 0 < x; < 1, there is
a positive constant Ny = Ny(xy, ty) such that

24) -4 j;a\,M(.\', At — 7)) de > Nofor 0 < x < xp to<t < T.
Then it follows that
(2.5) z(x,t) 2 Ny min f(z), 0 S x < xp,t0 <t LT

ty wsT

In addition, a simple MP argument leads to the result, for each ¢ > 0,
(2.6) z(x, t) £ fQ), for0 < x £ 1.
It can be further inferred from an MP argument that if w(x, t) satisfies
ow(x, 1) = Ao, wx,t), 0<x<l1, 0<t<T,
2.7 wx,0) =0, 0<x<I,
w(0, 1) = f(1), ow(l,1)=0, 0<t<T,
and if z(x, 1) satisfies (2.1) then for each r > 0,

(2.8) 0 =z(x, 1) S wlx, 1) £ f(1), 0=

IA
=
lIA
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It follows from (2.2) that
(2.9 226, 1) = = [ 0. MCx, 4G = ) f(o) di.
Moreover, it is not difficult to check that
— A0, M(x, A(t — 7)) = 0. M(x, A(t — 71)).
Then for f(z) satisfying (1.12), we may integrate by parts to obtain
2.10) .26, 1) = = [ M, 4@t - ) 1'(2) d.

Again, it is possible to show that for each 75 > 0 and all x5, 0 < xy £ 1,
there is a constant Dy = Dy(xy, ty) > 0 such that,

Q.11 j;M(x,A(t—r))dr>D0. 0<x<xp to<t

IIA
~

This leads to,

(2.12) 0,z(x,t) £ =Dy min fi(z) <0, 0 S x < xp, 8=t £ T.
t=r=T

Now consider the following non-linear temperature controlled problem,
ov(x, 1) = A(v) 0,v(x, 1), O0<x<1, 0<t<T,
(2.13) x,00=0, 0<x<l,
v(0, t) = fo(t), v(1,t) =0, 0<it<T.

Then we have:
LeMMA 2.1. Suppose A(s) satisfies (1.1) and fy(t) satisfies (1.12). Let

zo(x, t) denote the solution of (2.1) in the case A = Ay, f(1) = fo(t), and
let z((x, t) denote the solution in the case A = Ay and f(t) = fi(t). Then
if v(x, t) satisfies (2.13), we have

(2.14)  zo(x, 1) = v(x, 1) Szi(x, 1), 0=x=1, 0st=sT
ProOOF. If w(x, t) = v(x, t) —zy(x, t) then w(x, t) satisfies,
a,w(x, t) - A(V) axxw(x’ t) = [A(V) - AO] axeO(x, t)a

wx,0 =0 0<x<l,

w0,t) =w(l,1)=0, 0<t<T
Lemma 2.1 of [1] implies 9,,zo(x,2) =2 0,for0 = x =1,0 = ¢ = T, and
this together with (1.1) imply that [A(v) — A4)9,.zo = 0. Then the MP
implies

w(x, t) = v(x,t) — zo(x,2) 20, 0=x=1, 0=¢r=T.
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The other half of the estimate (2.14) follows from a similar argument
applies to w(x, t) = zy(x, t) — v(x, t).

Nearly identical arguments lead to the following corollary of this
lemma. Suppose v(x, t) satisfies (2.13) with the single exception that the
condition v(1, t) = 0, is replaced by the condition 9,v(1, t) = 0. Then we
have,

215 wolx, 1) = v(x, 1) =wilx, 1), 0=x=1,0=t=sT,

where wy(x, t), wi(x, t) denote the solution of (2.7) in the case 4 = A,,
A = Ay, respectively and f(z) = fy(2).
We have also upper and lower estimates for the derivatives of v(x, ).

