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CHAPTER 12 OF RAMANUJAN’S SECOND NOTEBOOK:
CONTINUED FRACTIONS

BRUCE C. BERNDT*, ROBERT L. LAMPHERE, AND B. M. WILSONT

We take up something—we know it is finite; but as soon as we
begin to analyze it, it leads us beyond our reason, and we never
find an end to all its qualities, its possibilities, its powers, its
relations. It has become infinite.

Vivekananda

Dedicated to the memory of R.A. Smith and E.G. Straus

1. Introduction. In assessing the content of Ramanujan’s first letter,
dated January 16, 1913, to him, Hardy [34, p. 9] remarked *“. . . but (1.10) -
(1.12) defeated me completely; I had never seen anything in the least like
them before. A single look at them is enough to show that they could only
be written down by a mathematician of the highest class. They must be
true because, if they were not true, no one would have had the imagina-
tion to invent them.” These comments were directed at three continued
fraction representations. Indeed, Ramanujan’s contributions to the con-
tinued fraction expansions of analytic functions are one of his most
spectacular achievements. The three formulas which challenged Hardy’s
acumen are not found in Chapter 12, but this chapter, which is almost
entirely devoted to the study of continued fractions, contains many other
beautiful and penetrating formulas. Unfortunately, Ramanujan left us no
clues as to how he discovered these elegant continued fraction formulas.
Especially enigmatic are the several representations for products and quo-
tients of gamma functions. Three of the principal formulas involving
gamma functions are Entries 34, 39, and 40. Entries 20 and 22, giving
Gauss’s and Euler’s continued fractions, respectively, for a quotient of
two hypergeometric functions, also play prominent roles. Several other
formulas are dependent upon these five entries, and it may be helpful to
schematically indicate these connections among entries.

The purpose of this paper is to prove each of the 113 theorems, corol-
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laries, and examples which are divided into 49 sections in Chapter 12.
For those formulas which are found in the literature, we cite references
wherein proofs may be found. Ramanujan never states conditions on the
relevant parameters to insure that a formula holds. We have generally
attached such hypotheses. Undoubtedly, in many instances, these condi-
tions are more restrictive than necessary.

The first two named authors have been aided by notes left by the third
named author. After devoting six years to the editing of Ramanujan’s
notebooks, B. M. Wilson prematurely passed away on March 18, 1935



CONTINUED FRACTIONS 237

at the age of 38. Two weeks earlier, he had entered a hospital for a hernia
operation. Unfortunately, a blood infection incurred as a consequence of
the surgery. In 1935, antibiotics were not yet available, and so Wilson was
not able to recover from this infection. When he died, Wilson had held the
chair of mathematics in Dundee for less than two years. The other leading
candidate in 1933 for the professorship was E. T. Copson. Rather than
reopen the competition for the chair, it was decided to appoint Copson as
Wilson’s successor. It may very well be that Wilson was working on
Chapter 12 prior to his hospitalization, for his contributions to Chapter
12 abruptly end about the middle of the chapter.

We now offer a few comments about notation. As is customary, we put

L

where k denotes a nonnegative integer. The hypergeometric series ,F, is
defined by

. vy & (a)i(ao)i v (ap)p xE
pPlon ez oo @y B B0 B D = B ) (B (B kT
where p and g are nonnegative integers with p < ¢ + 1 and a4, ay,.. .,
ap, P1> B2 - .., By are complex numbers. If p < g + 1, ,F, converges
for all complex numbers x, while if p = ¢ + 1, ,F, converges for |x| <
1. However, in the latter case, ,F, can be analytically continued into the

complex plane cut at [1, o0).
In the sequel, ¢(z) always denotes I"(z)/I'(z). We shall employ the re-
presentation [53, p. 39]

) 1 1
0.1 ¢(X)=_T+,§,<k+l'—k+z)

several times in this paper, usually without comment. Here 7 denotes
Euler’s constant.

We shall adopt the notation

0.2 4 4 43
©32 by + By + by + -

for the continued fraction
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The notation (0.2) appears to be the most convenient and widely used
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notation for continued fractions. We shall refer frequently to the well-
known texts of Perron [57], Wall [74], Khovanskii [38], and Jones and
Thron [37]. Because Perron’s book contains several formulas that we shall
employ and that are not found in the other texts, we shall make many
references to this classic work.

2. Proofs.

ENTRY 1. Let ay, a3, ..., a, and by, by, ..., b, be arbitrary complex
numbers. Define N_y = 0, Ng=1,D_; =0, Dy, = 1,

(1.1) Ni1 = bpNiy + @ N, k=2,

and D, = b,D,_; + a,D,_5, k = 1. Then, forr = 1,

(12) 4 9z 9 =a Nr—l — - (_1)k+1 ay .- a,,.
b+ by + o+ b D, = Dy_1Dy

Proofr. The first equality in (1.2) is a somewhat unusual formulation
of a basic elementary formula in the theory of continued fractions [74,
p. 15]. For future reference, we restate the first equality of (1.2) in a more
familiar fashion. Let A_; = 1, 40 =0, B_; =0, By = 1,

(1.3) Ay =bpAdpy + @ dp2, k21,
and
(1.4) By = bBry + a,Bpy, k21

Then, forr = 1,

a, [27) a, _ Ar
(1.5) by 4+ by + -+ b "~ B
Thus, ayN, = A, and D, = B,, k Z — 1. Note that if we define N_, =
1, then (1.1) is valid for kK = | as well. Recall that 4, and B, are the
kth numerator and denominator of the continued fraction (0.2).
The second equality in (1.2) is essentially another version of a well-
known fact [74, p. 18] due to Euler [22].

COROLLARY. If ay, a,, ..., a, are arbitrary complex numbers and r =
3, then
2 a, =% a, a1a3 o a,24,
= l —ay+a,—ay+a3—az+ay— ** —a,_, +a,

This corollary is due to Euler [22], and a proof may be found in [57,
p. 17].

ENTRY 2. Let x, ay, as, . . . denote nonzero complex numbers and define,
for each nonnegative integer n,
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- v (=x)*
Sulx) = IZZ;)“

=h @may o Ay
If
2.1 lim f,(x) = + o,
n—00
then
2.2 x=x—a +-2 aaX

X—a, + x—az + -

ProoF. For each nonnegative integer n [14, p. 516, eq. (14)],

Haa, - apxt _ agx bia,x byasx b,a,.1x
=1 blbg “'bk b1 —'bz + agx—b3 + agx — - — bn+1 + a,41X

If we set a; = | and replace b; by —a;, j = 1, we find that f,(x) =
1/(a; — A), where

A= ax asx a,x .
X — a3 + X — das + “'+x_a,,+1

Letting n tend to co and using (2.1), we deduce that a; — 4 = 0, which
is equivalent to (2.2).

Of course, we could impose several sets of conditions on X, a4y, dy, . . .
in order to insure that (2.1) holds. For example, if lim,_,., |a,| = p, then,
by the ratio test, (2.1) is valid if [x| > p.

It is easy to establish (2.2) formally, and this is probably how Ramanu-
jan proceeded. Trivially,

2.3 a, = X ,  k
23) FTX — e + @

v

1.

If we successively employ (2.3) fork = 1,2, ..., we find that

ax _ a X azx
x—02+a2 x—az+x——a3+a3

a =

ayx asx asx
X—a, + x—az3 + x—ay + -+’

which is equivalent to (2.2).
We shall interpret Entries 3 and 4 formally. There is a slight misprint
in the formulation of Entry 3 [64, vol. 2, p. 143].

ENTRY 3. If X, ay, ay, . . . are arbitrary complex numbers, then

x=a1+ «/{x2 + ay(a; — 2a;) — 2a,/{x? + ay(a; — 2a3) — 2a,4/- - - }}.

PROOF. It is easy to verify that
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B.1) x —a,= (% + aap — 2a541) — 2a4(z — a))V?, k2 L.

Using (3.1) successively, we find that
x —a; = (x2 + ai(a; — 2a;) — 2ay(x — ay))V/?
= (x2 + a)(a; — 2a;) — 2a,(x? + ay(ay — 2a3) — 2a,(x — ag))V/?)V/2
and so the desired result follows.

ENTRY 4. Let a, n, and x denote arbitrary complex numbers. Then

fO=x+n+a= Vax + @+ a2+ xv/{alx + n) + (n + a)?
+x+nViax+2n) +@+a?+ (x+2n)4/ 3
PROOF. By successively substituting, we find that
f(x) = (ax + (n + a)?2 + xf(x + n))}/2
= (ax + (n + a)? + x(a(x + n) + (n + a)%2 + (x + N)f(x + 2n))V/2)l2

and therefore we obtain the proposed formula.

ExaMPLES. We have

@) 3= V{42V + 3V + 4V £ -}
and
(ii) 4=V{6+2V{T+3VB + 4/ + ---}}}}

Examples (i) and (ii) were submitted by Ramanujan [61], [63, p. 323]
as a problem in the Journal of the Indian Mathematical Society and
solutions were subsequently given by him.

T. Vijayaraghavan [63, p. 348] has shown that

Via, + Y{a, + Viag + -+ + va,}}}, a, =0,

tends to a limit as » tends to oo if and only if

4.1 lim L°2g 9 < oo,
See also [58, pp. 37, 214]. Vijayaraghavan’s theorem can be used to show
that the infinite radicals in Examples (i) and (ii) are convergent [63, p.
348].

The literature on infinite radicals is rather scant, and so Herschfeld’s
paper [35] is to be particularly recommended. He points out that Ramanu-
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jan’s proofs of (i) and (ii) are slightly incomplete, and he gives full rigorous
solutions. This paper contains a good discussion on the convergence of
infinite radicals.

We state Entry 5 (i) as Ramanujan records it. But, as we shall see, Entry
5 (i) is valid only for § = 0. We shall separate Entry 5 (ii) into two parts.
The first part will be proved rigorously; the second will be regraded as a
formal identity. However, we shall indicate some values of # for which
the second part of Entry 5 (ii) is rigorously true. We suggest to readers
that they attempt to develop more thoroughly the theory of infinite
radicals, so that perhaps concrete conditions may be imposed on the
formal identities in §3-5 to insure their validity.

ENTRY 5(i). We have

2cosf = (2 + 2cos 20)2 = (2 + (2 + 2 cos 49)V2)12
=2+ 2+ 2+ 2cos 8Y)V)V2)l/2 = .

ProOOF. Repeatedly apply the identity
2 cos (2¥0) = +(2 + 2 cos(2++19))1/2, k=0,

with the plus sign always chosen on the right side. However, unless 0 =
0, there clearly will be values of & when cos(2%) < 0, and so we must
choose the minus sign in such instances. If § = 0, Entry 5 (i) implies that
2=02+Q+ @2 + ---)V2)2)1/2 which is meaningful since (4.1) is easily
seen to be satisfied. Furthermore, a direct proof may easily be given.

ENTRY 5 (ii) (first part). Suppose that either |0] £ /6 or 5z/6 < 0 <
T7/6. Then

2cos ) = 2/{200530 +3 V{2cos 39 +3 ¥{2cos 30 + ---}}}.

PrOOF. Forn = 1, let

R, = (2 cos 30 + 3(2 cos 30 + 3(2cos 30 + ---)V3)13)1/3

where n cube roots are taken. Observe that R, = (2 cos 30 + 3R,_;)3,
forn = 2.

First suppose that || < =/6. Clearly, R,_; < R, for each n = 2. Thus,
(5.1) R =2cos 30 + 3R,_; < 2cos 30 + 3R,.

The polynomial x3 — 3x — 2 cos 36 has three real roots, 2 cos § and
—cos @ + 4/ 73 |sin 6]. For || < 7/6, —cos 0 + 4/3 [sin 0] < 0. Therefore
{R,} is a nonnegative, increasing sequence bounded above by the root
2 cos 6. Thus, {R,} converges and, by (5.1), {R,} converges to a root of
x3 — 3x — 2 cos 30. As we have just seen, this root must be 2 cos .
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For 57z/6 = 6 £ Tr/6, consider « = 6 — . Thus, |a| £ n/6. Using
the foregoing analysis, we complete the proof.

We remark that if /2 < 0 < 57/6 or 7x/6 < 6 < 3x/2, then {R,}
converges to —cos @ + 4/ 3 [sin @], while if 7/6 < 0 < z/20r 37/2< 0
< llx/6, {R,} converges to —cos § — 4/ 3 |sin 0.

ENTRY 5(ii) (second part). We have

(52) 2cos 0= V{6cos  + ¥{6cos 30 + ¥V{6c0s 90+ ---}}}.
ProOOF. Repeatedly employ the equality
2 cos(3#0) = (6 cos(3#0) + 2 cos(3#+1g))1/3

fork=0,1,2,....

We now indicate some special cases when the second part of Entry
5(ii) may be established rigorously.

If 6 = 0, then (5.2) becomes

(5.3) 2=(6+(6+ (6 + ---)I/3)/3)1/3
To prove (5.3), define
R,=(6+4 (6 + --- 613 ... )U3)1/3 n=l,
where n cube roots are indicated. Observe that
(5.4) RE=6+ R, <6+ R, nz?2.

Now x = 2 is the only real root of the equation x3 — x — 6 = 0. It
follows that R, ; < R, < 2, n = 2. Thus, {R,} converges, and, by (5.4),
the limit of {R,} equals 2.

If 0 = =, then (5.2) yields

—2=(=6+ (=64 (=6 + .--)/3)1/3)1/3
= —(6+ (6 + (6 + .- )/33)1/3

which is valid by (5.3).
If @ = =/3, the right side of (5.2) becomes

(5.5)

B+ (=64 (=64 - )Y = (3 — I3 = |,

by (5.5). Hence, (5.2) is valid for § = =/3. In fact, by induction, it is easy
to show that (5.2) holds for § = 7/3%* k = 1.

It may also be easily checked that (5.2) is valid if § = 7/2 or 2x/3, for
example. If § = #/4, (5.2) holds, but the verification is more difficult.

ENTRY 6. Let a > 0 but a # 1. Suppose that n is a nonnegative integer.
In the field of formal power series, put
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fn(v) Z:l al(n)vj
where ay(n) = 1, ay(n) = —a*, and ajn), j Z 2, is defined recursively by
(6]) a,-(n) 2(71——1—)— E ak(n)aj—k(n)

Then for each nonnegative integer n,

<a(a4— 2) + <a(a4— 2) oo 4 (a(a ‘;— 2) + % 7 (v)>1/2 o )1/2)1/2

6.2
= 550,
where, on the left side, there are n iterated radicals. Furthermore,
— 1 — v ( v/a")2 (v/a)3
L) =1 =vla + 50 " 5a = @ =)
(6.3) " (v/a")4(a + 5) _ (v/ar)52a2+3a+7)
8(a—N(@2—-1)(a3—1) 8(a—D(a2—1)(a3—1)(a*-1)

+ .

ProOOF. If n = 0, (6.2) is trivial. Thus, assume that » > 0. Proceeding by
induction and squaring both sides of (6.2), we find that we must show that

Wod L0 =2pm, nz,

or, in other words,
a b ; a
5t Zz; ain — i = Efﬁ(v), nzl,

Now, by (6.1) and induction, a,(n — 1) = a’aj(n),j =2 0,n 2 1, and so it
suffices to show that

wiayn) = 5 & amayy (), 22

But the latter equality is equivalent to (6.1), and so the proof of (6.2) is
complete.
The expansion (6.3) is easily determined by employing (6.1).
Ramanujan’s formulation of Entry 6 is slightly incorrect, for he claims
that [64, vol. 2, p. 143]

a;(n) = T(-a]_—'—Ty Z ay(n)a;_1_x(n),

which should be compared with (6.1).
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ENTRY 7. If x is not a negative integer, then

_x+1 x+2 x+3
@.n I=— +x4+1 4+ x4+2 4.

Proor. We first derive a consequence of Entry 22 that we shall employ
several times in the sequel. In Entry 22, replace x by x/a and let o tend
to oo to deduce that

(7.2) 1Fi(B+ iy + l;x)= 1 B+ Dx B + 2)x
. k(s ;5 x) r=x4+7r+1—-x+yr+2-x+---"

(An equivalent form of (7.2) was also found by Perron [57, p. 280, Satz
6.2].)

