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Q-ANALOGUE OF A TRANSFORMATION OF WHIPPLE
A. VERMA AND V.K. JAIN

1. Whipple [18] obtained two transformations between nearly-poised
hypergeometric series (second kind) 4F; and Saalschiitzian hypergeometric
series 5Fy.

a, b; C, —m;
(1.1) ,F:
l+a-b, 1 +a—c, w
a l+a

1+a—w, A

l+a—b—c, —m;
=W=a, g

W), 1 1
l4+a-b, | +a—c, -2—(1 +a—w—m), 7(2+a—w—m)

and

—n, b$ c, d;
(1.2) 4F:
l—n—b,1—n—c, w

p d,1—n—-b—c, :zn’ rtgn,l—n—w;
=

l—n-b,1—-n—c, i(l +d—w—n),—;—(2+d—w—n)

It is easy to note that(1.2) follows from (1.1) (and vice-versa). Indeed in
(1.1) setting @ = —n and m = —d we get (1.2) with the restriction d =
—m. The condition on d can be waived by analytic continuation because
both sides are polynomials in d.

In 1929 Bailey [6] obtained a transformation between a nearly-poised
series 5F and Saalschiitzian 5F; which is analogous to (1.1), viz.,

9 l+ia b’ s
@ 2 & -m _(w—a—1—m)(w—a),_;
F -— L s Y
504 a 1 b 1 (w)m
(1.3) 7, +a—o, +a—C,W
1+2, _1_-!-_5’ l+a—b—c, 1+a—w, —m;
2’ 2
*5Fy

l+a—b, 1+a—c, i(2+a—w—m), l(3+a—w—m)
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Using (1.1) and (1.2) Bailey [7] obtained identities of Cayley-Orr type.
In fact there are many other interesting applications of (1.1) and (1.2).
In an earlier paper [17] we obtained g-analogues of (1.1) and (1.3). The
g-analogues of the transformations of hypergeometric identities add
substantially to the analytic side of the theory of partitions and the parti-
tion identities. One may of course ask whether either partition identities
or their analytic counterparts are of any interest to the rest of mathematics.
The answer is surely yes. Indeed the recent rapid advance of Lie algebras
starting with lan Macdonald’s [14] major breakthrough has produced
significant results. Illustrating the relation between Lie algebras and parti-
tion identities (see Lepowsky and Milne [13], Kac [11]). Indeed it appears
now that this work has produced a fully Lie algebraic proof of the Rogers-
Ramanujan identities (Lepowsky [12]).

A proof of the weak form of the beautiful conjecture by I. Macdonald
concerning rotationally invariant plane partitions relies on (1.2) (see
Andrews [5]).

Indeed the g-analogue of (1.2) can be written out from the g-analogue of
(1.1) by following the method described above for deducing (1.2) from
(1.1). However in §3 we give an alternative simple proof for a g-analogue
of (1.2) by using the following g-analogue of Gauss summation theorem
(which is in fact a special case of g¢s [16; 3.3.1.3])

2 _ag2: — . — 0 — .
Gy g% s el ficlal| g —at ~alf la e ]
q% —a:e, —aqlf —q, —aqlf, e, elaf

It may be remarked that (1.4) is different in nature than the known
g-analogue of Gauss’ theorem [16; 3.3.2.5]. We also discuss in §3 some of
the interesting special cases of the transformations proved in this section.
Furthermore as applications of the transformations of §3, we obtain in
84 a g-analogue of a formula of Howell [9], viz.,

qop = A+ § e,
- O = T2, B DA, + o, T

where

) = by e

is a Laguerre polynomial.
In this sequel, we also obtain the g-analogues of the identities of Cayley-
Orr type due to Bailey [7].