LEMMA 2.2. Let A(s), fo(t) and v(x, t) be as in the previous lemma. Let
So(x, t) denote the solution of (2.1) in the case A = Ayand f(t) = f,(¢).
If fo(t) > O fort > 0, then for eacht,0 <t £ T,

(2.16) 0 = Solx, 1) £ 0(x, 1) S fo(1), 0=x <L

ProoF. The hypotheses of this lemma contain those of lemma 1.3 and
hence w(x, t) = 0,v(x, t) satisfies (1.16). Then the MP applies and it follows
that for each ¢, 0 < ¢ < T, (1.17) holds. Moreover, it follows from (1.16)
that

0w — So) — A(W)o(w — So) = [A(v) — 4]0y + A'(M/A(W? 2 0

and,

(w — 8o (x,0) =0,

W —S0) 0, 1) =(w— Sy (L, 1) =0.
Then the MP implies

w—=S8)(x,1) 20, for0 =sx=s1,0=sr=T,

and (2.16) is proved. Here, f;(¢) > 0 implies 9,,S, > 0 in Q. (If f3(¢) <
0 then (2.16) holds with Sy(x, ) replaced by Si(x, t).

As a corollary to (2.16) we have that the result continues to hold if
v(x, t) satisfies the condition 9,v(1, ¢) = O with the exception that Sy(x, t)
now denotes the solution of (2.7) in the case 4 = A4, and f(t) = f5(¢).

LEMMA 2.3. Let A(s), fo(1), zo(x, t), z1(x, t) and v(x, t) be as in lemma 2.1.
Then

(2.17) 0=0,2/0,7) 20,70, 1) 2 0,z00,2), 0=¢t=T.
That is,
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— [ MO, 40 - @) dr 20,000, 1)
(2.18) 0

> j " MO, Ag)(t =) fi(z) dz.

PROOF. Since zy(0, t) = z1(0, ) = v(0, t) = f;(¢),0 =< t £ T, it follows
from (2.14) that for x > 0,

Zl(x’ t) — 21(0’ t) > V(x, t) - V(O, t) > Z()(X, t) — ZO(Os t)
x—=0 - x -0 = x=0 '

Letting x > 0, decrease to zero, we get in the limit,
0,210, 1) 2 0,90, t) 2 0,20(0,¢), 0=t =< T.

(2.10) together with thé hypotheses on fy(z) imply that 9,z;(0, ) = 0 and
then (2.18) follows.
We make note here of the fact that (1.17) implies

(2.19) Auv(x, 1) S0v(x, 1) S Ff = max fi(1), 0=x=1, 0=¢=T.
<t=T

3. Bounds on v(x, t) and Derivatives: Flux Controlled Case Consider the
problem

0,2{x, 1) = A0,,z(x, 1), 0<x<1, 0<t<T,
3.1 z(x,0) =0, 0 <x<1,
—0,2(0,1t) = g(t),0,z(1,1) =0, 0<t<T,

where A denotes a positive constant and g(¢) satisfies (1.10). We will refer
to (3.1) as a “flux controlled” problem. For 0 S x = 1,02t < T, we
have

(3.2) 23, 0) = A | MCx, Al = 2) g(2) dr,

for M(x, t) given by (2.3). Moreover, from (2.11) then

(3.3) z(x,t) 2 Dy min g(z)for0 S x = xp, tp =t = T.
ty=r=T

Using the MP we can show that for g(¢) satisfying (1.10),

(3.4 0= z(x,1) £2(0,7) for0 =x =1,

for each 1 > 0. Since

G5 MO0 =1+ 2y s =+ Kotl
n=1

for some K, > 0, it follows that



NONLINEAR DIFFUSION EQUATIONS 777

(3.6)  z(x, 1) < %(1 +KT)eT), 0<x<1,0<t<T

Note that for g(z) satisfying (1.10),

g(T) = max g(t) and g(t;) = min g(t).
0=t=T to=t<T

<t
Now consider the non-linear flux controlled problem:
0v(x,t) = A(v) 0,.v(x, 1), 0<x<1,0<¢t<T,
3.7 v(ix, ) =0, 0<x <1,
—0.v0, 1) = go(t), o.,v(1,1) =0, 0 <t < T
We have then,

LEMMA 3.1. Suppose A(s) satisfies (1.1) and gy(t) satisfies (1.10). Let
zo(x, t) denote the solution of (3.1) in the case A = Ay, g(t) = go(t) and
let zy(x, t) denote the solution of (3.1)in the case A = Ay and g(t) = go(t).
Then if v(x, t) satisfies (3.7), we have

3.8) zx, ) =vx, 1) = n(x, 1), 0=x=1, 02T
The proof is similar to the proof of lemma 2.1 and is omitted.