To prove (7.1), set x = 1 and 3 = y = x in (7.2). The result now easily
follows.

It also should be remarked that Entry 7 follows from Entry 11 by
settinga = landn = x + 1.

Ramanujan [64, vol. 2, p. 143] has written x instead of 1 on the left
side of (7.1).

COROLLARY. We have

1=2 3
T+7 +

4 5
T+ 4 4

PRrROOF. Set x = 1 in Entry 7.

ENTRY 8. Let n denote a positive integer and suppose that x # —ka,
1 £k £n. Then

n (= rH
,,Zzzl x+a(x+2a).--(x + ka)
®.1) 1 Xx+a X + 2a x+(m—1Da

T Xx4+a+x+2a—-1+x+3a—14 -+ + xtna—1"

FirsT PROOF. Denote the right side of (8.1) by 4,/B, in the notation of
§1. Then by (1.3),

A, =X +na—- DA, 1+ (x+ (n— Da)d,_, nz3,

or, upon iteration,

Ay —(x +na)d, 1 = — {4, — (x + (n — Da)4,_5}
(8.2) = o= (= D)y — (x + 20)4,}
= (_l)"—la n g 3’

since 4, = land 4, = x + 2a — 1.
Similarly, by (1.4),
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Bn - (x + na)Bn—] _{Bn—l - (x + (n - l)a)Bn—Z}

coo = (=1D*B; — (x + 2a)B,} =0, n

1\Y
Nad

since B; = x + aand B, = (x + a) (x + 2a). Hence,
(8.3) B,=(x+ a)(x + 2a) --- (x + na), n=l

On the other hand, let the left side of (8.1) be denoted by the rational
function P,/Q,. Clearly,

8.49) O, =(x+a(x+ 2 (x + na), n=l.
Now, forn = 2,

Py o Ppy | (=1 (x + na)P,y + (=D
Qn Qn-—l Qn Qn ’

ie.,
(8.5) P, = (x + na)P,_; + (—1)»t1, n 2.

Hence, by (8.2) and (8.5), 4, and P, satisfy the same recursion formula.
Since 4; = P; = 1 and 4, = P, = x + 2a — 1, we conclude that 4, =
P, n = 1. Also, by (8.3) and (8.4), B, = Q,, n = 1. Thus, the equality
(8.1) has been established.

SECOND PrOOF. We induct on n. For n = 1, (8.1) is trivially true.
Suppose that we denote the left side of (8.1) by f,(x). Proceeding by
induction, we thus find that

& + afpn(x) = 1 = f,(x + 0

-y -1 X+ 2a X + na
x+2a+x+3a-1+ - +x+(n+ Da-1

Letting

x + 3a X + na
X+4da—-14 - +x+m+1)a-1

A=x+4+3a-1+

we then deduce that

1
(x + @) fru(x) =1 - x + 2a + (x + 2a)/A

(x+2a—-1)+ (x + 2a)/A4
(x+2a—-1)+ (x +2a)/A4 + 1
1

+ 1
(x +2a—-1)+ (x + 2a)/A4

1
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Upon dividing both sides of the equality above by x + a, we arrive at
(8.1), but with n replaced by n + 1. This completes the induction.

COROLLARY. We have

1
e —1

2 3
+ 2+ 3+

=1
1

PROOF. Let x = 0 and a = 1 in Entry 8 to obtain the equality

(= 1)kt
=

112
T+T+72

3
3

+3 4+ e+ m=1"

Letting » tend to co yields

—lfe=L+ 1 2 3
b-le=T T+ 7 +3+.0

The desired formula now readily follows by inverting the equality above.
The previous Corollary is due to Euler [23].

ENTRY 9. If x # —ka, | £ k < o0, then

©.1) x+a+l_x+a X + 2a X + 3a
) x+1 x—1l+x+a—-1l+x+2a—-1+ .-~

ProOOF. We first indicate a formal proof. Observe that for each positive
integer n,

x + na+ 1 _ X + na
x+m—=Da+1 1. X+t +Da+ 1’
x+((n—1a l+—_——x+na+l
By applying this identity successively forn = 1, 2, .. ., we formally derive

9.1).
We now give a rigorous proof based upon (7.2). Putting x = 1/a,
B = x/a, and y = (x — a)/ain (7.2), we find that

X —a x.x—a 1
©.2) IFI(? 2 c.‘)
1 x+a X + 2a x + 3a
x—a—-1 +x-14+x+a-1+4+x+2a-1+ -+’

provided that x # —ka, 1 £ k < co. But,
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x+a. x 1 X 4 1 1e
1F1< a ’7’7)_ x—a qd¢°tg€
x.x—a. 1\  x x _ 1
(9.3) 1F1<7 s a s 7) (z’ l)el/a + _a_glfd
x4+
T oxx—a+1)

Substituting (9.3) into (9.2), taking the reciprocal of both sides, and
simplifying, we arrive at (9.1).

ExAMPLES. We have

o) 4_3 4 5 6

31 +2+3+4+-
and
. 5_4 6 8 10
(it) TTT 4+ 3+ 5+ T+

PROOF. Set x = 2 and a = 1 in Entry 9 to deduce (i); similarly, set
x = 2and a = 2 to obtain (ii).

ENTRY 10. If n is a positive integer, then

1 2 3 n n+1 n+2

T A+ 2 -n+3—n+- 40+ T + 2 +---

FirsT PROOF. Puttingx = 1, 8§ = 0,and y = 1 — nin (7.2), we find that

0= L=mFO;1-m) _ _ . 1 2 3
1F1(1;2 — n; 1) l-n+2—-n+3—-—n+-.."

which completes the proof.

SECOND PROOF. In (11.7), set n = 1 and replace a by » to deduce that

_r 2
l—n+2—-n+.--

1 n—2
n+4—-—n+-.-."°

n —
We shall be finished if we can show that, for each positive integer n,

n n—1 _
(10.1) 2—n+3—-n+---_n'

We prove (10.1) by inductingon n. If n = 1, (10.1) is trivial. Assuming
that (10.1) holds with n replaced by n — 1, n > 1, we see that

n n—1 _ n -
2-n+3—-n+--- Q2Q-nm+@nr-1

n.

The interpretation of Entry 11 was made difficult because Ramanujan
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left most of his notation undefined. Furthermore, some of his notation is
unnecessary and so will not be given.

ENTRY 11. Suppose that a is a positive integer and that —n is not a
nonnegative integer. Define N, and D, by

. —_ [— = Na
(LD A0 —a;n+2—a; -1 n+2-a(mn+3-a)---n
and
(112) F(l —a;n+1—a; - D

D= (n+1—a)(n+2ia) cee(n—1y

where if a = 1, the denominators on the right sides of (11.1) and (11.2) are
understood to be equal to 1. Then

N, _ n n+1 n+2
(11.3) D, n—-a+n—-a+l+n—a+2+--
and

Noyi _ _ a—1 a-—2
(1.4 N, =n+2 L R Sy gy S

PRrROOF. Since a is a positive integer, both {Fi(1 —a; n + 2 — a; —1)
and Fi(1 — a; n + 1| — a; —1) terminate, and so N, and D, are simply
the numerators of the rational functions respectively obtained. In fact,
N, and D, are polynomials in n of degree a — 1.

Setting3 =n,y = n + 1 — a,and x = 1in (7.2), we find that

mFin+1;n+2—a;l)
n+1—ayFin;n+1—a;l)

__n n+1 n+2
n—a+n—a+1l+n—-—a+2+..-"°

(11.5)

But by Kummer’s theorem [40], (11.1), and (11.2),

mFin+1;n+2—-a;l)
n+1—ayFi(n;n+1—a;l)
_ mFi(l —a;n+2—a; —1) N,
T m+l-aFKQ—an+1—-a, =-1) D,

(11.6)

Thus, (11.3) follows from (11.5) and (11.6). (In fact, Kummer’s theorem
was rediscovered by Ramanujan [64, vol. 2, p. 125], [9, Entry 21].)
From (11.1),
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Newy _ (n+1 —ayF(-a;n+1—-a; 1)
N, il —a;n+2—a; 1)

a-—1 a—2

=n+2_a+n+3—a+n+4-—a+-~-’

where we have applied (7.2)with§ = —a,y =n + 1 —g,and x = —1.
This proves (11.4).
By generalizing the proof above, we can easily prove that

n n+1 n+2
n—a+n—a+l +n—-a+2+-..

(L7 a—1 4—2

iy i g R

provided that not both @ and —n are nonnegative integers.
COROLLARY 1. If n is not a nonpositive integer, then

n+n+1 _ n n+ 1 n+2
n2 —n+1 n—-34+n-2+n—-1+---"

PROOF. Leta = 3in(11.3).
COROLLARY 2. If n is not a nonpositive integer, then

nd + 2n + 1 n n+1 n+2

-1 +20—-D+1 n—-4+n-3+n=-2+4---"

PRrROOF. Leta = 4in (11.3).
ENTRY 12. Ifa # 0 and x # —ka, 1 £ k < o0,

1= Xta (x+a)2—a? (x+2a)?—a?> (x+3a)2—a?
a -+ a + a + a +

FirRsT PROOF. In Entry 22, put x =1, a =0, 8 = (x — a)/a, and
r = (x + a)/a. (To see that putting x = 1 in Entry 22 is justified, see an
equivalent formulation of Entry 22 in [57, p. 299, eq. (21)].) After simpli-
fication, we find that

X—a _ x—a (x + a)? — a? (x + 2a)? — a2

x+a a + a + a + .

Multiplying both sides by (x + a)/(x — a), we complete the proof.

SECOND PROOF. In Entry 27, let x = 1. Then set y = 1 + 2x/a and
= —4. We then find that
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l_*_2_x=l_’_4(x+a)2/a'4’—-4 4(x + 2a)%/a? — 4 4(x+3a)%/a®—4
a 2 + 2 + 2 + .-
__.H_i{(x+a)2—a2 (x+2a0—a® (x+3a)—a®
a a + a + a + }
1.2
-—1+7X,

say. Thus, x = X. Lastly,

| = a+x= a+ x
a+ x a+ X’

which is the desired formula.

ENTRY 13. If a < b, then

ab (a+d) (b+d) (a + 2d)(b + 2d)

= a¥b+d- a+b+3d - a+b+5d — .-

FIrRST PROOF. Let p, = b + kd, k = 0. Then

(a+ (n+ Dd)b + (n+ 1)d)

pn=a+b+Qn+1)d—
Pnt+1

3
v
o

Writing p, = X,/X,41, n = 0, we may write the preceding formula in the
form

x,=@+b+Q@n+ Dd)x,13 —(@a+ (n+ Dd)b + (n + )d) x40

Setting a + nd = y,/y,+1, 1 = 0, we easily see that the same recurrence
formula is satisfied by y,.

Now if xy = 1,
Xpg =l X o@D
n
Xp  Xp—1 Xo Pn Pn—1 Po

1
T +ndyb+(m—-Dd)---b"

Similarly, if yo = 1, y,u = /((a + nd)(@a + (n — 1)d) - -+ a). Thus, if
a < b, then x,/y, tends to 0 as n tends to co.

We now apply a theorem in Perron’s text [57, p. 97, Satz 2.46, C] to
deduce that

X —p=a+b+d

X1

@+ d)b+d) (a+2d)(b+2d) (a+3d)b+ 3d)
a+b+3d - a+b+5d - a+b+7d -
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Now take the reciprocal of both sides above and then multiply both sides
by ab to obtain the proposed continued fraction representation.

SECOND PROOF. In Entry 20, let « = b/(2d), 8 = a/(2d), and y =
(a + b + d)/(2d). Each of the two hypergeometric series in Entry 20
converges at x = — | since a < b. Thus, we may let x tend to — 1. After
a slight amount of manipulation, we find that

F(a+d a+2d_a+b+3d,l>
ab 2h1 2d ° 2d 2d ’
a+b+d F a+d l,a+b+d_1
(13.1) “( 2d °2d° 2d >
_ ab (@a+d)b+d) (a+ 2d)b + 2d)
Ta+b+d— a+b+3d - a+b+5d --

If we now apply Gauss’s theorem [4, p. 2] to each of the hypergeometric
series above, we find that the left side of (13.1) becomes, for a < b,

P<a+b+3d)P<b>

ab 2d 2d)
a+b+d P(b + 2d)11(a+b+d> =4
2d 2d
which completes the proof.
ENTRY 14. If ay, a,, . . ., ay, and x are arbitrary complex numbers, then
g_l ﬂ gi gi An
+T4+x+T+ -+ |
(14.1)
- _q axas Q445 Qon—292n—1
xX+a; — x+a3+a4 - x+05+a6 — e — x+a2,,_1+a2,,

PrOOF. We shall induct on n. For n = 1, it is easy to verify that the pro-
posed identity is valid. Now assume that (14.1) is true with » replaced by
n — 1 for any fixed integer n > 1. Let

4=%B Y4 & G Q2n
x+ 1 +x+1+ + 1
and
= a,as aedy Qon—2don—1
xX+as+ag—XxX+a;+ag — *°° — x+az,1+as,

Then, by induction,

4 G 43 4 An . 4 az

X+ T +x+T+-+ 1 x+1+4

_a a _ a

x+l as X+ag'— asas ’

x+as+a — B
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which completes the proof.

If we let n tend to oo in (14.1), we obtain an identity given by Preece
[60] in somewhat more general form. Rogers [65] also derived a similar
result.

ENTRY 15. If we assume that the continued fraction on the left side below
is convergent, then

ath a @Hth g
I +x+ I +x+--

(15.1)
—h+ O ath a a+h
r+ x +1+ x +--
PrOOF. Let
= G+h @ g th  am
S Sl T
Denoting the left side of (15.1) by F, we find that
F = a; + h = h(Fz + al) + al(Fz — h)
1 + al/Fz Fz + a;
- a(F —h) _ ay(F, — h)
(15.2) b+ "5 va Pt ETh @R
= 4
=h + 1 + a; + h
Fy—h
Next, for k = 2,
a, + h a,,(l N Fh )
F,—h=x—-h+ k = A+l
k [+ afFen + 1+ ;k
(15.3) k1
ol - 7) a
= k+1 = %k
__x+(l_ h)+(_tz,,+h> x+l+ a Fh
Fin Fi Fepp — h

If we now use (15.3) successively in (15.2) beginning with k = 2, we
complete the proof.

ENTRY 16. If neither m nor n is a negative integer, then
i (= 1)kt
= (m+ k) + k)

_ 1 (m+12(n+1)2 (m+2)%(n+2)2 (m+3)%(n+3)2
T m+ D+ D)+ m+n+3 + m4n+5 + mtn+T +--
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PrOOF. We shall employ the Corollary in §1. Letting a, =
(= 1)¥*1)(m + k)(n + k), and letting r tend to oo, we find that

o (= 1#tt

,,‘v;"l (m + k)(n + k)
_(m+ DY m+ D (m+ 2y Y(n + 2)1
- 1 + m+D)n+ D —m+2)n+2)1

m+ DY n+ 1)y m+3)yYn+3)1
- =M+ I+ ) T+ (m+ 3 (n+3) L — -
_ 1 (m +1)%(n + 1)2
T m+ D+ D)+ M+ +2)—(m+ D+ 1)
(m + 2)%(n + 2)2
+ m+DNn+3)—(m+2)n+2 +- -

from which the proposed identity readily follows.

ENTRY 17. Write

1 ax  ax agx = 3 A(—x)
SUD R I S it vy N I

where Ay = 1. Let

P,=aa; -+ a,4(a,+a+ - +a,)nzl
Then
P1=A1,
P2=A2,

P3 = A3 — a14,,

Py = Ay — (ay + ax)4s,

Ps = A5 — (a1 + az + a3)44 + aya3A3,

Ps = Ag — (a; + a, + a'g', + ay)As + (a1a3 + aza, + ajay)Ay.

