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CHAIN CONDITIONS IN ENDOMORPHISM RINGS 

ULRICH ALBRECHT 

1. Introduction. Sometimes, a general theorem for a class of abelian 
groups can be proved by first showing that the property lives in the en-
domorphism rings. Then some theorems are proved about the groups 
using ring-theoretic properties of their endomorphism rings. This strategy 
was successfully used in [2], [3], and [4]. 

Whereas in [3] and [4], only torsion-free abelian groups of finite rank 
are considered, there is no bound on the ranks in [2]. However, this 
generalization requires the introduction of chain conditions on left ideals 
of the endomorphism ring E(A) of the group A. 

The central condition is one of these. It requires that every essential 
left ideal of E(A) contains a central, regular element. If A has finite rank, 
this condition is equivalent to E(A) being semi-prime. In general, if A 
satisfies the central condition, then E(A) is a Goldie-ring, i.e., it has the 
ascending chain condition for left annihilators and finite left Goldie-
dimension. These rings have been of interest in module-theory for the 
last few years since semi-prime Goldie-rings are exactly the rings with a 
semi-simple, Artinian left quotient ring. 

In this paper, abelian groups A satisfying the central condition are 
considered from the point of view that they are a special class of Goldie-
rings (Theorem 5.2). The requirement that E(A) is a Goldie-ring is more 
natural than the central condition if A is not torsion-free. Therefore, 
this paper concentrates mostly on Goldie-groups, i.e., on abelian groups 
whose endomorphism ring is a left Goldie-ring. 

Because the defining conditions of a Goldie-group behave quite dif­
ferently with respect to decompositions in direct sums, they are studied 
in separate sections. In §2, it is shown that direct summands of an abelian 
group A such that E(A) has the ascending chain condition for left annihi­
lators have this property too (Proposition 2.1). Furthermore, an order-
inverting, one-to-one correspondence between the left annihilators in 
E(A) and certain subgroups of A is given (Theorem 2.5), as well as some 
applications of it. 

In §3, abelian groups A are considered such that E(A) has finite, left 
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Goldie-dimension. Sufficient conditions are given such that a direct Sum­
mand of such a group has this property too. However, an example shows 
that this does not hold in general. 

The combination of the results of these sections allows to prove the 
following theorem that describes the structure of a Goldie-group up to a 
torsion-free reduced direct summand. 

THEOREM 4.1. For an abelian group A, the following are equivalent: 
a) A is a Goldie-group ; 
b)A=B@T@D@E where B is a torsion-free reduced Goldie-group, 

T is finite, D is a divisible, torsion-free group of finite rank, and E is a 
divisible torsion group of finite rank such that 

i) Tp T̂  0 implies B/pB is finite, 
ii) Ep 7* 0 implies B = pB, and 
iii) D © E # 0 implies that B has finite rank. 

However, a satisfactory, more or less explicit description of the torsion-
free reduced summand seems very hard to achieve. This is mostly due to 
the fact that Goldie-groups are closed neither under direct summands nor 
under finite direct sums. Nevertheless, in some cases, it is possible to 
obtain further results. 

THEOREM 5.1. Let A be a Goldie-group such that E(A) is semi-prime. 
If A is non-singular as an E(A)-module, then the functor Homz(A, — ) 
preserves direct sums of copies of A. 

In this setting, the condition that A is a non-singular £(,4)-module is 
the same as requiring that every regular element of E(A) is a monomor-
phism. If, in addition, A satisfies the central condition, and E(A) is a 
prime ring, then further information can be obtained [2, Theorem 3.6]. 

In this context, the question arises whether the endomorphism rings of 
these groups have finite rank over their center. The results of this paper 
allow one to construct an example showing that this does not hold in 
general. 

Most of the notation used here is standard. In particular, if G is an 
abelian group, then its torsion subgroup is denoted by T(G) or TG if 
there is no possibility of confusion. 

This research was initiated by parts of my dissertation written at New 
Mexico State University in 1981/82. I want to use this opportunity to 
thank my advisor, Prof. Dr. D. M. Arnold, for his patience and helpful 
ideas without which this paper would not have been completed. 

2. Endomorphism rings with the ACC for left annihilators. In the fol­
lowing, the word ring always denotes an associative ring with identity. 
For a non-empty subset S of a ring R, the set ann (S) = {r e R : rS = 0} 
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is a left ideal of R. It is called the left annihilator of S in R. If ann (Si) £ 
ann (52), then it is possible to assume that the S/s are right ideals of R 
with S2 £ Si. R satisfies the ascending chain condition (ACC) for left 
annihilators if every strictly ascending chain of left annihilators has finite 
length. 

In this section, abelian groups are considered whose endomorphism ring 
satisfies the ACC for left annihilators. In this and the following sections, 
if G = A © B, then eA and eB denote idempotents of E{G) with eA(G) = A, 
eB(G) = B, and eA + eB is the identity map on G. E(A) is identified with 
the subring eAE(G)eA of E(G). 