2. Definitions and notations. If we let ‘|q| <1,
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l[a;ql, =1 — a)(1 — aq) ---(1 — ag*Y), [a; q)p = 1,

and [a; q],, = [[ (1 — ag’),

7=0

then we may define the basic hypergeometric series as

p ay, ap, ---,ap+1;q;x}
PP by by, ey by,
_ & e gl - [apia 5 gl x7(=) g D2
= (95 91 [b15 qls - - - [Dpirs qla

b

where the series ,y16,+,(x) converges for all positive integral values of r
and for all x, except when r = 0, it converges only for |x| < 1.
Further, we shall denote the following infinite product by

ai, ..., a4, ; q _ ) (l—aqu)--.(l—arqf)
”[bl,...,bs }-,EL[(I—bqu)---(l—bsqf)]'

Following Agarwal and Verma [3], we define the bi-basic hypergeome-
tric series as

¢[(a): b); x ] _ io: [(@); q2,1(); q], xrghrn—17/2
©:@D; "l = [(©); 4%, [(@); gl ’

The series converges for all values of x if 1 > 0, and when 1 = 0, we
require the additional convergence condition |x| < 1.

3. We begin this section by proving the following formula

2
a aw
a?, —aq?, b?, ¢z — 44 4,41

¢ ’172?22 — ]I[—aqs w/a,—q/d,w/d;q
2 anZ azqz. aq -4, _aq/da w, W/ad
gy HOTEeT T
' 202 272
foi @ aq, 4%, L0 g2 ¢

" 54 a?q? a?q? adq adq?

b2’ 2’ w’ w

where a or d is of the form ¢g—. Formula (3.1) for a = g~ yields a ¢-
analogue of (1.2), whereas for d = g, (3.1) becomes a g-analogue of
(1.1) (see for alternative proof [17]).

PRrOOF OF (3.1.) Multiplying both sidse of the g-analogue of Saalschiitz
summation theorem [16; 3.3.2.2]
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a2 q 2.0m g2 g2-
2.3 424" g7 g% q
b2c = [0 gl ¢l ()

3¢z 2q2
A s (5552 ] [°Fs at| orm
C

[a%; ¢2),[— aq?; qzlm[— %, q] [d; ql,w™
[92; q2)l—a; q2),Iw: q]m[ 29 ](ad)'"

and summing with respect to n (where a or dis of the form g—*), we get

2 _ g0 b2 2+ — aq awg?
@ SR & e [bzcz’ ] 7%er
202 q2g2 =1 a‘q?, gJ
2 — ,abg’acg Cw, — tZI l4%; ][ Jr[ Rk ah

[-ag?: g% =0 q]ids ql wi-Yer
[—a, g% [w: q],[—ﬁ, q} (ad)rgr+D

aql+r wqg—2r
_g s d rs __1
w ad

a2q4f’ _aq2+2": —

1+r
q% —ag?: wyr, =1

Summing the inner g-series by (1.4), we get (3.1) on some simplification.
In an earlier paper [17], we discussed some of interesting special cases of
(3.1) for d = g—", now ew discuss some other interesting special cases of
(3.1)forag = g
(i) In (3.1) setting w = ¢ = dgq, we get

g-2n, —q2n b2 d, —dq; 1 b2d2

o)
2 e q2—2n'q_—n —ql—n
-9 g Ty

q—2n 42 a2 g2
h2J2’ 9% 9
(3.3) g alf=L gl | P
ldq; ql,[—d; 4], s
b2

= a:91[=1; ql,[b%d%; 47,[d%q®; q*1,[b°; 9%, md"2"
[dq; ql.[—d; q1,[6%; q?1,1q%; 9%, [b%d?; ¢?),—
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to (m + 1) terms (where m is the greatest integer less than or equal to #/2)
on using [2; p. 443 (iii)].