In general, forn =z 1,

17.2) P,= 3 (=1DFpun)A,

0=k<n/2

where po(n) = 1 and ¢(n), r = 1, is defined recursively by

(17'3) <Pr(” + 1) - ¢r(n) = an—l¢r—1(n - l)

FirsT PrROOF. Let C, = C,(x) and B, = B,(x) denote the numerator
and denominator, respectively, of the nth convergent of the continued
fraction (17.1). Then, from (1.3) and (1.4),
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Cl = Cz = l, C,, = Cn-l + a, 1x Cn—29

17.4
( ) {Bl = l, Bz =1+ ax, Bn = Bn-—l + a, X Bn——Zs n g 3.

By induction, it is easily seen that Cy,_;, C,,, and B,,_; are polynomials
in x of degree n — 1, while B,, is of degree 2n, where n = 1. Thus, for
n=1,set

(n/2]
(17.5) B(x) = 2 Buln + Dx*

We make the convention that 8,(n + 1) = 0 if k > [1/2]). From (17.4), it
is obvious that 8y(n + 1) = 1 foreachn = 1. Using(17.5) in the recursion

formula for B, given in (17.4) and equating coefficients of x7, we readily
deduce that

(17.6) B+ 1) = Bln) = apsfaln — 1), rz L

Thus, by (17.3) and (17.6), we see that ¢,(n) and B,(n) satisfy the same
recursion formula. Since, furthermore, po(n) = 1 = fy(n), we conclude
that ¢,(n) = §,(n), r 2 0. Also note that ¢,(n) = 0 if r = [n/2].

Put

_gy an1X Ay t2X
(7.7 E =%, Sk At

where n = 0 and gy = 1. We shall show, by induction, that (see also [65,
p- 72, eq. (1))

(17.8) EyB, — C, = (—1)"ExE, - -+ E x", nzl
Since, by (17.7), E; = 1/(1 + xE;), (17.8) is easy to establish for n = 1.

Assume now that (17.8) is valid for each nonnegative integer up to and
including »n. Then, by (17.4),

EOBn-H - Cn-H = EOBn - Cn + anx(EOBn—l - Cn—l)
= (—DrEgEy - - Ex" + (= 1) 1a,xEgE; -+ - E, 1 x771
= (— 1)”E0E1 te En—lx”(En - an)

n v n(__ % _
= (—1)"EyE; E, 1x ( [+ xE, an>

= (— 1)”-H"EOEI e E,,E,‘_HX'H'l,

and so the induction is complete.
Write

oo

(17.9) EoEy -+ E, = 3 eyn)x*
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Setting x = 0, we find that
(17.10) e(n) = aa; -+ - a,.

Next rewrite (17.9) in the form

! 4 . o @y — “e = 3 k
1+xE 1 +xE;, 1+xE,y @ay - a, kzz]le,,(n)x .

Dividing both sides by x and then letting x tend to 0, we deduce that
(17.11) en) = —aaz -+ a,a; + ag + -+ + @) = — Ppyy,

for each nonnegative integer n.
In (17.8) replace n by n — 1. Then, by (17.1), (17.5), (17.9), (17.10), and
(17.11),

o Tn=1) 2]
2 A(=x) 3 pun)xt — C,q(x)
7=0 =0

= EOBn—-l(x) - Cn—l(x)
=(=Dlaqa, - a, 1 x» 1+ (= 1)"P,x* + -,

Equating coefficients of x”, n = 2, yields
[n=1)/2]

(— ])nP” = l§ (— l)"_kAn-HDk(n),

which is precisely (17.2). Since the case n = 1 of (17.2) is readily verified,
the proof is complete.

Essentially the same proof that we have given above was independently
and almost simultaneously discovered by Goulden and Jackson [31]. They
[31] have also found a beautiful combinatorial proof of (17.3) by enumerat-
ing certain paths.

Before proceeding further, we shall find an exact formula for ¢,(n),
defined by (17.3).

First, it is not difficult to show that

n—2

pi(n) = Z: a;
=1
and

pon) = 2. aa;
1=/57-2
3=j=n—2

We shall show by induction on & that

om) =D, aja;,---a,
(17.12) 1$150)

1=j3=n—2
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We have already indicated that (17.12) is true for k = 1, 2. Proceeding
by induction and employing (17.3), we find that
¢k(n) - ¢k(n - l) = an—21§j1§2_2 a;\j, > 4, _;>»
l_S_J,_;én—4
(Dk(n - 1) - wk(n - 2) = Qy—3 15;‘1‘;",‘2—2 ajlajg te aj,_la

15j,_1=n—5

Adding together all of the equalities above, we deduce (17.12). This
completes the proof of the desired exact formula for g,(n).

Rogers [65] has expressed ¢,(n) by a determinant.

We are extremely grateful to G. E. Andrews for providing us with the
following elegant, second proof of Entry 17. In fact, this proof was found
prior to the proofs of Goulden and Jackson [31] and the authors. The
first part of Andrews’ argument was anticipated by De Morgan [18].

SECOND PROOF OF ENTRY 17. We first obtain a recursion formula for
the coefficients 4,, k = 0. In order to do this, we introduce auxiliary
coefficients 4,, k = 0, which we now define. Of course, each coefficient 4,
can be written in terms of aj, ay, . . . . We define 4, by the same expression
for A, except that the subscript of each a; appearing in A, is increased by
1. For example, since A, = af + a,a,, we define 4, = a§ + asas.

Now, by (17.1),

1

1 ax  ax )
lJ”’l"(1+ I+ 1 4

1
1+ ale: (= 1D)k4,x*
=b

30 (= yedxt
k=0

1
f: (=¥ a4,y x*
=0
where 4_; = —1/a;. Multiply both sides of the extremal equation above

by the denominator on the right side and equate coefficients of x* on both
sides to deduce that, for n = 1, 23221, a1 4, 4,1 = 0, or

n—1

(17.13) An = Z al/i,,A,,_,,_l, n
k=0

v

1,

which is the recurrence formula that we sought.
We now show that
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A, is a homogeneous polynomial of degree » in the noncommut-
ative variables a, a,, ..., a,, where the subscripts j;jo,...,/,
of the monomials comprising A, are precisely those sequences
of positive integers starting at 1 for which j,.,; —j, < 1,/, 2 1.

(17.14)

In order to make clearer the assertion above, we record the following
examples:

Al = a,
Az = aa; + ayay,
Az = aya.a, + ayazas + ayasa; + ayma, + ayaya.

We now prove the assertion (17.14) by inducting on #. By using (17.13),
we easily verify that (17.14) is true for n = 1, 2, 3, as indicated above.
Assume that (17.14) is true up to but not including a specific integer n.
Let A} denote the polynomial described by (17.14). We shall show that
A} is equal to the right side of (17.13). Thus, A} = A, which completes
the induction. Let us divide the monomials comprising A} into n classes.
The kth class, 0 £ k < n — 1, consists of all monomials in 4¥ wherein
the second appearance of a; is the (k + 2)nd term in the monomial.
(Recall that a; begins each monomial.) Thus, the entries of the kth class
are produced in the following manner. Start with a;, adjoin a string of
k a;’s, j Z 2, that starts with a, and follows the appropriate subscript
rules, and lastly adjoin a string of n — k — 1 a;’s that starts with ¢; and
follows the prescribed subscript rules. But the entries for the string of &
terms are generated by A, and the entries for the remaining n — k — 1
terms are generated by A, , ;, by induction. Hence, the monomials in
the kth class are generated by a;4,4,,_,_;. Summingon k,0 < k < n— 1,
we find that

n—1 -
*
An - Z:O alAkAn—k——la
=

which, by (17.13), completes the induction.

We now have a combinatorial interpretation (17.14) for 4,. After
finding combinatorial interpretations for P, and ¢,(n), we shall use a
sieving process to establish (17.2).

Let us say that a word of the type generated by 4, i€, a,a;,...a,,
where j; = 1 and j,4; — j, = I, with j, = 1, has an “‘internal drop” if
Jet1 —Ju # 1 for some k, 1 <= k < n — 1. Then we see that P, is the
polynomial in a;, a,, ..., a, composed of all words without internal
drops.

From (17.12), observe that ¢,(n) is a homogeneous polynomial of degree
k in the noncommuting variables a;, a5, ..., a,_, wherein the subscripts
of each monomial a;a;, . . . a;, satisfy the inequalities j;4;3 — j; = 2, 1 £
i<k-1
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We now begin the sieving procedure. We first examine A4,. Recall that
an internal drop occurs when j;;; —j; # 1l and 1 £i<n — 1. Let us
call a;, the “top of the last internal drop” if k is maximal for internal
drops, i.e,if jiyy —j;, # L1 Si<n—l,thenj, . —j, # 1,1 £k <
n — 1, and i £ k. The top of the last internal drop must be one of the
letters ay, a,, ..., a,_, since neither a,_; nor a, can be far enough to the
left in a word to be at the top of an internal drop.

In order to eliminate all words from A, with internal drops, we take
the words from A4, ; and insert a;, | < j < n — 2, in the last position
where it forms the top of an internal drop. Thus,

(17.15) Ay = (ay + a3 + -+ + ay_3)A,

does not possess any internal drops. (Note that we have written (17.15)
commutatively; the correct noncommutative expression would have a;,
1 <j < n— 2, inserted as described above.) Unfortunately, there are
words in (17.15) that were not originally in A,. These words arose when
the insertion of an a; produced a subscript increase greater than or equal
to 2 from the a; immediately to the left of the inserted a;. Of course, we
must eliminate these undesirable words. We do this by taking the words
of A, , and inserting pairs a;a; with j — i = 2 so that q; is at the top
of the last internal drop. Hence,

(17.16) Ay = (WA, + oM A,

does not possess internal drops. (Again, note that (17.16) is a commutative
representation of what is really a noncommutative polynomial in a;, as,

., a,.) Unfortunately, we have now introduced some new words which
were not originally under consideration. These new words have triples
aa;a, with j — i 2 2 and k — j 2 2, and with q, at the top of the last
internal drop.

We continue the process described above by induction. At each stage
we must introduce a term

(= Drpu(m A4,

to compensate for unwanted terms introduced at the previous stage.
Fortunately, g,(n) = 0 for k = n/2, which is evident from (17.12). Thus,
the sieving process terminates, and we reach the desired formula (17.2).

Among others, Muir [49] and Rogers [65] have studied the problem of
deriving a continued fraction expansion from the coefficients of a power
series. Both De Morgan [18] and Rogers [65] have commented on the
fact that it is extremely more difficult to determine the power series
coefficients A, 0 £ k < oo, from a continued fraction of the form (17.1).
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Ramanujan’s Entry 17 is a fascinating contribution to this more recondite
converse problem.
By a theorem of Euler [22], [37, p. 37] (see also (1.2)),

I+ 1 + 1 4+ & BBy

1 ax a,x & (= Drayay - -+ ay, b
b

where B, = B,(x) is given by (1.4) and (17.5). Thus, (—1)*4,, is equal to
the coefficient of x” in

n (_l)kal ceeay
kz=:o By(x)B1(x) xt.

Obtaining a general formula for A4, in this manner seems hopeless.

However, a very complicated formula for 4, can be established com-
binatorially by counting planted plane trees with respect to their heights
in two different ways. For a nice exposition of this proof, see the book of
Goulden and Jackson [30]. See also a paper of Flajolet [28].

COROLLARY (1). Write

| ax ax R Y
(17.17) I +bx + 1+ byx + 1+b3x+---“,§0’4"( )

where Ay = 1. Define
P,,=a1a2---a,,_1(al+b1+a2+bg+~-+a,,+bn), nz L
Then, for n = 1,

n—1
Pn = kZO( - l)kwk(n)An—k’

where ¢o(n) = 1 and ¢(n), r Z 1, is defined recursively by

¢r(n + l) - (Pr(”) = bn¢r—1(n) + an—1¢r—l(n - ])

As with Entry 17, Goulden and Jackson [31] independently and simul-
taneously discovered the proof that the authors found and record below.
Goulden and Jackson [31] have also derived a combinatorial proof. Since
the proof below is very similar to the first proof of Entry 17, we give
only a brief sketch.

Proor. Let C, = C,(x) and B, = B,(x) denote the numerator and
denominator, respectively, of the nth convergent of the continued fraction
(17.17). Then

Cl =1, CZ =1+ b2x9 Cn = (l + bnx)cn—l + a,1x Cn—2’
(17.18) Bl =1+ blx, B2 =1+ (a1 + bl + bz)x + b1b2x2,
B,=(1 +b,x)B, ; + a, 1xB,_»,
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where n = 3. Observe that C,(x) has degree n — | and B,(x) has degree
n, n z 1. Thus, put

(17.19) Bx) =) Buln + Dxt, nzl
k=0

By substituting (17.19) into the recursion formula for B,(x) in (17.18) and
equating coefficients of x7, we deduce that 3,(n) = ¢,(n), r 2 0,n 2 2.

The remainder of the proof is exactly parallel to that of the first proof
of Entry 17.

COROLLARY (ii). Let B,(x) be defined as at the beginning of the proof of
Entry 17. Then, for n = 1,

[n/2]
B,(x) = kZ;) or(n + 1)xk.

ProoF. Corollary (ii) was established in the course of proving Entry 17.
In particular, recall that 8,(n) = @.(n) and consult (17.5).

ExXAMPLE. We have

1. 1 x 3x 5x 17x 23x 1395x

(17.22)  LFf(1/2,1/2; 1,x)=T_7_—8—_7_W_T_W_ L

ProoF. Ramanujan evidently intends this example to be an illustration
for Entry 17. In the notation of Entry 17, a; = — 1/2, a, = — 3/16, a3 =
— 5/16, ay = —17/80, as = — 23/80, and ag = — 1395/6256. Squaring
oF1(1/2, 1/2; 1; x), we find, after some laborious computing, that 4; =
—1/2, A, = 1132, A3 = —17/64, Ay = 1787/213, A5 = —3047/214, and
Ag = 42631/218. Lastly, P, = —1/2, P, = 11/32, Ps = —3/32, P, =
291/213) P; = —153/214, and Pg = 32337/5-22L. All of these calculations
are in agreement with Entry 17, and so (17.22) is, indeed, correct.

ENTRY 18. Let x be any complex number outside the real interval [—1, 1]
and let n be any real number. Then

n—12 p2-22 p2-32

(x+1D)r—=(x=1)"
(18.1 + 3x + Sx + Ix + -

(x+Dr+(x—=1)

n
x

FIrsT PrOOF. If we replace x by 1/x in [57, p. 153, eq. (9)], we obtain a
continued fraction representation easily found to be equivalent to (18.1).
Perron’s derivation of Entry 18 arises from Entry 20.

SECOND PROOF. Let

I'As(mx + m —n+ D)'As(mx — m+n + 1))
I'Gsmx + m+n+ )IQG8mx — m—n + 1))’

Replacing x by mx in Entry 33, we find that

g(m’ n, X) =
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1—g(m,n,x)_mn (m2—1%)(n2—1?%) (m2—22)(n2—22%)

(18.2) 1+g(m,n,x) mx+ 3mx + Smx + ..
_n (-1/m?)(n2—1%) (1—2%/m?)(n?—2?)
x + 3x + S5x + .-

Now let m tend to oo in (18.2). By using an asymptotic formula for the
quotient of I-functions [47, p. 33] or Stirling’s formula, we find that
lim,,_,., g(m, n, x) = (x + 1)™(x — 1)#. Formula (18.1) now easily follows.

Entry 18 is due to Euler [27] and easily implies a continued fraction
expansion for (x + 1)#/(x — 1) due to Laguerre [42], [57, p. 153, eq.
(10)].

If V, denotes the left side of (18.1), then Ramanujan remarks that
vV, + 1/V, = 2/V,,, a fact that is easily verified.

COROLLARY 1. Let x be any complex number outside the cuts (—ico, —i]
and [i, io0). Then

x2  (2x)? (3x)?

-1y — X X
B = T v T+ 5 T 4

For a proof see [57, p. 155]. Early proofs of Corollary 1 were given by
Lambert [44], Lagrange [41], and Euler [27].

COROLLARY 2. Let x be any complex number outside the cuts (— oo, —1]
and [1, o). Then

1 +x _2x x2 (2x)2 (3x)?

Log1——=T_3_"5 _"9 —.