LEMMA 3.2. Let A(s), go(t), and v(x, t) be as in the previous lemma. Let
So(x, t) denote the solution of (3.1) in the case A = A and g(t) = gyt).
Then

3.9) 0v(x, t) = Sypx, 1), 0=x=1,0=¢r=T.

The proof of this lemma is similar to the proof of lemma 2.2 and is
omitted.

Note that 9,v(x, t) = w(x, t) satisfies (1.14). Then it follows that for
each t > 0,

0 <0v(x,t) £0,v0,1), 0=x=1

Since 9,v(0, ) is continuous for 0 £ 1 < T, if we let Fr = max{0 <7 <
T:0,v(0, t)} then,

(3.10) 0Z0v(x,t) S Fp, 02x=21,02t=T.
Here, F is a positive constant depending on T and on gu(?).

4. Monotonicity Estimates: the Flux Controlled Case We are going to
consider IBVP’s comprised of the equation (1.7) together with auxiliary
conditions selected from (1.9). We plan to examine the dependence on
the coefficient A(v) of the solution v(x, ¢) for the IBVP. To examine this
dependence we shall suppose 4(s), A5(s) denote two coefficient functions,
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each of which satisfies (1.1). We wish to consider coefficients A4;(s), Ax(s)
which are distinct and for this purpose it will be convenient to suppose

4.1 A1(0) = A50), and A{(0) > A40).

The condition (4.1) implies that the graphs of Ay(s), 4,(s) have a trans-
versal intersection at s = 0 and that the graph of A4;(s) remains above
that of A,(s) on an interval (0, ¢) for some ¢ > 0.

Consider the flux controlled problem,
0, v(x, t) = AW) 0,,v(x, 1), 0<x<1,0<t<T,
4.2 v(x,0 =0, 0<x<l,
—0.v0,2) = go(1), 0,v(1, 1) =0, 0<t<T,

and denote the solution by v = vw(x, t; A4). In particular, let v; =
v(x, t; A;), i = 1, 2 denote the solution of (4.2) for A = A;, A, satisfying
4.1).

THEOREM 4.1. Suppose Ay, A, satisfy (1.1) and (4.1) and that gy(t) satisfies
(1.10). Let vix, t) = v(x, t; A,), i =1, 2 denote the solution of (4.2)
corresponding to the coefficient A = A,;. Then there exists a constant
T1 > 0, such that

(43) vl(x’ t) g Vz(x, l) g 0’ 0 é X é l’ 0 é t é Tl'

Moreover, there exists a t; >0, 0 <ty < Ty, and a constant C; > 0,
such that

4.4 vi(0,8) — vy(0,8) Z Cy(t — 1)), 1 =t =Ty

<
PrOOF. Let w(x, t) = vi(x, t) — vo(x,1),0 = x £1,0 £t £T. Then
since vy and v, each satisfy (4.2), it follows that

alw(x7 t) - Al(vl)axxw(xs t) - [Al(vl) - Al(VZ)]axxVZ
= axxV2[A1(V2) - Ag(Vz)], 0<x<l1,0<t<T.