(ii) Setting w = ¢, d = ql=#/b%c in (3.1) and then summing 3¢, on the
right-hand side by the g-analogue of Saalschiitz summation theorem
[16; 3.3.2.2] we get

g2, — g%, b2 q , —ci q
6t 4 Ber 7115 qlib; gllbe 4,
’ 2 qZ-—Zn ql—n [ b2 c: q]n[c q]n[b qZ]n
qs _q_”, 2 : _bzca c

(iii) On the other hand for w = ¢, d = g—/b?c, (3.1) yields the summation
formula (using [16; 3.3.2.2)),

g, —qtn b T —c; g
P be _[=1; q1[6% ql[b%cq; gl,[b%c2; g7,
ql—n [—b2%cq; ql.lc; qllb%c; ql,1b%; ¢,

q2’ - q_"9 W L= bch’

(iv) Furthermore (3.1) for w = ¢ = ¢%7/d gives the summation forumla

on 2 Kzt
g, — g bd, =T
[
q2 —n—n qZ—th. ._.ql__t‘i
(3.6) A A B

(b2 q: q]n[d ,q] ][—1' ql,

"] i

(v) In (3.1), replacing w by aq/w, settinga = g~ and b — 1, we get

=, gt d%, w2 g2 g% [d; q)[—w; ql, +[—d; qllw; gl
(C) I qz_zn wd, wdg ] [=T; ql, [dw; g,

providedn = 1.
Now, we prove the following forumla which is different in nature from
(3.7); viz.,
¢ q—ﬂ ql n CZ dZ qz q2
47 q72n, cdq, cdq?

_ e qlanl=d: qlus = [=¢; lunild; qlutr
d=o)[—1; ql,41 [cdq; q],

PrOOF OF (3.8). In the transformation [10]

3.8
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a2, b2, 2, d?; q2; q2
9
B9 s [azbzq, cd, cdq J

,:a b2, —c,d; q,

= 43 — —

aba/q, —abs/q, cd

(provided either a, b, ¢ or d is of the form g~ with n a non-negative in-
teger), setting a> = g—2# and then transforming the 4$3 on the left-hand
side by using [15]

o

d d
@b, a7 G ] (g0 s 5647959
qlulde/ab; q), , | @’ b
G0 “¢3[ . |- st o, P € gion, € gio
> q fq

provided abcql—" = def (with first replacing g by g2 and then replacing
a,b,c, d, e, fby b2, c2, d?, b2q1—2, cd and cdq respectively), we get on some
simplification
_on D 1 0, —2n. 2.
ql 2 :Zg‘ql 2 ad29q 2 ,‘Iz, q2

@5 d d
21—2n 2—2n 1-2n
b2q'=%n, - q* 7, —-q

—2n b2 - d. .
[cd; g2, B3 1 1’ ’ c; 434 ;
= d¥[c|d; ql, * bg? ™", —bg? ", cd

(3.11)

However, in (3.11) replacing ¢ by ¢~2#/c and b2 — ¢g—27~1, we get on
some manipulation

¢3|:q—2n’ q1—2", c2’ dZ; q2; q2:|

—4n 2
(.12) q~*, cdq, cdq

= [=d: gl nile; qleatr — [d; glonral— €5 glontn
d = ) [—1; qlznsiledq; qla,

On the otherhand it is easy to verify that
; g2 ql=2n 2, d2; q2; g2 - g2, ql-2n, 2 d2; q2; q2
3 g2, cdq, cdg? s -4" , cdg, cdg?
(L= ) (1 = digr-2
T (T=cd)(1 = cdgd(T + 41 + =%
o g2, g3, c2q2, d%q?; q2; q°
4 g4, cdg3, cdgt )

(3.13)

In (3.13) summing the two 4¢3’s on the right hand sidd by (3.12), we get

972 q' P % d? % 47| _ [—d;qlalc; alza—[d; gloal— €3 qlon
g%, cdq, cdq?® (d—o)[—1; qlzlcdq; qlas—

(3.19) 4¢a[
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Now, combining (3.12) and (3.14), we get (3.8).