For a proof see [57, p. 154]. Corollary 2 is due to Euler [27]. For an
application of Corollary 2 to product-weighted lead codes, see a paper
of Jackson [36].

COROLLARY 3. For any complex number x,

x2  xz x2
e S S

Corollary 3 was initially discovered by Lambert [43], [45]. A proof may
be found in Perron’s book [57, p. 157].

x
tan x = -
1

COROLLARY 4. For any complex number x,

e*—1 _x x2 X2 x2

er + 1 2+6 + 10 + 14 + -

Corollary 4 is due to Euler [25] and a proof may be found in Perron’s
text [57, p. 157].

ENTRY 19. If n and x are arbitrary complex numbers, then


file:///9.Ifn
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XoFin+1:x) _ &/ xJ,Q2ivx)_x  x x

noFy(n; x) i, Q2iy/x) n+n+tl+nt2+ -+’

where J, denotes the ordinary Bessel function of order y.

FIRST PROOF. By a theorem of Euler [25], [57, p. 281, Satz 6.3],

a a a —c oF1(c/d; ald?)
c+d+c+2d+c+3d+ - oFi(c/d + 1; ajd?)’

as.1n e+

where d # 0. Let ¢ = n,a = x, and d = 1 to find that

ne X X X —n oF1(n; x)
n+l +n+2+n+3+ - oFi(n + 1; x)°

Taking the reciprocal of both sides above and then multiplying both sides
by x, we deduce the desired result.

SECOND Proof. This proof is similar to the proof above, but employs
a “finite”” version of (19.1), namely Entry 24. Simply let r tend to oo in
Entry 24. After multiplying both sides by x/n, we complete the proof.
See also [74, p. 349].

ENTRY 20. If x is any complex number outside the interval (— o0, —1],
then

ﬁ@iczFl(r—a,B+l;r+l;—x)___a‘8x (a=7B-7)x (a+1D(BE+Dx

7 PG -afir-x)  r+ o+l + 42
(@—7=D@—-7—=Dx (a+2B+2x
+ r+3 + r+ 4 + .-

This result is very famous and is known as Gauss’s continued fraction
[29]. A proof may be found in any of the standard texts [37], [38], [57],
[74]. It might be mentioned that Gauss’s continued fraction may be found
in Carr’s book [14, p. 97], which was the most influential book in Ramanu-
jan’s development. Recent work on Gauss’s continued fraction may be
found in [7].

ENTRY 21. We have

IBF)-CZFI(,B +LLr+1; =X

Q1.1 =‘B_x r(B+Dx  lr=Fx (F+D(E+2)x
' T+ 4+l + r+2 + r+3

2 1—
JOEEEE L rxee -,
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_Bx (B+Dx I(1+x) B+ 2x 21+x)
-

@12) +TT 4Ty 4+ T+ A
t'fRe(x)>__1_,
Bx 1@+ Dx(x+1)  2(8+2Dx(x+1)
@y THEFD - 7HIExEEY) - TH2HREES) +
ifRe(x)>—é_,

ProoF. The proof that we give of (21.1) is indicated by Ramanujan
in the first notebook [64, vol. 1, p. 217]. Let

G=%—}%))12Fl(ﬁ+2,l;7+2; ~X).
Then
©1.4) ‘szFl(ﬁ+l p+l; —x) = 'Bx(l —G)= ﬁ" G
L+

Now in Entry 20, replace 3by 8 + 1 and y by y + | and then set ¢ = 7.
This yields
G =(‘B+I)x FB+2, 17 +2; —x)
1 -G r+1 F@B+1L1;r+1; —-x
B+Dx  1r—-px (+DEB+2)x

@13 r+1 + r+2 + r+3
2r - B+ Dx (7 + 2@+ Ix
+ r+4 + r+35 + o

If we substitute (21.5) into (21.4), we complete the proof of (21.1).

We next prove (21.3). If Re(x) < 1/2,« + 1 and y — a are not both
nonpositive integers, and 8 + I and y — 8 are not both nonpositive
integers, then by a result of Norlund [52], [57, p. 286, eq. (10)],

Frla+ 1,8+ 17+ 1; %)
r2Fi(a, B; 13 X)
1 (@ + (B + D(x — x?)
—(l+a+px+ r+1-CB+a+px
(@ + 2)(B + 2)(x — x?)
+ r+2-0C+a+pPx + -

21.6) =
QLo =—

Setting a = 0, replacing x by —x, and lastly multiplying both sides by
Bx, we complete the proof of (21.3).

Lastly, we prove that the continued fractions (21.2) and (21.3) are
equal. To do this, simply apply Entry 14 and then let n tend to co.
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COROLLARY 1. For every complex number x, we have

AR n 4 15%)

_ X nx X (n + Dx 2x
n—-—n+l4+n+2- n+3 +n+4— ...
X X 2x 3x

n—x+n+l-x+n+2-x+n+3-x+ -~

Proor. To prove the first equality, replace y by n and x by —x/8 in
(21.1). Letting 8 tend to oo, we easily deduce the desired result.

To prove the second equality, employ (21.3) and proceed in precisely
the same manner as above.

COROLLARY 2. If x is any complex number, then

. Do 2x 3x 4x 5x
B+ B0 =145 T T +5 4.
PROOF. Let n = x in the second equality of Corollary 1.
ENTRY 22. If |x| < 1, then
Bx Fi(—a, B+ 1,7+ 15 —x)
7 2Fi(—a, B5 75 —X)
_ Bx B+ Dla+ 7+ Dx
r—(@+f+Dx +7r+1—-(a+ 8+ 2)x
B+ 2a+ 7+ 2x
+r+2—-(@+B+3Ix + -7
PROOF. Since [47, p. 67, eq. (4)]

oFi(a, b; ¢; x) = (1 — x)eob 2F1<c — a,b;c; . i 1>’

we may write (21.6) in the form
) L1
x ZF1<T_aa,6+1’T+19x_l>
1 — 1
il =) 2F1<7‘ —a B ﬁ)
X (@ + DB + D(x — x?)

Ty —(0+a+Px+ 1+1-QC+a+px
(@ + 2)(B + 2)(x — x?)
+ r+1-G+a+px + -~
provided that Re(x) < 1/2. Letting u = x/(1 — x), we find, after simpli-
fication, that
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uFir —a, B+ 1r+1; -
reFiy — @, B 75 —u)
_ u (@ + DB+ Du
T+ D -(T+a+Pfu+ GT+Du+)-C+a+ Pu
(@ + 2)(8 + 2u
+ G+du+)-GC+a+pPu + -’

provided that |u| < 1. Replacing a by a + 7 in the foregoing equality,
we readily complete the proof.

Perron [57, p. 306] attributes Entry 22 to Andoyer [2], and, as we have
seen, Entry 22 is equivalent to Noérlund’s result (21.6). However, in the
appendix to this paper, R. Askey points out that Entry 22 is really due to
Euler.

ENTRY 23. Write, for each nonnegative integer n,

a, Ant1 Anta . o — x)
(23.1) box + Brgx + Brogx + +o- cn,;}OAn(k)( x)k,

where A,(0) = 1. Thenc,c,11 = a,,

(232) A1) + Aypq(l) = bn = BaCn
Cnt1 a,

A,(2) + A,11(2) = A%(1),
(233)  4,03) + 4,11(3) = 4,(D{4,2) — 4,12},
An(4) + An+1(4) = An(l){An(3) - An+1(3)} - An(2)An+1(2)’
and, in general, for k = 3,
Ay (k) + Aypq(k)
= Al = 1) = Apialh = D} = 5 AD Al = )).

ProOOF. From (23.1),

(23.4)

2 = ¢, 3 A,(k)(— ),
byx + Cuy 3 Aga(k)(—x)p 50
k=0

or
@y = e(bwrteuis 35 ApakN =) 5 4,00~ 2

= = by 2 Ak = 1)(= 9+ Cotai 3] 3 A (DA pir(k = j)(— XY

k=0 =0
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Now equate coefficients of x*, k = 0, on both sides. For k = 0, we find
that c,c,.; = a,, and, for k = 1, we deduce that

b,
Cnt+1

@35)  Ak) + Ap(l) = 22 Ak —1) - EiA,,U)A,,H(k _
1=

Letting £k = 1, we immediately deduce (23.2). Using (23.2) in (23.5), we
find that, for k = 2,

A, (k) + A,a(k) = {4,(1) + A, u(D}A4,(k = 1) — ’i:An(j)An+1(k—j)'
=

Upon simplifying the equality above, we deduce both (23.3) and (23.4).

ExaMPLE. We have
Y N S
xX—00 T 1+2+3+4+"' —37E

PrOOF. From Entry 47, for x > 0,

1+M_5we—t<l+_t_>xdt=l+gﬁ §’_V ‘l)f
X* 0 X

Taking the reciprocal of both sides, we find that

X
L+ e TEED (i Y
0 P

X%

L(x) =

It therefore remains to show that

(23.6) L) = /2~ 2 + o),

as x tends to oo.
Write

X

L(x) = T .
5 exx*[(x + 1) + 6,

When x is a positive integer, Ramanujan [62], [63, p. 324] derived an
asymptotic expansion for §, as x tends to co. Watson [75] later established
the expansion for general x > 0. See also the corollary to Entry 48 below
and Entry 6 of Chapter 13 [64, p. 156], [11]. Using this asymptotic series
(48.4) and Stirling’s formula, we find that
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X
X 4 0(x12) + 3 +0(1/%)

L(x) =
2

x_ L +ow,

as x tends to co. Thus, (23.6) is established, and the proof is completed.

ENTRY 24. Let n and x be any complex numbers, and let r be any positive
integer. Let

S (—r 4+ k — 1) x*t
s 1y = .
fln X = i —n = kT
Then
4.1) x X X b'e =f(n+l,r——1,x)
n+n+l+n+2+n+3+ - tn¥r fn,r,x)

ProoF. We shall inducton r. Forr = 1,

X _ n — 1
+ n+1 n+ x/(n+1) 1+ b ?
nn + 1)

n
n

and so (24.1) is established for r = 1.

Now assume that (24.1) is true when r is replaced by r — 1 for some
fixed integer r, r = 2. Then applying the induction hypothesis with n
replaced by n + 1, we find that

x x x _ n

n
n+n+l+n 2+---+n+r_n+ x fn+2,r=2,x)

n+l f(n+1,r—1,x)
nf(n + 1, r—l x)

nfn + 1, r — 1x)+ f(n+2r—-2x)

(24.2)

We are thus led to examine, for k = 1

n(—r + k), (=r+ k),

F Di—n = NkT T T F Di(=n = Ny = D!
(—r+ k) { n(—r+2k—1) +1}
S D= k=D \(mn—r+ k= Dk
(=r + Ky (n+k(—r+k—1)
(n + D(—n—r)k=-1)! (-=n—-r+k- 1Dk
(-r+k-1), _n(—r+k—l),,

T Daa(—n = kT T (= — Dk
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Hence,
(243) nfn+1,r—1,x+ —’i——j:-—l—f(n +2,r =2, %) =nf(n, r, x).
Substituting (24.3) into (24.2), we complete the induction.

Entry 24 is a rather remarkable result, for it gives a continued fraction
expansion for the quotient of hypergeometric polynomials,

2F3<l_r 7—‘%;—",”4—13 _r_n;x)

2F3<;1————r-,———r—' —r—1,n —r —n; x)

ENTRY 25. Suppose that either x > 0 and n? < 1 or that |x| > 1 and n?
is real. Then

I'Gg(x+n+)IGg(x—n+1)) _ 4 n2—12 n2-32 n2-52
IF'O4(x+n+3)04(x—n+3) x — 2x — 2x — 2x — .-

Entry 25 is originally due to Euler [26, §67]. Stieltjes [68], [70, pp. 329-
394] derived Entry 25 from Entry 22. Still another proof may be found
in Perron’s book [57, p. 35].

Proor. We offer another proof which is based upon Entry 39 and
so requires that |x| > 1. First, rewrite Entry 39 in the form
8 1o 2 p2_
Pt 2(x + 7/ n 1)
12—p2  12—/2 32—p2 32,2

_ Y2 —
¥l Lot T T

or

1
8/P + 14(x2 + /2 —n2 —1)
1 12—n2 12-72 32_p2 322
x2—1 4+ 1 + x2 -1 4+ 1 + x2—1 4 --
L (2—m)(2-sy) (2 — a3 - D)
x2—n2 —x2 —/2 —p2+9 - x2—-7/2—-pn2 433 — ...

by Entry 14. Now take the reciprocal of both sides above and then solve
for P, which again involves taking reciprocals. Hence,

_ 8 (12 — n2)(12 — 7?)
T2 /2 —n2+ 1) — x2—/2—n2+9

(32 — m)(3 — 22)
— X2 /2 _p2 3§33 — -

P
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Replacing x by x + 7, we find that
I'Qa(x +n+ NWIG4(x — n + 1)
I'C4(x +n + 3)I'G40x — n + 3))

/ F'Aix+2+n+ D)OIAi(x +2/—n+ 1))
I'Qg(x + 27 +n+3)04(x + 2/—n + 3))
_ 8/ (12 — n2)(12 — 72)
T 162+ 2x/—n2 + 1) — x2+2x/ —n2+ 9
(32 — m)(32 — 72)
- x2 4+ 2x/—n2+33 — ...
- 8 (12— n9)(1/72 = 1)
T x + (2 —n2+ 1)) — 2x+ (32— n2 + 97
(32 — n9)(3%s%2 = 1)
S PR I )

Now let 7 tend to — co0. By using the reflection formula for the /™-function
and Stirling’s formula, we deduce that

lim ¢ LG4 + 24+ n+ WIQ4(x+2/—n+ 1) _,
pmoo TO4(x + 27+ n + N34 (x + 2/ — n + 3)) ,

and so Entry 25 readily follows.

COROLLARY 1. If x > 0, then

I*(34(x + 1))
I*(34(x + 3))

PRrROOF. Set n = 0 in Entry 25.

A R
+ 2x + 2x + 2x + -

4
x

Corollary 1 was first proved by Bauer [6] in 1872 and was communicated
by Ramanujan [63, p. xxvii] in his first letter to Hardy.

If we put x = 1 in Corollary 1, we obtain Lord Brouncker’s continued
fraction for 7,

4 1 o3 s
1+2+24+2+4 "

For a very interesting historical account of Brouncker’s continued frac-
tion, see Dutka’s paper [19].

T =

COROLLARY 2. If x > 0, then

r(-lg-(x + 3))1’(%@ + 1))

1.3 5.7 9.11
P(%(x + 7)) e 5))

+ 2x 4+ 2x + 2x 4+ .-

-8
T X

ProOF. Replace x by x/2 and » by 1/2 in Entry 25.
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ENTRY 26. If |x| > 1 and n? is real, then
I*Qa(x +n + D)Q4x —n + 1))
r#(g(x + n + 3)Nr'G4(x — n + 3))
_ 8 12 — n? 12 32 — p? 32
Lax24+m2—-1)+ 1 +x2—-14+ | +x2-1+---

_ 8 1 12—n2 32 32_p?
E—m =) + T+ 21 +1T+xF=1 + -

ProoOF. To obtain the first equality, set / = 0 in Entry 39. The second
equality follows from Entry 39 by letting » = 0 and replacing ¢ by n.

Alternatively, the two continued fractions can be shown to be equal
by an application of Entry 15. Let h = —r?and a, = 2k — 1)%, k =2 1,
and also replace x by x2 — 1 in Entry 15. The desired equality easily
follows.

COROLLARY. If |x| > 1, then

Igx + 1) _ 8 11z 3 32
T{x+3) Ls2-1) +T+x2-1T+T+x2—-1+ -+

PRrROOF. Set n = 0 in Entry 26.

The next theorem is found in Ramanujan’s [63, p. xxix] second letter
to Hardy. The first proof in print was provided by Preece [S9]. Entry 27
can also be found in Perron’s book [57, p. 37, eq. (31)].

ENTRY 27. Suppose that x, y > 0. Then

xp L+ +n GB+yP+n S+ +n
2x + 2x + 2x + ..

A+x2+n GBG+x2+n B+x2+n
2y + 2y + 2y + .