The mean value theorem implies that for some & = &(x, t) between
vi(x, t) and vy(x, t) we have

A1(ni(x, 1)) = Ai(velx, 1)) = A1(§(x, 1)) w(x, 1).
Thus w(x, t) satisfies the following IBVP:
0w(x,1) — Ay(v1)Bw(x, 1) — A1(E)0,va(x, 1) W(x, 1)
= Oy volA1v2) — Ax(v2)],
wx,0 =0, 0<x<l,
ow0,2) =0w(l,1) =0, 0<t<T.
Now let ¥(x, t) denote the solution of the following related IBVP:

4.5)
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0, V(x, 1) — A;(v)0,,V(x, t) = 0,,95[A1(vy) — Ax(v2)],
(4.6) Vix,00 =0, 0<x<,
0,V0,1)=0,V(1,t) =0, 0<t<T.
From (4.1) it follows that there exists g, > 0 such that
4.7 A(s) — Ay(s) =20, for0 =<5 Z 0y

Let T, > 0 be chosen such that z,(0, T7) = g5, where z{(x, t) denotes the
solution of (3.1) in the case 4 = Ay, g(t) = go(t). It follows from (3.8)
and (3.4) that

(4.8) VZ(X, 1)§02f0r0§)€§ l,O_S_téTl,
and hence (4.7) implies
Ay(valx, 1) — Ax(vo(x, 1)) Z 0for0 = x £ 1,0 = ¢

From (3.9) and (4.2) we have,

A
oy

1A

T

49)  Bvx, 1) = _%?O(f’;ﬂ >0 for0sx<1,0<1¢
1

where Sy(x, t) denotes the solution of (3.1) in the case 4 = A4y, g(t) =

8ot).
We are now in a position to apply the MP to (4.6) in order to conclude,

Vix,t) 20, for 05 x=<1,02t< T
It follows from lemma 3.1 of [2] that
(4.10) wx,t) 2 V(x,t) 20, 0=x=1, C=r=Ty

proving (4.3).
Next, fix ¢y such that 0 < ¢y < T} and let g, = z4(0, t;) > 0 where
zo(x, t) denotes the solution of (3.1) in the case 4 = Ay, g(t) = gy(t). Then

o1 = 2o(,0 tp) < z1(0, tp) < z:(0, T}) = o,

Now we may choose ¢; such that ¢, < ¢; < Ty and g1 < zy(0, #) < 0,.
Then there exists x;,0 < x; = 1, such that

“4.11) zo(x, 1) 20y for0 < x<x, 1 £t £ T
Now (3.8), (4.11) and (4.8) together imply
4.12) o1 S vx,t) Soyfor0 S x Zx, L2t T

From (4.7) and (4.1) we have that there is a constant A = A(g7) > 0 such
that

(4.13) Ay(s) — Ax(s) 2 A foroqy £ 5 £ 0,



780 PAUL DUCHATEAU
Then (4.12), (4.13) lead to

(4.14)  Ay(va(x, 1) —Ay(va(x, ) 2 A >0 for0Sx=x;, 1, <t < Ty
From (4.9) and (3.3) we have

*
(4.15) Ouxvalx, 1) 2 %"IG—Ofor Osx=x,Hh=t=T,

1 =
where

Dy = min j; M(x, Ayt — 7)) dr > 0,

n=i<Ty
0=x=x

Gf = min gyt) > 0.

n=t<T

Now let

(4.16) dx, ) =gt —t)(xf—x2), 0= x=x,HH St=T,
where

DyG 2
Al X% + 2A1(T1 -

Then (4.6), (4.14), (4.15) together imply,

4.17) 7=

~
—
|

UV = @) — A0V — ) 2 PO 3 (g 4 24,0 -1y 20,
1

V=Pxt)z0, 05 x=x,
az(V_ ¢) (Oa t) = 0, 51 =t = Tls
V-9 x,)20, Ht£Th

Then the MP implies
(V"Sb)(X,Z)%O f0r0§x§x1, t1§t§.Tl’
and from (4, 10) it follows finally that

w(0, 1) = v1(0,2) = vx(0, 1) 2 (0, 1) = 9xf(t — 1), , St S T,

that is, (4.4) holds with C; = nx} > 0.