In (3.7) replacing d, w by g4 and g* respectively and then let g — 1, we
get a summation formula for Saalschiiltzian 4F3, different in nature than
Bailey’s [6; p. 512, c] summation formula for a terminating Saalschiitzian

F .
43!

—nf2, (1 — n)2, d, w; }= m«d),, + (W)},

(3.15) 4F3[1 —n,(w+d)[2,(1 +d +w)/2

whereas in (3.8) proceeding to the limit, as above, we get (cf., Carlitz [8]),

_n/2’ (l - I'l)/2 ¢, d; } (c)n+1 - (d)n+l

(3.16) 4F3[—n,(1 et d)2 Q+ctdyz)” C—dA+e+d),

It may be worthwhile to remark that Abiodum [1; 1] has recently given
a nonterminating version of the formula of Carlitz [8] in the form

31T F (1+a)/2,1+a/2,2b—c, c;|  bI'(2b)['(2b—a—c)
GID) WFs oy g 12+b,1+5b }—(b—c)P(Zb—c)I’(Zb—a)’

provided Re(2b — a — ¢) > 0. Formula (3.17) is clearly incorrect as can
be seen by first setting ¢ = 1 + a and then a - — N — 1 (or by setting
a = 2b and summing the left-hand side by Gauss’ summation theorem).

(vi) Lastly, in (3.1) setting a = ¢~*, w = ¢, b = q and using (3.8), we
get an interesting summation formula, summing to (z + 1) terms:

—q~2n.d, —c; q~"[cd
—pl—n 1-n
Pl
(3.18)

= [=4; glanile; glasr + (= Dld; glural = €5 qluts

(I + ¢’ — cdg”)[—d; ql.lc; ql,

However on using (3.8), we prove the following interesting transforma-
tion

g2 [b%c, g7, g1, dP, €25 % qz} . [=diqluile; glun
S deq, deq?, g—27/b2, g~/ c2 (d—e)—1;ql,+ldeq;q],
e .5 lg=2"2; g%[6%; 47),[¢; 9711 —e; 411d; q),
=0lg;29%Ag~>"/b%; 4?1 Aq "I c%; 9*)lg~le; a1 — g ~/d3 g,
. (1- q4r—2n—2)q—2nr
(I=q-22)(b2c2dey *

PRrROOF OF (3.19). Multiplying both the sides of the summation theorem
[16, 3.3.1.4]
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[az, aq?, —aq?, b2, ¢2, g% ; q2; a2q2+2r [b2c2
%8 a, —a, a?q2[b?, a?q?|c2, a2q?+er

- lda%q%; q%,la%q%b%c%; q7],
[a2q2/b%; q%1,1a%q?/c%; 47, °

(3.20)

by
[4; 41,1¢%; 4%1,Ix; 9)2,9%
[92; 9%,1a%q%; q7,Ideq;; q];,
and summing with respect to r from 0 to oo, we get
l:anZ/bZCZ’ X, Xq, dZ, eZ; qZ; qZ
594 deq, deq?, a2q?/b?, a2q?/c?
(.21) = 3 % 9711b%; g% g71d?; 4,
= [92%; 9%da%q?[b?; 9% |aPq?/c; 47,
€25 q2dx; qlof(—)a?oqestd  [xq®, xq'*%, d2q%, eq%; q?; q*
[a%; ¢%z[deq; qlo (b2 473 a2q?tss, deqlits, deq?tes

Summing the inner 4¢3 on the right-hand side of (3.21) using (3.12) by
specializing the parameters x and a, we get (3.19) on some manipulation.

A number of summation formulas could be obtained from (3.19) by
specializing the parameters suitably. For instance we mention below
some of the interesting summation formulas.