ENTRY 28. Let x > 0. Then

X+ nt+ 12 n? 4 32
. 2+ 2x 4 -
(28.1) }’Lrg - P TR R P = 1.

2n + 2n + ..

ProOOF. Apply Entry 25 with n replaced by in to find that, for x > 0,

I'qi(x + in + WI'Q4(x — in 4+ 1))
I'd4(x + in + 3)I'Q4(x — in + 3))
4 nt4+12  n? 4 32

x4+ 2x 4+ 2x A4

or
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4 TQ4(x + in + ) I(4(x — in + 3))
I'Ga(x + in + D)I'4(x — in + 1))
w12 p R
2x + 2x FR

=X +

Secondly, apply Entry 25 with x and » interchanged to obtain, for
n>0,

4 ICGa(n + x + 3INI'Qq(0n — x + 3))
I'G4(n + x + )HI'Ga0n — x + 1))

X2 — 12  x2_—32
2n —  2n — e

= n —

Now,

tim Q4G+ in+ 34— in+ N4+ x + DIQ4—x + 1) _,
noos PQA(x +in+ DTG4 —in+ D4+ x + INTG4n—x+3)

where we have applied Stirling’s formula for the quotient of 2 /-functions
[47, p. 33]. Thus, we have shown that

n+ 12 n24 32

X
. 2x + 2x  + .-
(28.2) 31_{1010 x2 — 12 x2 - 32 =1
"T T - 2n = e
However,
X2 — 12 x2 — 32
. T 2n - 2x — e
(28.3) lim 212 =32 =1,

TRt T T 4
because the numerator and denominator above are both of the form n +
0(1/n) as n tends to co. Combining (28.2) and (28.3), we deduce (28.1).

In his first notebook [64, vol. 1, p. 160], Ramanujan states a more precise
version of Entry 28,

n?+12 n%432
2x + 2x +--- l—e7®

NI RN T T =2 =Zsin(zx]2) + e
2n + 2n +---

Ramanujan probably intends the right side to be an approximation to the
left side for n large. However, the right side is 1 + O(e™*#/2) as n tends
to c0. A close analysis of our proof of Entry 28 shows that the left side of
(28.1) is of the form 1 + 0O(1/n) as n tends to oo and that the expression
which is equal to 0(1/n) cannot be improved. Thus, Ramanujan’s claim
does not appear to have a valid interpretation.
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ENTRY 29. Ifx > Oandn? < 1, then

® (= )+ (= 1)+t
=l{x+n+2k—1 +x—n+2k—l}
1 12—n2 22 32 _p2 42 52 _p2

x+ x +x+ x +x+ x 4
FIRsT PROOF. Our first proof merely consists of a reformulation of a

result found in Perron’s book [57, p. 33, eq. (12))],

4 2-m 2 R_pz £ SE_p
x+ x +x+ x +x+ x4

- ¢<x+Z+3>+¢<x—z+3>_¢<x+z+1>_¢<x—z+l>,

where x > 0 and n2 < 1. Now employ (0.1) and simplify to complete the
proof.

(29.1)

In fact, Entry 29 was first proved in print in 1953 by Perron [56] who
derived it from Entry 34 below.

SECOND PROOF. Since

TE = o <,

we find that, for Re(x) > —1,

(29.2) HOC):.F L f_;l)k__
' - ol+t2 x + 2k + 1

Then for Re(x + n) > —1,

H(x +n) + Hx — n) = 5:Mdt

I Z
(29.3) +1
= Iwe‘“x mdu’
0 cosh u

where we have made the change of variable ¢t = e~». But for x > 0 and
n? < 1, Rogers [66] has shown that

© _cosh(mu), _ 1 12—n?2 22 32—n2 42
(29-4) .‘o cosh u T x4+ x +x+ x +x+--

Employing (29.2) and (29.4) in (29.3), we arrive at the desired formula.

COROLLARY. If x > 0, then

5 - 1)k+1
Z X + 2k —

%R
%| R
%R

B
x + x +
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PROOF. Set n = 0 in Entry 29.
ENTRY 30. Suppose that x > 0 and n2 is real. Then

f:{ 1 _ 1 }
lx—n+2k+1 x+n+2k+1

n 1212 —n2) 2222 —n?) 3332 — n?)
T x4+ 3x + 5x + Tx + ..

FirsT PROOF. Letting
R=T04x+m+n+ D)) I(4x —m—n+1))

and
T=Tls(x+m—-—n+1) I'ls(x —m+n + 1)),

we first write Entry 33 in the form
R—-T _mn (m?—12)n2 — 12) (m? — 22)(n2 — 2?)

R+T x + 3x + 5x + ..
Thus,
(30.2) lim LR -T_n 12(12 — n2)  22(22 — n2)

macoM R+ T x + 3x + S5x + ..

On the other hand, a direct calculation with the use of L’Hospital’s rule
shows that

1 R-T _ 1 x+n+1)__1__ (x—n+1>
fim o T—2¢<———2—— 2¢_*2—

mooco M R +

(30.3)

- Sl ree)
SHx—n+2k+1 x+n+2k+1)
Combining (30.2) and (30.3), we finish the proof.
SECOND PROOF. This proof requires that n2 < 1. Proceeding in some-

what the same way as in the second proof of Entry 29, we find that, for
Re(x + n) > —1,

ltx—n —_ tx+n o) { 1 1 }

Kl I g T 2 Ry}

(30.4) j‘

On the other hand, letting ¢ = e~* and using a theorem of Stieltjes [67],
[70, pp. 378-391], which was also proved by Rogers [66], we find that, for
x>0andn? < 1,

1px—n — pxtn © __ sinh (nu)
Ll s A j ¢~ SiDD (1)
so 1 — 2 0 sinh u du

(30.5)
n 1%(12—n?) 2222 —n?)
x + 3x + 5x + e

Combining (30.4) and (30.5), we complete the second proof.
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COROLLARY. If x > 0, then
& 1 1 14 24 34

LG TR T I x4+ 3% 4+ 5% 4+ Tx + -
ProOF. Divide both sides of (30.1) by # and let n tend to 0.
If we set x = 1 in the Corollary above, we deduce that
_ 1 1t 24 34
FO=F=t 5.5 5.
For a simple proof of this expansion, see a note by Madhava [48].

ENTRY 31. Suppose that |x| > 1 and n? is real, or suppose that x > 0
and n2 < 1. Then

°°{ (=1) _ (=D }
GLI) =Hlx —n+2k+1 x+n+2k+1
n 22 — p2 22 42 —np2 42

xz2 -1 + 1 +x2—-14+ 1 +x2-1+"

FirsT PROOF. From Entry 36, if |x| > 1 and »n?is real,

L1-P n 2_p2 22 422 42
CLY lm e P14+ T +x =T+ T 47—+

On the other hand, a direct calculation with the use of L’Hospital’s rule
gives

11-P
1/1_13/ L+ P
1 +3 —n+1 +n+3
=%{¢("+"+>+¢<x2 )= o =4) o))
(3L.3)
°°{ 1 + 1
,,Zz:o x—+—n+4k—3 T x—n+dk—1" x—n+4k -3

1
tXFnTak— 1}‘
Equalities (31.2) and (31.3) taken together yield (31.1).

SECOND PROOF. As in the second proofs of Entries 29 and 30, we easily
find that, for Re(x + n) > —1,

> (= 1) (= } jwe"" sinh(nu)
k=o{x—n+2k+1 x+n+2k+1

0 cosh u
But Stieltjes [69], [70, pp. 402-566] and later Rogers [66] have shown that,
forx > 0and n? < 1,

j'°°e , sinh(rnu) du = n 2_p2 22 422 42
0 cosh u —1+ 1 +x2=14+ 1 +x2—-14+---

du.
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The foregoing two equalities imply (31.1).
COROLLARY. If x > 0, then

& (=1 12 22 4 g

2,;0(x+2k+1)2=x2—1+T+ﬁ+’1‘+x2———1+

Proor. Divide both sides of (31.1) by » and then let » tend to 0.

If we put x = 2 in the foregoing Corollary, we obtain the following
elegant continued fraction for Catalan’s constant G.

S (S, 1 2 2 o& #
20‘2,,Z=:()(2k+1)2“2 3+ T +3+T+3+ -+

Of course, similar continued fraction expansions for G can be obtained
by setting x = 2n, where n is any positive integer, in the Corollary above.
This same infinite set of continued fractions for G was independently
found by H. Cohen (personal communication) who obtained them from
a different formula.

ENTRY 32(i). If x > O, then

S (=) _1 1.2 2-3 3.4
G2.1) l-'-Zx,,=1x+2k—x+ x + x + x + -
ProOF. Let
P(%(x+n+3))r(}(x—n+3)>
P =P n =

[’<—1—(x +n+ 1)>F<L(x —n+ l)) .
4 4
Then by Entry 25, for x > 0O and n # 1,

12—n2 32—p2 52_p2

4P = x + 2x + 2x + I
or

4P — x _ 1 +n 32 — n2 52 — n2
(32.2) 1-n 2x + 2x + 2x +-

Note that P(x, 1) = x/4. We now let n tend to 1 in (32.2) and apply
L’Hospital’s rule on the left side. We then find that

) -5 ) - ol3)

_2 2.4 4.6 6-8
T2x+ 2x 4+ 2x 4+ 2x 4 e

Simplifying each side above, we arrive at (32.1).
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ENTRY 32(ii). If x > 0, then

1
1+2x22( +3c)2 =%

1z 1.2 22 2.3 3
+x+ x +x+ x +x+ ---

PRrOOF. Let

P rton - fZHED) (1) fxrel)

Then from (29.1), we find that, for x > 0 and n% < 1,

4/P x_1l+4+n 22 32-—-p2 42 52_p2
(32.3) T ox +tx+ x +x+ x4 e

Observe that P(x, 1) = 4/x. Letting n tend to 1 in (32.3) and employing
L’Hospital’s rule, we find that
il
4a_nP(X,n)]n=l ) ) { 1 _ 2 + 1 }
P2(x, 1) = (x+4k)2  (x+4k-2)2 " (x+4k—4)

2 22 2.4 4 4.6
xX+x+ x +x+ x +-

Replacing x by 2x, we deduce that

5 (=D 2 22 2.4 4£ 4.6
1+2x21( + k)2 " 2x+ 2x + 2x + 2x + 2x + -

Simplifying the right side, we complete the proof.
If we set x = 1 in Entry 32(ii), we deduce that

2 . 2 . 2

@ =1 +%+1T+1_1£+2T+2—1—3+’31—+
Putting x = 1/2 in Entry 32(ii) yields another continued fraction for G,
1 12 1.2 22 2.3 3
12 + 12 + 12 + 12+ 172 + 12 +
ENTRY 32(iii). If x > 0, then

1

2G =1+

(G, x + 1) = ’; o
1B 3B »®»
T 2x(x+ D)+ 1 +6x(x+1)+ 1T +10x(x+1)+--
(32.4)
o 16 2
T 2x242x+1 —3(2x2+2x+3) — 52x2+2x+7)

36
—=T7(2x24+2x+13) —
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Proor. In Entry 35, replace x by 2x + 1. Then y = 4x(x + 1) +
2m — m?, and we need to require that x > 0. Also let / = n = m. Noting
that ¢ = 0 and using the second continued fraction of Entry 35, we find
that

1’(%(2x +24 3m)>[’3<%(2x +2- m)>

L p F(—;—(zx +2- 3m))['3<%(2x +2 4+ m))
[+7 1 P(—é—(Zx +24 3m)>113<%(2x +2- m))
32.5 +

629 P(%(Zx +2- 3m))[’3<%(2x +2 4+ m))
_ 2md 2(l—=m)(12—m?) 2(1 +m)(12—m?)

Ty -=2md+ 1 + 3y
22—m)(22—m2) 22 +m)(22—m?)

+ 1 + Sy +--

Now divide both sides of (32.5) by m3 and let m tend to 0. On the right
side, we arrive at
2 213 213 2.23 2.23
dx(x+D)+ 1 + 12x(x+1) + 1 + 20x(x+1) + ---~
Simplifying above, we obtain the former continued fraction of (32.4).

Next, write the aforementioned continued fraction in the equivalent
form

1 1 13/3 23/3 23/5 33/5 .
2xx+ D+ 1T +2x(x+ D+ I +2x(x+D+ 1 + ---
Applying Entry 14 to this continued fraction, we deduce the equality

between the continued fractions of (32.4).
For brevity, set z = x + 1. For z > 1, it remains to examine, by (32.5),

lm s T 5
,'Ji“ozman(z)({f(Z) )+ I @)}
{f @ + 5 '@ + 5 !’”( )+ g () + - }3
{0 3 e S s S s )
{r@=-5r@+ 2 re- 5w re + )

= pTl(ZT<{ — e+ } " (@)I¥z) + { e —g; + ?}P”(Z)P’(z)['?(z)
+{x —%}r'(z)sr(z))
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_I"@
21z

3@z I'(2)®
2[(2) 13(2)

__1 @ (I'\_ _ 1 iy _ & 1
-1 (rG) - - HO-L e

k=0

+

The proof is now complete.

Ramanujan’s second continued fraction in Entry 32(iii) is slightly in
error [64, vol. 2, p. 149].
We might compare Entry 32(iii) with another continued fraction for

@3, x),

3 = 1 @ P2 92
4xC(3,x)—2x+2+x +x+x+x+x+-
where, for k=1, p,=(k%k + 1))/(4k + 2) and q, = (k(k + 1)2)/(4k + 2).

The last result was discovered by Stieltjes [67], [70, pp. 378-391].
Setting x = 1 in Entry 32(iii), we deduce the following beautiful con-
tinued fraction for {(3).

] 18 13 23 28

=t o s T+ 2 +T+T0 2+

This continued fraction also follows from work of Apéry [3].

ENTRY 33. Let x > 0 and suppose that m? and n? are real. Then

I'As(x+m+n+ HIQ4(x —m —n+ 1))
—Tx+m—n+ )OIA4(x — m + n + 1))
I'dx+m+n+ )YOA4x — m —n + 1))
+I34(x +m—n+ )IQ8(x — m+n+ 1))

_mn (m?—=12)(n?—12) (m2—-2%)(n?—-2%) (m?—3%)(n2—3?)
T x + 3x + 5x + Tx + ..

PRrOOF. Set

F(—;—(x+/+n+l)+m>[’<—%—(x—/—n+l)+m>

]’<%(x—/+n+1)+m>[’<—é—(x+/—n+l)+m>

R(m) =

and

- P(%(x +/—n+ 1))]’<—%—(x —/n+ 1))
P<—;—(x +7+4+n+ 1)>P<%(x —7/—n+ 1))
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Suppose that m is a positive integer in Entry 35. Replacing x by x + m
in Entry 35, we find that
1 — Rm)T
1 + Rm)T
_ 2/mn 4(/2=12)(m2 — 12)(n% — 12)
T x2+2mx—72—n?+1 + 3(x? + 2mx —/2—n2 +5)
4(/2 —22)(m?2 — 22)(n? — 22)
+5Z 4 2mx— 2 —nE 1 13) + -
_ /n (72—=12)(n2—12)(1 — 1/m?2)
T x+(x2=72—n2+1)2m+3(x + (x2— 72— n2+5)[2m)
(/2= 22)(n2 — 22)(1 — 22/mi?)
+5(x+(x2—72—n2+13)2m)y+ -+

(33.1)

Now let m tend to oo in (33.1). By Stirling’s formula, R(m) tends to 1 as
m tends to co. Hence,

| -T _7sn (/2= 13)(n - 1?) (72 = 22)(n2 — 22)

The convergence of this continued fraction is guaranteed by a theorem of
Pringsheim [57, p. 47, Satz 2.11]. Replacing # by m above, we complete
the proof.

In fact, Entry 33 was first proved in print by Norlund [52].

The continued fraction in Entry 33 is a special case of a more general
continued fraction for a quotient of two integrals involving hypergeo-
metric functions that was discovered by Stieltjes [67], [70, p. 389, eq. (29)].