PROPOSITION 2.1. If A is an abelian group whose endomorphism ring 
satisfies the ACC for left annihilators, then every direct sum decomposition 
of A has only finitely many non-zero summands, and the endomorphism ring 
of each of these summands has the ACC for left annihilators. 

PROOF. Suppose A = ®i<ù)Ai, where a> is the first infinite ordinal 
number. For every n < œ, define Dn = ®t>nAi9 and choose idempotents 
etr. A -> A{ and/w: A -> Dn in E(A) coming from the given decomposition 
of A. Then 

ann (fn) = E(A)ei 0 . . . 0 E(A)en. 

Because of the ACC for left annihilators, e{ = 0 for almost all i < œ. 
Furthermore, E{At) = eiE{A)ei implies that E(At) satisfies the ACC for 
left annihilators. 

On the other hand, if A and B are abelian groups whose endomorphism 
rings satisfy the ACC for left annihilators, then, in general, A © B does 
not satisfy this condition. An example is A = Z and B = Z(p°°). Neverthe­
less, it is possible to obtain 

PROPOSITION 2.2. Let G = A © B be an abelian group such that B is 
fully invariant in G, and Hom(G, B) is a noetherian left E(B)-module. If 
E(A) satisfies the ACC for left annihilators, then E(G) does too. 

PROOF. Suppose, {ann ( S , ) } ^ is an ascending chain of left annihilators 
in E(G). Since B is fully invariant in G, e^ann (Sé) is the left annihilator of 
eAS{eA in the ring eAE(G)eA. By the assumptions, this ring satisfies the 
ACC for left annihilators. Therefore, eASLnn(Si) = ei4ann(5/+1) for almost 
all i. 

Moreover, {eßann(£V)} is an ascending chain of £(i?)-submodules of 
Hom(G, B). Since this module is noetherian, eBdLxm{St) = eBaxm{Si+{) 
for all but finitely many /. 

This proves the proposition since, as abelian groups, 

ann(5,) = e^ann {St) © eßann(SV). 



94 U. ALBRECHT 

In [4], left ideals of E(A) have been considered that annihilate subsets 
of the group A. A one-to-one, order-inverting correspondence between 
these left ideals and certain subgroups of A proved to be a useful tool. 
It is possible to give a similar correspondence between left annihilators 
of subsets of E{A) and a class of subgroups of A. 

If S is a subset of E(A), then let Bs = Ls<=s s(/4)be the image sub­
group of S. If U is a subgroup of A, then define Iv = {feE(A): U Ç 
ker(/)}. Iu is a left ideal of E(A). It is straightforward to prove 

LEMMA 2.3. If A is an abelian group, and S is a subset of E(A), then 
ann(S) = IBs. 

On the family of all image subgroups of A, define an equivalence 
relation by U ~ V if and only if Iv = Iv. An equivalence class is denoted 
by [U]. 

In this case, if U is an image subgroup of A, then U = 2{K: V ~ U} 
is an image subgroup of A which is equivalent to U. Therefore, every 
equivalence class contains a largest element. Such an image subgroup is 
called closed. If S is a subset of E(A), then let $(ann(S)) be Bs. 

LEMMA 2.4. 0 defines a one-to-one order-inverting correspondence between 
left annihilators in E (A) and closed image subgroups of A. 

PROOF. By Lemma 2.3, the map 0 is well-defined, and a bijection. 
Moreover, if U1 ç U2 are closed subgroups of A9 then IUl ^ IU2 are 
left annihilators in E(A) with 0(IUt) = U{. 

Conversely, if ann(5'1) ç ann(S2), then one can assume that Si 2 52. 
Thus ^ 2 ^72. 

THEOREM 2.5. ;4AZ abelian group A satisfies the descending chain condition 
for closed subgroups if and only E(A) has the ACC for left annihilators. 

Obviously, if U £ V are image subgroups, then Ü # V if the natural 
map 0 -• HomC4/F, ^ ) -* Hom(^/C/, A) of left ideals of E(A) is not 
surjective. The last theorem has several consequences which will be 
important in the following. 

COROLLARY 2.6. Let A be an abelian group such that E(A) satisfies the 
ACC for left annihilators. The torsion subgroup TA of A is a direct sum-
mand of A which is isomorphic to a direct sum of a finite group and a divisible 
torsion group of finite rank. 

PROOF. Let D be the largest divisible subgroup of TA, and write A = 
B © D. By Proposition 2.1, D has finite rank and E(B) satisfies the ACC 
for left annihilators. 

Suppose, TB is unbounded. Then there is a sequence {/i,-}f-<a> of non-
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zero integers such that ni+1 = /yi,- where/?, is a prime of Z, and n^B/n^B) 
^ 0 for all i. 

