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FUNCTIONS WITH PREASSIGNED LOCAL MAXIMUM POINTS 

F. S. CATER 

In a recent note [1], Posey and Vaughan gave an elementary example 
of a continuous real valued function that has a proper local maximum at 
each point of a preassigned countable dense set. Let A and B be disjoint 
countable sets, each dense in the open interval (0, 1). We will use methods 
just as elementary as those used in [1] to construct a continuous nowhere 
differentiable function Fon (0, 1) such that F has a proper local maximum 
at each point of A and a proper local minimum at each point of B, and has 
no other local maximum or minimum points. 

By a triadic rational number, we mean a rational number of the form 
k3~n where « is a positive integer and k is an integer. We say that k3~n 

is even if k is even, and odd if k is odd. We begin with a lemma that is 
not very original. 

LEMMA 1. Let A and B be disjoint countable dense subsets of (0, 1). 
Then there is a bijective order preserving mapping g of the set of all triadic 
rational numbers in (0, 1) onto A [j B such that the odd numbers map to 
points in A and the even numbers map to points in B. 

PROOF. Let the sequence (an) be an enumeration of A and (bn) an enu­
meration of B with a\ < bi. Let g(l/3) = a^ g(2/3) = bv Suppose that 
g(k31^n) has been defined for some n > 1 and for all k = 1, 2, . . . , 
3»-i _ \9 s o that g is injective and order preserving on its domain. Let 
g(3-»), g(3 - 3-»), g(5 . 3~«), . . . , g((3» - 2)3"«) be the points in A = 
{öj with the smallest subscripts that make g still injective and order 
preserving. Let g(2 . 3""), g(4 . 3~"), g(6 • 3~w), . . . , g((3* - 1)3"«) be 
the points in B = {è,} with the smallest subscripts that make g still in­
jective and order preserving. This completes the induction on n, and g 
is the required order preserving bijective mapping onto A [) B. 

For each n > 0, we define a piecewise linear function /„ on [0, 1] as 
follows. Let 
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/.(*(3-»)) =A(gß • 3-»)) =f„(g(5 • 3-»)) 

= ••• = /„ (g( (3«-2)3-») )= /„ ( l ) = 1, 

f»(0) =L(g(2 • 3-»)) = /„(g(4 • 3"«)) 

= /„te(6 • 3-»)) = . •. = f„(g(3" - 1)3-»)) = 0. 

Let /„ be linear on the intervals [g((k - 1)3-"), g(k3~")](k = 1, 2, ..., 
3"). 

We define an increasing sequence n(j) of positive integers as follows. 
Put «(1) = 1. Now suppose that «(1), n(2), ...,n(j— 1) have been 
chosen. Let Fy_i = 2~lfna) + 2~2fni2) + • - - + 2l-JfnU_l). Let S denote 
the maximum of the absolute values of the left and right derivatives of the 
piecewise linear function Fy_i. Now let n(j) be the smallest index 
> n(j — 1) for which the minimum of the absolute values of the left and 
right derivatives of 2~Jfn{j) exceeds S + j . This completes the induction 
on y, and n(j) is defined for ally > 0. 

Put F = limj^ooFj. Then F = TiJ=i^~jfnU) anc* F is continuous on 
(0, 1). We claim that F has all the desired properties. 

1. Choose any x G (0, 1) and any number q > 0. There is an index j 
so large that g((k - 1)3-*W) ^ x < g((k 4- l)3-w(^) where k > 1, k 
is odd, and g((k + l)3-*(») - g((k - l ^ - * ^ ) < q. Put Ö = «((/tf-*«») G 
A,b = g((k - l)3-«('-)) G B, c = #((& + l)3-w(>)) G 5. It follows from the 
definitions of n(j) and /w(y), that the left and right derivatives of the piece-
wise linear function Fj = 2~jfn{j) + Fj_i exceed y on (b, a) and are ex­
ceeded by — y on (a, c). Thus 

(1) (Fj(a) - Fj(b))(a - b)'1 > j , (Fj(c) -Fj(a))(c - a)~^ < - j . 

If follows from (1) that Fj(a) > Fj(b) and Fj(a) > Fj(c). But fn{t)(a) = 
1 and fn(t)(b) =fn(t)(c) = 0 for t > j . Since F = Fj + L£j+i2r<fnit), 
it follows from (1) that 

(F(a) - F(b))(a - i ) - i >y, (F(c) - F(a))(c - a)-* < - y . 

Either b^x^aova^x^c. We conclude that there are sequences 
(wy), (vy) ^ A \J B such that uj^x^ vy for all y, vy — Wy -* 0 and 

|(F(vy) - F(Uj){Vj - Wy)-i| - oo. 

If F were differentiable at x, we would have 

\(F(vj) - F(UJ)(VJ - «y)-i| - |F(x) | 

which is impossible. So Fis nowhere differentiable on (0, 1). 
2. Suppose x e ^ . Choosey and k as in paragraph 1 withy so large that 

x = a. Then Fj has a proper maximum at x on the interval (b, c) and 
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fnU)(x) = 1 for t > j . It follows that F has a proper maximum at x on 
the interval (b, c). 

3. Suppose x e (0, l)\A. Choosey and k as in paragraph 1. Then b ^ 
x < c, and just as in paragraph 2, F has a proper maximum at a on the 
interval [b, c\ So F(x) < F(a) and F does not have a maximum at x in 
[b, c] ç (x — q, x + #). Finally, F does not have a local maximum at x. 

The proof that F has a proper local minimum at points in B and at 
no other points is analogous to the paragraphs 1, 2 and 3 with k even. 

Note that the sequences (an) and (bn) completely determine the functions 
g and F. Some modification of our arguments would insure that F has no 
left or right derivative at any point in (0, 1), but we will not include that 
here. 
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