We point out that this proof goes through with little change if we as-
sume that A; and A, are distinct in the sense that on any interval of finite
length the graphs of 4;, 4, are separated by a positive distance A.

THEOREM 4.2. Suppose Ay(s), Ao(s), go(t), and v(x, t) = v(x, t; Ay), i=1,
2, are as in the previous theorem. Then for each o > 0 there exist positive
constants 7 = (o), K = K(o) such that
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)0 = vix,t) Lofor0=x£1,0 =1 £ 2(0),

(4.18)
b)|V1(X,f)"V2(X,t)|é#K,O§X§ l,Oét_S_T

where
p=max {0 < s < g |41(s) — Ay(9)]}.

ProOF. Let z;(x, 1) denote the solution of (3.1) in the case 4 = 4,
g(t) = go(t). Then for o > 0 given, let ¢ = 7(os) be chosen such that
z1(0, 7) = o. Then (4.18)a follows from (3.4) and (3.8).

Now it follows from (3.10) and (4.2) that

F:

0. va(x, 1) 4 for0 £ x<1,051 7.
0

Then
F
Z(x, t) = 71L (1 expltF, Ayl Ag)
0

satisfies

0. Z(x, 1) — A10,. Z(x,t) = AyZ(x, 1) + u F./]Ap, 0 < x < 1,0 <t < 7,
Z(x, 0) = 0,
9,20, 1) = 3,Z(1, t) = 0.
Since w(x, 1) = vi(x, 1) — vy(x, t) satisfies (4.5), it follows that
at(Z - W) - Al(vl)axx(z - W) - A{(é) (Z - W)
= [4; — A ()]0 Z + (4, — A(E)Z
+ p Fo /Ay — 0,99l A1(vy) — Aa(va)]
There is no loss in generality here in assuming Aq(s) — A,(s) = 0, for
0 <s <. Then,
UZ — W) — A, ()D (Z —w) — AUENZ —w) 20, 0<x<1,0<rt<7
(Z — w)(x,0) =0, 0<x<,
0(Z —w)(0,1) =3(Z —w)(1,1) =0,0 <1< 7,

and it follows from the MP that (Z — w) (x, 1) 20, for 0 £ x £ 1,
0 < ¢t < 7. Then (4.18) follows for

K(z) = ptF. /Ay expltF Az/Ag).

The significance of theorems 4.1 and 4.2 is the following. Let go(z) de-
note a fixed function in C1[0, T] satisfying (1.10). Then for each coeffi-
cient A(s) which satisfies (1.1), we can solve (4.2) for v = v(x, t; A) in
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C21][0, 1] x [0, T]. It follows from lemma 1.1 that fi(¢) = v(0, ¢; A) then
satisfies (1.12). We may view this as defining a mapping @ from the co-
efficient class C, = {4 satisfies (1.1)} into the data class C; = {f satisfies
(1.12)}. The mapping @ has the following properties:
a) for 0 < g; < o, there exist t; = t,(g;1), T1 = T1(0,) such that 0 < £,
< T, and

OLA)(1) — DlA)(1) 2 C(t — t)At; St £ Ty,

where € > 0, and 1 = min{g; £ s < g,: 4i(s) — Ay(5)}.

b) for ¢ > 0 there exists 7 = (o) > 0 such that
O[A1)(1) — O[42)(#) = K(r)p0 =t S v,
where K(r) > 0, and ¢ = max{0 < s < o1 4:(s) — Ax(s)}.

Property a) implies that identical flux controlled experiments involving
distinct coefficients A4y, A, from C, cannot produce identical data fy(¢).
Property b) then implies that identical flux controlled experiments with
identical coefficients 4;, 4, must produce identical data fy(z).

5. Monotonicity Estimates: Temperature Controlled Case We want to
derive for the temperature controlled problem estimates of the sort found
in the previous section for the flux controlled problem. Consider then the
following temperature controlled problem,

ov(x, t) = A(V) 0,,v(x, 1), 0<x<1,0<t<T,
(5.1 v(x, 0) = 0, 0<x<|,
v(0, 1) = fo(t),v(l,1) =0, 0<r<T.