Consider a basic subgroup of the unbounded, reduced torsion group 
TB. Then, for all n, B = (a{) © • • • © <A> ® Bn and Bn = <tfM+i> 0 
J?n+1 where an+1 # 0. Therefore, /B||+1 ? /ß|i. Since i?w is an image sub­
group of B, this implies Bn £ Bn+i. By Theorem 2.5, this contradicts the 
fact that A has the ACC for left annihilators. 

Consequently, TB is bounded. Hence, it is a direct sum of finite groups. 
Since bounded groups are pure-injective, TB is a direct summand of B. 
By Proposition 2.1, 7 5 is finite. 

COROLLARY 2.7. Suppose, A is an abelian group such that E(A) satisfies 
the ascending chain condition for left annihilators. IfD is the largest divisible 
subgroup of TA, and its largest p-subgroup Dp is non-zero, then A/TA = 
p(A/TA). 

PROOF. By Proposition 2.6, TA is a direct summand of A, say A = 
A' ® TA. Suppose, A' ^ pA'. Then p»A' 2 pn+1A' for all n < œ. Since 
TA contains a subgroup isomorphic to Z(/?°°), this induces a descending 
chain of closed subgroups of infinite length. 

The last result of this section can be viewed as a partial converse of 
the last corollary. 

PROPOSITION 2.8. Let G = B © T be an abelian group such that T is 
finite, TB is a non-zero divisible group of finite rank such that B = pB 
whenever (TB)p ^ 0, and B has finite torsion-free rank. Then E(G) satisfies 
the ACC for left annihilators. 

PROOF. In the first step, it is assumed that T = 0. Write G = C © D, 
where C is torsion-free of finite rank and D is torsion divisible of finite 
rank. Let e e E(G) be an idempotent with e(G) = Demd (1 - e)(G) = C. 

If {ann(<SV)}z<û> is a n ascending chain of left annihilators in E(G), 
then (1 — e) ann(5,-) is the left annihilator of (1 — e)St- in E(C), since 
Hom(A C) = 0. Since C is torsion-free of finite rank, E{C) trivially is a 
Goldie-ring. Therefore, (1 — e) a n n ^ ) = (1 — e) ann(SV+i) for almost 
all i < o). 

On the other hand, e(ann(S#-)) is an £(Z>)-submodule of the E(D)-
module eE(G) = Hom((/, £>). Since D = ©j = 1 Z(/?°°)w/ with primes 
Pi 7e /V for / 7* y, and /*, nj < a), the ring E(D) is isomorphic to the product 
of nj x «y-matrix-rings Rj over the /?y-adic integers JPj. Let e1? . . . , en 

be central idempotents in E(D) such that Rj = ejE(D)ej. The e/s are just 
the projections on the /^-components D^. of D. Every ^(^-moudle M 
has a natural decomposition M = ®n

j=iejM. In particular, ejeE(G) = 
Hom(G, Dp). 
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Since G = pG for every prime p with Dp ^ 0, and C is torsion-free of 
finite rank, Hom(G, Dp) is a torsion-free /^-module of finite rank. 

Moreover, eye(ann(S;)) is a pure /^.-submodule of ejeE(G) since if, 
for x e ejeE(G) and r G Z^., one has that rx is an element of ey^(ann(S'f-)), 
then, for every 5 G S, 0 = rxs and xy is an element of ejeE(G). Since 
ej-eE(G) is a torsion-free /^ .-module, xy = 0, i.e., x = ejex G eye(ann (5,)) 
Therefore, the chain { ^ ( a n n ^ ) ) } has finite length. 

This proves that £(2?) has the ascending chain condition for left an-
nihilators since 

ann(^) = ^(ann^)) ® (I - e) ann(S,-) 

as abelian groups. 
In the second step, TE(G) is finite since both T and E(B)/mE(B) for 

every non-zero integer m are finite. If n is a non-zero integer with nTE(G) 
= 0, then nE(G) <= E(B). 

Suppose {dLxm(St)}i<œ, again, is a strictly ascending chain of left an-
nihilators in E{G). Without loss of generality, one can assume that the 
S/s are right ideals of E(G). Since 77(ann(5'ï)) is contained in the finite 
group TE(G), one can assume that jT(ann(S,)) = r(ann(S /+1)) for all /. 

If tt(ann(S,-)) = «(ann(S,+1)) for some / < co, then pick y e 
ann^+^annOS,-)- For some x e ann (5,-), one has nx = ny, i.e., y — 
x G r(ann(5 ï+1)) = T(axm(St)). Hence, y e ann(5,-). However, this con­
tradicts the choice of y. 

In the ring E(B), consider the left annihilator of nS{. By the first step, 
E(B) has the ACC for left annihilators. Therefore, it is possible to assume 
that the sets nSt- and nSi+i have the same left annihilator in E(B). Denote 
this annihilator by M. 

Because nE(G) Q E(B) and annjE-(ß)(«5f) equals [ann£.(G)(jiS
,
l-)] fl E(B)> 

one has /i[ann(5,-)] e M. Also, nMS{ = M«^- = 0 implies w2M ^ 
w[ann(5/)]. This gives 

n2M e «(ann (Sx)) S • • • S «(ann (S,-)) ç . . . £ M. 