(i) In (3.19) setting e = g—/c and then ¢ = dg, we get
’f:l l[g~2"2; q%),(1 — g2 2)[b2; 4?],Id; q],[—dg; 9),47 "
=blq%; 211 —q~2»Blq~*[b%; ¢2),[— q7/d; qllqg~/d; q1(bd)*r

_[=1;qlilg; gl (1 —d?qitnd» | [d? q~22[b%d?; % q*
[—4d; glu+1ldg; glua Z q—21/b?
_[—1;ql,11lq;ql.(1 — d2q'*")[d?q?; 4%, [b*d?q?; 4%],[b%G?; %], pmd™ "
[—d; qlar1ldq; qluila?; 4%1,[0%%; 471,[0%d%q%; g7,
to (m + 1) terms (where m is the greatest integer less than or equal to
n/2) on using [2; p. 433(iii)].

(ii) Setting ¢ = g—"/e, b2 = e[dg in (3.19) and then summing the resulting
3¢2 on the right hand side by the g-analogue of the Saalschiitz summation
theorem [16; 3.3.2.2], we get

wH [g—22; g2, (1 — q¥ 2 2)eq/d; q?],1— q~"/e; q1,[d; q),9"
g% ¢%,(1- q“z"—z)[% gt qzl le; g)L—g7"/d; 4],

_ (d— ol—1;ql,uleq/d; qlldeq; 4%,
[—d; qlutile; qlatileq/d; 47,

(3.22)

(3.23)
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(iii) On the otherhand for ¢ = g—7/e, b2 = e/dq?, (3.19) yields the sum-
mation formula (using [16; 3.3.2.2]),
'i‘ lg=2-2; ¢%,(1 — g~ 24 -2)[e/dq?; 41— g/e; ql,Id; ql,9*"
= 1% 0 - g7 L g g2 fe; al - g71d: )

= (@—e)—1;ql,s1 [deq; ql.lde; 4%)le/d; q],
[—d; glui1 e glutalde; qlile/d; 471,

(iv) Furthermore (3.19) for ¢ = g—"/e, d = eq gives the summation
formula

o [g7272; q%,(1 — q¥ 2 2)[b2; ¢%, [ — q7/e; q]leq; q],
=h[q?; 981,(1 — g2 2)[q=2#[b?; q?),le; q), I — g /d; q],b%q"

_el@—DI[—1; gl,41[b%¢?; ql.

(I—e)(1 + eq™)[b%q?; ¢7,
(v) Lastly, (3.19) for ¢ = g—"/e, d = eq? yields the summation formula

'f [g—272; ¢%,(1 —q*—2»2)[b%; ¢%],[ —q~7/e; q],leq?; q],
=hlq%; 94,1 — q=2%%)[q~2%/b2; q?),[e; q1,1— g 2/d; q],(bg)*"
_ e(@?—1)(1—e2q?>)[—1; ql,11[6%q%; g,

(1 —eq)(1 —eq*)(1 +eq?")[b%q?; q%],

4. In this section using (3.1) for a = ¢—», we obtain the following
g-analogue of (1.5):

(3.24)

(3.25)

(3.26)

272 o2 - n2 N 2N
LR(z; g?)L%zq: ¢?) = 19°9% 4°Inld; 4°IngNa
Mz NG %) = o 1 gl

N —2N - 2
2 i LT 15 a),

4.1

where

[aq q] [q_N; q]rzr
LN(Z q) [q q]NNrZ=E) [q5 q]r[aq; q]r '

PrOOF OF (4.1). In (3.1) setting a = ¢~ and then d = g~*/a, w = agq,
b = ¢V (N 2 n), multiplying by
[g72; g2llc?; g%,z

[a*4%; 4%l.lq; qll—1; 4],

and summing with respect to #» from 0 to N we get
2¢1|:q_2N % 4% z] 1[‘1—2”’ c?;q%;2q [g=2; q?,lc%; 4%,
“ g o | = B
. 14%4%; qluzrg 77072 35 [q7s gl lcPqP s gPl 2
la%q; q], = g% 9%l la*q™tm; g,
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Formula (4.2) for ¢ — 0 yields