ENTRY 34. Let x > 0 and suppose that /2 and n? are real. Define

1’(71—(3: +7+n+ l)>1’<-‘1‘—(x +7 —n+ 1)>

P=P(%(x—/+n+1))1’(%(x—/——n+l)>
[’(%—(x—/ +n +3)>1’<%(x—/ —n+3)>
‘P(%(x+/+n+3)>1’(7{—(x+/—n+3))'
Then
1-P _ ¢ 12—p 2-022 R_p L£_2
I+P x4+ x + x 4+ x + x 4+

Entry 34 was stated by Ramanujan [63, p. 350] in his first letter to
Hardy. The first published proof was provided by Preece [60]. Another
proof has been devised by Perron [55], [57, p. 34, eq. (15)].
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COROLLARY. Suppose that x > 0, —a? < 492, and — f8? < y2. Put

Fa, B) = tan—l{ o, B+ o+ 2D B+ G2 }

X + X + X + o
Then

F(a, ) + F(B, @) = 2 F{3 (@ + ), 4@ + p)}.

This corollary was communicated by Ramanujan [63, p. 353] in his
second letter to Hardy. Again, the first published proof was given by
Preece [60], and, indeed, this result is a corollary of Entry 34.

ENTRY 35. Suppose that either /, m, or n is a positive integer, or that
y > 0 and m, /2, and n? are real, where y = x2 — (1 — m)2. Define t =
(n2 — 22)(1 — 2m) and

1"<—21—(x+/+m+n+1)>1"

N
Nl»—-‘

(x+/—m—n+1)>

P=—" 1
P(T(x—/—-m—n+1)>I’<§—(x—/+m+n+1)>
1 1
. P(—z—(x—/+m—n+ l))P(T(x—/—m+n+ 1))
1 1 )
f<7(x+/—m+n+ l))]’<7(x+/+m—n+l)>
Then
1—P
1+ P
B 2/mn 42— 12)(m2 — 12)(n2 — 12)
T X /i—mi—n+l+ 32— mE—nE+5)
(35.1) 4(%—2%)(m? —22)(n? —2?)
+5I—/t—mE—n2 ¥ 13)+ -
_ 2¢mn 2(1-m)(12—n%) 2(1+m)(12—72)
T y4t—22m + 1 + 3y + 1t
22-m)(2—n?)  2Q2+m)(22—2)
+ I + S+t e

Proor. The first equality was shown by Watson [77] to be a corollary
of Entry 40. If either /, m, or n is a positive integer, Watson’s limiting
process is trivially justified. If neither #, m, nor n is a positive integer,
then the alternative set of proposed conditions is sufficient to insure the
convergence of the second displayed continued fraction and to justify the
limiting process, as we shall see below.

To prove the second equality, we employ the following generalization
of Entry 14.
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4 4 a3 4 261 o
X1 + 1 + X3 + 1 + o+ Xop—1 + 1
4] axas QA4as

xx+a; — x3t+azt+a — x5 +a+ag —

Aop—2d2p—1
— Xopq + Gz + az’

which can be proved in precisely the same manner as Entry 14. Thus,
with @) = 2/mn, a; = 2(1 — m)(1 — n?), ... and x; =y + t — 2/%m,
x3 = 3y + t2,..., we find that

2mn Al—-m)(1—n?) 201 +m)(1—2s2) 2Q2—m)(22—n?)

y+t—2/2m+ | + 3y + ¢ + 1
2(2+m)(22—2) 2(k — m)(k2 — n?)
+ Sy+t +oeee 4 1
2/mn 4(1 — m2)(1 — 72)(1 — n?)

(35.2) =x2—/2_m2_n2+1_3(x2__/2_m2_n2+5)

422 — m)(22 — /(22 — )
— 5(x2_/2_m2_n2+ 13) —_ e

4k = 12 = md)((k = D2 = 22)((k — D2 = ?)
— k= D2 =72 —mZ—n? + 2k — 2k + 1)’

where we have used the easily proven identity
@Ci+Dy+t+2+m@2— 73 +2(+1 —m((j+ 1) — n?)
=2+ Dx2—-7/2—m2—n2+ 224+ 2j + 1)

Now let k tend to oo in (35.2) to formally establish the second equality in
(35.1). The second alternative set of hypotheses of Entry 35 insures that
the jth numerator and jth denominator of the second continued fraction
in (35.1) are positive for j sufficiently large. By a theorem in Perron’s
text [S7, p. 47, Satz 2.11], this continued fraction converges. Hence, by
(35.2), the first continued fraction in (35.1) converges as well. Thus, Wat-
son’s restriction that 7, m, or n is a positive integer is not necessary.

ENTRY 36. Suppose either that n or 7 is an even positive integer or that
|x| > 1 and 72 and n? are real. Let

F(—i—(x+/+n+3)> <-1—(x—/-n+3)>

F= ]’(-l—(x+/+n+l)>< (x—/—n+l)>

(—(x+/—n+l)

) <__(x-/+n+l)>
(_(x+/_n+3))r<_(x—/+n+3)>
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Then

1—P _ ‘n 22 —p2 22_/2 42_p2 42,2
1+P x2—-1-72+ 1 +x2-14+ 1 +x2—-1+---"

ProOF. In the second equality of Entry 35, let m = 1/2 and replace x,
n, and 7 by x/2, n/2, and //2, respectively. After simplification, the
proposed identity follows.

ENTRY 37. Suppose that |x| > | and that /2 and n? are real. Then

_é_{¢<7£+/;n+l>+¢<x—/-+2-n+l>

_ x+/+n+l>_ (x—/—n+l>}
GT.1) ¢< ) N
_ 2/n 2012 = n2) 212 — 72
X—1+m=7/24+ 1  +3(2=1)+n2—72
42— 42— )

+ 1 + 5(x2—1)+n2—7s2+ -

Proor. Taking the second equality in (35.1), divide both sides by m and
then let m tend to 0. Applying L’Hospital’s rule on the left side, we
readily deduce the desired formula with no difficulty.

ENTRY 38. Assume that |x| > | and that n? is real. Then

kzz:o (x—n+2k+1)? ',,§)(x+n+2k+1)z
_ n 2(12 — n?) 2.12
Gs.y -l 4+ T +30E-D+n?
422 — n?) 4.22
+ I + 502D +n + -
n 412 — n2)14 4(22 — n2)24

T X+ 1 -3 —n2+5) — S(x2—n2+13) — -+

Proor. To prove the first equality in (38.1), divide both sides of (37.1)
by 27 and let / tend to 0. Applying L’Hospital’s rule on the left side, we
easily achieve the desired equality.

The second equality in (38.1) is also easily established. First, divide
both sides of the first equality in (35.1) by m and then let m tend to O.
Of course, this gives a second continued fraction for the left side of (37.1).
Now divide both sides by < and let # tend to 0.

ENTRY 39. Suppose that |x| > 1| and that /2 and n? are real. Then
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1’<%(x +7+n+ 1)>P<—%-(x -7 +n+ 1))

"= P(%(x+/+n+3)>1’<—1—(x—/+n+3)>
P<}(x +—n+ 1))1’(%(): —/—n+ 1))
(39.1) ' r(c+ o =ne)(Fee— s —n+ 3)

8 12 — n? 12 — /2
(x2 —-724+nz2-1)2 + 1 + x2 -1
32 — p2 32 — o2

+ 1 + x2—1 + .-

PROOF. First, we remark that a theorem of Pringsheim [57, p. 47]
insures that the continued fraction on the right side of (39.1) converges
for the designated ranges of the parameters ¢, n, and x.

To prove Entry 39, we employ the following theorem found in [57,
p. 27, Satz 1.13). Suppose that all of the elements are positive in both
continued fractions below. (Actually, the partial numerators and deno-
minators only need to be positive if their indices are sufficiently large.)
Assume also that each continued fraction converges. Then

o+ 4 % 4
@97 = ot hrbte
=by+ro+ 2L a1pa/ 1 axp3/p2 )
by+ri+by+ry—rops/pr + bs+r3—ripsfpp+ v
where
(39.3) Pr = ap — r,,_l(b,, + rk), k _Z_ 1.

(The parameters r,, k = 0, have no restrictions other than those imposed
above.)

Let
X2 — /24 p2— | 12 — n2
2 1
12 — o2 32 _ p2 32 _ o2
+ x2—-1 + 1 + x2—=1 4+ -

F(x) = F(x, 7, n) =
(39.4)

In the notation above, ay, = 2k — 1)2 — /2, ay,_; = (2k — 1)2 — n2,
by, = x2 — 1, and by,_; = 1, where k = 1. Write

(395) rop = dlk + ¢ and rop1 = dgk + cy, k=1

Our first goal is to determine ¢;, ¢, d;, and d; so that g, is constant for
k=1
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From (39.3), (39.5), and the aformentioned formula for a,,, it follows
that

Thus, from (39.3), we find that
O = 2k — 102 — 72 — (dok + c)(x2 — 1 + dik + ;)

(39.7)

=—{44+dy(x2=1+c)) + codi}k + 1 =72—cy(x2—1 +¢;)
and
(39 8) §02k—1=(2k_ I)Z—nz— {dl(k— 1) + Cl}{l + dzk + Cz}

= — {4+d1(l +C2)-‘d2(d1 —Cl)}k+ 1 —n2+(d1—cl)(l +C2),
where k = 1. By our prescriptions, we require that
(399) dz(xz -1+ Cl) + Czdl = —4 = dl(l + Cz) - dz(dl - Cl).

Using (39.6) and simplifying the extremal equality above, we find that
d} — 4d; + 4(1 — x2) = 0. We shall choose the positive root d; = 2x +
2. Thus, by (39.6), d; = 2/(x + 1).

Since we wish ¢, to be constant, by (39.7) and (39.8), we need to
stipulate that 1 — 72 — c)(x2 = 1 + ¢)) =1 — n%2 + (d; — c))(1 + ¢y).
Simplifying, we find that

(39.10) cg—cfx + 12 =72 —n2 4+ 2x + 1).
On the other hand, from (39.9),
(39.11) ¢+ cox + 1)2= —(x + 1)z

Adding (39.10) and (39.11), we deduce that ¢; = 14(/2 — n2 — x2 + 1),
and so

/2 —p2—x241
2(x + 1)2

Hence, we have determined the parameters c;, ¢;, dj, and d; so that ¢ is
constant, viz., from (39.5),

C2=—l‘—

(39.12) 1y = 2x + Dk + %(/2 —m—xt+l), k=l

and

2 ot —-x241
(39.13) ra1 =1k 1 2 + 12

Let us set ¢, = «. By (39.8) and our determinations above,
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a=1-=n2+(d —c)( + ¢y
_A1=nr)(x+ 12 —4(x+ 1)(¢2=n?—x2+ 1)+ (/2 —n2 — x?+ 1)

4(x + 1)?
_—A4n(x + 12+ {2 —n2 —x2+ 1 —2x+ 1)}?
N 4(x + 1)?
{2—n2—x2+1-2(1 +n)(x+ D}{2—n2—x2+1-2(1 —n)(x+ 1)}
= A(x + 1) :

The numerator above is a polynomial in x of degree 4. It is easily checked
that the four roots of this polynomial are x + 1 = 47 + n, where all
four possible combinations of signs are taken. Hence,

_(x+l+7+n)(x+1—/=n)(x+1+/—n)(x+1—7+n)
(39.14) a= A 1 1) .

Recalling the definition (39.4), applying (39.2), and employing (39.12)
and (39.13), we have shown that

a 12 — n
Flx) = 2 -t —x24] 4+ x2 -1+ 2x +2
x + 1 2(x + 1)?
12,2 32 p2 322
+14+2/(x+1) +x2—14+2x+2 + 1 +2/(x+1)+ + -+
(39.15) - alx + 1)? 12—n? 12 — 22
{(x+22=724n2—1}2+ 1 +(x+D(x+3)
32 p2 32 _ o2
+ 1 4+ (x+Dx+3) + -
_ alx + 1)
F(x +2) °

For brevity, set, for any function £,
[.fix + k£ 7+ n)
= fx+k+/+n)f(x+k—7—n)f(x+k+7—n)f(x+k—<+n).
Hence, from (39.14) and (39.15),
F(X)F(x +2) = % [[ox + 1 + 7+ n),

and so

F(x)F(x + 2) _H<x+li/i—n>
Fx+2)Fx+4)  "'"“\x+3+7+n/

By iteration of this formula, we find that, for each positive integer m,
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Hn<x+4k+l+_-/in)
F(X+4m) x+4k +3+ 7/ +n

m—1 (.l_(x +1+7+n)+ k)m 1 —1en) /4

__(x +3 + 7/ + n) + k)m!m(x—Si—/in)/f;

Hence,

1
IN=x+3+7+n)
Flxym?  _ <4 >
(39.16) - lim £y = 1=

1
P(%—(x+1+/—l_—n)) P

From the definition of F(x) in (39.4), we easily see that

m? 1
(39.17) lim v am =

Combining (39.16) and (39.17), we deduce (39.1).

H. Cohen has communicated to us another proof of Entry 39. His
proof is based upon Apéry’s method for accelerating the convergence of
a continued fraction. For a complete description of this method, see
Cohen’s seminar notes [16]. Accounts are also given in [3] and [5].

We might note an interesting consequence of Entry 39. From Malm-
stén’s integral representation for Log /I'(z) [78, p. 249], we find that

Log P = ro < Y., e GO _ 5 oGt 2e—‘> citt-
0 1 — et ’

where };. indicates a sum of four terms with each possible combination
of signs taken. Simplifying, we find that

Log P2 Sm (e—m cosh(/t/4)cosh(nt/4) _ e,,) gtg

cosh(z/4)
39.18 — cosh(<t)cosh(nt) _ \dt _ j'°°g‘4l_.e—xt
( ) 25 < cosh ¢ ) t 2 0 t dt
= _i{cosh(/t)cosh(nt) _\dt
25 " ( cosh 1 ) + 2 Log(4/x),

by Frullani’s theorem [20, pp. 337-342). Exponentiating (39.18) and
combining the result with (39.1), we deduce that

exp<2 5 <cosh(/ t)cosh(nt) ) . )

ht
(39.19) cos
_ x2/2 12—n2 12—72 32—_p2 32—/2
TE=2+n2= D2+ 1 4+x2—14 1 +x2—1+ -+’
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where 0 £ |7], |n] < I and x > 1.

The expansion (39.19) appears to be new. It generalizes a result of
Rogers [66] and is similar to results of both Rogers [66] and Stieltjes
[67], [70, pp. 368-391].

ENTRY 40. Let P=J]I'(l4(a £+ Bt 7 +3d £ e+ 1), where the
product contains 8 gamma functions and where the argument of each gamma
function contains an even number of minus signs. Let Q = [[ I'(l4(a + 8 +
r + & + ¢ + 1)), where the product contains 8 gamma functions and where
the argument of each gamma function contains an odd number of minus
signs. Suppose that at least one of the parameters f3, v, 0, ¢ is equal to a
nonzero integer. Then

40.n) P-0Q _
P+Q

8afroe
1{2(at+ B4+ 4+ 04+ et + 1) — (a2 + B2+ 2+ 02+ 2 — 1)2 - 22}
64(a? — 19)(82 — 19)(y2— 132 — 19)(e2 — 1)
+3{2(at+ ft+ 7+ 04+ et + 1) — (a2 + B2+ y2+ 52+ €2 —5)2—62}

64(ar? — 22)(B2 — 2%)(y% — 22)(62 — 2%)(e2 - 2%) .
+5{2at+ B+ i+ 0t + et + D) — (a2 + B2+ 2+ 02+ 2 — 13)2— 142} + - .

Entry 40 is certainly one of Ramanujan’s crowning achievements in the
theory of continued fractions. Watson [77] has given the only published
proof of Entry 40. Of course, under Watson’s hypotheses, the continued
fraction terminates. It would be very desirable to have another proof which
does not require that at least one of the parameters 3, 7, d, ¢ be a nonzero
integer.