Consequently, Mj(n2M) is infinite. 
On the other hand, M is a pure subgroup of E(B). Since E(B) has a 

torsion-free additive group, M/(n2M) is isomorphic to a subgroup of 
E(B)/(n2E(B)). But the latter group is finite, and M/(n2M) is infinite. 
This contradiction shows that E(G) satisfied the ACC for left annihilators. 

3. Finite dimensional endomorphism rings and generalizations. A module 
over a ring R has finite left Goldie-dimension if every direct sum of non­
zero submodules has only finitely many summands. R itself is finite di­
mensional if it is as a left i^-module. If M is a finite dimensional iÊ-module, 
then there exists a smallest integer n such that every direct sum of non-
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zero submodules has at most n summands. n is called the Goldie-dimen-
sion of M. 

LEMMA 3.1. Let G = A © B be an abelian group such that 
i) E(A) and E(B) have finite left Goldie-dimension, 

ii) Horn (B, A) is a finite dimensional left E(A)-module9 and 
iii) Horn (A, B) is a finite dimensional left E(B)-module. 
Then, E(G) has finite left G oldie-dimension. 

PROOF. Let ©f.e//f-be a direct sum of left ideals of E(G). eAJt is an 
2s(,4)-submodule of the finite dimensional left E(A)-modulc eAE(G) ^ 
E(A) © Horn (B, A). Consequently, eAJ{ = 0 for almost all / 6 /. By 
symmetry, the same holds for eBJ{. As abelian groups, J{ = eAJ{ © eBJ{. 
Therefore, E(G) has finite left Goldie-dimension. 

However, the class of abelian groups having a left finite dimensional 
endomorphism ring is not closed under direct summands. Before an 
example of such a group is given, sufficient conditions on a direct Sum­
mand of a group with a finite dimensional endomorphism ring are proved 
that guarantee that the summand has this property too. 

THEOREM 3.2. Let G = A © B be an abelian group such that E(G) has 
finite left Goldie dimension. E(A) is a finite dimensional ring if either A is 
fully invariant in G, or f] {ker ( / ) : / e Hom(2?, A)} = 0. 

PROOF. Let © / G / / t be a direct sum of non-zero left ideals of E(A). 
If A is fully invariant in G, then Horn (A, B) = 0, and hence E(A) = 

eAE(G)eA = E(G)eA. Thus, J{ = J{eA is a left ideal of E(G\ and the sum 
of the JieAs is direct. Since E(G) is a finite dimensional ring, J{eA = 0 
for all but finitely many /. 

On the other hand, if f){ker(/): feHom(B, A)} = 0, then define 
K{ = E(G)J{eA. The K/s are left ideals of E(G). It it is shown that their 
sum is direct, then the theorem follows since E(G) has finite Goldie-
dimension and Kj = 0 implies /,• = 0. 

Suppose, one has chosen elements xt- e K{ such that x{ = 0, for almost 
all i, and £ / e E / x{ = 0. Then, S,-e / eAx{ = 0 and 2 , . e / eBxi = 0. 

Since eAXi e Jh one has eAx{ = 0, for all / G /. Furthermore, for every 
fe Horn (B, A), one has Tli^if^Bxi is z e r ° . Since feBx{ G J{, for all i G /, 
and the sum of the J{ is direct, feBx{ = 0. By the assumptions on 
Hom(2?, A), this implies eBx{ = 0 for all i G /. This is only possible if 
all x/s are zero, i.e., the sum of the K/s is direct. 

In the following, an example is given that, in general, a direct sum­
mand of an abelian group with a left finite dimensional endomorphism 
ring does not have this property. Because of Corner's Theorem [7, The­
orem 110.1], it is enough to find a left finite dimensional ring R with a 
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reduced, countable, torsion-free additive group containing an idempotent 
e such that eRe is not finite dimensional. Corner's Theorem guarantees the 
existence of a group G with R ^ E(G). Then e(G) is a direct summand of 
G with E(e(G)) £ eRe. 

R is constructed following Chatters and Hajarnavis [6, Examples 1.22 
and 8.22], but modifications are necessary to apply Corner's result. 

Let x and y be independent variables, and p be a fixed prime of Z. 
If K is the polynomial ring Z[y], then s: K->K, with $(>') = y2, defines a 
ring-monomorphism. Let Ri be the set of all polynomials in x with coef­
ficients in K written on the right of the powers of x. The elements of R\ 
are added as usually, but the multiplication is defined by kx* = x's'Xk) 
for all kt K. This makes Rx as ring without zero-divisors. Moreover, p 
is in the center of Ri. 

LEMMA 3.3. Rx has infinite left Goldie-dimension. Its right dimension is 1. 