2. g2 2. 42
s et g 0 L6 8

- N [q—ZN; qZ]n[an; qZ]”q—n(n—l)/Z n [q—n; Q],Z"+'
= lg; ql.)a%q?; 99,la%q; q),  =hl9?; 9%l la%qt; q],°

However, we have

4.3)

n
4.4 g = (2 lg~; a)a™ ja,,
( ) z"q [a q; q]ns;(:) [an q] ( q)
which could be obtained by writing the series definition of L%(z; q) and
then rearranging the series and summing the inner ;¢.
Now, denoting the left-hand side of (4.3) by S, subtituting for (zg—1)»t"
in (4.3) from (4.4) and rearranging the inner two series, we get

S i [q~2V ;q%,[a?q; q?),q /2
= lg; ql.la*q?; 4%,
2 [g7; q), L7 (z; 9) o2 [q-" g+, 0; q; q}
s=0 [an ‘I] q, q1+”“
Summing the innermost 3¢, by the following special case of Andrews [4]
g-analogue of Whipple’s theorem.

¢2[a, q/a, 0; q; q} q*"*V 2ea; q? [eq/a; qz].,o
8 —q, e [e q]oo

a = g~", we get

S< Z g2V, qz]n[azq, 9%.9% 3 lg; ¢2(=) gL L5Xz; q)

n=0 [a q q ]n s=0 [azq' q]Zs[qZ; qz]n—s
M [g=2; q%lg; 8= yq* TV LNz, q) , [q7NT, a%q1t%; g2; g2
§> [a%q?; ¢ [a%q%; 47, ¢1[ a?q2+es :|

summing the innermost ,¢; by the g-analogue of Vandermonde’s theorem
[16; 3.3.2.7], we get (4.1).

In this sequel we also prove the following two theorems.

THEOREM 1. If

& b, — cq,tq]Aal:b—bc, cq,]
@3 Faun=igqh h o 68l 70

n=0

and

4.6) szn—4¢{b b o ]@{b —b, o q,tq]

then
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[bz c2, 2, h?, wd|q, wd; q2; qz/fh}
“n 65 b2c2, 42, w2, fh, fhq

1 &L qld—hs qldwdlq; 9197
25 Uk anibecE; g, ot bl

provided either b, ¢ or f is of the form q—N (N a non-negative integer).

THeOREM I1. If
= 7 = c, —C, s —W; 452 ¢, —¢C —d,W; q; zq
@8  Faz { eE ]4¢3[ M }
and
S oo = d, —w;q;z2q —d, w; q;
49 Ebar = ® 700 ]S 70 0

then

[c%2%; q o [bz/ c2, 2, d2, w2; q2; c%z2/q
[ c2z; ’ q]oo[z q]oo ' b2 Wd qu, c2z2

R U N - i
= 2L mdql-cza, T

ProOF oF THEOREM (I). In (3.1) setting @ = g— and then replacing d by
q'~#/d, one may prove the theorem easily on some manipulation.

(4.10)

However, in Theorem (I) replacing b, c, d, f, h, w by ¢°, g¢, q4, q/, q* and
q* respectively and then letting g — 1, we get that

X b,c;t b,c;t
@.11) 3% ot —zFl[ c ]ZF © ]

implies

b,c, fih, (Ww+d)/2, (W+d-1)/2] (N)sw+d-1), a,.
btc.dw,(f + B2, (f + h + 1)[2 Z&(f iAW (T

provided either b, ¢ or fis a negative integer.

In (4.11) and (4.12) on replacing A4, f by Nx and — N respectively and
then letting N — oo, we get a known result of Baily [7; Th IV] on some
manipulation.

Proof of Theorem (II) follows on the lines of Theorem (I) (on setting
a = g~ and then replacing b, w, by ¢1~#/b and g'~*/w respectively in
(3.1)). Theorem (II) is a g-analogue of a result of Baily [7; Th. V].

(4.12) 4F,
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