In an address before the London Mathematical Society in 1931, Watson
[76] discussed Entry 40 but incorrectly wrote 9 and 10 instead of 13 and 14,
respectively, in the last recorded denominator above. In a footnote of
[77], Watson remarked that “Through an error in copying which occurred
when I previously published an enunciation of the theorem. .. .” How-
ever, Watson did copy the result faithfully; Ramanujan had made the
same error in [64, vol. 2, p. 152]. Throughout the notebooks, Ramanujan
normally did not completely state identities involving sequences, but he
did usually give enough terms to determine the sequence. In particular, if
a sequence is linear, Ramanujan often gave only two terms, while if a
sequence is quadratic, he would give three. In the first notebook, he only
stated two terms of the sequences 2n% + 2n + 1 and 2n% + 2n + 2; ie.,
1, 5 and 2, 6, respectively, that occur on the right side of (40.1). This was
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probably carelessness on his part for he most likely knew the quadratic
patterns of the sequences. When he wrote his second notebook, a revised
enlargement of the first, he decided to add one more term. However, he
evidently did not rederive his identity and erroneously assumed that the
two sequences are linear. Ironically, Watson’s statement of Entry 40 in
[77] also contains a misprint. Watson [77] also obtained a g-analogue of
Entry 40.

ENTRY 41. If Re(x) > 0 or if Re(x) < —2, then
(=B Ly + 15 —x)

_ T+ DI(r + DU + x)ptr .
B LB+ 7+ D GF+Dx+1-7
I(1 - P + 1) 22 - Plx + 1)

- B+)x+3 -7 - B+ +S5—9 — "
Proor. From [21, p. 108, formula (2)],

Fi(=B 1+ 15 —x)
LEB=DIG D a4 2 — 1)

I=pIox
(41.1) + P(Br?ﬂ 111";7:1)1))“3 2FU(=B =B =7 =B —1/%)
=~y A0 L -+ 2 -1

n '+ DI'(y + D(x + 1)f*r
I'G+ 7+ Dxr )

Now apply (21.3) with 3, 7, and x replaced by —7, 8 + 1, and 1/x,
respectively, to deduce that

~ e A B 2 -1
/X I — (1 + 1/x)/x
TBHI+(0=-plx - B+2+0C - px
22 — A + 1/x)/x

—B+3+G—7)x —

412 =

Combining (41.1) and (41.2), we obtain an equivalent form of the pro-
posed formula.

ENTRY 42. If x > 0, then
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Fillsn 4+ 15 x)

_eln+l) _n 1-n 1 2-n 2 3-n 3

- n x+ 1 +x+ I +x+ 1 +x+ -
2.1y x

_e'(n+l)  n 11—-n) 22—n) 3(3-n)

X x+1l-n—x+3-n—x+5-n—x+7—-n— -

Proor. In Entry 41, replace x by x/8 and y by # to find that

oFi(=B, L;n+ 1; —x/B)
_ TG+ DI+ 1)1 + x/p)Ftn 7
- TG+ n + D(x/B) B+ Dx/f+1—n

1(1 = n)(1 + x/B) 222 — n)(1 + x/B)
- @BFOxf+3-n— B+IPF+5-n—

Letting S tend to oo, we deduce the second equality in (42.1) at once.

To obtain the first equality in (42.1), apply Entry 14.

Entry 42 was first discovered by Legendre [46]. See also Nielsen’s
book [50, p. 217] for a proof.

COROLLARY. If x > 0, then

S (=D T(n) e l—n 2 —x

Z d=n 1 2
k'(n+k) X" x + 1 +x+ 1 +x

+ eee

PrROOF. Multiplying both sides of (42.1) by e~*/n and comparing the
resulting equality with that above, we see that we must show that

X & (=x)¢
42.2) L e B Fn+ R

However, (42.2) is just a special case of a theorem due to Kummer [40]
and rediscovered by Ramanujan in Chapter 10. In fact, in [9, Entry 21],
replace x by —x and n by n + 1, and lastly set m = n to deduce (42.2).

ENTRY 43. If x > 0, then

LT3 @+ D
4310) = /Fprn_1 1 2 3 4 5
“3.1) \/" X+ T +x+T+x+1+-
_\/e,,z 1.2 3.4 5.6
x+l—x+5—x+9 x+13 —

PROOF. Putting n = 1/2 in Entry 42, we find that
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e (2x)*
LT 3.k F1D

=erx_£ Yzo1 32 2 52
4x x + 1 +x+ 1 +x + x + -

Replacing x by x/2, we obtain an equivalent form of the first continued
fraction of (43.1).

The second continued fraction in (43.1) follows in the same way from
the second continued fraction of (42.1). Alternatively, apply Entry 14 to
the first continued fraction in (43.1).

COROLLARY 1. For x > 0,

(e _ VT _ee* 1 2 3 4
F(x)=50"’d’—T O 4+ x +2x 4 x 4 2%+

PROOF. By (42.2), for x, n > 0,

x _ _l)kxn-!-k & xn+k
432 j e df = £y X
(43.2) o 2B = o

Let n = 1/2 and replace ¢ by #2 and x by x2. Applying Entry 43, we then
find that
o X2 —x? (2x2)k
= xe
&G/, T3k E D)

F(x) = xe™*

wefEe o L2 3 s
= e {\/4‘;2‘” X+ 1+ 22+ 1 +2x + 1+
which is equivalent to the proposed formula.

COROLLARY 2. As x tends to o0,

(43.3) _"0#) dt = *—/2,—1_ (% + Log(2x)> + o()),

where F is defined in Corollary 1 and y denotes Euler’s constant.

PROOF. Integrating by parts, we find that

rfgl dt = F(x) Log x — yxe—‘z Log tdt
0 0

= <j:e_‘z dt — jwe‘” dt>Log x
- <5:e“2 Log tdt — Swe“z Log tdt)

= VT Log x — f:e"z Log tdt + o(1),

(43.4)
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as x tends to oo.
From the definition of /'(x),

Ix)=4 I:e“z 121 Log tdt.
In particular[47, p. 13],
435 142 = 4I:e"2 Logtdt = — /T (y + 2 Log 2).
(In fact, Ramanujan [64, vol. 2, p. 92], [8, §6, cor. 3] established (43.5)

in Chapter 8.) Employing (43.5) in (43.4), we deduce (43.3) at once.
ENTRY 44. For x > 0, define

o(x) = _f “etx + 1) d.
Then, for x > 0,

— —_ 1
@an  [TmCae 5 EIE o Logx 4 e o),

where y denotes Euler’s constant.

PRrROOF. At the outset, we remark that essentially the same calculations
are made in slightly more detail in our edited version of Chapter 4[12,
p. 103].

The first equality in (44.1) is readily established by writing the integrand
as a Maclaurin series and inverting the order of summation and integra-
tion.

Next, making a simple change of variable in the definition of ¢ and
using a well-known integral representation for y [53, p. 40], we find that

- _ (et H—et, (e *dt
e ¢(x)+r+Logx—L—t~dt+j'0 - | tdt+jl-t—.

Upon simplification, we complete the proof of the second equality in
(44.1).

ENTRY 44(i). As x tends to o,

— D!
o0 ~ 3 L0
Entry 44(i) was established by Euler, and a rigorous discussion of it
can be found in Hardy’s book [33, pp. 26, 27]. Ramanujan also stated
this result in Chapter 4 [64, vol. 2, p. 44], [12, p. 102].
For Entry 44 (ii), we quote Ramanujan [64, vol. 2, p. 153].

ENTRY 44(ii). ¢(x) lies between 1/x and 1/(x + 1) and very nearly
equals +/p(x + T)/x.

PROOF. Letting » tend to 0 in the corollary of §42, we find that, for x >
0,
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0 (_1)k+1xk T 1 _ P(n) .
(44.2) ;—m*“%& ?ﬁﬂfm
=7+ Log x + e7*f(x),
where
(44.3) f(x) = 1 1 1 2 2

X+ T+x+T+x+ -

Comparing (44.1) and (44.2), we deduce that f(x) = ¢(x).
Now, from (44.3), it is immediate that p(x) < 1/x. Secondly, if
2 2 3 3

Pt T+ T+

we can write (44.3) as

o(x) = I SR S
XFUQF U ~ ., F _x+1

YTFF

Thus, Ramanujan’s upper and lower bounds for ¢(x) are established.
Squaring the asymptotic series from Entry 44(i), we find that, as x

tends to oo,

1 2 . 5 16

Tt T

PHx) ~
On the other hand, also from Entry 44(i), as x tends to o,

e+ 1 1 2
X x(x+1) x(x+1)2 x(x+1)3

-1 1,1 1N _ 1/ 2,3\, 2(_3\, 0oL
—x2<1—x+x2_x3> x3<1 x"_x2>+x4<1 x>+0<x5>

1 2 5 10 1
=—‘—+F_?+O<F>'

Thus, the initial three terms of the asymptotic expansions for ¢?(x) and
¢(x + 1)/x agree. Hence, Ramanujan’s approximation for ¢(x) is reason-
able.

ENTRY 44(iii). For x > 0,

-1 1 1 2 2 3 3
g"(x)_x+1+x+l+X+1+x+
1 12 22 32

xX+1 —x+3 —x+5—-x+7 ="

ProoF. The former continued fraction was established in the course
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of proving Entry 44(ii) (see (44.3)). To obtain the latter continued frac-
tion, apply Entry 14.

The second continued fraction above was first derived by Tschebyscheff
[73].

ENTRY 44 (iv). Let x be any complex number exterior to (— oo, 0], and
let n be a natural number. Then

=l (= 1)4k!
¢(x) = /;IOW
+ (—Drn! ( 1 n+1 2(n+2) 3(n+3) )
xn x+n+l —x+n+3—-x+n+S5S—x+n+7— -/
PrOOF. Integrating by parts n times, we find that
= (= 1)k et
p(x) = ;;Z::o L i + (=D al W)T#I_dt
(44.4)
= (= DFk! n (=1 j‘°° et
= xkt1 X" 0o X + ¢ ’

where we have used the equality [57, p. 219]

© o—tpb—1 _ 1
I®) jo T+07 "~ T@ jo (I + 1y
However, for x ¢ (— o0, 0], [57, p. 219, eq. (12)], [38, p. 148, eq. (11.17)],

o p—tfa—l

dt, Re(a), Re(b) > 0.

-l- oo e—ttn
nlJo x +1¢
(44.5)
1 n+ 1 2(n + 2) 3(n+3)

x+n+l — x+n+3 — x+n+5 — x+n+17 —

Substituting (44.5) into (44.4), we deduce the proposed identity.
COROLLARY 1. Let H, = Y#_, 1/k. Then if x > 0,

f} H”x = efLogx + 7) + ¢(x).

Corollary 1 is also given by Ramanujan in Chapter 4 [64, vol. 2, p. 44].
See [12, p. 103] for a proof.

Our formulation of Corollary 2 corrects that given by Ramanujan
[64, vol. 2, p. 153].

COROLLARY 2. For |h| < | andn > 0, define f(h, n) by
n(l— —
(44.6) IO YL = g+ Logn + e pln) — e fih, ).

Then
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= e S

7=0

ProOF. First, if # = 0, we see from Entry 44 that f(0, n) = 0.
For brevity, set g(h) = f(h, n). Clearly, we shall be finished if we can
show that

(44.7) g+ (0) = k!<e” f”_'> k= 0.

First, differentiating (44.6), we find that

enh—n -1

(44.8) eng'(h) = <55

Setting 4 = 0 in (44.8), we deduce (44.7) in the case k = 0. For k > 0,
we apply Leibniz’s rule to (44.8) to find that

eng D () = 2 <k>%<h l l > ;};_’j (e —1)

) 0( )W%{nk“fe”h—" - 5f},

where 0, = land §; = 0,0 =< j < k — 1. Thus,

[_\1»

g#D(0) = klen — Z( > ik,

Equality (44.7) now follows upon replacing jby k — j above.
Ramanujan concludes section 44 by recording the values (1) =
.5963474 and ¢(1/2) = .9229106. From (44.1),

o0 = o3 L5 -7)
and
o(1/2) = (Z] S -7 - Log2).

Using calculated values for y,e, 4/ ¢, and Log 2[1,pp.2,3] and 11 and 9
terms, respectively, from the two sums above, we can readily verify that
Ramanujan’s calculations are correct.

ENTRIES 45(1), (ii). Consider the continued fraction

I x x 2x 2 3x 3x (n=Dx nx
T+T+T+T+T+T+T+- -+ 1 + T

Then in the notation of (1.4), forn = 1,
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45.1) = By, (x) = kZIO( ")
and
(45.2) By, | = By, (%) = kZ:;O ! ( k:z)k < _ .%.)xlz.

Proor. We shall induct on n. For n = 1, both (45.1) and (45.2) are
easily seen to be correct.
We shall thus assume that both (45.1) and (45.2) are true up to a
specific positive integer n. By (1.4),
B, 11(x) = By, (x) + nxBy, y(x)

o (i = K+ D
5 TR |

(k — D!

But, for 1 £ k < n,

G+ = nzklgll)lfH)=(_n)%_1/(cnz—k+l) =kt D+ k)

- o (- k)

Hence, we have established (45.2) with » replaced by n + 1.
By (1.4) and the proof just completed above,

Byyio(x) = By,y(x) + (n + DxBy,(x)

_"“(—n—l)?e(_ k >k (= n)k—lk
=2 T 1 P x+(n-i—1)kz_]1 l),x

But,forl £k <n+1,
( n—l)k - k ( n)k—
3 ( n+1>+(n+l)(k 0!

(——n—l)2 k k (— n—l)k
k! < n+l+n+l) k!

Hence, (45.1) is established with » replaced by n + 1.
We have slightly rearranged the ordering of the formulas in §46.

ENTRY 46(i). For |x| < 1, set
(46.1) ree+ 1) = 3 4200
k=0

Define ¢, (x) to be the constant term in the Laurent expansion of
xt['(1 — p)/p*,0 < |p| < 1, where n is a nonnegative integer. Then
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(46.2) pu(x) = k- ;()(Z)A,,_,, Logtx.
Furthermore, define ¢,(x), n = 0, by
o (1)1
(46.3) b2 (=DFIxk _ 0(X) + (= D)r=lem2g) (%),
= krk!

Then, forn = 1,
(46.4) Gn(x) — i(x) = ¢n—;(x) .

Proor. First, for |p| < 1, by (46.1),

r =R L
1l& (s )
o 52;07(;0(16)/1 r— Log kX>p .

Equality (46.2) is now immediate.

Using (46.2) in (46.3) and differentiating both sides with respect to
x, we find that, forn = 1,

(=D e g, (x) + (=) le ¢ (x)

=y (=D 1 ¢ <n>A . Logtix
kz=;1 k1k! n! kZ=:1 k) An—r =

_ 1 (& (=DFIxk 1 nl/p — 1) ) >

X (kz=:1 kr k! (n — D! k2=0< k A, 1_,Log *x

= L=nrze=g .
The proof of (46.4) is now complete.

ENTRY 46(ii). Forn = 1,

(46.5) A= 3 =D s,
where A, is defined by (46.1), S; = 7, and S, = {(k), k = 2, where { denotes
the Riemann zeta-function.

Proor. Entry 46(ii) is a reformulation of a well-known result that
can be found in Luke’s book [47, p. 27]. Namely, if I'(x + 1) =
T2obixt, |x| < 1, then, forn = 1,

(46.6) nb, =3 (= DASbyye
k=1

Translating the recursion formula (46.6) in terms of the coefficients A,,
we readily obtain (46.5).
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We state Entry 46(iii) as recorded by Ramanujan. Afterward, we
discuss the accuracy of his numerical calculations.

ENTRY 46(iii). In the notation (46.6),

by = —.5772156649,
by = .9890560173,
by = —.9074790803,
by = .9817280965.

It

Furthermore, if we write

4
(46.7) T(x + 1) =1+ byx + byx? + byx® + b4TTxo,,—x’

then
0, = 1.00027,
0, = 51/52,
0, = 77/82,
0 = 5/68,
0; = —1/38
“nearly’’.

The coefficient b, is equal to 7, and the numerical value that is given
is correct. The given values for b,, b3, and b, do not seem to be correct.
We have employed (46.6) along with values of S, given in [1, p. 811] and
have found that

by = .9890559953,
by = —.9074790762,
by = .9817280865.