PROOF. Consider the left ideals Rxx and Rixy of Rx. Suppose u e Rxx f) 
Rixy, and write u = J^x'kj. The nonzero k{ have only even powers in 
y, since yx = xy2 and u e Rxx. Siminarly, these powers in y have to be odd 
because of yxy = xy3. This is only possible if u = 0. An induction shows 
that the sum of the left ideals Rxxyx* is direct, i.e., R1 has infinite left 
Goldie-dimension. 

On the other hand, let 0 # a, b e Rlm Write a = 2f=0x
lflf- and b = 

El^x'bj. To show that aRx f] bRi #= 0, it is enough to find non-zero 
polynomials c = £yLo xJ'cj and d = Zi/^o * ^ / with #c = bd and m > n. 
However, this is equivalent to the existence of a non-zero solution of the 
linear equation-system Tii+j=k(ßj(aocj — sj(bt)dj) = 0 (k = 0, . . . , m +n) 
in the variables cj and dj over the quotient field of K. This system has 
n -f m + 1 equations and 2(m + 2) variables. Since n + m + 1 < 
2(ra + 2), such a solution exists. 

By this result, Rx has a right quotient ring Q, i.e., there is a ring g 3 
i?! such that every element of Ri which is not a zero-divisor, i.e., every 
regular element, is a unit in Q9 and every element of Q can be written as 
ac~x with a, ce Rx and c regular. Since all non-zero elements of Ri are 
regular, Q is a division algebra. Let R2 be the subring of Q consisting 
of all ac~l with ae Rx and c e Rx\pRh It is straightforward to prove the 
following lemma. 

LEMMA 3.4. Every non-zero one-sided ideal of R2 has the form R2p
n for 

some n < co. Moreover, Q = Q ® z R2. 

If R is defined to be 

\RX 0 I 
I ^ 2 ^ 2 r 
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then R clearly satisfies the conditions of Corner's Theorem. 

THEOREM 3.5. R is left Goldie-ring containing an idempotent e such that 
e Re does not have finite left Goldie-dimension. 

PROOF. 

/?! 0 
R2 0 

and 0 0 
0 R2 

are one-dimensional left ideals of R. Therefore, R has left Goldie-dimen­
sion 2. By Proposition 2.2, with G being an abelian group such that 
R = E(G) and 

1 0 
0 0 G and B = 0 1 

0 0 

one has that R satisfies the ACC for left annihilators. 
Finally, if 

then eRe ^ i?i is not finite dimensional. 

In the following, an abelian group G is called a Goldie-group if E(G) 
is a left Goldie-ring. By the previous example, direct summands of Goldie-
groups are not, in general, Goldie-groups. However, if U is a sub­
group of the Goldie-group G, and G/U £ ®i^iUt; then the left ideal 
Hom(G/t/, G) of E{G) decomposes in left ideals as Yii<=i Horn (£/,, G). 
Since E(G) has finite left Goldie-dimension, Hom(Ut, G) = 0 for almost 
all i e I. Call an abelian group, G, whose endomorphism ring satisfies 
the ACC for left annihilators, quasi-Goldie if G/U = ®i^jUt- implies 
Hom(Ut, G) = 0, for all but finitely many i e I. 

In contrast to Goldie-groups, the class of quasi-Goldie-groups is 
closed under direct summands. If G = A ® B is a quasi-Goldie-group, 
and U s A with A/U = ®iŒlUt; then G/(U ® B) ^ ®,e /£/z implies 
Hom(£/,, G) = 0 for almost all I G / . But this is only possible if A is 
a quasi-Goldie-group. 

Theorem 3.5 and the previous result show that the class of Goldie-
groups is properly contained in the class of quasi-Goldie-groups. 

LEMMA 3.6. Let A be a quasi-Goldie-group whose largest divisible sub-
group D(A) is non-zero. Then A has finite torsion-free rank. 

PROOF. Suppose A has infinite torsion-free rank. By Proposition 2.1, 
D(A) is countable. Choose a free subgroup E of A of infinite rank. It con­
tains a subgroup Fx such that F/Fi = Q^DiA). Since the latter group is 
divisible, there is some subgroup V of A with A/V ^ ®WD(A). Because 
Hom(D(A), A) ^ 0, this contradicts the fact that A is quasi-Goldie. 
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If a quasi-Goldie-group A has a non-zero torsion subgroup, then 
write TA = T © D where D is the largest divisible subgroup of TA, By 
Corollary 2.6, Tis finite. 

LEMMA 3.7. Let A be a quasi-Goldie-group. If Tp # 0, f/ze« (A/TA)/ 
p(A/TA) is finite. 

PROOF. (A/TA)/p(A/TA) is a direct sum of cyclic groups of order p. 
Because of Tp # 0, one has Hom(Z//?Z, ^) # 0. Thus, (A/TA)/p(A/TA) 
has to be finite, since A is quasi-Goldie. 

4. The structure of Goldie-and quasi-GoIdie-groups. Combining the 
results of the previous two sections will allow us to describe the structure 
of quasi-Goldie- and Goldie-groups up to a torsion-free reduced Sum­
mand. A further discussion of this summand will be given in the next 
section. 