THEOREM 5.1 Suppose Aq(s), Ay(s) satisfy (1.1) and (4.1) and that fy(t)

satisfies (1.12). Let vi(x, t) = v(x, t; A;), i = 1, 2 denote the solution of

(5.1) corresponding to coefficient A = A,v). Then there exists T; > O,
such that

(52) 0 2 axvl(oa t) 2 ax"zo(’ t)’ 0 St = Tl‘
Moreover, there exist t1,0 < t; < Ty and C = C(t1) > 0 such that
(5.3) axvl(o, t) - ava(O, t) ; C(f - tl)a tl é t _S_ T].‘
PROOF. Let w(x, t) = vi(x, t) — vy(x, ¢) and proceed as in the proof of
theorem 4.1 to show that w(x, ¢) must satisfy
atw(xa t) - Al(vl)axxw(xa t) - A{(G)W(X* t) = axxVZ[A 1(V2) - AZ(VZ)]
(5.4) w(x,0 =0,0<x<1,
w@©, 1) =w(l, 1) =0,0<t<T.
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Consider now the related IBVP,

0 V(x, 1) — A1(v1)0, V(x, 1) = 0,,vo[A1(vs) — Ax(v2)],
(5.5) V(x,00=0, 0<x<,
Vo, =V(1,1) =0, 0<t<T.

As in the proof of theroem 4.1 we show that there exists a 7; > 0, such
that

(5.6)  Ay(volx, 1)) — Ap(vao(x. 1)) 2 0for0 = x = 1,01 2T,
In addition, from (2.16) and (5.1) we have
(5.7) 02X, 1) Z So(x, 1)/4; 20, 0=x=1,0=1=T,

where So(x, t) denotes the solution of (2.1) in the case 4 = A, and
f(t) = f3(t). Apply the MP then to (5.5) to infer that

(5.8) Vix,1) 20, 0=x=1,0=7=T,
and then by lemma 3.1 of [2] it follows that

(5.9) wix,t) Z V(x,t) 20, 0=x=1,0Z1¢

IA

T,.

Then (5.9) together with lemma 1.3 leads to (5.2).
Now, arguing as we did to establish (4.12), we can show that there exist
constants xq, ¢y such that 0 < x; £ 1,0 < t; < T7 and

(5.10) 01 S Vyx, 1) S oy, for0 S x S xp, 1, St ST,
where 0 < g < 0g,. It follows then from (4.13) that
(5.11)  Ay(vax, 1)) = Ay(vox, 1)) 2 A > 0,0 S x S x, h St S T
In addition, it follows from (5.7) and (2.5) that

> NoFg®

(5.12) O, Vax, 1) = Y for0 = x=x, 4 st=T
1
where
No = min j’ M(x, Ayt — 7)) dr > 0
H=t=T 0
O=x=x]
F¥ = min fj(t) > 0.
n=t=T;
Now let

¢(x’ I) = 7](t - tl)x(xl - x)a O .S_ X é X1, tl é t é Tl’

where
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TZ 4 X+ 4T, - 1)

Then it is easy to show that

a,(V— gl:)-—Al(vl)a,,,(V—gb) =0, for0<x< X, Hh<t< Tl’
(5.13) V=d)x,t) 20,0 < x < xy,
V=9)00,8) =0, (V = d)xy, 1) 20,1y <1 < Ty,
and then the MP implies (V' — ¢)(x, 1) 20for0 S x S x;, t; =t = T
From (5.9) we have then
NoF§ 20t — 1) x(x1 — x)
vi(x, t) — vo(x, t) = —0°0 1 1
(5.19) 106 0) = vl 1) A; Axi+44(T - 1y)
0§x§x1,t1§t<T1.