Evidently, we are to interpret §, to be that unique number yielding
an equality in (46.7). The values given by Ramanujan are rational ap-
proximations. The value for 6, is enigmatic, because, for x = 0, §; is not
well defined. In the table below, we give the calculated values of the right
side of (46.7) using Ramanujan’s determinations and also our determina-
tions of b, bs, and by,

]

x 0, I'x+1) Ramanujan’s value our value

1 51/52 1 999990949 999990967
2 77/82 2 1.999702292 1.999702625
6 5/68 720 719.9611865 719.9612493

7 —1/38 5040 2623.541808 2623.542013
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Thus, the values for 64, 0, and 0 give good approximations, but the value
for @ certainly does not.

We are very grateful to Henri Cohen for motivating the proof of Entry
46(iv) below. In particular, he informed us of formula (46.20).

ENTRY 46(iv). If n is a nonnegative integer, then

X
@6.8)  dulx) = (SO EALTET R
2+ 6x 4+ 10 +

PROOF. From (46.4), it is clear that ¢,(x) can be expressed as a power
series in 1/x. Putting

(/}”(x) — i a(n) , n

= x*

v

0,

we then write (46.4) in the form

b

(46.9) > ) ;’jz(k = Daga(n) _ §5 apaln = 1)

=0 xk =1 xk

where n = 1. Tt follows immediately that ao(n) =0 if n 2 1, ay(n) = 0
if n = 2, and

(46.10) ayn) + (k = Daa(n) = az(n — 1),

for k = 2 and » = 1. Now assume that, up to some fixed integer &k — 1,
a,_1(n) =0 if n = k. Thus, a,_y(n — 1) =0 if n 2 k + 1. It follows
from (46.10) and our inductive assumption that a,(n) = 0if n = k& + 1.
Hence, we shall rewrite (46.9) in the form

i bi(n) f’j (n + k = Dbya(n) _ i": byn — 1)

= xnrtk = xntk = xntk

Hence, forn = 1,

(46.11) by(n) = bo(n — 1)
and, fork,n = 1,
(46.12) by(n) + (n + k — D)b,_1(n) = by(n — 1).

From the definition (46.3) of ¢,(x), it is easy to see that ¢o(x) =
Hence, by (46.11) and induction, we find that

(46.13) bo(n) = 1, n = 0.

Next, in (46.12), let k = 1 and replace n by j. Since by(j) =1, j = 0,
we find that

(46.14) b(H+ij=b0G-D, Jjzl

|
—
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Summing both sides of (46.14) for 1 < j < n and recalling that 5,(0) =
a,(0) = 0, we deduce that by(n) + X% j = 0, or

(46.15) byn) = — %n(n + 1)
Put £ = 2 and n = j in (46.12) to obtain the equality

(46.16) by(j) + (j + Dbi(j) = bo(j = D).

Sum both sides of (46.16) on j, 1 < j < n. Using the fact that b,(0) = 0
as well as (46.15), we find that

bo(n) = & 37 (3 + 212 + )
(46.17) =
- jlzn(n + 1)+ 2 Gn+5).

N[v-

-

Lastly, we set k = 3 and n = j in (46.12) and find that

(46.18) b3(j) + (J + 2ba(j) = b3(j — 1).

Summing both sides of (46.18) for 1 £ j < n and employing (46.17),
we find that

ba(n) = — 33 220G + D (i + 22 G + 5)
(46.19) =

- - Zlgn(n + 1)+ 220+ 32

after a lengthy calculation. (Formulae for summing X .;<,/% 1 £ &k <
5, may be found in [32, pp. 1, 2].)

In conclusion, from (46.13), (46.15), (46.17), and (46.19), we have
demonstrated that, for x sufficiently large,

g0 = L1 A Dy nlnk Dt 9Gn+3)

n(n+ 1) (n+2)2(n+3)?
- 483 te >

(46.20)

Now, by (46.8), we wish to prove that

1 —_1_
{x“lgbn(x)} ntl = x{x”¢n(x)} nil
_ n 5n + 10 41n + 58
=Xt T 4T 100 4
n 5n+10  41n+358
2x 12x 60x )
1 + 1 + 1 + )
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In fact, it will be slightly more convenient to show that the reciprocals of
the expressions above are equal. Hence, we shall prove that

n 5n + 10 41n + 58

1
, Ar_ 1 2x 12x 60x
R s i i B

In order to establish (46.21), we shall first compute the power series for
{x7¢,(x)}V/ D in powers of 1/x. By (46.20) and the binomial theorem,
we find that, for x sufficiently large,

{x”g[),,(x)}%lq= |+ 1 <_ nn + 1) " nn+1)(n+2)(3n+9)

n+1 2x 24x?
_ nn+1 (n4grx32)2 (n+32 | )
N 'é((in++l;3<— n(n;; ) +...>3+...

We now compute the coefficients ¢;(n), c,(n), and c3(n) of 1/x, 1/x2, and
1/x3, respectively. Clearly, ¢i(n) = —n/2. Secondly,

nin+2)(Bn+5 _ nd_ n(lln + 10)

caln) = 2 8 %
Thirdly,
_ n(n+2)2(n+3)2 n3(n+2)(3n+9) n2n+1)
esln) = = 48 M B
_ _ n(On® + 20n + 12)
= 6 .
Hence,

" S n  n(11n+10) _ n(9n%+20n+12)
(46.22) {xn (O} T =1- 7 +=re T6x3

Foeen,

We now employ Entry 17 to compute the continued fraction representa-
tion (46.21). In the notation of Entry 17, by (46.22), A, = n/2, A, =
n(11n + 10)/24, and A3 = n(9n2 + 20n + 12)/16. First,

(46.23) ay = Ay = %

Secondly,

n(11n + 10)

Py =ay(a; + a;) = Ay = 4
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Using (46.23) and solving for a,, we readily find that

Sn + 10

(46.24) @=L

Lastly,

n(9n2+20n+12) n*(lln+ 10)

P3=a1a2(a1+a2+a3)=A3—alA2= 6 34

Solving for a; and employing (46.23) and (46.24), we find, after a mild
calculation, that

41
(46.25) a5 = _”6348,

Employing (46.23)-(46.25) in Entry 17, we complete the proof of (46.21).

ExAMPLE. Let

Fx) = L L=,
Then
(2000 o)« 5
ProoF. First, from Entry 44,
@6.26) L 5 Fox) = 7 —é—LogZx + yLog x + o(l),

as x tends to oo.
Next, integrating by parts twice and using Entry 44, we find that, as
x tends to o,

j:Edet= F(x) Log x — j(’)l‘e—

(46.27) =(r + Log x)Log x + o(1) — —%—(1 — e7%) Log2x

tLog tdt

1 (" et Log
+ 5 joe t Log?t dt.
Combining (46.26) and (46.27), we deduce that

j i R %jwe_‘ Log? 1 dt + o(1)
(46.28)

= — T+ 5 I7(1) + o)),

as x tends to oo.
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It is well known that [1, p. 256], [64, vol. 2, p. 89], [10, Entry 26]
Log \(x + 1) = —px + 3 SO0 -y oy,
k=2

Hence, after two differentiations,

%H - ¢2(x * 1) - ki:oz(— l)k(k - I)C(k)xk—za

and so /(1) = ¢%(1) + L(2) = 92 + =2/6. Substituting the value for
I'"(1) found above into (46.28) and letting x tend to oo, we complete the
proof.

ENTRY 47. Ifn > 0, then

o e n ln-1) 2n-2) 3(n-3)
@) [T lxmpar =14 J02D 202D 02D

_a,h—1 1(n=2) 2(n-3) 3(n—-4)
‘7.2 DA R S S
_erl'(n+1) 2n 3n 4n 5n
47.3) = D 4+ 34 d A5 4 e

ProoF. In (21.2), let x = y/nand § = —n. Thus, forn, y > 0,

zFl(l - n, 1,T+ 1, - ')"/i’l)

(47.4) 7y (=nyln 1(+gn) Q=n)yy/n 2(1+7/n)
T+ 1+ 7+ T+ e

Now, forn, 7 > 0[4, p. 4],

JFa(l=n, 13y +1; —pln) = 751(1 — 011 + tylnyLdt
(47.5) 0

- _f ;(1 — w1 + ufny1du.
Thus, letting 7 tend to co in (47.4) and (47.5), we find that

® ot intgy_ L (=mjn 1 @=mn 2
j‘oe (bufy=du =4 7 LT 4T e

Integrating by parts once, adding 1 to both sides, and writing the right
side above in an equivalent form, we see that

® o — n 1l —n 1 2—n 2
[T +upmpadu =142 Lpn L 2o 2

n—1 2(n—2) 3(n-3)
+ 73 + 75+ T A4

+ ..

= n
=1+7
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by Entry 14. This completes the proof of (47.1).
Secondly, let x = y/nand 8 = 1 — nin (21.2). Then, forn, y > 0,

"—;12F1(2—n,1; r+1;—7/n)

(n—Ny/n Q=n)y/n 1 +y/n) @—=n)y/n 2(1+7/n)
r + 1 + r + 1 + T +--

Now proceed as above and let y tend to oo to find that

n—1 jme—t(l + t/n)n—Zdt
n 0

_(n=Djn Q@=n/n ln @B-njn 2n
- 1 + 1 + 1 + 1 + 1 +--

(47'6)_n—l 2-n 1 3-n 2 4-n
T n + 1 4+m+ 1T 4AnmA4+ 1 4
_n-—1 n—2 2m—3) 3n-4
T2 4+ 4+ 6 + 8 e
by Entry 14.

If n = 1, (47.2) is elementary. Assuming that n # 1 and integrating by
parts twice, we find that

n—1
n

j: (1 + tiny=2di = —2 + j:e—tu + tnyndt.

Substituting the formula above into (47.6), we establish (47.2).
Thirdly, setting x = ¢t — n, we find that

j :e"‘(l +xfnyndx = <7 j * emtynd

_elfn+ ) e j et dt
n» n* Jo

_eln+1) & nft
n* =+ D

_el'n+1)
nn

+1 - 1F1(1;n + 1;71),

where in the penultimate line we employed (43.2). Applying Corollary 2
in §21, we complete the proof of (47.3).

In essence, Entry 47 is due to Nielsen [50], [51]. Equality (47.1) may be
derived from [51, p. 46, eq. (6)]. Equality (47.2) can be deduced from
[51, p. 47, eq. (11)]. Lastly, equality (47.3) can be proved using [S0, p.
219, eq. (8)].
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ENTRY 48. As n tends to oo,
© wiw _ e l(n+ 1) 2 _ 4 8
I el + xjnyrdx = === 5=+ 5~ 135, T 28352

6 8992
850513 ~ 38.52:7-11nt '

(48.1)

+

The asymptotic expansion given above was first proposed by Ramanu-
jan [62], [63, pp. 323, 324] in an ultimately famous problem in the Journal
of the Indian Mathematical Society. In addition to Ramanujan’s (formal)
solution, later proofs were given by Watson [75] and Szegd [71]. In fact,
the last displayed term on the right side of (48.1) has not been recorded by
any of the aforementioned authors. Because no new ideas are involved and
because the calculation is extremely laborious, we hope that the reader will
trust us when we inform him or her that we have, indeed, verified that
Ramanujan’s last determined term is correctly given.

COROLLARY. Define § = 8, by

n—1 nk nn _ er
(48.2) Lkt T 0=
Then

o ax _ gx - 4+ 15n
(48.3) 0~ 0% =0F = go7a

PROOF. It is easy to show that [62], [63, p. 324]

_ el (=, )
(48.4) o=t D 4 _f el + xjnyrds,

and so (48.1) may be reformulated as

_1 4 8 .
(48.5) 0=3+ 135, ~ 25352 T

as n tends to c0. On the other hand,

’

44150 1 4
(43.6) 8+45n 3 T 13%n 60 T

as n tends to co. Thus, §* is a fairly good approximation to 6.

A result analogous to (48.5) has been obtained by Copson [17] for
e”. More precisely, if ¢, is defined by

—n = =~ (—n)k (_n)”
€ a =0 k! + n! (pm

then
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1
%=%+$+§ﬁ+“’
as n tends to co.

Generalizations of Ramanujan’s and Copson’s theorems have been
established by Buckholtz [13] and Paris [54]. The commentary in Szegd’s
Collected Papers [72, pp. 151, 152] provides a good summary of the
literature on generalizations and related problems. Another proof of
Ramanujan’s result (48.5) as well as some related results may be found
in Knuth’s book [39, pp. 112-117].

Ramanujan concludes §48 with the following table.

n 0, 0}

0 .50000 .50000
12 37750 37705
1 .35914 .35849
3/2 .35146 .35099
2 .34726 .34694
00 .33333 .33333

Of course, when n = 0, it is trivial that 6, = 6 = 1/2. From (48.5)
and (48.6), it is clear that 4, = 0% = 1/3. The proposed values for 6,
0%, 0, 0%, 0%,, and 0%, are easily corroborated by using the definitions of
6, and 0} given in (48.2) and (48.3). It remains to examine the values of
01,2 and 03,

In order to calculate 6;,, and 63,5, we shall employ (48.4) and the con-
tinued fraction (47.3). Hence,

_q1_el(n+l)  2n 3n 4n 5n
(48.7) 0,,—-1 ~—2_’7”—+7+?+T+T+“" n>0.
In the notation of (1.3) and (1.4), when n = 1/2,
A=k + DAy + 40+ DAy, k2,

and

By=(k + DBy + 4k + DBy, &

v

1.

By successive calculations, we eventually find that 4s/Bs; = .4106925,
A5/Bs = 4106857, A7/B7 = .4106862. ThUS,

22 32 42 52

2 + 3 4+ 4 4+ 5 +...

Since (1/2)4/(er)/2 = 1.033182838, we conclude from (48.7) that Ra
manujan’s proposed value for 6, is correct.
If n = 3/2, again, from (1.3) and (1.4),

= .410686.
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Ay =k + DAy + G/k + DAy, k21,
and

B,=(k+ D)B,_; + 3/2)(k + 1)B,_,, k=1

Iterated calculations yield A;/B; = .972952, Ag/Bg = .972930, Ag/By =
.972933. Proceeding as above, we find that 65,, = .35145, which differs
slightly from the value given by Ramanujan.

Ramanujan [62], [63, p. 324] conjectured, probably partially on the basis
of his calculations above, that @, always lies between 1/2 and 1/3. This
conjecture was proved by both Watson [75] and Szego [71].

ENTRY 49. Define § = 6, by

& nko (k! (n— 1! >
7+Logn+l§1m—k——e<’§o prasuls o 0),

where 1 denotes Euler’s constant. Then, as n tends to oo,

_2 ., 4 8
0=3+ 135, + 3835,z *" -

We are very grateful to Frank W. J. Olver for providing us the following
solution based upon material from his book [53].

Proor. First, observe that, forn > 0,

0 nk _ n et — l
(49.1) > = _fo ~Lar

By combining (49.1) with a familiar formula for y [53, p. 40], we readily
find that

. & nE noet .
r + Logn + k‘é‘l = PVj_wTdt = Ei(n),

where n > 0. Olver has calculated an asymptotic series for FEi(n), and
in the notation of [53, p. 529, eq. (4.06)], § = C,_(n). By [53, p. 529, form-
ula (4.07)],

_ o rdD
(492) 0= Cn-—l('z) kZ=:0 (I’l — l)k ?

as n tends to oo, where the first three values for ¢,(1) are given by (see
[53, p. 530]) 7o(1) = 2/3, ¢i(1) = 4/135, and ¢»(1) = —76/2835. Putting
these values in (49.2), we deduce that

_ 2 4 _ 76
0 = B35n = 1)  2833m =12 T

3
_ 2 4 1)_ 76 L>
=3+ T35, <l + n> 28357 T °<n3 ’
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from which the proposed asymptotic expansion follows.

For much of the theory of Ei(n), see Nielsen’s book [S1].

W. N. Everitt has kindly provided the bibliographic information about
Wilson in our introduction. As the reader has seen, G. E. Andrews, H.
Cohen, and F. W. J. Olver have made valuable contributions to this paper.
R. A. Askey has made several helpful comments, especially on the con-
tinued fractions involving hypergeometric series. We are very grateful to
each of them.
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