THEOREM 4.1. For an abelian group A, the following are equivalent : 
a) A is a (quasi-) Goldie-group ; 
b) A=B®T®D®E where B is a torsion-free reduced (quasi-) 

Goldie-group, T is finite, D is a divisible torsion-free group of finite rank, 
and E is a divisible torsion group of finite rank such that 

i) Tp # 0 implies B/pB is finite, 
ii) Ep 9e 0 implies B = pB, and 
iii) D © E 7̂  0 implies that B has finite rank. 

PROOF, a) => b). By the results proved till now, it is only left to show that 
B is a Goldie-group if A is. This is trivial if D © E ^ 0. If A is reduced, 
then choose a non-zero integer n with nT = 0. 

If Ii © • • • © Im is a direct sum of non-zero left ideals of E(B), then 
IineB is a left ideal of E(A) for all /. The sum of these ideals is direct, and 
hence, m has to be less than the Goldie-dimension of E(A). 

b) => a). First, E(A) has the ACC for left annihilators. If E = 0, this 
follows from Proposition 2.2, while the case E ^ 0 has been settled by 
Proposition 2.8. 

If B is a quasi-Goldie-group, let U be a subgroup of A with A/U = 

In the first step, assume E = 0. Then, 

Rom(A/U, A) = UiŒi Hom(Ui9 A) 

= (n*E/Hom(£/,,£®Z))) © (n,e/Hom(<7,, T)). 

Therefore, T(Hom(A/U, A)) = n*E/Hom(£/,-, T) is contained in T(E(A)) 
= Hom(A, T). The conditions in b) imply that the latter group is finite. 
Hence, Hom(£/„ T) = 0 for almost all i e /. 

Since B © Z) is torsion-free, it follows that 



CHAIN CONDITIONS 101 

Hom(tf„ B ® D) = HomiUJTUi, B ® D). 

Choose a subgroup V of A with 4/K = ®t-Œl(UJTUi). T is the torsion 
subgroup K, and there is a subgroup W of V such that V = T ® W. 
By [7, Lemma 100.3], y4 contains a subgroup # 3 FT such that A = 
H ® T. Consequently, 

If D = 0, then # is a quasi-Goldie-group by assumption, while if 
D # 0, then /f has finite torsion-free rank. In either case, Horn (UJTUi9 

B ® D) = 0 for almost all /. 
In the second step, assume E ^ 0. Then, as in the proof of Proposition 

2.8, write E = ®J=lZ(pJ)mK Consequently, Hom(£/„ Z(pf)mt) is a / A -
submodule of Hom(A, Z(pJ)mf). But the torsion submodule of the latter 
is finite, and it has finite torsion-free /^,-rank. Therefore, Hom(t//5 E) = 
0 for all i e / \ / for some finite subset / of /. 

Choose a subgroup C of A such that A/C = ©,-e/x/C/,-. By the choice 
of / , E is a subgroup of C, and there is a subgroup X of ^ such that 
A = E® X. 

Moreover, C = E ® (C [) X).But X = B ® T ® D is a quasi-Goldie-
group by the first step, and X/(C f! -*) = A/C. Therefore, Hom(C/n X) = 
0 for almost all i e 7\/. Thus, A is quasi-Goldie. 

On the other hand, if B is a Goldie-group, then there is nothing to prove 
if E = 0 by Lemma 3.1. If E # 0, then a similar rank argument as before 
is used. 

A class of Goldie-rings is particular important. A ring R is semi-prime 
if, for every non-zero left ideal I of R the ideal I2 is non-zero. The semi-
prime left Goldie-rings are exactly the rings with a semi-simple Artinian 
left quotient-ring. 

Observe that if G = A ® B is an abelian group such that A is fully 
invariant in G and Hom(#, A) ^ 0, then E(G) is not semi-prime. This 
result and Theorem 4.1 imply 

COROLLARY 4.2. For an abelian group A, the following are equivalent: 
a) A is a (quasi-) Goldie-group andE(A) is semi-prime. 
b) There is a finite group T which is the direct sum of cyclic groups of 

prime order such that either 
i) there is a torsion-free reduced (quasi-) Goldie-group B with E(B) 

semi-prime and the property that Tp ^ 0 implies B = pB, and A = B ® T, 
or 

ii) there is a torsion-free divisible group D of finite rank such that 
A = D ®T,or 
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iii) there is a divisible torsion group E of finite rank such that Tp # 0 
implies Ep = 0, and A = E © T. 

COROLLARY 4.3. Let A be an abelian group. If its largest divisible sub­
group is non-zero, then the following are equivalent: 

a) A is a Goldie-group ; 
b) A is a quasi-Goldie-group ; and 
c) A has finite torsion-free rank. 