From (5.14) we have

0,v1(0, ¢) = lim vi(x, 1) — vi(0, 1)
x—0

x—0
S lim | Y206 1) — (0, 1) | NoFg* (2 — t)A(x; — x) ]
= ‘12‘0[ x =0 T4 A4 — ) )

and this, together with lemma 1.3 and the fact that v(0, t) = v,(0, )=
fo(t), implies (5.3) for

_ NoFg* Ax
(5.15) =M A 0

THEOREM 5.2. Let Ay(s), As(S), fo(t) and v (x, t) = v(x, t; A), i=1,2
be as in theorem 5.1. Then for each ¢ > O there exist positive constants
7 = 7(0), K = K(z) such that
(5.16) a)0=v(x,1)S0,0sx=1,0st=7,i=12,

' b) 9,51(0, 1) — 0,950, 1) S Kp, 05t Z0,

where
w=max{0 £ s = o: [4)(s) — Ax(5)]}.
Proor. The hypotheses of this theorem include those of leamm 2.1.

Then (5.16)a follows from (2.14) and (2.6) with ¢ = 7(¢) chosen such that
Jo(z) = o.

We have that w(x, t) = vi(x, t) — vy(x, t) satisfies (5.4). From (2.19)
and (5.16)a it follows that

*
Do, O[A0) — Agr)] S 9 0sx 51,0257,
0
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The function

F§ 1 — e @n—1)%2

t & .
Z(x, 1) = Tf" explFitAy) Ag) -7?3— X ey S — Dax

satisfies

*
AZIZO Z(x’ t) = FO* #/AO,

0. Z(x, t) — A19,.Z(x, t) +

Z(x,00=0, 0<x<,

Z0,1)=2(1,t) =0, O0<t<r.
An MP argument leads to the result (Z — w)(x, t) 20, for0 = x =1,
0 £t £ 7, and it follows that

Z(x, 1) — Z2(0,1) o vi(x, 1) —vi(0,2) _ wylx, 1) — vy(0, 1)
x =0 = x—0 x—0

for x > 0,0 £ ¢ < 7. Then and since
axZ(O, t) ~>_— axvl(o’ l) - axv2(07 ’)’ 0 é t § T,
Fg¥ ut _ o—(@n—1)2r2

'
L expleFi A A4 n; w2 (Qn =12

0.2(0, 1) =
(5.16)b follows for

K = foe FrA Ay 2 2n - 1)2>0
= '*A*(']*CXP[T 0 2//40];::17[2(”— )72>0.

The importance of theroems 5.1, 5.2 lies in the following observa-
tion. Let fy(7) denote a fixed function in CY0, T'] satisfying (1.12). Then
for each A(s) satisfying (1.1) we can solve (5.1) for v = v(x, t; A) in
C2.1[0, 1] x [0, T]. Then it follows from lemma 1.3 that go(¢) = —09,v(0, ¢;
A) must satisfy (1.10). In this way we define a mapping ¢ from C, =
{A satisfies (1.1)} into the class of boundary flux data C, = {g satisfies
(1.10)}. From theorems 5.1, 5.2 it foll ows that the mapping ¥ has the
following properties:

a)for 0 < ¢g; < g, there exist t; = t;(oy) and T; = Ty(0,) such that

0 <t < T;and

U = UlAd) 2 Ct — DA, 11 St £ T,

where C > 0,and 2 = min{o; £ 5 £ 05: Ay(s) — Ay(s)}.
b) for o > 0 there exists ¢ = 7(g) > 0 such that

UlAN(t) = P[40 = K(o)w, 0 St £ 7,

where K(z) > 0 and g = max{0 < 5 < g: A(s) — Ay(s)}.
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It follows from property a) that identical temperature controlled experi-
ments with distinct coefficients 4;, A, from C, cannot produce identical
flux data go(z). Then property b) implies that identical temperature con-
trolled experiments with identical coefficients 4, A, must produce identi-
cal flux data on the boundary.

The author would like to thank the NSF and Cornell University for
sponsoring the 1983 workshop on computational methods for ill-posed
and inverse problems. It was at this workshop that the present results
were developed.
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