5. Torsion-Free Goldie-Groups. The fact that Goldie-groups are closed 
neither under direct summands nor finite direct sums puts the structure-
theory of torsion-free reduced Goldie-groups in chaos. However, Goldie-
groups arise quite naturally in many applications, e.g., in [2]. Therefore, 
it is of interest to single out classes of Goldie-groups that have properties 
which prove to be useful tools. 

One of these conditions is self-smallness. An abelian group A is self-
small if the functor Hom(^4, — ) preserves direct sums of copies of A. 
In this context, abelian groups A become important such that la ^ 0 
for every 0 ^ a e A and every essential left ideal / of E(A). If A is a 
Goldie-group, and E(A) is semi-prime, then the last condition is equivalent 
to saying that every regular element of E(A) is a monomorphism. Abelian 
groups satisfying this property will be called non-singular over their 
endomorphism rings. 

THEOREM 5.1. Let A be a Goldie-group such that E(A) is a semi-prime 
ring. If A is non-singular over E(A), then A is self-small. 

PROOF. In [5], Arnold and Murley showed that A is self-small if every 
strictly decreasing chain of annihilators of subsets of A has finite length. 

Suppose li ^ • • • ^ /„ 52 • • • is a decreasing chain of such ideals, say 
It = {feE{A): X{ ç ker(/)}, where X{ is a subset of A. 

Since E(A) is a semi-prime left Goldie-ring, it has a left quotient ring 
Q which is semi-simple, Artinian. Consequently, the induced chain 
QIi ^ • • • QIn 3 • • • of left ideals of Q becomes stationary. 

If QIn = QIn+\9 then pick / e In. Because of fe QIn+i, there are c, 
r 6 E(A) and g e In+1 such that / = c~lrg and c is regular. Since the re­
gular elements are monomorphisms, cf(Xn+1) = rg(Xn+1) = 0 implies 
f(Xn+i) = 0, i .e. ,/e 7W+1. Thus, A is self-small. 

For a subclass of the class of Goldie-groups, it is possible to give a 
structure-theory. An abelian group A satisfies the central condition if 
every essential left ideal contains a central regular element. In a first step, 
it is shown that abelian groups satisfying the central condition are Goldie-
groups. 
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THEOREM 5.2. If A is an abelian group which satisfies the central condi­
tion, then E(A) is a semi-prime right and left Goldie-ring. 

PROOF. If / = ©*e/«^ is a direct sum of non-zero left ideals of E(A), 
then one can assume that / is essential. Therefore, J contains a central 
regular element c. E(A)c is an essential left ideal of E(A). Consequently, 
I has to be finite. 

Moreover, if 0 ^ r e E(A), then ann(r) cannot be essential in E{A). 
By [6, Lemma 1.14], E(A) has the ACC for left annihilators. 

Finally, let Nbe a left ideal of E(A) with N2 = 0. Choose a left ideal 
K of E(A) such that N © K is essential. Then N © K contains a central 
regular element c. 

Consider cN Ç N. Since c is central, cN is a left ideal of E(A). More­
over, cN c N2 © NK e # . Thus, cN = 0. Now, c is regular implies that 
N = 0. 

Therefore, £04) is a semi-prime left Goldie-ring whose semi-simple, 
Artinian left quotient-ring Q is generated by central elements because of 
the central condition. If / is an essential right ideal of E(A), then IQ is an 
essential right ideal of Q. This implies Q = IQ. Therefore, I contains a 
central regular element. The rest of the theorem follows by symmetry. 

Combining the results of the last two theorems, it is possible to prove 
the following. In this context, a ring R is called prime if every non-zero 
two-sided ideal is essential. 

THEOREM 5.3. [2, Theorem 3.6]. For a torsion-free group A, the following 
are equivalent : 

a) A satisfies the central condition, and is non-singular over E(A) which 
is a prime ring; and 

b) The center R of E(A) is an integral domain with quotient field F. 
As an R-module, A is torsion-free and quasi-isomorphic to Bm where B 
is a torsion-free R-module whose R-quasi-endomorphism ring F ®R ER(B) 
is a division algebra. 

Herein, two torsion-free ^-modules M and N are quasi-isomorphic 
if there is 0 ^ r e R and a submodule U of M such that N ^ U and 
rM s U. 

It should be remarked that if A satisfies the central condition then the 
center of the quotient-ring of E(A) is a product of a finite number of 
fields. Since these fields are, in general, non-isomorphic, the definition of 
quasi-isomorphism would become rather clumsy in a more general setting. 
This is the reason why only prime rings have been considered in Theorem 
5.3. 

Rather than giving the proof which can be found in [2], it seems more 
important to give an example that shows the size of the class of groups 
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described by Theorem 5.3. Naturally, the question arises as to whether 
it contains only the groups whose endomorphism ring has finite rank 
over its center. That this is not so is shown by 

EXAMPLE 5.4. If R2 is the ring which was defined before Lemma 3.3, 
then there exists an abelian group A with R as the endomorphism ring of 
A. The ring ring Q ® z E(A) is a division algebra which has infinite di­
mension over its center. 

PROOF. It is enough to show that the center of Q ® z R2 is isomorphic 
to Q. Let q be a central element of this division algebra. There are poly­
nomials/(x), g(x) e Rx with q = f(x)g(x)~1. Thus, for every t e Z, one has 
f(x)x*g(x) = g(x)x*f(x). Write f(x) = EU^i and g(x) = E%oX>'bj9 

where the a/s and b/s are polynomials in y with an, bm ^ 0. Then one 
obtains 

(1) £ s^(bj)ai = 2 s^(at)bh 
i+j=k t+j=k 

with k = 0, . . . , « + m. 
Choose k = n + m, and obtain 

(2) s«+">(bjan = s^(an)bm. 

Comparing the degrees of this polynomials in Z[y] gives 2'+wdeg(èw) + 
deg(an) = 2*+>» deg(flw) + deg(Z>J. 

Therefore, deg(a„) = deg(6m). If deg(aw) ^ 0, then « = m. Over the 
algebraic closure of Ô, the polynomials an and 6n can be written as an 

= a Vitiiy - ct)
ni and bn = b \[jU(y ~ dtf*' where c, * c,, (</y * </,.,) 

for i ^ V (j ^ 7'). Substitute this in (2) for an and bn. Then 

ny4(^c«-H) - dpi ntiiy-Ci)" = n^i(j2(M+" - cdniU?=i(y- dir*. 

Suppose there is some index / such that c{ $ {0, 1). Then all the powers 
c2(n+t) a r e different. Choose t < œ large enough so that cj(nH) # cj for 
j G {1, . . . , A'}. Consequently, for some y e {1, . . . , m'} one has c{ = d, 
and n{ ^ my. By symmetry, equality holds. 

Thus, after cancelling the factors with c{$ {0, 1}, one has to consider 
an equation of the form 

(y2(n+t)miry2(n+t) _ \\nt2yn1fy_ \\m = (y2(n+t)ni(y2(n+t) __ \yzy™l(y _ l)w2 

Therefore, nx = mi and n2 = m2. Consequently, Ö„ = rbn for some ra­
tional number r. 

On the other hand, if deg (an) = deg (bn) = 0, then an, bn are non-zero 
integers, and an argument similar to before, applied to f(x)ytg(x) = 
g(x)ytf(x), shows n = m and aw = ròw. 

file:////nt2yn1fy_
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Let i0 be the largest integer in {0, . . . , n) such that aio ^ rbh. Choose in 
(1) k = n + /o- The choice of /0 implies 

sit+iHbn)K - rb$ = s«+»\ak - rbk)bn. 

The same calculations as before show that either n = /0 or aio = rbiQ. 
Both results give a contradiction. 

Consequently, f(x)g(x)~1 e Q. Thus, the center of Q ® z R2 is isomor­
phic to Q. 

By Lemma 3.4, R2/I is torsion for every essential left ideal / of R2. 
Therefore, every essential left ideal of R2 contains a non-zero integer 
multiple of the ring identity, and thus, R2 satisfies the central condition. 
Therefore, this paper concludes with the consideration of torsion-free 
abelian groups A such that E(A)/I is torsion for every essential left ideal 
/o f E{A). By Theorem 5.2, E(A) is a semi-prime right and left Goldie-ring, 
and QE(A) = Q ® z E(A) is its quotient ring. 

THEOREM 5.5. For a torsion-free abelian group A, the following are 
equivalent: 

a) E(A) is a semi-prime left Goldie-ring and E(A)/I is torsion for every 
essential left ideal ofE(A) ; 

b) A is quasi-isomorphic to ©JL^f1' where n, n{ < œ, and the B/s are 
torsion-free abelian groups such that, for i =£ j , one has Horn (Bi9 Bj) — 0, 
and QE(Bt) is a division algebra for all i = 1, . . . , n. 

PROOF. Since QE(A) is a semi-simple, Artinian ring, there are central, 
orthogonal idempotents eh . . . , en e QE(A) such that 1 = ex + • • • + 
en and e{QE(A)e{ is a simple, Artinian ring. If m is a non-zero integer 
such that me{ e E(A), then let/,- = me{. C l ea r ly , / ^ ) is a fulty invariant 
subgroup of A for all /. Moreover, the sum of the f(A) is direct, and it 
contains m A. 

Consequently, QE{f(A)) is a simple ring, and QE(A) is the product of 
the QE(f(A)). By Theorem 5.3, f(A) is quasi-isomorphic to Bf where 
B{ is a torsion-free abelian group such that QE(Bi) is a division algebra. 
Since f(A) is fully invariant in A, one has Horn (Bi9 B3) = 0 for / ^ y. 
This proves b). 

For the converse, observe that b) guarantees that QE(A) is isomorphic 
to Xf=l MdLtn.(QE(Bt)). Since QE{Bt) is a division algebra, QE(A) is a semi-
simple, Artinian ring. Hence, QI = QE(A) for every essential left ideal 
[of E(A). This shows a). 
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